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Linear Volterra integral equations

of parabolic type
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(Received August 20, 1982)

1. Introduction

We consider the linear Volterra equation

wlt)+ S‘h(t—f) A ule) de = k(D) (1.1)

0

in a Banach Space X, where u, k are functions with values in X, A is a
scalar function and A() is a linear closed operator which generates an
analytic semigroup. In Friedman and Shinbrot proved the existence and
uniqueness of the solution of (1.1) assuming that the domain of A(f) is
independent of ¢, A(¢) A(0)~! is Holder continuous and A, k satisfy some
smoothness conditions. In order that the integral in (1. 1) exists as a Bochner
integral it was assumed that £(0)eD(A#(0)) for some 0<p<1.

They also constructed the fundamental solution W (t, s) which is an
operator valued function satisfying

Wi, s)+ Yh(z—f) Al Wie,s)de=1 (1. 2)

8

in some sense. The fundamental solution constructed in is not a bounded
operator but has the form W{(z, )=W (¢, s) A#*(s) with some bounded operator
W, (¢, ) for any pe(0,1].

In this paper using the idea of Crandall-Nohel we transform (1.1)
to the initial value problem of the evolution equation

du(t)/dt+h(0) A(t) u(t) = (Gu) (t), u(0) =k(0), (1. 3)

where G is some mapping defined on C([0, T]; X). This problem has a
~ solution for any initial value £(0)X. In general for the solution « of (1. 3)
the integral of (1.1) does not exist in the sense of Bochner integral since
||A(z) u(7)||=0(r"") as z—0. However, it will be shown that if we interpret
it as the imporper integral ‘ '

lim Yh(t— ) A(c) ul(d) de,

¢l0 Je
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then the integral exists and (1. 1) holds.

Analogously the equation (1. 2) is transformed to the initial value problem
of some differential equation, and we define W(t, s) as the solution of this
problem. Then W{(¢,s) is a bounded operator valued function, and we have

lap W s|=cle—s), 0=s<t<T,

for some constant C. It will also be shown that the integral of (1.2) exists
as an improper integral and the equality (1.2) holds.
Under some smoothness assumptions on A, k it is shown that

u() = Wz, 0) k(0)+ g W, ) A(s) ds

0

is the unique solution of (1.1). Here we need not assume k(t)&D(A#(t))
for some 0<p =1 unlike of [2].

In out results the domain of A(f) may be dependent on . Our funda-
mental assumption on {A(#)} is that to the evolution equation

du(t)/dt+A(t) u(t) =0, 0t =T,

there exists a fundamental solution having some suitable properties.
Finally we note that the nonlinear version of the results of this paper
appeared in [7]. '

2. Statement of results

Let X be a complex Banach space. We use the notations C"([0, T'] ; X),
C™((0, T]; X) to denote the set of functions with values in X which are m
times continuously differentiable in [0, T'], (0, T'] respectively. If X is the
set of complex numbers, we simply denote them by C™([0, T']), C™((0, T']).
For an operator A its domam and range are denoted by D(A) and R(A)
respectively.

Let A(t) be a closed, densely defined linear operator such that — A(z)
generates an analytic semigroup in X for each t&[0,7]. We need the
following assumptions :

(A) {A@t), 0Zt<T} satisfies the condltlons listed in [3] or [4] or [5].
Hence the resolvent set of A(#) contains a fixed closed sector ¥={1:6<
arg A<2r—0} where 6 is some angle with 0<#<=z/2, and there exists a
positive constant C such that

|(z—Aw)| <cna

for any ¢<[0, T'] and a€3. The fundamental solution U,(2, s) to the evolu-
tion equation
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du(t)/dt+At) u(t) =0, 0<t=T,

exists, and has the following properties :

(i) U,lt,s) is differentiable in z&(s, T'] for any 0<s<T, R(U,(z, s))
D(A(t)) for 0<s<t<T, and for some posmve constant C the following
inequality holds : :

[@/at) Unte, )] =] A®) Unte, 9)] < Clle—s)

(ii) If u is an arbitrary element of X and f(¢) is.a Holder continuous
function in [s, T'], 0=s<T, with values in X, then ‘

w(t) = Unt, 9wt | Usles 9 A(5) e

is the unique solution of the initial value problem

du(t)/dt+AQ) u(t) =f), s<t<T,
u(s) =u,. '

We shall consider the integral equation
t

u(t)+§h(t—r)A(z')u(z')dz'zk(t). C0=:<T, (@1

0

where h is a given scalar function, % is a given function with values in X.
Concerning A and & we need the following assumptions which are the same
as those of [2]: :

(H) h(0)>0, heCY[0,T]), h is absolutely continuous in [0, 7] and
he L0, T) for some p>1.

