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A remark on the Navier-Stokes flow with bounded initial data

having a special structure
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Abstract. The Navier-Stokes equations with bounded initial data admit unique
local-in-time smooth mild solutions. It is shown that the solution can be extended
globally-in-time, if the initial velocity has a special structure. Thanks to the struc-
ture, the annihilation of the pressure occurs, and then the mild solution is a solution
to the viscous Burgers equations. By the maximum principle, it is derived an a priori
bound for velocity, uniformly in time and space.
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1. Introduction

We consider the Navier-Stokes equations in R™ with n € N and n > 2,
which describe the motion of incompressible viscous fluids:

up — Au+ (v, V)u+Vp=0, ze€R" t>0,
V-u=0, re€R™ t>0, (NS)

uli=0 = uo, z € R".

Here u = (ul,...,u") = (ul(z,t),...,u™(x,t)) and p = p(x,t) denote the
velocity and pressure of fluids, respectively. This Cauchy problem is called
(NS) throughout this paper. Notations of derivatives are as follows: u; :=
Owu = Ou/ot, 0; := 0/0x; for j = 1,...,n, A = Z?:l 9% and V :=
(01,...,0,). For vectors a = (a',...,a") and b= (b',...,b"), we denote by
a-b=(a,b):= Z?Zl a’b’. The problem is to determine a pair of a solution
(u,p) to (NS), uniquely from the initial velocity ug := (u}(x),...,uf(x)).
We deal with bounded, solenoidal and non-small initial data.

It is well known by e.g. [6] that (NS) admits a local-in-time mild solution
when ug € L°(R™) for n > 2. The definition of function spaces is given in
Section 3, as well as mild solutions. The mild solution is constructed by a
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successive approximation in C'(0,T%; L3°). The mild solution u is unique, as
long as u exists. Moreover, the mild solution is smooth, which was shown
by e.g. [8]. Once we construct a smooth mild solution, a pair (u,p) satisfies
(NS) in the classical sense, provided the pressure

p= Z RiRju'v’ (1.1)

7,j=1

is chosen. This strategy was developed by Fujita and Kato [2].
Furthermore, in [6] the existence time of the mild solution is estimated
from below as Ty > C||ug|| <2 with some positive constant C' depending only
on n. When n = 2, one can extend the mild solution globally-in-time by [7]
as follows. One can apply the maximum principle (see Lemma 3.1 below)
for the vorticity w to the 2-D vorticity equation to derive a priori bounds as
lw()|loo < ||wolloo for t > 0. This leads us to a priori bounds for velocity:

lu(t)]loo < Clluolloo exp{C|lwol|oct} for ¢ >0, (1.2)

provided wy € L. For the details, see e.g. [12].

When n > 3, the existence of unique global-in-time smooth solutions to
(NS) is a famous open problem. In general, it is not known whether a priori
bounds like (1.2) can be derived. In this paper, we treat the initial velocity
ug having the following special structure:

uo(z) = (a,ug(21), ud(z1,22), ..., uf (21, ..., Tro1)) (1.3)

with some constant ¢ and bounded functions u’g of variables z1,...,z5_1.
They satisfy the compatibility condition, i.e., V-ug = 0 holds for all z € R".
These initial data appear in [11] with n = 3 and a = 0 for proving the ill-
posedness theorem of (NS) in B! (R?).

The purpose of this paper is to establish the existence theory of a unique
global-in-time smooth mild solution to (NS) with initial velocity of the form
(1.3). We see that the mild solution v has the same structure to wuy, i.e.,

u(x,t) = (a,u2(x1, t),u(z1,20,1),...,u"(21,... ,xn,l,t)). (1.4)

Thanks to (1.4), the annihilation of the pressure given by (1.1) occurs. So,
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our mild solution satisfies the vector valued viscous Burgers equations. We
apply the maximum principle to derive the uniform in time and space a
priori bound:

[u(t)lloo < lluollo (1.5)

for t > 0. Obviously, (1.5) is a better estimate than (1.2).

2. Main Results

In this section we state the main results.

Theorem 2.1 Let n > 2. Let ug € L>®(R") be of the form (1.3). Then
there exists a unique global-in-time smooth mild solution u in C(0,c0; L)
satisfying (1.5) for t > 0.

