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~ 1. lntroduction 

For a topological space X , Z E Hn(X; Z) is Steenrod representable if there 
exists a closed oriented smooth n-manifold M and a continuous map f: M • X 
such that ん(σ)=z ， where σis a fundamental homology class of M. 1n [4], 
Thom showed that for a finite polyhedron X any z ε Hn (X ; Z) is representable 

if n豆6， but if n孟 7 not everything is representable. He exhibited a class 

in H7(V(3) X V(3); Z) which was not, where V(3) is 7-dimesional lens space 
mod 3. Moreover Burdick [1] extended to B(Z3 X Z3) , classifying space of 
Z3 XZム and computed all representable elements. He dermined E∞ terms of 

bordism spectral sequence of B(ζX Z3) and used necessary condition of repreｭ

sentability of Thom [4]. 

1n this note we show the case p = 2 and any odd prime p. Latter case 
we use the same methods as Burdick's. 

We have 

THEOREM 1. 

(a) Every elements of H*(B(Z2 X Z2); Z) are Steenrod r，φresentahle. 

(b) For p an odd prime the elements of H*(B(Zp X Zp); Z)τvhich are Steenrod 

fφresentable are generated by eo( eo, e2i - 1( e2j--l , eo( e2j- 1> e2i --l ( eo, {(e2Qge2j--l 
+ e1 Qge2j) + (e6 Qge2j- 5 十 e5⑧e2j 4) +…}, and {(e4Qge2J-3 + e3Qge2J-2) + (esQge2j-7 + 
e7Qg e~j 6)+ …} . 
The author whishes to express his thanks to Professors H. Suzuki and 

F. Uchida for their many valuable suggestions. 

~ 2. Homology groups of B(Zp X Zp) 

Let X=B(ZpxZp), Y=B(Zlふ
Case (a): p=2. 
Let RPn be the n dimensional real projective space, RP∞ be the direct 

limit of it. Then we can consider Y = RPヘ and so X=  Yx Y. The cell 
structure of RPn and its boundary operations are given as follows: 

RPn = eo U ej U ... U e" , 
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(1. 1) ae2i = 2eu -1 , ae2包ト 1= 0 , 

where Ci is the i dimensional cell. Y is a CW  complex with one cell ei 
in each dimension. We will use the same symbol 的 for the homology class 

contammg ei ・

Let C* (X) and C* (Y) be the chain complexes as CW  complex X and Y 

respectively. C* (X)竺 C*(Y)③C*(Y) by cross product, thus Cn(X)=Hn(xn , 
Xn 1; Z) ~ 2::: H(P, Yi-l; Z) ( Hjf(YJ, YJ1;Z) , where X7B and yn are 

n-skeleton of X and Y respectively. Therefore Cn(X) is generated by ei⑧九包
for i=O, l , …, n and an : C，， (X)→ι1 (X) is given as follows: 

(1. 2) 孔(e2i - 1③e2j - 1)=O ，

孔 (eU@e2j 1) = 2e2i -l@e2j-l , 

an (e2i - 1( e2j ) = -2e2i - 1( e2j--l , 

an(e2i ( e2j) = 2eU-1( eZj + 2eU@e2j-l ・

Then we have 

(1. 3) H2n(X; Z) is generated by e2H ( e2n -21+1 for i = 1,… , n and H2n-1(X; Z) 
is generated by e2i -l@e2n--2l 十ら⑧E加 1-2i for i ニ 0， 1 ， "', n and every elements 
仰で order 2. Ho(X; Z)~Z generated by eo⑧eo ・