(K) k=CY[0,T]; X) and % is uniformly H&lder continuous, i.e.

ué(t)—é(s)llgclt—slﬂ

for ¢, s€[0, T] where ¢, B are positive constants, and 1.
Throughout the paper we suppose that the assumptions (A), (H), (K) hold.
We also consider the fundamental solution of (2. 1) which is an operator
valued function W(t, s) satisfying
11

Wit 9+ [ he—) A Wie, 9 de=1. 2.2) -

8

Let  be the solution of
RO () + h(0) r(t) & (owr) () = 0 @3

where
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(hr) (2) = Sth(t— ) 7 (s) ds .

0

From (H) it follows that r is absolutely continuous and #&L?(0,T). As is
easily seen

h(0)"1h(t)+(hxr) () =1, (2. 4)
R(0)~2h(2)+7(0) h(2)+(hx#) () =0. (2. 5)

Following the argument of Crandall-Nohel [1], pp. 315-317, the equations
(2.1) and (2.2) are transformed to

du(t)/dt+h(0) A(t) u(t) =(Gu) (t) , u(0) = k(0) (2. 6)

where
(Gu)(t) = (&) +h(0) (r*£) () +1(0) r(t) £(0)
— h(0) 7(0) u(t) — h(0) (uxr) (2) ,
and
(0/ot) W(t,s)+h(0) Ax) W(t,s) S

= h(0) r(t —s) — h(0) 7(0) W(, s) (2.7

— h(0) S:f'(t-—-r) Wi, s) de, Wiss=1I
respectively.

THEOREM 1. Let u be a function belonging to C([0, T]; X)NCY(0, T'];
X) such that u(t)D(A({t)) for t>0 and A(t)u(t) is continuous in (0, T].
If u is the solution of (2.6), then for ¢>0 Sth(t—s) A(s) u(s) ds is uniformly
bounded and converges to k(t)—u(t) as e—0 uniformly in any closed subset
of (0, T]. Conversely if the last statement is true and u(0)=k(0), then u is

the solution of (2.6). In this case S h(t—s) A(s) u(s)ds is uniformly bounded |
when >0,

N

S‘i'z(t—s) A(s) ls) ds = limst}z(t—s) A(s) uls) ds

0 sle Je
exists, and the following equality holds :
a(6)+h(0) A®) u(t)+g‘h(t— )A()uls) ds=4@F). (2.8

0

TueorReM 2. The solution W(t,s) of (2.7) exists under the assumptions
(A), (H). There exists a positive constant C such that for 0=s<t<T
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el LR | E S X

— t—s

0
|5 wie.s

For 0=s<t=<T the imporper integral

S‘ha—f) Al) Wie, s) de
’ t (2. 10)
:lims hle—7) Al Wiz, 5 do

10
exists and (2.2) holds.
THEOREM 3. Let u be the function defined by

u(t) = Wiz, 0) k(o>+S’ Wi, s) £(s) ds . (2. 11)

0
Then usC([0,T]; X)NCY(0, T]; X), u(t)e D(A(t)) for t>0 and A(t) u(t)
s continuous in (0, T]). The improper integral

Sth(t—z‘) A7) () de = nmS‘h@—f) A ule) de

0 cl0 Je

extsts and (2.1) holds.

) THEOREM 4. If u is a function satisfying the conditions of Theorem
1. Then (2.11) holds. Hence the solution of (2.1) or (2.6) is unique.

VFinally we consider the regularity property as was discussed in [6]. |
Let {M,} be a sequence of positive numbers such that for some positive
constants d,, d;, d,

My = di M, for k=0,
(;‘?)Mk_ijgdle for 0<j<E,
M, = M, for k=0,

M <di**M;M,  for j=0, k=0,

The set of scalar valued or X valued functions v which are infinitely dif-
ferentiable in [0, T'] and satisfy

d*v(t)/de| < C,Cr M, , 0=¢t=T, n=0,1,2,---,

for some constants C,, C are denoted by G({M;}) or G({M;}, X) respectively.

