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Abstract. In an n-dimensional complex hyperbolic space CH"(c) of constant holo-
morphic sectional curvature c¢(< 0), the horosphere HS, which is defined by HS =
lim,_, oo G(r), is one of nice examples in the class of real hypersurfaces. Here, G(r) is
a geodesic sphere of radius r (0 < r < oo0) in CH"(¢). The second author ([14]) gave
a geometric characterization of HS. In this paper, motivated by this result, we study
real hypersurfaces M2t isometrically immersed into an n-dimensional complex pro-
jective space CP™(c) of constant holomorphic sectional curvature c¢(> 0).
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1. Introduction

We denote by Mn(c) a complex n-dimensional complete and simply con-
nected Kéhler manifold of constant holomorphic sectional curvature ¢(# 0),
namely it is holomorphically isometric to either CP"(c) or CH"(c) accord-
ing as c¢ is positive or negative, which is called an n-dimensional nonflat
complex space form of constant holomorphic sectional curvature c.

We consider a real hypersurface M?"~! (with Riemannian metric g) in
a nonflat complex space form Mn(c),n > 2 through an isometric immer-
sion. In the theory of real hypersurfaces in Mn(c), Hopf hypersurfaces all of
whose principal curvatures are constant are fundamental examples (for the
definition of Hopf hypersurfaces see Section 2). They are homogeneous in
the ambient space ]\A/fn(c), namely they are orbits of some subgroups of the
full isometry group 1(M,(c)) of M,(c).

The horosphere HS is a typical example of a Hopf hypersurface with con-
stant principal curvatures in CH™(¢). The second author gave the following
characterization of the horosphere HS in CH"(c):
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Theorem A ([14])  For a real hypersurface M?"~! isometrically immersed
into CH"(c),n > 2, the following three conditions are mutually equivalent:

(1) M is locally congruent to the horosphere HS (i.e., a homogeneous real
hypersurface of type (Ag));

(2) At every point p € M, there exist orthonormal vectors vy, ..., vVap_2
orthogonal to the characteristic vector §, such that all geodesics ~y; =
vi(s) (1 < i < 2n —2) satisfying the initial condition that v;(0) = p and
4i(0) = v; are mapped to a circle of the same positive curvature /|c| /2
in the ambient space CH™(c )

(3) M satzsﬁes either dn(X,Y) = (\/Ic[ /2)9(X,8Y) for all X,Y € TM or
dn(X,Y) \ﬁ/Q (X, (bY for all X Y € TM, where dn is the
exterior derivative of the contact form n on M and ¢ is the structure
tensor on M induced from the Kdhler structure J of CH"(c).

Here, dn is given by
dn(X,Y) = (1/2{X(n(Y)) =Y (n(X)) =n([X, Y])} for X, Y € TM. (1.1)

Inspired by Theorem A, in this paper we establish the following four
theorems on real hypersurfaces in CP"(c):

Theorem 1 A real hypersurface M?"~1 isometrically immersed into
CP™(c), n > 2 is locally congruent to either a geodesic sphere G(m/(2+/c))
of radius w/(2\/c ) (i.e., a homogeneous real hypersurface of type (A1) of
radius 7/(2+/c)) or a tube Ty (mw/(2+/c )) of radius w/(2y/c ) around a com-
plex (-dimensional totally geodesic submanifold CP*(c) (1 < ¢ < n — 2)
(i.e., a homogeneous real hypersurface of type (Ag) of radius w/(2+/c))
if and only if at every point p € M, there exist orthonormal vectors
V1, ..., Van—2 orthogonal to the characteristic vector &, such that all geodesics
vi = vi(s) (1 < i < 2n — 2) satisfying the initial condition that ~;(0) = p
and 4;(0) = v; are mapped to a circle of the same positive curvature \/c /2
in the ambient space CP™(c).

Theorem 2 A real hypersurface M?"~1 isometrically immersed into
CP™(c), n > 2 is locally congruent to a geodesic sphere G(n/(2y/c)) of
radius w/(2+/c ) if and only if at every point p € M, there exist orthonormal
vectors vi,. .., Van—2 orthogonal to the characteristic vector &, such that all
geodesics v; = v;i(s) (1 < i < 2n — 2) satisfying the initial condition that
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7i(0) = p and 4;(0) = v; are mapped to a circle of the same positive curva-
ture \/c /2 in CP™(c) and there exists just one extrinsic geodesic on M (i.e.,
this geodesic is also a geodesic in CP™(c)) with respect to the full isometry
group I(M) of M.

Theorem 3 A real hypersurface M?*"~! isometrically immersed into
CP™(c), n > 2 is locally congruent to either a geodesic sphere G(m/(2+/c))
of radius w/(2\/c) or a tube To(r) of radius r with cot(y/cr/2) =2 +1
around a complex hyperquadric CQ™! (i.e., a homogeneous real hypersur-
face of type (B) of radius (2/\/c )cot= (v/2 + 1) if and only if M satis-
fies either dn(X,Y) = (1/¢/2)g(X,9Y) for all X, Y € TM or dn(X,Y) =
—(v/c/2)g(X, YY) for all X, Y € TM, where dn is the exterior derivative of
the contact form n on M and ¢ is the structure tensor on M induced from
the Kdhler structure J of CP™(c).

Theorem 4 A real hypersurface M?"~1 isometrically immersed into
CP™(c), n > 2 is locally congruent to a geodesic sphere G(m/(2v/c)) of ra-
dius 7/(2+/c ) if and only if M satisfies either dn(X,Y) = (1/¢/2)g(X, ¢Y)
forall X, Y € TM or dn(X,Y) = —(/¢/2)9(X, ¢Y) for all X, Y € TM and
M is positively curved at some point x € M (i.e., every sectional curvature
of M is positive at © € M).

We remark that for a real hypersurface M?2"~! isometrically immersed
into a nonflat complex space form M, (c),n > 2 the following hold:

(1) There does not exist a real hypersurface M all of whose geodesics are
mapped to circles in M, (c).
(2) There does not exist a real hypersurface M satisfying dn =0 on M.

Weakening the above two conditions, we establish all of our results
Theorems A, 1, 2, 3 and 4.

