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Non-closed curves in R™ with finite total first curvature arising

from the solutions of an ODE
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Abstract. The solution space of a constant coefficient ODE gives rise to a natural
real analytic curve in Euclidean space. We give necessary and sufficient conditions on
the ODE to ensure that this curve is a proper embedding of infinite length or has finite
total first curvature. If all the roots of the associated characteristic polynomial are
simple, we give a uniform upper bound for the total first curvature and show the opti-
mal uniform upper bound must grow at least linearly with the order n of the ODE. We
then examine the case where multiple roots are permitted. We present several exam-
ples illustrating that a curve can have finite total first curvature for positive/negative
time and infinite total first curvature for negative/positive time as well as illustrating
that other possibilities may occur.

Key words: finite total curvature, ordinary differential equation, proper embedded
curve.

1. Introduction

Throughout this paper, in the interests of notational simplicity, the word
“curvature” will refer to the “first curvature”. It is defined as follows. If
t — o(t) is an immersion of R into R™, then the curvature x and the total
curvatures k4 [o] are given, respectively, by setting:

. . 0 0o
- W _[o] ;:/ wlolldt, o] ::/0 slolldt. (La)

—0o0

The total curvature is then given by k[o| := k4 [o] + k_[o]. In this paper
we shall construct a real analytic curve ¢ in Euclidean space which arises as
the solution space of a constant coefficient ODE. We examine when o is a
proper immersion with finite total curvature. In the C'*° context, one could
start with a straight line, perturb it by putting a small bump in it, and get
thereby a proper curve with finite total curvature. Thus working in the real
analytic context is crucial when considering questions of this sort.
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The curvature k of Equation (1.a) is a local invariant of the curve which
does not depend on the parametrization. If p(¢) is the radius of the best
circle approximating o at ¢, then x = p~!. One can extend the definition
from the Euclidean setting to the Riemannian setting. Let V be the Levi-
Civita connection of a Riemannian manifold (M, g). If o is a curve which is
parametrized by arc length, then the geodesic curvature is defined by setting
kg(0) = [|Vs0]); kg = 0 if and only if o is a geodesic. We have kg = & if
M = R™ with the usual flat metric.

1.1. History

Let k[o] := ky[o] + k_]o] be the total curvature. Fenchel [13] showed
that a simple closed curve in R? had x[o] > 27. Fary [12] and Milnor [15]
showed the total curvature of any knot (i.e. of a circle which is embedded
in R3) is greater than 4. Castrilléon Lépez and Ferndndez Mateos [3],
and Kondo and Tanaka [14] have examined the global properties of the
total curvature of a curve in an arbitrary Riemannian manifold. The total
curvature of open plane curves of fixed length in R? was studied by Enomoto
[7]. The analogous question for S? was examined by Enomoto and Itoh [8],
[9]. Enomoto, Itoh, and Sinclair [11] examined curves in R®. We also refer
to related work of Sullivan [16]. Buck and Simon [2] and Diao and Ernst [5]
studied this invariant in the context of knot theory, and Ekholm [6] used this
invariant in the context of algebraic topology. Alexander, Bishop, and Ghrist
[1] extended these notions to more general spaces than smooth manifolds.
The total curvature also appears in the study of Plateau’s problem — see
the discussion in Desideri and Jakob [4]. The total absolute torsion has also
been examined analogously by Enomoto and Itoh [10]; we shall not touch
on this. The literature on the subject is a vast one and we have only cited
a few representative papers to give a flavor for the subject.