We restrict ourself that the solution treated here is a mild solution,
only. In general, the uniqueness of classical solutions does not hold in the
framework of L. In fact, for g € C*([0,7))" and for ¢ € R, a pair u(t) =
g(t) and p(t) = —¢'(t) - © + ¢ satisfies (NS) for ¢ € (0,T) with ug = ¢(0).
Nevertheless, the mild solution is uniquely determined by uy = ¢(0) as
u(t) = up. The uniqueness of such solutions in L>*-framework was studied
by [5], [10].

It is not known whether the similar theorem holds for the boundary
value problem. Even local-in-time solvability is not known except for the
half space [13]. Recently, the analyticity of the Stokes semigroup in L> type
spaces is established by [1]. A similar solution which is not a mild solution
for the boundary value problem in the half space is often called a Poiseuille
flow; see e.g. [4].

3. Maximum Principle

This section is devoted to the definition of function spaces, the notion
of a mild solution and the maximum principle.

We first define function spaces. Let L>°(R™) be the space of all bounded
functions on R™ with a norm || f||« = ess.sup,cpn|f(z)]. Let L3 be the
solenoidal subspace of L*°; we sometimes omit the notation (R™), if no
confusion occurs, likely. Also, we do not distinguish vector valued and scalar
functions as well as function spaces. Let BM O be the space of all bounded
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mean oscillation functions. Let C(0,7; X) be the space of all continuous
functions on (0,7") with value in X. Since L*> and BMO are subspaces of
&', all calculation can be justified in the tempered distribution sense.

Let u be called a mild solution if it satisfies the integral equation:

u(t) = e®uy — /0 e=AP(u(s), V)u(s)ds, (INT)

where e!® := Gy stands for the solution operator of the heat equation,

Gi(z) = (1/(4mt)"/? exp{—|z|?/4t} is the Gauss kernel. The Helmholtz
projection onto solenoidal subspace denotes IP, which is the matrix operator
whose ij-component is given by d;;+R; R;. Here ¢;; is Kronecker’s delta, and
R; := 0;(—A)~'/2 denotes the Riesz transform. Note that R; is a bounded
operator from L*> to BMO, and from BMO to BMO. Thus, (1.1) makes
BMO sense, if u is bounded. A mild solution is constructed as the limit
of successive approximation in C(0,7Ty; L°) when ug € L3°: let us define

{uy };)11 by

ur(t) == e®ug and  wjyq(t) == ui(t) — B(u;) for j €N,

B(uj) := B(uy)(t) := / eU=IAP(u (), V)u,(s)ds.

0

We now recall the maximum principle for solutions to the equations:

vy —Av+ (w,V)v =0, ze€R" t>0,
(P)

V|t=0 = vo, x € R™.

Here w is some function. Note that (P) is the Cauchy problem of the vector
valued viscous Burgers equations, provided w := v € R™. Also, (P) is
equivalent to the 2-D vorticity equation, provided v := w := d1u?—du' € R
and w := u € R2. However, the 3-D vorticity equations are not of this type.

Lemma 3.1 Let vy € L=(R"), and let v,w € C(0,00; L>). Assume that
v is a smooth solution to (P). Then ||v(t)]co < ||[volleo for t > 0.

The maximum principle of this type was originally developed by Oleinik
in [9]. The parabolicity of (P) is not needed, i.e., the terms Awv is removable.
Since this lemma is precisely proved by [3, Theorem 2.3.8], we skip its proof.
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4. Proof
We shall give a proof of Theorem 2.1. The following property is essential.

Proposition 4.1 Letn > 2 and T € (0,00]. Assume that ug € L>(R™)
is of the form (1.3). Let uw € C(0,T;L%°) be a mild solution. Then p given
by (1.1) vanishes.

Proof of Proposition 4.1. In what follows, we argue an induction with re-
spect to n. Let us start at n = 2. Let Ay := Zk 02 fork=1,...,n—1.

i=1 "%
. 2 2 2 .
n = 2. Since & = e%1¢% and €% q = a, we see that the first approxi-

mation
up(z, t) = emuo(:v) = (a, etAlug(xl)) = (a,u%(acl,t)).