In section 8, we will show that a real hypersurface M isometrically
immersed in CP™(4) is locally congruent to a geodesic hypersphere G(r) of
radius r € (w/4,7/2) if and only if there exists a € (0,7), o # 7/2 such
that for each point p € M and each unit tangent vector X, € T},(M) with
9(Xp,&p) = cosa, the geodesic v of M satisfying v(0) = p and 4(0) = X is
an extrinsic geodesic (see Theorem 5).

The authors would like to thank the referee for his/her valuable sugges-
tions and comments.
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2. Terminologies and fundamental results on real hypersurfaces

Let M?"~! be a real hypersurface with unit normal local vector field N
of a nonflat complex space form M,,(c),n > 2. The Riemannian connections
V of M, (c) and V of M are related by the following:

VxY = VxY + g(AX, V)N (2.1)
and
VxN = —-AX (2.2)

for all vector fields X and Y on M, where g denotes the metric induced
from the standard Riemannian metric of Mn(c) and A is the shape operator
of M in Mn(c) associated with A/. On M an almost contact metric struc-
ture (¢,&,n,g) associated with N is canonically induced from the K&hler
structure J of the ambient space ]\A/fn(c) They are defined by

9(@X,Y) =g(JXY), §=—JN and n(X)=g( X)=g(JX,N).

It follows from the Gauss formula (2.1), the Weingarten formula (2.2) and
the property VJ = 0 that

Vx&=¢pAX (2.3)
and
(Vx@)Y =n(Y)AX — g(AX,Y)¢ (2.4)

for each X € TM. We denote by R the curvature tensor of M. Then R is
given by
9(R(X,Y)Z,W) = (c/4{g(Y, 2)9(X, W) — g(X, Z)g(Y, W)
+9(0Y, Z2)g(pX, W) — g(¢X, Z)g(6Y, W)
—29(¢X,Y)g(¢Z, W)}
+g(AY, Z)g(AX, W) — g(AX, Z)g(AY,W). (2.5)

The following is called the equation of Codazzi.
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(VxA)Y = (VyA)X = (¢/4)(n(X)¢Y —n(Y)opX —29(¢X,Y)E).  (2.6)

Let K be the sectional curvature of M. That is, K is defined by K(X,Y) =
g(R(X,Y)Y, X), where X and Y are orthonormal vectors on M. Then it
follows from (2.5) that

K(X,Y) = (¢/4)(1+3g(6X,Y)?) +g(AX, X)g(AY,Y) —g(AX, V)2 (2.7)

We call eigenvalues and eigenvectors of the shape operator A principal
curvatures and principal curvature vectors of M in Mn(c), respectively. Here
and in the following, we set V) := {X € TM|AX = AX}. We usually call M
a Hopf hypersurface if the characteristic vector £ of M is a principal curva-
ture vector at each point of M. The following lemma clarifies fundamental
properties of principal curvatures of a Hopf hypersurface M in M, (c) (for
examples, see [17]).

Lemma A Let M be a Hopf hypsurface of a nonflat complex space form
M, (c),n > 2. Then the following hold.

(1) If a nonzero vector v € TM orthogonal to £ satisfies Av = v, then (2A—
5)Apv = (X + (¢/2))pv, where 0 is the principal curvature associated
with §. In particular, when ¢ > 0, we have Agv = ((6A + (¢/2))/(2X —
§))gv.

(2) The principal curvature § associated with & is constant locally on M.

Remark 1 When ¢ < 0, the horosphere HS in CH™(c) shows that we
must consider the case of 2\ —§ = 6\ + (¢/2) = 0 in Lemma A(1) (see the
following table of the principal curvatures in the case of ¢ < 0).

We here recall the classification theorems of Hopf hypersurfaces with
constant principal curvatures in a nonflat complex space form M, (c),n > 2.

Theorem B ([18], [12])  For real hypersurface M*"~! in CP™(c) (n > 2),
the following three conditions are mutually equivalent.

(1) M is homogeneous in CP™(c).

(2) M is locally congruent to a Hopf hypersurface all of whose principal
curvatures are constant.

(3) M s locally congruent to one of the following:
(A1) a geodesic sphere of radius r, where 0 < r < 7/\/c;
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(As) a tube of radius r around a totally geodesic CP*(c) (1 < < n—2),
where 0 < r < mw/\/c;
(B) a tube of radius v around a complex hyperquadric CQ™~1, where
0<r<m/(2y/c);
(C) a tube of radius v around the Segre embedding of CPl(c) x
CP™=/2(c), where 0 < r < 7/(2y/c) and n (> 5) is odd;
(D) a tube of radius r around the Pliker embedding of a complex Grass-
mannian CGy 5, where 0 < r < w/(2y/c) and n =9;
(E) a tube of radius r around a Hermitian symmetric space

SO(10)/U(5), where 0 <r < 7w/(2y/c) and n = 15.

These real hypersurfaces are said to be of types (A1), (Az), (B), (C),
(D) and (E). Unifying real hypersurfaces of types (A;) and (Ag), we call
them hypersurfaces of type (A). The numbers of distinct principal curva-
tures of these real hypersurfaces are 2, 3, 3, 5, 5, 5, respectively. The principal
curvatures of these real hypersurfaces in CP™(c) are given as follows:

(A1) (A2) (B) (C,D,E)
N[ F o) | Feon(r) | F ot 5) | F ot 3)
Ao — ‘/ftan(‘gr) g cot(i +7) @ cot(f + )
A3 — — — %cot(%r)
A4 — — — —g tan(@r)
d | vecot(yJer)| /e cot(y/er) V¢ cot(y/cr) Ve cot(y/er)

Theorem C ([8]) Let M be a connected Hopf hypersurface all of whose
principal curvatures are constant in CH™(c) (n > 2). Then M is locally
congruent to one of the following homogeneous real hypersurfaces:

(Ao) the horosphere HS in CH"(c);
(A1) a geodesic sphere G(r) of radius r (0 < r < 00);
(A11) a tube of radius r around a totally geodesic CH" (c), where 0 <
r < 00;
(As) a tube of radius r around a totally geodesic CH (c) (1 <€ <n—2),
where 0 < r < 00;
(B) a tube of radius v around a totally real totally geodesic RH™(c/4),
where 0 < r < oo.
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Remark 2 There exist many non-Hopf homogeneous real hypersurfaces
M in CH"(c), n > 2 (see Theorem 4.4 in [10]). Needless to say, these homo-
geneous real hypersurfaces have constant principal curvatures (for details,
see [9]).