1.2. Curves given by constant coefficient ODE’s
Let P be a real constant coefficient ordinary differential operator of
degree n = np > 2 of the form:

P(9) =" + cu1d" "V 4o g

where ¢(®) := dF¢/dtk for 1 < k < n and ¢ = ¢(t). Let S = Sp be the
solution space, let P = Pp be the associated characteristic polynomial, and
let R = Rp be the roots of P, respectively:
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S:={¢: P(¢) =0},
PA) = A"+ cp AN+ o,
R:={AeC:P(\) =0}

We suppose for the moment that all the roots of P are simple (i.e. have
multiplicity 1) and enumerate the roots of P in the form:

R =81,y Sky b1y i1y, e, jlg} for E+20=n

where s; € R for 1 < ¢ < k and where pu; = a; + +/—1b; with b; > 0 for
1 < j < {. Since we have assumed that all the roots are simple, the standard
basis for S is given by the functions

o1 = et sy Qo= Skt
b1 = e cos(bit), Gpro = e !sin(byt), ey (1.b)
Gn_1 := e cos(byt), b = et sin(byt).
Of course, if all the roots are real, then & = n and we omit the functions
involving cos(+) and sin(-). Similarly, if all the roots are complex, then k = 0

and we omit the pure exponential functions. We define the associated curve
op : R — R" by setting:

op(t) == (¢1(t), ..., Pu(t))

1.3. The length of the curve op
Let R(A) denote the real part of a complex number A. Define:

ry(P):= I;lea%(%()\) = max(S1,...,8k,A1,..-,0p),
r_(P) := g\nel% R(A) = min(sq, ..., Sk, a1,...,a7).

The numbers r4 (P) control the growth of ||op|| as ¢ — foo. Section 2 is
devoted to the proof of the following result:

Theorem 1.1  Assume that all the roots of P are simple. If ri(P) > 0,
then op is a proper embedding of [0,00) into R™ with infinite length. If
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r_(P) <0, then op is a proper embedding of (—o0,0] into R™ with infinite
length.

1.4. The total curvature
We order the roots to ensure that:

§1 >89 >--->sand ay > -+ > ay.

We then have r;(P) = max(s1,a1) and r—(P) = min(sg, ag). Section 3 is
devoted to the proof of the following result:

Theorem 1.2 Assume that all the roots of P are simple, that r, (P) > 0,
and that r_(P) < 0.

(1) If s1 > a1, then Ky [op] < oo; otherwise, k. [op] = .
(2) If sk < ag, then k_[op] < oo; otherwise k_[op] = o0.

We note that if there are no complex roots, then s; > 0 and s, < 0 and
we may conclude that ky[op] and k_[op] are finite. This is quite striking
as these curves are, obviously, not straight lines. On the other hand, if there
are no real roots, then a; > 0 and a; < 0 and we may conclude that x4 [op]
and k_[op| are infinite.

1.5. Uniform bounds on the total curvature

Theorem 1.2 shows k4 [op] is finite if s; > 0, if all the roots are simple,
and if s; > R(u) for any complex root p. In fact, one can give a uniform
upper bound for k4 [op] if there are no complex roots and if all the real
roots are simple without the assumption that s; > 0 where the uniform
bound depends only on the dimension. If 51 > -+ > s,, let 05, 5, =
(es1t, ... esn'). We will establish the following result in Section 4.

Theorem 1.3 k[0, . s,] <2n(n—1).

Remark 1.4 Let 0,,(t) := (!, cos(nt)e™!,sin(nt)e~t, e~2!). Since we have
that lim,, . k+[0,] = 00, no uniform upper bound on the curvature is
possible if complex roots are permitted. We picture below a 3-dimensional
projection of such a curve:



Finite total curvature 123

E

Theorem 1.3 shows that there exists a dimension dependent uniform
upper bound for the total curvature of a curve defined by an ODE of order
n with simple real roots. We now show the optimal uniform upper bound
must grow at least linearly in n. Let

ug =€ and oy p(t) = (70 €T, L e,

We will establish the following result in Section 5:

Theorem 1.5 Let € > 0 be given. There exists 0(e) so that if 6 > 0(e),
then kiq[one) > (1/3)(n —1) —e.

1.6. Examples

Section 6 treats several families of examples. We construct examples
where k4 [op] and k_[op| are both finite, where k[0 p] is finite but k_[op]
is infinite, where k4 [op] is infinite but ~_[op] is finite, and where both
k4lop| and k_[op] are infinite.