THEOREM 5. Suppose that the following conditions are satisfied in
addition to (A), (H), (K):
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(1) A@)™Y, which is a bounded operator valued function in view of
the assumption (A), is infinitely differentiable in [0, T'].

(i) There exist constants K, K such that for all 223, t<[0, T'] and
non-negative integers n

Kai) (l AW) l‘léKoK“Mn/lll.

(iii) keG({Md).
Then W (¢, s) is infinitely differentiable in O<s<t<T and there exist positive
constants H,, H such that for any non-negative integers n, m, [

”( ot >< a Tt as> <35> Wi, s)
< HHH""™ "' My imyi(t—5) "
If furthermore kEG({My}, X), then the solution u(t) of (2.1) is infinitely

differentiable in (0, T] and there exist constants Fy, F such that for any
integer n=0

(2.12)

& u(t)/de| < HyH* M, ||k(0)| £+ Fy Fr M, i" .

3. . Proofs of Theorems 1, 2

Theorem 1 is established in essentially the same manner as

1 of [7] and the proof is omitted.
~ Let U(t,s) be the fundamental solution of the equation

du(t)/dt+h(0) A@t) U, s)=0. ' (3.1)
From the hypotheses (A), (H) there exists a constant C such that
0 C C
|2 ve 9] =+55 140 UG

= (3.2
for 0<s<t<T. From (3.2) it follows that

Ut 9-Ute 9] =S (4= 3.9

for any 0<s<t<t<T and ‘0<p§1.
The equation (2.7) is further transformed to the integral equation

Wi, s)=Ul,s)
o —I-h( )S ut, f){ (e=9)—r(0) Wiz, s)—S :
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The equation (3. 4) can be solved by successive approximation, and we- define
W(t,s) as the solution of this integral equation. It is clear that W(t,s) is
strongly continuous in 0<s<¢<T, and hence it is uniformly bounded. From
(3.3) and (3.4) it follows that

[ Wit ) —Wee 9| |
1/t—zc 1
<l (= s g}
= o \f—s +t—7+ ( P) (t 7) (t, 5)
The following lemma will be needed in the proof of the present theorem.

LeEmMA 3.1. For any p with 0<p<1—1/p, there exists a constant C,
such that

(3.5)

[{#e=0) Wio, 9 do—{ e—0) Wio, 5 o]

s

(3. 6)
<C,(t—7), 05 <t<T.

Proor. The left member of (3.6)

SHr'(a) W(t—a, ) do-S

0
t—s

|

- r—3

+S"“ @)||W(e—a,5)—W(e—0,9)|do = I+1I.

T—$

0

o) W(c—a, s dall

Ir"(o) W(t—a,s) || do

Since 7€ L?(0, T) ISC(t—12)V?||#||r@n. With the aid of (3.5) and some
elementary calculus it is easy to show | |

IS G~y v ¢ (e— 9l

+(t=2)|Fllzon+ ‘_oz‘ll—)(t —7)(z - 5‘)1;"1 |7] |L‘(o,_1')} ‘

—p0)
Thus the proof of the lemma is complete.

Now we return to the proof of Using (3.5), Lemma 3.1
and some well known argument on parabolic evolution equations we see that
W (t,s) is differentiable in ¢ in the interval (s, 7], R(W(¢, s))CD(A(2) for
t>s, and (2.9) holds. ,

Let 0<s<t<T and 0<e<t—s In view of (2.7)

St;‘h(t —1) A(r) W(z,s) de = S h(t—1) {T('L‘-—S) —7r(0) W(z,s)
" - o 3.7)
_ S #r—a) Wi, s) do— 7?10)— —387 Wiz, s)} dr.

8
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By integration by parts

t 0
SH‘ h(t—r1) B Wiz, s) dr

= h(0) W(t, s)—h(t—s—&) W(s+e, s)+§t h(t—2) Wi, s) dr .

8+e¢

Substituting this to (3.7) and letting ¢—0 we get

Jim S h(t—7) A(0) Wi, s) dr

e—0 J8+e¢
¢

= (hxr) (t—s)—r(O)S h(t—1) Wiz, s) dr

_ St (hx) (¢ —a) W(e, 5) do—W (¢, )

| +—h—(1—(-))—h(t—s)—%0)s:k(t—z') Wi, s) dr .