Here, type (A1) means either type (A; ) or type (A 1). Unifying real
hypersurfaces of types (Ag), (A1) and (Ag), we call them hypersurfaces of
type (A). A real hypersurface of type (B) with radius 7 = (1/+/]c| ) log. (2 +
V/3) has two distinct constant principal curvatures \; = § = \/?W /2

and Ay = /][ /(2v/3 ). Except for this real hypersurface, the numbers of
distinct principal curvatures of Hopf hypersurfaces with constant principal
curvatures are 2,22, 3,3, respectively. The principal curvatures of these
real hypersurfaces in CH"(c) are given as follows (see [7]):

(Ao) (A1,0) (A1,1) (A2) B)
A | M VT o (VI | VI g (VL) | T ot (ML | T copn (ML
| — - -~ 1T tanh (VL) | T o (VL)
5 | el | Vel coth(y/Tel ) | v/]el coth(y/Ie] ) | v/]el coth(y/]c]7) | \/Ie| tanh(y/]c]7)

For the later use we prepare the following lemma (cf. [15], [17]):

Lemma B  For a real hypersurface M isometrically immersed into a non-
flat complex space form M,(c),n > 2 the following three conditions are
mutually equivalent:

(1) M is of type (A);

(2) pA = Ag;

(3) 9(VxA)Y,Z) = (c/A){-—n(Y)g(¢X,Z) — n(Z2)g(¢X,Y)} for all X, Y
and Z € TM.

3. Circles in Riemannian geometry

First of all we review the definition of the congruency for a smooth real
curve 7 = 7(s) parametrized by its arclength s on a Riemannian manifold
N. Two curves 7, and o are congruent if there exists an isometry ¢ on N
with y2(s) = (p oy1)(s + so) for each s and some s.

Before proving Theorem 1 we recall the definition of circles in Rieman-
nian geometry and the congruency theorem on circles in a nonflat complex
space form M, (c), n > 2.

Let v = «(s) be a smooth real curve parametrized by its arclength s
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on a Riemannian manifold N with Riemannian metric g. If the curve ~
satisfies the following ordinary differential equations with some nonnegative
constant k:

Vi =kY, and V.Y, = —k?¥, (3.1)

where V is the covariant differentiation along v with respect to V of NV and
Y is the so-called the unit principal normal vector of v, we call v a circle of
curvature k on N. We regard a geodesic as a circle of null curvature. It is
known that Equation (3.1) is equivalent to

V5(Vs3) +9(V44, Vi3)y = 0. (32)

By virtue of the existence and the uniqueness of solutions to ordinary differ-
ential equations we can see that for each point p € N, an arbitrary positive
constant k and every pair of orthonormal vectors X and Y of T, N, there
exists locally the unique circle v = y(s) on N satisfying the initial condition
that y(0) =p,¥(0) = X and Yy =Y.

Let v = 7(s) be a circle of positive curvature k£ on M, (c). For the curve
v we set py = g(¥(s), JY5). Then it follows from Equation (3.1) and the
equality VJ = 0 that Aps = 0 (see [5], [3]). So, py is a constant along ~y
with —1 < p, < 1. In the following, we call p, the structure torsion of .
The congruency theorem for circles in Mn(c) is stated as follows:

Lemma C ([5], [3]) In a nonflat complex space form Mn(c),n > 2, two
circles v; = 7;(s) of curvature k; and the structure torsion p,, are congruent
if and only if one of the following two conditions holds:

(1) k1 = ky = 0;
(2) k1= ka > 0 and |po,| = [pny].

We remark that in Lemma C(2) when p,, = p,, (resp. py, = —py,)
circles v, and 7, of the same positive curvature are congruent by a holomor-
phic (resp. an anti-holomorphic) isometry of a nonflat complex space form.
For a circle v of positive curvature we call v a Kdhler circle (resp. totally
real circle) when p, = £1 (resp. p, = 0).
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4. Proof of Theorem 1

(«<=) Take orthonormal vectors vy, vs, ..., v2,_2 at any fixed point p of
a real hypersurface M in CP™(c),n > 2 satisfying the assumption. Then,
from (3.2) those curves v; = v;(s) (1 <1 < 2n — 2) satisfy

%’Yz(v%%) = _(0/4)"71‘- (4.1)

On the other hand, from Gauss formula (2.1) and the Weingarten formula
(2.2) we have

Vi, (Vi 4i) = 9((V, A )N — g(Adi, 5i) A% (4.2)
Comparing the tangential components of (4.1) and (4.2), we find that
9(A%i, 5i) Avi = (¢/4) %,
so that at s = 0 we get
g(Av;, ;) Av; = (¢/4)v; for 1 <i<2n—2.
This implies that
Av; = (Vc/2)v; or Av;=—(Vc/2)v; for1<i<2n-—2. (4.3)

Hence ¢ is a principal curvature vector because g( A&, v;) = g(&, Av;) = 0 for
1 <4< 2n—2. Then M is a Hopf hypersurface with at most three distinct
constant principal curvatures v/c /2, —+/c /2 and § = g(Ag,&). Therefore in
view of Theorem B and the table of the principal curvatures of case ¢ > 0
we can see that our real hypersurface M is a real hypersurface of type (A) of
radius 7/(24/c ) or a certain real hypersurface of type (B). But, every real
hypersurface M of type (B) does not have such principal curvatures ++/c /2.
In fact,

“ M) T
(4.4)
0<)\2:\2ﬁcot<\fr+z> <\2ﬁ,
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since 0 < r < w/(2y/c ). Thus we can see that M is of type (A) of radius

7/(2v/€).