1.7. Changing the basis
We took the standard basis for S to define the curve op. More generally,
let ¥ := {¢1,...,%,} be an arbitrary basis for S. We define:

J\p,p(t) = (¢1(t), e, @/)n(t))

In Section 7, we extend Theorem 1.1 and Theorem 1.2 to this setting and
verify that the properties we have been discussing are properties of the
solution space S and not of the particular basis chosen:

Theorem 1.6  Assume that all the roots of P are simple, that ro(P) > 0,
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and that r—_(P) < 0. Then oy p is a proper embedding of [0,00) and of
(—00,0] into R™ with infinite length.

(1) If s1 > a1, then Kifow,p| < oo; otherwise, ki |ow, p] = 0o.
(2) If sk < ag, then k_[og, p| < 0o; otherwise k_[og, p| = co.

1.8. Roots with multiplicity greater than 1
Powers of  arise in this setting. For example, if we consider the equation
(") =0, then

S =Span{l, t, ..., "'}

More generally, if s is a real eigenvalue of multiplicity v > 2, then we must
consider the family of functions:

{ps,0 := est, Gs1 = test, ..., Gsp_1 = t”_leSt} (1.c)

while if 4 = a++/—1b for b > 0 is a complex root of multiplicity v > 2, then
we must consider the family of functions:

{bu.0 = e cos(bt), ¢, = te* cos(bt), ..., du,—1 :=t""Te™ cos(bt),

b0 = e sin(bt), g1 = te sin(bt), ..., 1 :=t" " Le sin(bt)}.
(1.d)

We will establish the following result in Section 8:
Theorem 1.7  Assume that r(P) > 0 and that r_(P) < 0.

(1) If sy = r4(P) and if the multiplicity of s1 as a root of P is larger than the
corresponding multiplicity of any complex root p of P with R(u) = s1,
then k4[ow, p| < o0o; otherwise ki[ow p| = .

(2) If sy = r—(P) and if the multiplicity of sy as a root of P is larger
than the corresponding multiplicity of any complex root p of P with
R(p) = sk, then k_[og p] < 00; otherwise k_[oy p] = 00.
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2. The proof of Theorem 1.1

Assume all the roots of P are simple. It then follows from the definition
that

k 14
lop|? =" et 4+ 3 e,
i=1 j=1

Thus ||op||* tends to infinity as ¢ — oo if and only if some s; or some a; is
positive or, equivalently, if r (P) > 0. This implies that op is a proper map
from [0,00) to R™ and that the length is infinite. If s; > 0, then ¢; = e’
is an injective map from R to R and consequently op is an embedding of R
into R™. If a; > 0, then e®*(cos(byt),sin(b;t)) is an injective map from R
to R? and again we may conclude that op is an embedding. The analysis
on (—o0,0] is similar if r_(P) < 0 and is therefore omitted in the interests
of brevity. O

3. The proof of Theorem 1.2

Throughout our proof, we will let C; = C;(P) denote a generic positive
constant; we clear the notation after each case under consideration and after
the end of any given proof; thus C; can have different meanings in different
proofs or in different sections of the same proof. We shall examine op on
[0, 00); the analysis on (—o0, 0] is similar and will therefore be omitted. We
suppose r4(P) > 0 or, equivalently, that max(si,a;) > 0. We also assume
that all the roots of P are simple. Suppose first that s; > a; or that there
are no complex roots. Let

€= )\671%1’1/\@81(81 —R(\)) = i>1{1’1jrlzl(51 — 84,81 —a;) > 0.
This measures the difference between the exponential growth rate of ¢; and
the growth (or decay) rates of the functions ¢; of Equation (1.b) for ¢ > 1
as t — co. We have

lop Adpl :Z(Ggiéj — $jbi)>. (3.a)

1<J

Consequently, we may estimate:
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l6p AGp| < Cret1—9t, lop|? > Coe®1t for t > 0,

lop A Gl (3:5)