In view of (2.4) and (2.5) the right member of this equality is equal to
I—Amj

¢

8

h(t—z) W(z,s) dr

+ [ty e=+r(0) e~} Wia, 9 do

8

— W, S)*%O)Stj‘t(t—f) Wie,s) de = I— Wiz, s) .
Thus the proof of is complete.

4. Proofs of Theorems 3, 4

Proor orF THEOREM 3. Let u(f) be the function defined by (2.10).
With the aid of (3.4) and some elementary calculus we get

14

So Wit, s) b(s) ds :S Ult, 7) flo) dr, (4.1)

0

where

T

F() = B(z)+h(0) (r+k) () h(0) r(O)So Wie. 5) &(s) ds
. (4. 2)
—h(0) Sos Hr—a) W(e, s) do’(s) ds .

Since f(r) is bounded and continuous, it follows from (3.3) that the right

member of (4.1) is Holder continuous. Combining this with the assumption



Linear Volterra integral equations of parabolic type 273

(K) we see that f(r) is Hélder continuous. Hence in view of the assumption
(A) the left member of (4.1) is differentiable and

0

a—tS: Wit s) bls) ds+ A S: Wit 5) b(s) ds =f(2).

In view of (2.7) and (4.3) we get

Al ult) = {r(t) _{0) W(z, 0)— 5"r'(t—a) Wi(s, 0) do

0

12

h(0)

Wie, 0] k(0)+ g7 40+ (48 0
—r(0) St Wi, s) &( dS—S St —a) W(a, s) dok(s) ds

0

3 (kg
~h(0) ot So (2, 5) &(s) ds .
Following the argument by which we derived (2.10) from (3.7) we can
establish without difficulty

u(t)—{-li{ngth(t—r) A(0) u(e) dr = k(F).
10 Je

ProoF oF THEOREM 4. Formally differentiating both sides of (3. 4) with
respect to s we get '

9 Wit s+ S’h(t—r) A(f)aa—swgr, §dr=hlt—s) Al). (4.4)

8

Considering (3/ds) W(z, s) as an unknown function in (4. 4) and taking
2 into consideration we get
t

—a?W(t §)=h(0) W(t, s) A(s)+ So Wi, 2) h(c—s) A(s) dr .

Thus

% (Wee,9) u(s) = aa—s Wit, s)+u(s)+ Wi, s) i(s)

t

= h(0) W(t,s) A(s) u(s)—i—gs Wit, 7) h(t—s) A(s) u(s)dr  (4.5)
+ Wit s) afs) ,
or equivalently

W, s) uld)— Wik, ) uls) = h(O)S W, o) Alo) (o) do
: , (4. 6)

+S§ W, <) h(c—a) A(o) 4(o) dz-a'a+s: W, ) (o) do

s JO
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for 0=s<s<¢. This formal calculation is justified by using the Yosida
approximation of A(z) to establish (4. 6) and we see that (4.5) is valid under
our present assumptions. Substituting (2. 8) in the last term of (4.5) we get

% < Wit,s)u (s))

:YW@, ) hc—s) A()u(s)ds (4.7)

— W, s)Ssms'—f) A(D) u(c) de+ Wi, 5) bs).
. 0 ’ y
Integrating both sides of (4.7) over [¢,¢] and applying Fubini theorem to
the integral of the first term of the right member we get

u@)—Wit,e)ule)
_—:S‘ Wi, s) {gfh(s—a) Al(o) u(o) do

8

_ r;'l(s_a) Al) u(o) do} ds+ j‘ W, s) b(s) ds .
0 &
Letting e—0 and using we obtain
w(t)— Wi, 0) u(0) = y: Wi, s) 4(s) ds

to complete the proof of the theorem.

Proor oF TuEOREM 5. It follows from (3.4) that

Wi, s) = Wiz, —Y Vie,2) Wi, ) dr

8
where

t

Wiz, s) = U, s) +h(0)s Ut, <) r(c—s) dz,

8

[4

Vit s) = h(0) 7(0) UL, s) +h(O)S U, ©) #c—s) dr .

$

It is easy to show that 7 G({M,}). Hence using Lemma 3.2 and Theorem
3.2 of we can show that the same type of estimates as (2.12) hold for
the derivatives of Wy(¢,s) and V(t,s). Using the argument of the proofs of
Theorems 3.1 and 3.2 of we can verify (2.12). The remaining part
of the theorem is the same as that of Theorem 3.3 of [6].
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