If @ = 0, then w; is a mild solution. Indeed, B(u;) = 0, since (u1, V)u; = 0.
If a # 0, then we obtain that Uy := (uy, V)u; = (0,a01u(z1,t)). We
thus see that

t ¢
B(uy) :/ et (s)ds = <O,/ e(t_s)AUlz(s)ds> =: (0, w3 (z1,t)).
0 0
Here PU; = Uy, since V - Uy = 0. So, ug = (a,u3(x1,t)) with u3 = u§ — w3.
We next compute uz. It has the same structure, i.e., Uy := (ug, V)ug =
(0,U2(z1,t)), and then V - Uy = 0. So, we see

t
B(ug) = (0,/ e(t_s)AUg(s)ds> =: (0, w3(21,t)).
0
This yields that uz = (a,u3(z1,t)) with u3 = u? —w3. For j > 2, u; has the
same structure (1.4). Therefore, (1.4) holds.
Note that R; maps the constant (u')? = a? to zero, and u? is not a
function of x5, which heuristically imply

2
p= Z R,-Rjuiuj = R1R1a2 + 2aR1R2u2 + R%('LL2)2

i,j=1

= 2a(—A)710,0u* + (—A) 7193 (u?)? = 0. (4.1)
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These equalities hold in BM O sense; Vp = 0 holds in L* sense.

n > 3. We now check (1.4) for all n. Let n > 3, and assume that (1.4)
holds for n — 1. We see that

up(z,t) = (a, etAlug(:cl), e etA””ug(xl, R $n—1))
= (a, ud(zq,t), .. ul (e, ... ,:rn_l,t)).
Note that u} = a, and that uf is a function of z1,...,z5_1 and ¢ for all

je€Nand k=2,...,n— 1, since u;“ is independent of uy for all £ € N by

the construction. Hence, it is enough to calculate the n-th component, only.

We have that U7 := (uq, V)u} = 22;11 u¥Opu? is a function of zy, ..., 7, 1
and ¢, and then V- U; = 0. Via B(uq1), we see that u} is a function of
T1,...,Zn_1 and t. Analogously, for j > 3, we see that

t n—1
= (1) - / =IASTUE ()l (s)ds
0 k=1

is a function of x1,...,x,_1 and t. The point is that P always disappears
in the bilinear terms. Therefore, the mild solution u is of the form (1.4).
Finally, we arrive at the fact that R;R;u‘u’ vanishes for any i and j,
provided u is of (1.4), since u'u/ is not a function of z;y;, where i V j :=
max{i,j}. Hence, similarly to (4.1), we easily seek that p = 0 in BMO
sense. This completes the proof of Proposition 4.1. O

We are in a position to give the complete proof of our main results.

Proof of Theorem 2.1. Let ug € L>®(R™) be of (1.3). As is shown by [6],
one can construct a unique local-in-time smooth mild solution u up to time
T,, and T, > C/||lug||z2 with some constant C. By Proposition 4.1, p van-
ishes, then u satisfies (P) with v = w := u. By Lemma 3.1, we have (1.5)
for t € (0,T]. Taking ¢ € (0,7%), and let T} := T, — € be fixed, we see that
the mild solution u can be constructed from u(T}) regarded as the initial
velocity. Since ||u(T1)]|co < ||to]|oo, the mild solution is constructed at least
up to 71 + T, = 2T, — . Note that u(T}) is also of the form (1.3), then
Propostion 4.1 and Lemma 3.1 are applicable again. Thus, (1.5) holds for
t € (0,71 + T.]. We may repeat this procedure to get the unique global-in-
time smooth mild solution u satisfying (1.5) for all ¢ > 0. O
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Remark 4.2 (i) One can also prove Theorem 2.1 as follows. Firstly, we
construct a unique global-in-time smooth solution u in C(0, c0; L*°) to (P)
with w := v := u and vg := g of (1.3), since one may solve the linear trans-
port equation (with the viscous term) in order, component-wisely. Secondly,
Lemma 3.1 produces (1.5) for ¢t > 0. Thirdly, p of (1.1) vanishes by Proposi-
tion 4.1. Thanks to the uniqueness theorem of mild solutions by Kato [10],
u is the only one mild solution determined by ug. This method also works
on the Euler equations if the initial velocity ug € Béo’l.

(ii) The structure (1.3) is not a necessary condition to gain (1.5). Indeed,
n = 2, if up(z) = (sinwy,sinxy), then u = u; = (e 'sinzy, e tsinmzy) is a

f2t(

mild solution, and the pressure p = e COS ') COS X3.
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