— < Cse™ for t > 0.
[opll

We integrate the estimate of Equation (3.b) to see ki [op] < 0.
Next suppose that a; > 0 and that a; > s; (or that there are no real
roots). Then e®'? is the dominant term and we have

lop|? < Cre2at, (3.0)

The term (qbng] — gb]qﬁz)g in Equation (3.a) is maximized for ¢ > 0 when we
take ¢; = e cos(b1t) and ¢; = e*?sin(byt). We have:

d; = e¥*(ay cos(byt) — by sin(byt))

b; = et (a? — b?) cos(bit) — 2a,by sin(bit)}

¢; = e (ay sin(byt) + by cos(brt)),

d; = e {(a? — b3)sin(bit) + 2a1by cos(bit)},

97 + 67 = (af +b])e™ ™,
(didj — djdi)? = bi(af + by)2e*™ .
Since by # 0, we may estimate:
lop AGp| > Coe*. (3.4)

We use Equation (3.c) and Equation (3.d) to see

||dp/\5’p|| Cy
_— > — > 0. 3.
o2 = G, (8.0)

We integrate the uniform estimate of Equation (3.e) to see ky[op] = co. [
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4. The proof of Theorem 1.3

Let o, .5, (t) == (es1t,... et for 51 > --- > s, and n > 2. We may
express
-1
/43_,_[0'51’_“, / Z{S S] — 5]) (si +Sy)t}2{ 232 2Skt} dt
1<J
-1
< [T bt m s { g}
1<J
/ Z [si55(si — 57)[elHot sZe2sit 4 g2e2sit) =Ly
1<J
- Z’@r[asi,sj]-

i<j

Thus estimate ky[os,,  s,] < n(n — 1) for n > 3 will follow if we can
establish the corresponding estimate x4 [0, s,] < 2 for n =2. We set n = 2
and consider 2 cases:

Case I: 31 > 32 Since s1 > so, we must have s; > 0. We compute:
o -1
Kt [0sy,80] = / |s189(51 — s2)|e(F1Ts2) 2ot 4 G222t ™ gy
0
> —1
< / |s1sa(s1 — 82)’6(81+S2)t{8%€281t} dt
0
oo
:/ |81_182(81 - 82)‘6(82751)tdt = }31_182‘ <1
0

Case I1: s% < s%. Since s1 > sg, either s1 > 0 > s9 or 0 > s1 > so. When
t is small, s2e?51t < s3e2%2t while if ¢ is large, s7e2°1t > sZe252t. Choose T
so that s?e?s1T = s%eszT. Then

s2e?t < 52e%%20 if t < T and s2e?t > 522t if ¢t > T

We may decompose k4 [0, s,] = Z1 + Zs for
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T
I, = / |s1s2(s1 — 82)|e(31+82)t{5f6231t + s%erQt}_ldt
0
> -1
I = / |s1s2(s1 — 82)|e(81+82)t{3f6231t + 836282t} dt.
T

Note that e(*1752)T = |s557!| and e(*2751)7 = |5 1s1|. We complete the
proof by estimating:

T
7, < / |s152(s1 — 82)|€(81+82)t{5§€282t}_1dt
0

T T
0 0
s [T 1) = | (o) 1)
=1—[s257"| <1,
= —1
Ty < / |3182(81 _ 52)‘6(81+S2)t{8%6281t} dt
T
o0 [ @]
= ‘51—132(31 — 52)‘ / 6(52—51)tdt _ —‘81_132‘6(52_51)"‘ -1 0
T t=T
5. The proof of Theorem 1.5
Let 60 > 1. We set
Uk,g 1= e and ono(t) = (e*m,et’ o 767un,9t)_

We have:

)1/2

[00.0] /OO (i {(uip — ujo)uigujge (Moo tuso)i}?
Ry |0 =
+1Vn,0 0 ZE U%79672ue’9t

To obtain a lower estimate for k4 [0, g], we must obtain an upper estimate for
the denominator D(t) := Y, uj se~***" in Equation (5.a). We determine
the maximal term in D(¢) on various intervals and complete the proof of
Theorem 1.5:

dt. (5.a)
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Lemma 5.1  Set fy, (t) := ug ge” "+t

