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§1. Introduction

For a topological space X, z€ H,(X ; Z) is Steenrod representable if there
exists a closed oriented smooth n-manifold M and a continuous map f: M—X
such that fi(¢)=z2, where ¢ is a fundamental homology class of M. In [4],
Thom showed that for a finite polyhedron X any 2 € H,(X ; Z) is representable
if #<6, but if #=7 not everything is representable. He exhibited a class
in H,(L'(3)x L'(3); Z) which was not, where L7(3) is 7-dimesional lens space
mod 3. Moreover Burdick [1] extended to B(Z,;x Z,), classifying space of
Z,x Z,, and computed all representable elements. He dermined E® terms of
bordism spectral sequence of B(Z,;x Z;) and used necessary condition of repre-
sentability of Thom [4].

In this note we show the case p=2 and any odd prime p. Latter case
we use the same methods as Burdick’s.
We have

THEOREM 1.
(@) Every elements of Hy(B(Z,xZ,);Z) are Steenrod representable.
(b) For p an odd prime the elements of Hy(B(Z,x Z,); Z) which are Steenrod
representable are generated by e,Qey, € 10651, Qe 1, €. 1R, {(eXe; 1
+e®ey;) + (€Re; s + esRey; )+ -}, and {(e,Qey; s+ e;Qey; 5) + (esRey; o +
ee; 6)F ).

The author whishes to express his thanks to Professors H. Suzuki and
F. Uchida for their many valuable suggestions.

§ 2. Homology groups of B(Z,xZ,)

Let X=B(Z,xZ,), Y=B(Z,).
Case (a): p=2.

Let RP” be the n dimensional real projective space, RP> be the direct
limit of it. Then we can consider Y=RP>, and so X=YxY. The cell
structure of RP™ and its boundary operations are given as follows:

RPn:eoUelu"'Uena
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(1- 1) 0€y; = 2y, 1, 06y,.1 =10,

where ¢, is the 7 dimensional cell. Y is a CW complex with one cell ¢,
in each dimension. We will use the same symbol e; for the homology class
containing e;.

Let Cy(X) and Cy(Y) be the chain complexes as CW complex X and Y
respectively. Cu(X)ZCy(Y)RCy(Y) by cross product, thus C,(X)=H, (X",
X ' Z)= jZ HY’ Y, Z)QH,;(Y’, Y?';Z), where X™ and Y™ are
n-skeleton of X and Y respectively. Therefore C,(X) is generated by e;Re,,_;
for i=0,1,---,n and 9, : C,(X)—C,_,(X) is given as follows:

(1. 2) 0, (€-1Re;.1) =0,

0, (e Re; 1) = 2e,; 1Rey; 1,
0, (e 1Re,) = —26,; Qe 1,
0,

n ezz'®ezj) = 2ey;1Q €5+ 26, Qe 1

Then we have
(1.3) H,,(X;Z) is generated by e;; Q€ 2501 Jor i=1,---,n and H,, ,(X; Z)
is generated by e, Qe o+ €y®es 1 95 for i=0,1,---,n and every elements
are order 2. HyX;Z)=Z generated by e,Re,.
Case (b): p is the odd prime.

Let S**! be the unit (2n+1)-sphere. A point of S***! is represented by
a (n+1)-tuple of complex numbers (2, 2y, -+, 2,) with Zn}]zz-lz:l. Let T be

=0

the rotation of S*'! defined by T'(zq, 21, -+, 2.) =(42,, 421, =+, 42,), Where 1=
exp (2rifp). T generates a fixed point free topological transformation group
of §**1 of order p, so we will say it Z, action on S**!. Then the lens space
mod p is defined to be the orbit space L**'(p)=S%*!/Z,. This is the closed
orientable 272+1 smooth manifold. For m<#n consider $*"'! as contained
in ST with (2o, -+, 2.)=(20, ***, 0, 0,0, -+-). Then L' (p)cL*(p)c---. Let
L>(p) be the direct limit of this sequence, then we can consider Y=L1(p),
and so X=YxY. The cell structure of L**"'(p), and its boundary relations
are given as follows:

LZN‘-Ll(p) S eOU € U U62n+l >
(1. 4) 0ey =pey 1, 0€,,=0.