(=) Our aim here is to prove the following lemma:

Lemma 1 For every real hypersurface M of type (A) in a nonflat comm-
plex space form Mn(c),n > 2, take a unit principal curvature vector v with
principal curvature X which is perpendicular to &, at an arbitrary fized point
p € M. Then the geodesic vy = (s) with initial condition that v(0) = p and
4(0) = v is mapped to a totally real circle of positive curvature |\| in the
ambient space Mn(c)

Proof of Lemma 1. Let vy = v(s) be a geodesic satisfying the assumption of
Lemma 1. We call p, := g(¥(s),&4(s)) the structure torsion of the geodesic y
on a real hypersurface of type (A). Then p., is constant along . Indeed, from
(2.3), Lemma B, the symmetry of A and the skew symmetry of ¢ we have
oy = V5(9(7,8)) = 9(7, V4&) = 9(7,9AY) = g(3, A¢Y) = —g(¢AY,7) =
0. This, together with the hypothesis g(¥(0),&,) = g(v,&,) = 0, implies that
our geodesic v = 7(s) is orthogonal to the characteristic vector field v (s)
along the curve . Furthermore, from the above fact and Lemma B we obtain
4(]|A%(s) = A(s)||*) = 0, which, combined with A%(0) = Av = v = X¥(0),
implies that our geodesic v satisfies A%(s) = A(s) for every s. Thus, by
virtue of Gauss formula (2.1) and the Weingarten formula (2.2) we have
Vad = M, VsV = =7 and p, = g(3(s), JN) = —g(3(s), &) = O.
Therefore we obtain the desired conclusion of Lemma 1. O

We next return to the discussion in the proof of Theorem 1. Since our
real hypersurface M is of type (A) of radius 7/(2+/c ), from Lemma 1 and
the table of the principal curvatures in the case of ¢ > 0, at any fixed point
p € M we can see that all geodesics v; = vi(s) (1 < i < 2n —2) on M with
initial condition that v;(0) = p and 4;(0) = v; are mapped to the totally real
circle of curvature /c /2 in CP"(c), where vy, v, ..., Va,_2 are orthonormal
principal curvature vectors orthogonal to the characteristic vector §,. Hence
we have proved Theorem 1.

5. Proof of Theorem 2

We first recall the congruence theorem for geodesics on a real hyper-
surface M of type (A) in a nonflat complex space form. For a geodesic
v = v(s) on a real hypersurface M?*"~! of type (A) in a nonflat com-
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plex space form Mn(c),n > 2, we call p, = g(,€) the structure torsion
of . Similarly, by the discussion in the proof of Lemma C and (2.3)
we know that p, is constant along 7. Indeed, from Lemma B we have
Yy = V4(9(7.€)) = 9(7, pAY) = —g(9A¥,7) = 0.

For geodesics on a real hypersurface which is either of type (Ag) or
type (A1), we can classify them by means of their structure torsions (see
Proposition 2.3 in [6]).

Lemma D  On a real hypersurface M which is either of type (Ag) or type
(A1) in a nonflat complex space form Mn(c),n > 2, two geodesics 1,72 are
congruent to each other with respect to the full isometry group I(M) of M
if and only if their structure torsions p~, and p., satisfy |p,| = |pv,|-

To obtain a congruence theorem for geodesics on a real hypersurface M
of type (A3) in M,(c), we need another invariant. For a geodesic v on a
real hypersurface of type (A) in M, (c) we define its normal curvature K~ by
ky = g(A%,%). By Lemma B we have Viksy = g((V45)A4)7(s),¥(s)) = 0,
whic yields that . is constant along . The following lemma shows that
geodesics on real hypersurface of type (As) are classified by means of their
structure torsions and normal curvatures (see Theorem 2 in [4]).

Lemma E  On a real hypersurface M of type (As2) in a nonflat complex
space form Mn(c),n > 2, two geodesics y1,7v2 are congruent to each other
with respect to the full isometry group I(M) of M if and only if their struc-
ture torsions and normal curvatures satisfy |p,| = |py.| and k4, = k,.

Next, we recall the notion of extrinsic geodesics. For a Riemannian man-
ifold M™ isometrically immersed into anothe Riemannian manifold Mn+p
through an isometric immersion f, a smooth curve v = 7(s) on M is an
extrinsic geodesic on M if the curve f o~y is a geodesic in the ambient space
M. In order to prove Theorem 2 we shall establish the following proposition
which is a key in this section.

Proposition 1  Let M be a real hypersurface of type (A) in a nonflat
complex space form Mn(c),n > 2. Then the number of congruency classes
of extrinsic geodesics on M with respect to the full isometry group I(M) of
M is as follows:

(1) In CP™(c),
1,) Every geodesic sphere G(r) (0 < r < w/(2y/c)) has no extrinsic
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geodesics;
1) Ewery geodesic sphere G(r) (w/(24/c ) < r < m/\/c)) has just one
congruency class of extrinsic geodesics;
1.) Ewery real hypersurface M of type (As) of radius (0 <r < m/\/c)
has uncountably infinite congruency classes of extrinsic geodesics.
(2) In CH™(c), every real hypersurface M of type (A) has no extrinsic
geodesics.

Proof of Proposition 1. First of all by virtue of Lemma B and the above
discussion we know that a geodesic v = 7(s) on a real hypersurface M of
type (A) is an extrinsic geodesic if and only if the initial vector 4(0) of the
curve -y satisfies

9(A7(0),%(0)) = 0. (5.1)

(1) Let M be a geodesic sphere G(r) (0 < r < 7/+/c ). For a geodesic
v = ~(s) of G(r), the initial vector 4(0) is written as:

Y(0) = pr&y0) +1/1 = PR, (5.2)

where p, is the structure torsion of v and w is a unit vector orthogonal to
£+(0)- Then in view of Equation (5.2) and equalities A&,y = /¢ cot(y/c )
£y Au = (/€/2) cot(ye /2, V& cot(y/eT) = (ve/2) cot(y/er/2) —
(Ve /2) tan(y/c r/2) we have p2 = cot?(y/cr/2). This, combined with
0 < |py| < 1, shows that » > 7/(2y/c). Thus we get the statement
1,). Furthermore, from Lemma D for a geodesic sphere G(r) of radius
r(m/(2y/c) <r < m/y/c) we obtain the statement 1;).