(1) There exists a wunique positive real number Tyg so fro(Tke) =
Jr41,0(Thp)-
(a) Tk,e —_ 967(k+1)9(1 _ 679)71
(b) Ift < Tkﬂ, then fkﬂ(t) < fk+179(t).
(C) Ift > Tkﬂ, then fkﬂ(t) > fk+179(t).
(2) ]f] € {k, k+1,k+ 2} and ift € [Tk+1,97Tk,9]7 then fjﬂ(i) < fk_,_l’g(t).
(3) If 0 < § < 1, there exists 0(5) > 1 so that if 0 > 6(6), if j ¢ {k,k + 1,
k+ 2}, and ift S [Tk+179,Tk79], then fj’g(t) < (5fk+1’9(t).
(4) If 0 < < 1, there exists 6(5) > 1 so that if 6 > 0(0), then

T - t
KO g gupy1,9(Ukg1,0 — Upg)e” (MO TUELE) gs s
—2upy1,0t — :
T

+1,0 “i+1,9€
(5) IfO < € <1, there exists 0(e) > 1 so 0 > 6(e) implies:
a) [g"  w(one)ds >1/3 = (1/n)e for 1 <k <n—1.
(b) Kitlongl = (1/3)(n—1) —e.
Proof.  Since 0 < ug,p < Ug+1,0, fr,0(t) — fot1,0(t) is negative for ¢ = 0 and
positive for ¢ large. Thus there exists Ty 9 € R 50 fr.0(Tk.0) = frt1.0(Tk.0)-
We show T}, ¢ is unique by determining its value. We have:

Ji,0(Ti0) = frogr,0(The) <
log(uk,0) — uk,0Tk,0 = log(urt1,0) — uk+1,0Tho <
kO — Ty 9 = (k+1)0 — e*HVT , o

Tk,& _ 9(6(k+1)9 k@) — fe f(k+1)6( 679)71'
Assertion 1 follows from this computation and the Intermediate Value
Theorem.

Note that Tme <Tho19 < -0 < T279 <Tg. Lette [Tk+179,Tk79].
The inequality of Assertion 2 is immediate if j = k4 1. Since t < Ty,
fk;’g(t) S fk+17.9(t) by Assertion 1b. Since ¢ Z Tk-{—l,e, fk+179(t) Z fk+279(t)
by Assertion lc. This proves Assertion 2.

Assertion 3 estimates f;g(t) for t € [Ti41,0, Tk p) for the remaining val-
ues of 5 which are distinct from k, k+ 1, and £+ 2. Let 1 < k < n —1.
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Given 0 < § < 1, choose 0(0) > 1 so § > 6(5) implies
(1—e %1 <1+6and
ujo— Ugt1,0 > (1 —0)ujpif 3<k+2<j<n.
By Equation (5.b), we have that:
Tio = 06_(k+1)0(1 —e T l<(1+ 5)06_(k+1)0.

Let j < kandt € [Tk+179,Tk79]. Thus, in particular, ¢ < T} . As up41,0 —
uj g > 0,

—1 j—k—1)60 —uj )t
Fio() frrro(t) ™t = IR0 elunsnomuo)
< li=k=1)0 gurt1,06Th0 < 6(j—k—1)9€e<’“+1>9-(1+5)95*(’“+1)9

— oli—k+6)6

This can be made arbitrarily small if 6 is large since j — k + ¢ < 0. This
proves Assertion 3 if j < k. Next suppose j > k+2. Since t € [Ti41.0, Tk,0),

t> Ty, = e FFD0(1 — =071 > ge=(k+2)0,
As upy1,9 — uj9 <0, Equation (5.b) implies:
Fio(t) frr10(t) ™! = PUTF=Deuriro—uj0)t
< ee(j—k—l)e(ukﬂye_ujye)gef(kw)e
< eO(j—k—l)e—(1—6)519967<k+2)9 _ eg(j_k_l_(l_é)e(jfk—Q)é))'
This term goes to zero as § — oo since j —k —2 > 0. This establishes