Y is a CW complex with one cell ¢, in each dimension and the (27-+1)-
skeleton is L' (p). C,(X) is generated by e;,Qe,.; (:=0,1,---,7) and a,:
C.(X)—C, (X) is given as follows:
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(€1 ®ey; 1) =0,

(€@ 1) = pey Qe 1,

(€ 1®ey;) = —pey; 1®e; 1,

n(eZ ®eZ]) =pe,. 1®62]+Pezi®62,7 1.

QO O

3

Then we have

(1. 6) H,, (X ;Z) is generated by ey 1Re€5, 241 (z 1,--,n), H,, (X;Z) is
generated by ey \Qey, 2+ €@ ey y 1 ((=0,1,--,n) and every elements are

order p. H\(X;Z)=Z generated by e,Qe, .

§3. Theorems

Let 2,(X, A) be n-dimensional oriented bordism group of (X, A). There
is a natural homomorphism p:2,(X, A)—-H,(X,A;Z). Given [Bf]e
2,.(X, A), let ¢,€ H,(B",0B";Z) denote the fundamental homology class of
B*. Then p is defined p[B", fl=fulo,) € H, (X, A; Z). The image of p is
the subgroup of integral homology classes representable in the sense of
Steenrod. g has following properties which are proved by Conner-Floyd.

TureoreMm 2. (Conner-Floyd) ([2], (7. 2))

The edge homomorphism 2,X, A)=dJ,—E;—E:,=H,X,A;Z) of
the bordism spectral sequence coincides with the homomorphism p:2,(X, A)
-H,(X,A;Z).

TueoreM 3. (Conner-Floyd) ([2], (15. 1))

If (X, A) is a CW pair then the bordism spectral sequence is trivial if
and only if p:2,(X, A)~H, X, A; Z) is an epimorphism for all n=0.

TueorEM 4. (Conner-Floyd) ([2], (15. 2))

If (X, A) is a CW pair such that each H,(X, A; Z) is finitely generated
and has no odd torsion, then the bordism spectral sequence is trivial.

Next theorem is useful to obtain the manifold with Z, action.

TueEOREM 5. (Conner-Floyd) ([2], (46. 1))

Consider the generating set oy, 15 k=1,2,--- for 24(Z,), p an odd prime,
where oy, =[T,S*']. Then there exist closed oriented manifolds M?*,
E=1,2,---, such that for each k, pay, +[M*]an s+ [M¥ay o+---=0 in
2x(Z,).

§4. Proof of Theorem 1.
Case (a): p=2.

This case follows immediately {rom Theorems 3 and 4. Because each
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H,(B(Z,x Z,); Z) is finitely generated and has no odd torsion from (1. 3).
REMARK. e,Re,, € 1Qe,, e®e,; , and e, Qe,; ; are explicitly repre-
sented by RP°x RP°, RP%*'x RP°, RP°x RP* and RP*'x RP%"! respec-
tively. ey 1® €2+ &€, 1 o is represented by H; ,, »; which is the subset
in RP%x RP? % defined by the equation
oo+ 1Y+ T Ym = 0 )