Let M be a real hypersurface of type (As) of radius r (0 < r < 7//c).
For a geodesic v = ~y(s) of M, the initial vector 4(0) can be expressed as:

Y(0) = V1 —a? — b2 &, (o) + au + bv, (5.3)

where a,b are nonnegative constants, A&,y = +/c cot(y/c )& (), Au =

(v /2)cot(y/cr/2)u and Av = —(y/c/2)tan(y/c r/2)v. These, together
with Equation (5.1), yields

(cot (@) —tan(fr>>(1—a2—b2)+a2 cot <\/§r) —p? tan<\/§r> —0.
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So, setting x = cot(y/c r/2) (> 0), we have

1 2
a:———i—a——bzaf:O,
r  x

so that

2
cot<\/§T> = 1:22 with 0 < a? + 0% < 1.
Thus, from lemma E we get the statement 1.).

(2) Since all principal curvatures of real hypersurfaces of type (A)
are positive (see the table of the principal curvatures in the case of
¢ < 0) and the equality +/]c| coth(y/[c] 7) = ({/]c] /2) coth(y/|c| r/2) +
(\/Ic] /2) tanh(y/]c| r/2), by the discussion in (1) we get the statement (2).

([

As an immediate consequence of Theorem 1 and Proposition 1 we can
establish Theorem 2. O

6. Proof of Theorem 3

Before proving Theorem 3 we comment on the condition that ei-
ther dn(X,Y) = (Vc¢/2)g(X,¢Y) for all X, Y € TM or dn(X,Y) =
—(v/c/2)g(X,¢Y) for all X, Y € TM. In general, by changing N into
—N we know that every real hypersurface M has two almost contact metric
structures (¢, &, 1, g) and (¢, —&, —n, g) on M. From this viewpoint dn(X,Y)
depends on the choice of the unit normal vector N, but g(X, ¢Y) does not
depend on N. Hence the equality dn(X,Y) = (/¢ /2)g(X, ¢Y) is not well-
defined. So, in Theorems 3 and 4 we suppose these equalities.

It follows from (1.1) that

dn(X,Y) = (1/2{X(9(¢,Y)) =Y (9(§, X)) —9(VxY = Vy X, §)}
= (1/2){g(Vx&Y) — g(Vy§, X)}
= (1/2){g(¢AX,Y) — g(¢AY, X)}
= (1/2)9((pA + Ag)X,Y).

(
(

So, the hypothesis that dn(X,Y) = £(/¢/2)g(X, #Y') is equivalent to
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$A+ Ap = F\/e 6. (6.1)

By Equation (6.1) we first know that £ is principal. So we can take a
principal curvature vector X with AX = AX orthogonal to £. It follows
from Lemma A and Equation (6.1) that

ai DA (6.2)

which implies that the A satisfies the quadratic equation:
222 £ 2v/c A+ (¢/2) Fdv/e =0, (6.3)

where the signatures take the same order. Hence our Hopf hypersurface M
has at most three distinct constant principal curvatures A\i, Ao which are
solutions to Equation (6.3) and 0 = g(A¢&, ). Then M is either of type (A)
or type (B) (see Theorem B).

We shall check (6.1) one by one for real hypersurfaces of types (A) and
(B). Let M be of type (A). Since pA = A¢ (see Lemma B), Equation (6.1)
is reduced to

AX = (Ve /2)X for VX(L€E) or AX = —(ve/2)X for VX (L €).

This shows that M is locally congruent to a geodesic sphere G(m/(2+/c)).
Next, let M be of type (B). Note that ¢V), = V), (see Lemma A and the
table of the principal curvatures in the case of ¢ > 0). So we have only to
solve the following equation:

(L) (T

By putting = = cot(y/c r/2), the above equation can be rewritten as:

1+x+x—1
1—z 1+=x

+2=0,

sothat z =1+ 2 or z = —1 + /2. Since z > 1, Wegetm:1+\/§, SO
that » = (2/y/c ) cot 7}(v/2 + 1). Therefore we obtain the conclusion.
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7. Proof of Theorem 4

We shall investigate the sectional curvatures K for all homogeneous real
hypersurfaces in CP™(c),n > 2.

Proposition 2 (1) For every real hypersurface M of type (A;), the
sectional curvature K of M satisfies (c/4)cot® (Ver/2) < K < ¢+
(c/4) cot? (VVer/2).

(2) For every real hypersurface M of type (As), the sectional curvature K
of M satisfies 0 < K < ¢+ max {(c/4) cot?(y/c r/2), (¢/4) tan?(\/c 1/2) }.

(3) For every real hypersurface M of either type (B), type (C), type (D) or
type (E), the sectional curvature K satisfies K(m) < 0 for some plane m
and K(m2) > 0 for some plane 5.

Proof of Proposition 2. The authors ([16]) already proved the statements
(1) and (2). But we here give the complete proof of the statement (1) for
readers.

(1) We take an arbitrary pair of orthonormal vectors X and Y, which
are orthogonal to the characteristic vector £ of M. In order to estimate
sectional curvatures K, from (2.7) we have the following

K(sinf - X +cosf-£Y) = g{ sin® 0(1 4 3g(¢X,Y)?) + cot? (Ve r/2) }.
Hence we find that sectional curvatures K of M satisfy

(¢/4) cot® (Ver/2) < K < c+ (c/4) cot® (Ve r/2).

This yields that M has positive sectional curvature at its each point. Note
that these estimations are sharp. Indeed,

ver
2

K(X,6 =< Cot2<

. ) and K(X,0X)=c+ cot2<

e (457

2

for each unit vector X perpendicular to &.
(2) See [16]. We remark that

K(X,Y) =0,
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K(X,¢X)=c+ 200‘52 <\/§r> and K(Y,9Y) =c+ ztan2<\/gr>
for all unit vectors X of V( /z/2)cot(ycr/2) and all unit vectors Y of
V_(/e/2)tan(y/ar/2)- We emphasize that the estimations in the statement
(2) are sharp.

(3) Let M be of either type(B), type (C), type (D) or type (E). Then
every real hypersurface M has two common principal curvatures A; and A
satisfying (4.4). Setting x = cot(y/c r/2) (> 1), the principal curvatures
d, A1 and Ao are expressed as:

Je 1 Ver+1 Jex—1
— o —_— S— = — . -1
o T ) A1 2 1—=x and Az 2 1+ux (7.1)

By virtue of (2.7) and (7.1) we find that

K(x,6=¢_clta)

171 <0 for each unit X € V),

and

1\2
e

> (0 for each unit Y € V),.
Thus we obtain the statement (3).