Assertion 3.
To prove Assertion 4, we compute:

dt

T, - ¢
R0 g gUp g1, (Upg1,0 — Upg)e” Uk 0T UERL0)
—2upy1,0t

2
Trki1,0 Uk11,0€

Tw.0
t=Tri1,0

= uk,eu];_;'l_17ge(uk+1’97uk’0)t
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_ -1 (uk41,0—uk,0)Tk,0 _ J(urt1,0—uk,0)(Tht+1,0—Tk,0)
= Uk,0Up 41 g€ {1 € }
-1 e(uk+1,9*Uk,é))(TkJrl,é)*Tk,Q)

_ 1 . e{eek(69_1)}'{9(69_1)71}{67(k+1)9_esze}

—1— el D),

Assertion 4 follows as §(e~% — 1) tends to —oo as @ tends to oo.
We use Assertion 2 and Assertion 3 to see that if t € [T41,0, Tk,9], then

Z ugge” 200t < (34 (n — 3)8%)ujyy ge” 2Hrrret,
¢

Tk,0
/ K(on0)ds

Trt1,6
Tk,0 o — s o (wietuge)t12) 1/ 2
/ 0 (i {uie — uj0)usoujpe o0} ”
- 2 ,—2uy gt
Tit1,0 Do Uf geT e
o[ (ks —Uk,@)UkJrl79Uk,9€_(uk'9+uk+1’9)tdt
- Z u2 ef2ug19t
Trk+1,0 00,0
. /Tk,e (Uk—i-l,G _ Uk,e)uk—i-l,Quk,ee_(uk'9+uk+l’0)t it
— 2\,,2 —2 t
Thiro 34+ (n—3)d )Uk+1,.96 Uk41,0

> (1-0)(3+ (n—3)6*) L

Assertion 5a now follows by choosing § = §(¢) appropriately. We sum this
estimate for 1 < k < n — 1 to establish Assertion 5b and thereby complete
the proof of Theorem 1.5. O

6. Examples

We now examine several specific cases. Since the eigenvalues are to be
simple, we can just specify P or equivalently R; the corresponding operator

P is then:
d d
P:P<dt> =11 {dt ‘A}'

AER
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Example 6.1 Let P(\) = A" — 1. The roots of P are the n'" roots of
unity and all the roots have multiplicity 1. Since P(1) = 0, 1 is always a
root.

Case I: Suppose that n is odd. Then 1 is the only real root of P. The
remaining roots are all complex. Thus & = 1 and it follows that op is a
proper embedding of infinite length from [0, 00) to R™. If A =1 and X # 1,
then necessarily ®(\) < 1. It now follows that x4 [op] is finite. There exists
th root of unity with ®(A\) < 0. Consequently, op is also a
proper embedding of infinite length from (—oo, 0] to R™. Since there are no
real roots with s; < 0, we conclude k_[op] is infinite.

a complex n

Case II: Suppose that n is even. Then +1 are the two real roots of P. It
now follows that op is a proper embedding of infinite length from [0, o) to
R™ and from (—o0,0] to R™. If \ = 1 and A is not real, then —1 < () < 1.
Consequently, £ [op] and k_[op| are both finite.

Example 6.2 Let n > 3. Let {1,...,n —2,—1 4+ /=1} be the roots of
P. Then op is a proper embedding of infinite length from [0, c0) to R™ and
from (—o0,0] to R, k4[op] is finite, and k_[op] is infinite. We adjust the
angular parameter to emphasize the radial revolution and let the roots be
{1, -1+ 5y/—1}. This yields the curve:

C(t) = (cos(5t)e” ", sin(5t)e ™", ")

This curve curve hugs the z axis for ¢ > 0 and becomes a spiral in the zy
plane for t < 0. It has exponentially decaying curvature as t — oo and
infinite curvature as t — —oo. We draw the 2-dimensional projection:
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D(t) = (cos(5t)e™ ", sin(5t)e™ ")

B
y 20 30 40 50

Example 6.3 Let n > 3. Let {—1,...,2 —n,1++/—1} be the roots of
P. Then op is a proper embedding of infinite length from [0, c0) to R™ and
from (—o0,0] to R™, k4 [op] is infinite, and x_[op] is finite.