where m=min (27, 2n—2i), and (&, **-, Z5;) and (¥, ***, Y2n 2:) are the standard
homogeneous coordinates in RP* and RP* % respectively. It is a smooth
submanifold of codimension 1, and orientable because its first Stiefel- Whitney
class w,=0. Consider the intersection of H,;,, » and 1 cycles of RP% x
RP™ % we can see that iy : Hy i (Hyson-2; Z)—>Hpyn (RP¥x RP™ 7%, Z) is
non-trivial, that is onto.
Case (b): p an odd prime.
By Theorem 5 there exists compact orientable 27 dimensional manifold
V¥ with 9V = pS*» ' UM xS UM®x S °U--- and an action of Z,
restricted to M* xS %! is {dxT. We can chose following classifying
maps from the property of classifying space:
Jom: VI Z,— Y= B(Z,) such that
ﬁn(VZn/Zp)_C— }7275 s ﬁn(M4k X S2n7—4k—l/Zp)g YZn—4k—l
and f,%(0:,)=€,,, where a,, is fundamental homology class of V*/Z,.
Let f,:V°/Z,—-Y° and let f;, ,:S8S*™'/Z,—»Y* ' be inclusion, then
Son-1%(0"3n_1)=€sn—1, Where ¢'5,_;, is fundamental class of S**7'/Z,.
Next let G=Z,%x Z, and choose classifying maps
95 S2i-1 XSZn—Zj+1/G___>XZn ,
hj . VZj X SZn—-Zj—J/G_)XZ‘n—l ,
kj : ‘S'Zj—l X VZn—Zj/G‘__)XZnDI ,
l;: V¥ V¥ |G—X™

such that hy (M x SH-4-1 §2m=2171 | G)C X o= tk-2
» kj(M4k 1% SZj—l X SZn—Zj—4k——l/G)g_X2n-—4k—2 s

and lj({(M«‘.k x V4 x Stn=2i-4k-1]G) (M* x S2i-4k-1 5 VZn—Zj/G)}) C X1,

Then each fundamental class is mapped onto ey, ® ez, 251, €50€m 25-1,
€51R€s, 2; and €,;R€,-2; by gsx, hyx, ks and Il;y respectively.
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Let o =gy, SHIxSTHNG),  j=1,m,
5 =l, V¥x V9G], J=0,-m,
B =[h,, VIxS™ 9G],  j=0,-,n—1,
1t = [y, SHix VUG, j=1,--,n.

Then o and 6%* generate Q2. (X?, X* ') freely over £, and 8% and 7%
generate Q. (X, X" freely over £, because p: Q2,(X", X" ")—=H(X",
X 1 Q) is an 2, isomorphism.

LEMMA.

C?-term of bordism spectral sequence of X=B(Z,xZ,) is generated over
Qy by 8, o, Bt 17, and BTN, (=12, i=1,-- n; j=
1,---,n—1) and B-term is generated over 24, by pds, pB*", pr& ' and
pBr ), (n=1,2,--+; i=1,--,m; j=1,---,n—1).

Proor.

Ci=Ker(@: 2, X", X" —0Q,(X"", X"%)
=p ' (Kerd: He (X", X1 24)— H (X", X77%; 24)
and
Op(07)=per; 1Q€, 25+ pe; Qe 251,
op(a)=0, ou(fT )=pey 1Q€, 25
and
op(ry )= —pe,; 1Qe,, ,; 1 therefore C’-term follows.
Bi=Im@: 2,X, X" —2, (X", X))
=p7 Im(@ : Hy (X7, X735 Qy) — Hy (X7, X775 4)

and 70 (€ Q€ 1-25)=paf’, 70 (€ 1R 25.00) = —paT, 70(er; Qe 1) =
P '+ BT, ple®en) =pF Y, p1'0(@,Qe)=p7 ! and p7'3(e)1 ®
€m.1.25) =0, so we have B’-term.

Next theorem essentially is the same as the case p=3 proved by
Burdick [1].

THEOREM 6. The bordism spectral sequence of X = B(Z,xZ,) is as
JSollows:

F=..=F, Ef=..=FE~
E> is generated by &}, &2, B, 127 (n=1,2,---,i=1,2, .-, n), {(f 1+ )
+ B+ )+ ), and (BT TR+ (BT Y+ -} with relations
[M][ad"—a’",]=0, and every element except 6y has order p.
Proor.

Every elements of H, (X ; Z) have order p (odd prime). £, is free group
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if n=0 (mod 4) and 2-torsion groups if 730 (mod 4).
K. .=H,(X;2,)=H,(X;2)®2,+H, (X;Z)*2,.