Case (b): p is the odd prime. 
Let 52" • 1 be the unit (2n 十 1)-sphere. A point of S2n' 1 is represented by 

a (n + 1)・tuple of complex numbers (Zo , ZI γ" ， Z,J with 2::: IZi 12 = 1. Let l' be 
the rotation of S2n+ 1 def�ed by 1'(zo , ZI' "', Zn) = (ﾀZO' ÀZ1 ， ・・・ ， ÀZ，よ where ﾀ= 

exp(2πi/p). l' generates a 五xed point free topological transformation group 

of S2n十 1 of order p , so we will say it Z" action on S2n+l. Then the lens space 
mod p is def�ed to be the orbit space Dn q (ρ)=S2n+l/Z1' ・ This is the closed 

orientable 2n 十 1 smooth manifold. For m<n consider S2川 i 1 as contained 

in S2n • 1 with (ZO , …, 2 m )=(ZO , …,Z""O,O, …). Then V(ρ)cV(p)c … Let 

L∞ (p) be the direct limit of this sequence, then we can consider Y = L∞ (ρ)， 

and so X = Y x Y. The cell structure of Dn ト 1 (p), and its boundary relations 
are given as follows: 

l}n+l(p) = 向 Ue1 U … Ue2n+1 , 

(1. 4) aeu = Pe2ト 1 , aeU+l = 0 . 

Y is a CW  complex with one cell ei in each dimension and the (2n + 1)ｭ
skeleton is L2n ト l(p). Cn(X) is generated by ei⑧丸谷 (i=O， 1, "', n) and an: 
C,, (X)• C" I(X) is given as follows: 
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(1. 5) 。π (e2i - 1QSJe2j 1) = 0 , 

aι (e2包⑧ e2j-1) = 1うら 1( e2j 1 , 

。η (e2i 1( e2j ) = -peU 1( e2j -- 1 , 

Oη (e2j③e2j) = 1う e2i 1( e2j + p e2i⑧e2j - 1 ・

Then we have 

(1. 6) Hふ (X;Z) is generated by e2i - 1⑧e2n -- 2什 1 (i=l , ・・・ ， n)， H2n I(X;Z) is 

gener，αted by e2i-1 QSJe2n 2i + C2i⑧e2n お 1 (i=O , 1, "', n) and eveりI elements are 

order p. Ho(X; Z)竺Z generated by e，。⑧eo ・

~ 3. Theorems 

Let Qη (X， A) be n-dimensional oriented bordism group of (X, A). There 
is a natural homomorphism μ:ρバX， A) → Hn (X, A ; Z). Given [Bヘ f] ε

Qn(X, A), let σηE Hn(Bn , aBn; Z) denote the fundamental homology class of 
Bn. Then μis definedμ [Bn，f]=)巳 (σ，，)E H" (X, A ; Z). The image of μlS 
the subgroup of integral homology classes representable in the sense of 

Steenrod.μhas following properties which are proved by Conner-Floyd. 

THEOREM 2. (Conner-Floyd) ([2], (7. 2)) 
The edge homomoゅんlsm 仏(X， A)=Jn ， o→E1c;，。→E~ ， o = Hn(X, A; Z) of 

the bordism spectral sequenα coincides with the homomoゅんlsm μ : Qn(X, A) 
• Hn(X, A;Z). 

THEOREM 3. (Conner-Floyd) ([2], (15. 1)) 
If (X, A) is a CW  pair then the bordism spectral sequence is trivial if 

and only if μ :Q匁 (X， A)→Hη(X， A ; Z) is an φ1moゅんism for all n 孟 O.

THEOREM 4. (Conner-Floyd) ([2], (15. 2)) 
If (X, A) is a CW  pair such that each Hn(X, A; Z) is finitely generated 

and has no odd torsion, then the bordism 学ectral sequence is trivial. 

Next theorem is useful to obtain the manifold with Zp action. 

THEOREM 5. (Conner-Floyd) ([2], (46. 1)) 
Consider the generating set a2k 1 ;長 =1 ， 2，'" for れ (Zp)， P 仰 odd prime, 

where α日 1 =[T, S2kー 1]. Then there exist closed oriented manifolds M4k, 
k=1 , 2, … , such that for each k ， 仰2k 1 + [1\1 4]αμ 5+ [M8] α2k-9 + …= 0 in 
Q*(Zp). 