T

Example 6.4 Let n > 2. Let {1,...,n—1,—1} be the roots of P. Then
op is a proper embedding of infinite length from [0,00) to R™ and from
(—00,0] to R, k4[op] is finite, and k_[op] is finite. The following curve
hugs the z axis for + < 0 and hugs the curve y = 22 in the zy plane for
t > 0. The total curvature is finite. It has exponentially decaying curvature
as t — oo and infinite curvature as t — —oo.

By considering the roots {1,a,—1} for a > 0, one can construct curves
which asymptotically approach the curve y = x® for x > 0 in the zy plane
as t — oo.

Example 6.5 Let n = 3. Let {1,1,—1} be the roots of P. Then op is
a proper embedding of infinite length from [0, 00) to R™ and from (—o0, 0]
to R", ky[op] is finite, and r_[op] is finite. The following curve hugs the z
axis for ¢ < 0 and hugs the curve (e, te') for t > 0. Both have finite total
curvature.
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O(t) = (e, te’, e™") D(t) = (e', te") i

Example 6.6 Let n = 4. Let the roots of P be {1 +5y/—1,—1+5y/—1}.
Then op is a proper embedding of infinite length from [0,00) to R™ and
from (—o00,0] to R"™, ky[op] is infinite, and k_[op] is infinite. This yields

C(t) = (€' cos(5t), e’ sin(5t), e cos(5t), e " sin(5t)).
Example 6.7 Let n =2k + 1> 5 be odd. Let
{0,1+v-1,-1£vV-1,...,—(k—1) £ V-1}

be the roots of P. Then op is a proper embedding of infinite length from
[0,00) to R™ and from (—o0,0] to R™, ky[op] is infinite, and k_[op] is
infinite.

7. The proof of Theorem 1.6

Let ® = {¢1,...,0,} be the standard basis for S given in Equation
(1.b) and let ¥ = {¢1,...,%,} be any other basis for S. Express

b; = O©l¢;

where we adopt the Einstein convention and sum over repeated indices. We
use @g to make a linear change of basis on R" and to regard oy p = ©oop;
correspondingly, this defines a new inner product (-,-) := ©*(-,-) on R” so
that

low.pll = loplle and ||6w.p Adw pll = [l6p Adplle- (7.a)

Any two norms on a finite dimensional real vector space are equivalent.
Thus
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Cilloll < flvlle < Caffv]l- (7.b)

The desired result now follows from Theorem 1.1, Theorem 1.2, Equation
(7.a), and Equation (7.b). O

8. The proof of Theorem 1.7

We will assume that ¥ is the standard basis for S as the methods
discussed in Section 7 suffice to derive the general result from this specific
example. We shall deal with [0, 00) as the situation for (—oo,0] is similar.
The proof that 7 (P) > 0 implies op is a proper embedding of [0, c0) into
R”™ with infinite length is unchanged by any questions of multiplicity since
et or {e cos(bt), e sin(bt)} are still among the solutions of P for suitably
chosen s or (a,b). We adopt the notation of Equation (1.c) to define the
functions ¢, = t‘e** for s € R and we adopt the notation of Equation
(1.d) to define the functions ¢, = t‘e® cos(bt) and ¢, , = t'e? sin(bt) for
p = a+ by/—1. We divide our discussion of s [op] into several cases:

Case I: Suppose that s; > a; and that s is a real root of order v. If v =1,
the proof of Theorem 1.2 extends to show k. [op]| is finite; the multiplicity
of the other roots plays no role as the exponential decay e ¢ swamps any
powers of . We suppose therefore that the multiplicity v(s1) > 1. We will

show that there exists tg so that:

llop||? > C1t2¥ 21 for t > ty, (8.2)

lop AGp| < Cot?He51t for t > to. (8.b)

It will then follow that

lop AGpll

—— < Cst ™2 for t > to.
o]l

Since this is integrable on [0, c0), we may conclude x4 [op] is finite as desired.
We establish Equation (8.a) by noting that we have the following esti-
mate:

n
HO-PH2 = Z ’¢1‘2 > |¢S1,l/71’2 = {Slty_l + (V — 1)tu_2}26281t

i=1
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> s22v=De251t for ¢ sufficiently large.