As an immediate consequence of Theorem 3 and Proposition 2 we can
establish Theorem 4. O

8. Extrinsic geodesics on real hypersurfaces in CP™

The class of ruled surfaces in R® is an interesting subject in surface
geometry. So if a submanifold M satisfies that through every point of M
there is an extrinsic geodesic that lies on M, then M is considered as a
generalization of ruled surface.

Now we study extrinsic geodesics on a geodesic hypersphere in CP™. In
this section we assume that ¢ = 4. Let G(r) be a geodesic hypersphere
in CP"(4) (n > 2) with radius r (7/4 < r < 7/2). G(r) is realized as
image of Riemannian product of a (2n — 1)-sphere S?"~!(sinr) and a circle
S1(cosr) under Hopf fibration « : S?"*1(1) — CP"(4). We denote M, =
S2n=L(sinr) x St(cosr) C S?"F1(1). Let
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po = ((sinr,0,...,0),cosr) € M, C C" x C!

be a point in M,. Then a unit normal vector N, of M, in S?"T1(1) at py
and a horizontal lift 5{00 of structure vector () of G(r) in CP™ are given
by

Ny, = ((—cosr,0,...,0),sinr) and
& =—iNy, = ((icosr,0,...,0),—isinr),

Po

respectively. We put
Xy :=Xi(21,-52n-1) = ((Ficotrcosr,zy,...,2n_1), Ficosr) € C" x C,

where |21]% + -+ + |2,-1]> = 1 — cot? 7. Then we have X4 € T, (M,) with
I X+(z1,.--y2n—1)|| =1 and Xy (z1,...,2,-1) L ipo. So if we put

Vi (t; 21500y 2n_1) = costpg +sint Xy (z1,...,2n-1),

then we see that t — 4 (¢; 21,...,2,_1) is a horizontal great circle in S?7*+1
and lies on M,. such that v4(0;21,...,2,-1) = po and Y+ (0; 21, ..., 2,—-1) =
Xi(z1,...,2n-1). Hence t — w(yx(t;21,...,2n-1)) is an extrinsic geodesic
on the geodesic hypersphere G(r) through m(py). Note that

g(gli’o’Xi(Zla s 7Zn71)) = +cotr,
and
{X € Ty (M,)] 9(&,,: X) = £ cotr}
= {X:t(zla .. '7Zn—1) € Tpo(Mr)| |zl|2 + o+ |Zn—1|2 -1 C0t2 7,,}

hold. Since G(r) is a homogeneous real hypersurface, we have:

Proposition 3 Let G(r) be a geodesic hypersphere of radius r (w/4 < r <
7/2) in CP™(4). Then for each point p € G(r) and each unit tangent vector
X, € T,(G(r)) with g(X,,&,) = Lcotr, the geodesic v of G(r) satisfying
v(0) = p and ¥(0) = X is an extrinsic geodesic.

Conversely we obtain:
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Theorem 5 Let M?"~! be a real hypersurface isometrically immersed in
CP"™(4). Suppose that there exists o € (0,7), o # 7/2 such that for each
point p € M and each unit tangent vector X, € T,(M) with g(Xp, &) =
cos a, the geodesic v of M satisfying v(0) = p and ¥(0) = X is an extrinsic
geodesic. Then M is locally congruent to a geodesic hypersphere G(r) of
radius v € (7/4,7/2) with cotr = | cos a|.

Proof. For p e M?"~! and a € (0,7), o # 7/2, we put
Sp(@) = {Xp € T,(M)] | X[l =1, 9(Xp,&p) = cosa}.

Let Y, and Z,, be unit tangent vectors at p satisfying ¢(Y},&,) = 9(Z,,&p) =
9(Y,, Z,) = 0. For t € R, if we put

X (t;Yy, Zp) = cos a&y, + sin a(cos tY, + sintZ,),

then we have X (¢;Y),, Z,) € Sp(«). Hence by the assumption of the Theo-
rem, we can compute

0= Q(AX(tS Yy, Zp)v X(tQ Yy, Zp))

1+ cos2t 1 — cos2t
fg(AYwa) =+ ?g(AZp, Zp))

+ sin® asin 2tg(AY,, Z,) + sin 2a(cos tg(AE,, Y,) + sintg(AE,, Z,)).

= cos® ag(AE,, €,) + sin® a<

Since the above equation is valid for any ¢t € R, we obtain
9(A&, Yy) =9(A&y, Z,) = g(AYy, Z,) = 0, g(AY,,,Y,)=9(AZy, Z,,), (8.1)
cos® ag(AEy, &) +sin® ag(AY,,Y,) = 0. (8.2)

It follows from (8.1) that M is p-umbilic at its each point p, namely our
real hypersurface M is locally congruent to a geodesic hypersphere G(r) of
radius (, say) r with r € (0, 7/2). Furthermore, by virtue of (8.2) we find that
g(AE,, &) = £2cot(2r) = £(cot r — tanr) and g(AY,,Y,) = £ cotr, where
these signatures take the same orders. Therefore we have cot?r = cos?

and r € (w/4,7/2). Thus we have proved Theorem 5. O

Remark 3 In Theorem 5, a real hypersurface M in CP™ satisfies the
assumption with & = 7/2 (resp. @ =0 or a = ) if and only if M is a ruled
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real hypersurface (resp. a real hypersurface satisfies A = 0).

Remark 4 We here explain the feature of real hypersurfaces of type (A)
in CP™(4), n > 2. We first consider the so-called Clifford hypersurface

Mp’q(rl,rg) = 52p+1(7“1) X 52q+1(7"2)

in a unit sphere $?"*1(1), where rf +73 = 1,p+g¢=n—1and 0 < q <
p <n—1. My 4(r1,re) has two distinct constant principal curvatures 7o /7
with multiplicity 2p + 1 and —r; /ry with multiplicity 2¢ + 1 in the ambient
space S?"*1(1). We here set M, := m(Mp,q(r1,72)), where w : S2"1(1) —
CP™(4) is the Hopf fibration. The manifold Mz(sq is a real hypersurface
of type (A) in CP™(4),n > 2. M;(E,o is a Hopf hypersurface having two
distinct principal curvatures (ro/r1) — (r1/r2) with multiplicity 1 and ry /7
with multiplicity 2n — 2, which is congruent to a geodesic sphere G(r) (0 <
r < m/2) with cotr = ro/r;. When pg # 0, Mg’q is a Hopf hypersurface
having three distinct constant principal curvatures (rq/r1) — (r1/r2) with
multiplicity 1 and ro/r; with multiplicity 2p and —ry /79 with multiplicity 2g,
which is a congruent to a tube of radius r (0 < r < 7/2) with tanr = r1/ry
around a totally geodesic CP%(4) in the ambient space CP™(4).