~ 4. Proof of Theorem 1. 

Case (a):ρ=2. 

This case follows immediately from Theorems 3 and 4. Because each 
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Hn(B(Z2 x Z2); Z) is finitely generated and has no odd torsion from (1. 3). 

REMARK. eo( eo, e2i -1 ( eo, eo( e2j-1 and e2i -1 ( e2j -1 are explicitly repreｭ
sented by Rpo x Rpo, RP2i-l X Rpo , Rpo X RP2j 1 and RPZi-l x Rp2j-l respec同

tively. e2i - 1( e2n - 2i + eれ⑧e2n 1 2i is represented by H2i.2n-2i which is the subset 
in RP2i X Rp2n-2i de五ned by the equation 

xoYo 十 X1Yl+ ・・・ +x.拙Y哨 =0 ，

where m=min(2i , 2n-2i), and (xo, …, x 2i ) and (Yo , …, Y2η21) are the standard 
homogeneous coordinates in RP2i and Rp2n-2i respectively. 1t is a smooth 

submanifold of codimension 1, and orientable because its first Stiφf・ Whitney

class 叩1= O. Consider the intersection of H2i.2n -2i and 1 cycles of RP2i x 
Rp2n-2i we can see that Ì*: 品川(H2i .2n-2i; Z)• H 2n _1(Rp2i X RP2n-2i; Z) is 

non-trivial, that is onto. 

Case (b):ρan odd prime. 

By Theorem 5 there exists compact orientable 2n dimensional manifold 
V2n with aV2n = pS2n-1 U A14 X S2n-5 U M8  X S2n-9 U ... and an action of Zp 

restricted to M4k x S2η 4k--l is id x T. We can chose following classifying 

maps from the property of classifying space: 

hn : V 2nlZp • y= B(Zp) such that 

hn(V2nIZp)ﾇ yzn , hn(M叫 xS2n 叫 l/Zp)ÇY2n-4k-l 

and h，日~(σ2n)=e2n ， where σ2n is fundamental homology class of V2nlZp ・
Let fo : VO 1 Zp • yo and let hn-l: S2n 11 Zp • Y2n-l be inclusion, then 

hn 1*(σ'2n-1)=e2n-1 ， where σ'2n-1 is fundamental class of S2n- 1/Zp ・

Next let G=Zp x Zp and choose classifying maps 

such that 

。j : S2j-1 X S2n-2j+11 G-→X2η ， 

hj : V2j X S2n-2j ー 11G _____. X2n-1 , 

kj : S2j-l X V2n-2j 1 Gー→X2nI ，

lj : V2j X V2n-2j 1 Gー→X2n

ん(M壮 X S2j-4kー 1 X S2n-2j-11 G) çX2n 壮 2 ，

ん (M4k X S2j-l X S2n-2j -4k←1/G)çX2η4K2 ， 

and lj ( {(M4k X V2J X S2n-2j-4k-1/G) U (M4k X S2j 叫 1 X V2n-2jIG)}) çX2n 付 1

Then each fundamental class is mapped onto e2j-1 ③のπ 2j+l ， e2/SJe2n -2J-l , 
e2j-l ( e2n-2j and e2j( e2n-2j by gj* , hi*' ki* and lj* respectively. 
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α~n = [g j, S2j-l X S2n-2j+l / G] , 

ò~'ι = [l) , V2) X V2n 2) /G] , 
r゚' 1 = [h ;, V2j X S2n 2j 1 /G] , 

TT1=Ikj , S231 × VhZj/GI , 

j=l , …, n , 
j=O， 一 .， n ，

j=O, ''', n-1 , 
j=l , …, n. 
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Then α3n and oin generateQ*(X2n, Xh1)freely over Q* , and pT-land rT1 
generate Q*(X2n-¥X2n 2) freely over Q* , because μ : Q*(Xr, Xr-l)• H*(Xr , 
Xγ 1; Q*) is an Q* isomorphism. 

LEMMA. 