When dealing with [0, c0), we may take tg = 1. However, when dealing with
(—00, 0], we must take ty < 0 to ensure that the term s12*~! dominates the
term (v—1)t"~2 since these terms might have opposite signs and cancellation
could occur.

We may compute that:

lop AGpl> = (did; — d;di)>. (8.c)
i<y

The assumption s; > a; shows that the maximal term in this sum occurs
when ¢; = ¢, ,—1 and ¢; = ¢, ,—2 and thus

nn-—1) . . . .
(2){¢81,u—1¢31,u—2 - ¢sl,y—2¢sl,u—1}2 fOI‘ t Z tO-

l6p Adp|? <
We have:

Qgsl,u—l _ ( tu 1 (l/ o 1)tu72)eslt,

bsyw1 = (3771425 (v — D2+ (v — 1) (v — 2)tV3)er,

¢81,V_2 — (8 tV 2 (I/ o 2)75'/73)68”,

bsywo = (3772 4 251 (v — 2772 + (v — 2)(v — )tV H)ert,
Consequently:

By 1051 w2 = Psy w205, w1
={(sit" T+ v —-1)t"?)
X (sTt7% + 251 (v — 2)" 3 + (v —2) (v — 3t P) Je?!
— {(slt”_2 + (v — 2)25”_3)
X (Tt 4 251 (v — Y2 4 (v — 1) (v — 2)t7 %) e

The leading terms cancel:

{(slt”_ls%t”_2) - (slt”_Qs%t”_l)}e%lt =0.
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t2v—4e2s1t) as desired; Equation (8.b) now fol-

lows. This shows k4 [op] is finite if s1 > a;.

The remaining terms are O(

Case II: Suppose a; > s;. Choose the complex root pu; = aj + bjv/—1
to have maximal multiplicity v among all the complex roots p € R with
R(1) = a1. The dominant term in Equation (8.c) occurs when ¢; = ¢, ,—1
and ¢; = gEul’l,_l. Differentiating powers of ¢ lowers the order in ¢ and give
rise to lower order terms. Thus we may ignore these derivatives and use the
computations performed in Section 3 to see:

Crt? 200 < 5l < Cot> 262! for t > to,

(¢z¢g - ¢]¢Z)2 > Oyt —Detart for ¢t > tg.

We may now conclude that k4 [op] = co.

Case III: The difficulty comes when a; = sy. If pg is a complex root of
multiplicity at least as great as the multiplicity of s, the {¢,, 1, ng,v—l}
terms dominate the computation and the argument given above in Case II
implies k4 [op] is infinite. On the other hand, if all the complex roots with
R(p) = s1 have multiplicity less than the multiplicity of s1, then the ¢g, ,—1
terms dominate the computation and the argument given above in Case 1
shows that ki [op]| is finite. O

We conclude this section with an example where the multiplicity plays
a crucial role and where our previous results are not applicable.

Example 8.1 Let P(¢) = ¢(™ for n > 2. Then R = {0} and 0 is a root of
multiplicity n. We have S = Span{¢; := 1,¢2 :=1t,...,¢, := t""1}. Since
t € S, op is a proper map of infinite length on [0, 00) and on (—o0,0]. We
have:

lop|? > C1t?" 72, and
> (bidy — i)
i<j

=> (-1 -2)(j -1~ (— 1) —2)(i = 1))*2+72

1<j

< Cpt2(2n—Y)
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Consequently |x| < Cz(t?"=4/t2n=2) for [t| > 1. This is integrable so
kylop] < oo and k_[op| < oc.
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