A surface is doubly ruled if through each point there are two distinct
lines that lie on the surface. The hyperbolic paraboloid and the hyperboloid
of one sheet are doubly ruled surfaces. The plane is the only surface which
contains at least three distinct lines through each point. On the other hand,
the minimal Clifford torus T in 3-sphere satisfies that through each point p
there are two distinct great circles that lie on 7" such that two great circles
meet orthogonally at p.

In general, the following hold:

Proposition 4 Let M be an n-dimensional submanifold in a Riemannian
manifold M. Suppose that at each point p € M, there exist n extrinsic
geodesics y; (i = 1,2,...,n) of M through p such that v1,7a,...,yn meet
orthogonally at p. Then M is a minimal submanifold of M.

In fact, since each ~; is an extrinsic geodesic of M , we have
7(%i(0),4:(0)) = 0 where we put v;(0) = p and ¢ denotes the second funda-
mental tensor of M. Since 41(0),42(0)...,%,(0) form an orthonormal basis

of T,,(M), the mean curvature vector of M in M vanishes. Of course, every



310 M. Kimura and S. Maeda

totally geodesic submanifold satisfies the condition. So it seems that sub-
manifolds satisfying the conditon of the above proposition are geometrically
good one among minimal submanifolds.

Now we consider the minimal geodesic hypersphere in CP2. A
geodesic hypersphere G(r) with radius r (0 < r < 7/2) is realized as
7(S3(sinr) x S'(cosr)), where © : S° — CP? is the Hopf fibration and
S3(sinr) x S1(cosr) is a hypersurface in S°(1). Also G(r) is minimal in
CP? if and only if S3(sinr) x S*(cosr) is minimal in S°(1), and we can see
that G(r) is minimal if and only if r = 7/3. Hence M := S3(1/3/2) x S1(1/2)
(resp. G(7/3)) is a minimal hypersurface in S°(1) (resp. CP?(4)).

We define

3 1
Y(t; p1,v1,p2,02) = (?(COS tp1 + sintvy), §(COS tps + Sintv2)>7

where p; € S3(1), v1 € T,,(S3(1)) (Jui| = 1), p2 € SY(1) and ve €
Ty, (S*(1)) (Juz] = 1). Then v(¢;p1,v1,p2,v2) is a great circle in S°(1)
and lies on M with

rn)

Y(0; p1,v1,p2,v2) = (pl, ~p2

. V3 o1
and  4(0;p1,v2, p2,v2) = <2vl,2U2 .
We put

p1=(1,0) € 8*(1) cC? py=1€8'(1)ccCt

o= (L) 1) e

Then unit tangent vectors v1 € T, (S3(1)) and v € T},,(S*(1)) are written
as

v = (iy,2) (WER, z€C, |y>+|z/*=1) and vy = +i,

respectively.
For 6 € R, we put
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Yi(t;0) = (L1, (—i/3,V8e" /3), a2, i)

V3 L sint /2 ;4 . . et
= (- cost— —e'¥sint |, —
2 \/ﬁ ) 3 ) 2 )

Y2 (t;0) = v(t; p1, (i/3, V8 OT™/3) /3)  py, —i)

o 5 —it
= @ cost + Zsmt, 20t/ gint ), ¢ ,
2 viz' Vs 2
v3(t;0) = v (t;p1, (—1/3,V8e"OT27/3) /3) py i)
.. Zt
= @ cost — zsmt’ \/iei(“%/?’) sint |, ).
2 J12' V3 2
Then 7 (t;0), Y2(t;60) and ~3(t;0) are all horizontal great circles in S°(1)
which lie on M with v1(0;0) = ~v2(0;0) = ~v3(0;0) = pg. Hence m(v1(t;6)),

m(y2(t;0)) and 7(y3(t;0)) are extrinsic geodesics on the minimal geodesic
hypersphere G(m/3) through 7(po). Furthermore, we have

()
20:0) = (5 \/ge“‘““/?’)),—é),

) 2, 1
. . _ o < i(0+27/3) 2
and 73(())9) (( \/ﬁ, 36 )72>

Consequently these 3 extrinsic geodesics meet orthogonally at 7(pg). Since

G(r) is a homogeneous hypersurface in CP?, the same phenomena occur at
each point of G(7/3).

9. Viewpoint from the contact geometry

For real hypersurfaces M in Mn(c) we recall some notions in the contact
geometry. We first say that every real hypersurface M has two almost
contact metric structures (¢, £, 7, g) and (¢, —&, —n, g) (see Section 6). A real
hypersurface M is a Sasakian manifold if and only if the structure tensor ¢ of
M satisfies either the equation (Vx¢)Y = ¢g(X,Y){ —n(Y)X for all vectors
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X, Y € TM or (Vx¢)Y = —g(X,Y)¢ 4+ n(Y)X for all vectors X,Y € TM.
A Sasakian manifold manifold M is called a Sasakian space form if every ¢-
sectional curvature K (u, pu) := g(R(u, pu)pu, u) associated to a unit vector
u(€ TM) orthogonal to £ does not depend on the choice of u, where R is the
curvature tensor of M. A real hypersurface M is called a contact manifold
if the exterior differentiation of the contact form 7 on M satisfies either
dn(X,Y) = g(X,¢Y) for all X,Y € TM or dn(X,Y) = —g(X, ¢Y) for all
X,Y € TM. When M is contact and L¢g = 0, M is called a K-contact
manifold, where L is the Lie derivative on M. In the contact geometry,
Sasakian always means K-contact. In general the converse does not hold
(cf. [11]). But, in the theory of real hypersurfaces the following hold:

Proposition A ([13]) For a real hypersurface M isometically immersed
into a nonflat complex space form Mn(c), n > 2, the following three condi-
tions are mutually equivalent:

(1) M is a Sasakian space form.