Therefore we have d?=d*=d'=0, so E?=~..-=E5. Now recall the defini-
tion of d7 ,.:

oo | 2
N 0
!)m+n(Xm, Xm;r)——’Qm+nfl(mer, Xm;;wl)
Do (X, X 02y (X XM o 1 (X7 0, X0,
T 3,

where i, j, 7, j/ are inclusion maps and 9, 3, d; are boundary homomor-
phisms of triple, then there exist homomorphism ¥ such that ¥'=0,-j, =174 0,,
every triangles are commutative.

Let Cp ,=Imjy, Ciin=Imjy, By ... 1=Imd,and B;, . .., ,=Imd,. Then

0,
the definition of &, , is composition of d, ., : E;, ,=C;, ..|B; »—C; .[Chii—

r—1
Lx
1 P
Im w-:B;+—r,n+r—l/B;—r,n4-r-1—) n:—r,n+r*1/B:n—r,n I M E7)'1,~r,n+7'71' Here let

r=>5 then d&°(0%)=d*(&")=d°*(B5* ')=d*(r%*')=0. Because &, o, 7', 7% '
are represented by closed manifolds 9, will kill them.
For j=1,---,n—1 let N*"! be the manifold obtained {from V% x §¥~27-1 §2-1
x V24 by joining pS? ' x S 91 in 9(V¥ x S 41 to —pSH1x S
in 9(S¥1x Vo),
Then AN '=M*xS¥ 3 xS 271y —M*'x S¥ 1 xS 2>

UM®x S¥9 5% S229-1) —_ M®x §S21 % S2-2-9 ...
There is an induced action of G=Z,xZ, on Nj*'. Choose classifying
maps ¢; : N*7'/G—X?! such that ¢,(d(N;"'/G)SX?* °® and such that

s
Nj2n~1/G Xt

N /
\\\ / hiUk;

/

(V¥ 5 S  G)U (%1 % V™[ G)

commutes up to homotopy.
Then ¢;x(0)=€,;Resm_2;-1+€;1Qes,_5;, where ¢ is a fundamental class of
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N7YG. Thus [¢;, NP YG]=F7"+12" in (X, X7,
By the definition of d° d°(f7'+715 )=[M"[e%*—a*]. Therefore Ker
d® is generated by 63, %", f5 ', 7271 and {(B 41N+ (BT T+ )
and {(B 47 )4 (B T ) )
Let K ! be the identification manifold obtained from

Vi S 3USix V2 Vex STy Sox Voo Vi0sx §22-11 ...
by identifying pair-wise of boundary components of this manifold.

Then K#*' is an orientable closed (272 —1)-manifold with induced natural
action of G=Z,xZ,.
Let ¥, : KI*'/G—>X" "' be a classifying map, then [¥, K¥!/G]=(f""1+
TN+ (B 4+ )+ in Q,(X Y XP7%).  Likewise construct K7*7! from

Vi S35y Six Vrty VEx S22 S x Vs ...

and ¥,: K '/G—»X*"' with

[, Ki G = (B 72 ) (8 413 )
Therefore every generator of E° can be represented by a closed manifolds,
so d®*=d"=---=0 and hence E°*=..-=E~.

Proor of THEOREM 1.

The classes listed in Theorem 6 really belong to Ef,. Therefore from

Theorems 2 and 6 ¢,®e¢,, e,®ey; 1, €-1Xe, and e,;_;®e,;_, are represented
by V'x VG, V°x S8%71G, S*'x VG and V# 'x V*7!/G respectively.

(ez®€21~1 +e ®ezj) + (eﬁ®82j45 +esRe,; —4) +--- and
(e4®621— 3+ 63®82j—2) + (es®ezju7 + e7®ezj—s) +--- are
represented by K#*'/G and K#*'/G respectively.
The proof of Theorem 1 is completed.

Department of Mathematics,
Hokkaido University
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