C2司term of bordism spectral sequence of X = B(Z1' X Z1') is generated over 
Q* by Ò~ ， a~ぺ FF l , TT\and (FT1 十 T7z1)， (n=l， Z …， i = 1,… , n; J= 
1, "', n-1) and B宮-term is generated over Q* by pa~n， pß~n.l ， p1-:,n 1 and 

ρ(Pjn1+T?z1)， (n=I， 2，… ， i=l , …, n; j=l , …,n-1). 

and 

and 

PROOF. 

C~ = Ker(� : Q*(Xr, X"-I) ー→Q*(Xrl， Xト2))

=fl1(Ker� :]九 (Xγ， X'1;Q*)ー→H*(XTI， XTZ; れ))

。μ (Ò}n)= pe2) 1( e2n 2j + pe2j( e2n - 2j--l , 
Oμ(αア)=0 ，。μ (ß~n-1) =pe2j 1( e2n - 2j--l 

aμ (1~n 1)= -pe2j 1( e2n 2j. 1 therefore C2-term follows. 

B; =Im(�: Q*(X川 1 ， Xr) ー→Q*(Xr ， Xr-1)) 

=μ1Im(3:H*(X71 X';Q*)ー→H*(XT， XT1;Q*))

and μ 1� (e2j ( e2n+I-2j)= pαT， μ一切 (eZJ - 1 ⑧e2n . 2j 十 2) =-ραア， μ 1å (e2j ( e2n- 2j ) = 

p(nn 1 + ß~n 1) ， μ 1å(eo ⑧ C2n)zpprzI， μ lå(e2n 0 eo) = p1-:,n-l and μ 1å(e2j _ 1 ③ 

e2肘 1 2j) = 0 , so we have B2-term. 
Next theorem essentially is the same as the case ρ=3 proved by 

Burdick [1]. 

THEOREM 6. The bord;ωn spectral sequence of X = B(Z1' X Z1') isω 
follows: 

E2~ ・・・~E5; E6~ ・-・竺 E∞

E∞ is generated by ò~ ， αア， prz l , TT1(n=I, 2, -v i=I, L-- , n), {(F?" l+T?1) 
+ (ß~n-1 + nn-1) + …}, and {(ß~n -1 + nn 1) + (ß!n-1 十 Jin 1)+ …} with relations 
[M4] [α!"一α乙] =0 , and eveηI element exc<φt Ò~ has order p. 
PROOF. 

Every elements of H，叫 (X; Z) have order p (odd prime).ρn is free group 
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if n三o (mod 4) and 2・torsion groups if n 手o (mod 4). 

E!" η =H明(X;Qn)= Ii明 (X;Z)⑧Qn+ Ii明 I(X; Z)*仏.

Therefore we have d2 = d3 = d4 = 0 , so E2竺・・・竺E 5 . Now recall the de五nl­

tion of d:;'.n: 

ρ明寸先 (X"'-I ， X泊 r) 

." 
1* 3

 

<HV
1ill• 

/ �2 
Q明+η (Xぺ X'" づ一→Q別冊 I(X情"， X明 r-I)

1* ノ ù1 1Jf 、 lι

Q明十π(Xへ X明，.-1)ー→Q叫十π (X"'， X叫 1)一→ρ制トト1(Xm I， X明 r-l) , 
j~ �1 

where i , j , i', j' are inclusion maps and �h å2, �3 are boundary homomorｭ
phisms of triple, then there exist homomorphism 1Jf such that 1Jf = å1 ・Ù=i'* ・ å2 ，

every triangles are commutative. 