(2) M is a Sasakian manifold.

(3) M is a K-contact manifold.

In Condition (1), M has automatically ¢-sectional curvature ¢ + 1.

It is well-known that a Sasakian space form of constant ¢-sectional cur-
vature 1 is realized as a real hypersurface S?"~1(1) of a flat complex space
form C". J. Berndt showed that every Sasakian space form of constant
¢-sectional curvature c¢(# 1) can be a realized as a real hypersurface in a
nonflat complex space form through an isometric immersion.

Proposition B ([7]) Let M?"~! be a connected real hypersurface isomet-
rically immersed into a nonflat complex space form Mn(c),n > 2. Suppose
that M is a Sasakian space form. Then M is locally congruent to one of the
following real hypersurfaces in the ambient space Mn(c) :

i) a geodesic sphere G(r) of radius r with cot(y/cr/2) =2/y/c (0 <r <
m/V/c) in CP"(c);
ii) the horosphere in CH™(—4);
iii) a geodesic sphere G(r) of radius v with coth(y/|c| r/2) = 2/4/]c| (0 <
r < oo) in CH"(c) (-4 < ¢ < 0);
iv) a tube of radius r around a totally geodesic CH™ 1(c) with

coth(y/]c] 7/2) = /]| /2(0 < r < o0) in CH™(c) (¢ < —4).
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In these cases, M has constant ¢-sectional curvature ¢ + 1.

The following are classification theorems of contact real hypersurfaces
in a nonflat complex space form.

Proposition C ([2]) Let M?"~! be a connected real hypersurface isomet-
rically immersed into CP™(c),n > 2. Suppose that M is a contact manifold.
Then M is locally congruent to one of the following homogeneous real hy-
persurfaces in the ambient space CP™(c) :

1) a geodesic sphere G(r) of radius r with cot(\/cr/2) = 2/\/c (0 < r <
m/ye) in CP"(c);

2) a tube of radius r = (2/+/c )cot™ ((v/e +4 ++/c)/2) around a complex
hyperquadric CQ™"~1, 0 < r < 7(2/c ).

Proposition D ([2]) Let M?"~! be a connected real hypersurface isomet-
rically immersed into CH™(c),n > 2. Suppose that M is a contact manifold.
Then M is locally congruent to one of the following homogeneous real hy-
persurfaces in the ambient space CH"(c) :

1) the horosphere HS in CH"(c) (¢ = —4);

2) either a geodesic sphere G(r) of radius r = 1/\/|7 | ) {log(2 + /] ) —
log(2—+/|c| )} or a tube of radius r = (1/(2 N{log(2++/]c| )—log(2—
Vel )} around a totally real totally geodesic RH”(C/4) (-4 <c<0),

3) a tube of radius r = (1//]c| ){log(\/Ic| +2) —log(y/Ic] —2)} around a

totally geodesic CH"(c) (c < —4).

In consideration of Propositions B and C we can see our real hypersur-
faces in Theorems A, 2 and 3 from the viewpoint of the contact geometry.

(1) The horosphere HS in CH™(c) is a Sasakian space form (of constant
¢-sectional curvature —3) if and only if ¢ = —4.

(2) The geodesic sphere G(7/(24/c)) in CP"(c) is a Sasakian space form
(of constant ¢-sectional curvature 5) if and only if ¢ = 4.

(3) The tube Ty(r) of radius r with cot(y/c r/2) = v/2 +1 around a complex
hyperquadric CQ"~! in CP"(c) is a contact manifold in CP"(c) if and
only if ¢ = 4.
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10. The length spectrum on the geodesic sphere G(mw/4) in
CP™(4)

We first recall the fact that in CP™(c) every geodesic sphere G(r) (0 <
r < m/+/c) has countably infinite congruency classes of closed geodesics
with respect to I(G(r)) (cf. [6]) and every real hypersurface M of type (Asg)
of radius 7 (0 < r < m/y/c ) has uncountably infinite congruency classes of
closed geodesics with respect to I(M) (see the discussion in the proof of
Theorem 2 and [1]). Note that every geodesic 7 of each real hypersurface
M of type (A) is a simple curve.

In the last section, we state some fundamental results in the length
spectrum Lspec(G(m/4)), which is the set of lengths (on a real line R) of all
closed geodesics on a Sasakian space form G(m/4) (of constant ¢-sectional
curvature 5) in CP™(4),n > 2 (for details, see [6]).

(1) The length of every integrable curve 7 of the characteristic vector field
(i.e., py = £1) is the first length spectrum given by 7. The length of every
geodesic v with structure torsion p, = 0 is the second length spectrum given
by V2 .

Lspec(G(m/4)) is expressed as:

Lspec(G(m/4)) = {7[', V2 7,35 7, v/10 7, V13 7, V17 7, 57,26 =,
V29 ., v34 m,vV37 m, V41 w,v50 7, V53 T,
VB8 T, V61 m, V65 m, VT3 T, ... }.

Note that the multiplicity of /657 is two, namely it is the common length
of geodesics of structure torsions 3/v/65 and 7/v/65. Every spectrum which
is shorter than /65 7 is simple, i.e., its multiplicity is one.

(2) Lspec(G(m/4)) is a discrete unbouded subset in the real line R.

We here denote by mg(r/a)(A) the number of congruency classes of
closed geodesics on G(m/4) with length A, that is, the multiplicity of
A € Lspec(G(m/4)). Then me(r/4)()) is finite for each A € Lspec(G(7/4)).
But it is not uniformly bounded, i.e., limsup,_, . mg/s) = oo. In
this case, the growth order of mg(r/4) is not so rapid. It satisfies
limy o0 )\_5mg(w/4)()\) = 0 for every positive 4.

(3) We denote by ng(r/4)(A) the number of congruency classes of closed
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geodesics on G(m/4) whose length A is not longer than A. Then we obtain
lim/\_)oo (ng(ﬂ./4) ()\)/)\2) = 3/47‘(3.
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