Let c;",n=lmj* , Cによ =Irn j' *, B;，，+_1γ ，π " ，. --1 =lm �2 and B~n- ，.， n →，. 1=lm å3 ・ Then 
å, 

the def�ition of d:ん is composition of d:;' ,n : E，し=Cん/BLA-CJa JCJJ:す
一一

if 
1m 1Jf 0B':n+_I，り山 1周しげHT-1-C4-m ト r-l均一り山一1 = E ,;; r,n+ ,. -I' Here let 

r=5 then d5 (ðg)=d5 (α~n)=d5(ß~n ー1)=d5(r~n-I)=O. Because ðL α~n， ß~n-\ r~:l-l 

are represented by closed manifolds �1 will kill them. 
Fo町rj=l， .….一"， n一11et N]" 1 be the manifold obtained from VZj X S2nηn-一引2勾J一寸1U S2j-1 
X V2n 一2j by joining jρうS2j-1 X S2n 一 2勾j 一寸1 in å引(V2j X S2n-2υj -1り) t旬O 一IρI:JS2j-1 X S2nπ 一-2j 一→1 

i加n å引(S2j-l X V加竹

Then åNJア冗一I=M4匂XS2j-5 X S2ト2j-lU -M 4 X S2j-l X S2n-2j-5 
U M8 X S2j-9 X S2'ι 2j-l U -M8 X S2j-1 X S2n-2j-9 U .... 

There is an induced action of G=Zp X Zp on N]"-I. Choose classifying 
maps め :NアーIjGー→X2n--l such that め (å(_，_lV}"-ljG))çX2n 6 and such that 

め
N;n-IjG一一→X2n-1

へノ
/ hj U kj 

(VZj X S2nー叶1j G) U (S2j-l X V2n-2j j G) 

commutes Up to homotopy. 

Then øi*(σ)=e2j @e2n-2j-l+ e2j-l⑧eZn - 2 j， where σis a fundamental class of 
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NT1/G.Thus IOj , JVT1/G]=PTI+TT1in QUXhI， X2η2). 

By the definition of d 5, d5 (ßア l+nn-1)=[M4][α子ず一α~n-6]. Therefore Ker 

d5 is generated by ð~ ， a~ヘ ß~n-\ 7;;--1 and {(゚in-1 + nn-1) + (ß~n 1 + nη1)+ …} 

and {(ß~n-1+7~n 1)+(ß~n-1+nn-1)+ …} . 

Let Kr-1 be the identification manifold obtained from 

V2x S2η3 U SI X V2n-2 U V6 X S2匁 7U S5 X V2η 6 U VlO X S2n-11 U ... 

by identifying pair-wise of boundary components of this manifold. 

Then K12勾 1 is an oriたen凶lta油ble closed (2n 一 1引)-man凶1吐ifおold with induced natural 

action of G = Z1) X Zp 

Let 1þψ帆f九l' K12n匁 1ソ/G→X2n 1 be a classifying map, then [W1, Kr-1/G] = (゚in-1 + 
nn 1) + (ß~n-1 + 7~n-1) + … in Q* (X2n-¥ X2n-2). Likewise construct Kin-1 from 

V4 X S2n-5 U S3 X V2n-4 U V8 X S2n-9 U S7 X V2n-8 U ... 

and W2: K 22n-1/G• X2n-1 with 

[W2, Kr-1/G]=(ß~n-1+n'ι1) + (ß~n-1 + 7~n 1) +… 
Therefore every generator of E6 can be represented by a closed manifolds, 
SO d6=d7 = ・・・=0 and hence E6竺・・ .~Eへ

PROOF of THEOREM 1. 

The classes listed in Theorem 6 really belong to E';， o ・ Therefore from 

Theorems 2 and 6 eo Qg eo, eoQge2j-i> e2i-1 Qgeo and eU - 1( e2j -1 are represented 
by VO x VO/G , VO x S2j-1/G , S2i-1 x VO/G and V2i-1 x V2j-1/G respectively. 

(e2③e2jー 1 +e1( e2j) + (e6③eけ5+ e5⑧e2j-4) +… and 

(e4( e2j -3 + e3( e2j 2) + (e8⑧eザ7+ e7⑧向上6)+ … are 

represented by Klj+1/G and KiJ+1/G respectively. 

The proof of Theorem 1 is completed , 
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