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Biharmonic maps into symmetric spaces and integrable systems
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Abstract. In this paper, the formulation of the biharmonic map equation in terms of
the Maurer-Cartan form for all smooth maps of a compact Riemannian manifold into
a Riemannian symmetric space (G/K,h) induced from the bi-invariant Riemannian
metric h on G is obtained. Using this, all the biharmonic curves into symmetric
spaces are determined, and all the biharmonic maps of an open domain of R? with the
standard Riemannian metric into (G/K, h) are characterized exactly.

Key words: harmonic map, biharmonic map, symmetric space, integrable system,
Maurer-Cartan form.

1. Introduction and statement of results

This paper is a continuation of our previous one [16]. In our previ-
ous paper, we discussed the description of biharmonic maps into compact
Lie groups in terms of the Maurer-Cartan form, and gave their exact con-
structions. In this paper, we consider biharmonic maps into Riemannian
symmetric spaces.

The theory of harmonic maps into Lie groups, symmetric spaces or
homogeneous spaces has been extensively studied in connection with the
integrable systems by many authors (for instance, [1], [3], [4], [10], [11], [12],
[14], [15], [18], [19]). Let us recall the loop group formulation of harmonic
maps into symmetric spaces, briefly. Let ¢ be a smooth map of a Riemann
surface M into a Riemannian symmetric space (G/K,h) with a lift ¢ :
M — G so that m o ¢ = . Let g = £® m be the corresponding Cartan
decomposition of the Lie algebra g of the Lie group G. Then, the pull back
a = 1~ tdi) of the Maurer-Cartan form on G is decomposed as o = ag + v,
correspondingly. Let us decompose «y, into the sum of the holomorphic
part and the anti-holomorphic one: an = o’ + am’. Then, one can obtain
the extended solution 7; of M into a loop group AG satisfying Jﬁldzz =
A’ 4+ ag + A tay” for all A € U(1) = {A € C: |\ = 1} (cf. [4]). Then,
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¢ : M — (G/K,h) is harmonic if and only if there exists a holomorphic
and horizontal map 1; of M into the homogeneous AG/K with 7;1 = 1
(cf. [4, p.648]). Then, one can obtain a Weierstrass-type representation of
harmonic maps (cf. [4, pp. 648-662]).

On the other hand, the notion of harmonic map has been extended to
the one of biharmonic map (cf. [5], [8]). In this paper, we will describe
biharmonic maps into Riemannian symmetric spaces in terms of the pull
back a = a¢ + am of the Maurer-Cartan form (cf. Theorem 3.6), give some
explicit solutions of the biharmonic map equation in Riemannian symmetric
spaces, and construct several biharmonic maps into Riemannian symmetric
spaces (Sections 4 and 5).

2. Preliminaries

In this section, we prepare general materials and facts on harmonic
maps, biharmonic maps into Riemannian symmetric spaces (cf. [9]).

2.1.

Let (M,g) be an m-dimensional compact Riemannian manifold, and
the target space (N,h), an n-dimensional Riemannian symmetric space
(G/K,h). Nemely, let g, £ be the Lie algebras of G, K, and g = ¢®m
is the Cartan decomposition of g, and h, the G-invariant Riemannian met-
ric on G/K corresponding to the Ad(K)-invariant inner product (, ) on m.
Let k be a left invariant Riemannian metric on G such as the natural pro-
jection 7 : G — G/K is a Riemannian submersion of (G, k) onto (G/K, h).
For every C'*° map ¢ of M into G/K, let us take its (local) lift » : M — G
of p, e, p=mo ), p(z) =¢(x)K € G/K (x € U C M), where U is an
open subset of M.

The energy functional on the space C*°(M,G/K) of all C* maps of M
into G/K is defined by

1
B(e) = 3 | ldel,

and for a C* one parameter deformation ¢; € C*®(M,G/K) (—e < t <€)
of ¢ with ¢y = ¢, the first variation formula is given by

4
dt

E(p) = — /M<T<sa>, Vo,

t=0
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where V' is a variation vector field along ¢ defined by V' = (d/dt)|;—op: which
belongs to the space I'(p~!T(G/K)) of sections of the induced bundle of the
tangent bundle T(G/K) by ¢. The tension field 7(y) is defined by

m

() = Y Ble)(ei e), (2.1)

i=1
where

B(@)(X,Y) = Vi, x)do(Y) — dp(VxY)

for X,Y € X(M). Here, V, and V", are the Levi-Civita connections of
(M,g) and (G/K,h), respectively. For a harmonic map ¢ : (M,g) —
(G/K,h), the second variation formula of the energy functional E(y) is

d2
| Be)= [ m v,
where
J(V):=AV —R(V), (2.2)
AV =V TV i VTV VeV (23)
R(V ZRh V,dp(e;))dp(e;). (2.4)

Here, V is the induced connection on the induced bundle 0o IT(G/K), and is
R is the curvature tensor of (G/K, h) given by R"(U, V)W = [V VLW —
VipyW (U, V.W € X(G/K)).

The bienergy functional is defined by

- ;/M [(d+06)*e|*v, = ;/M I7(0)[*vg, (2.5)

and the first variation formula of the bienergy is given (cf. [8]) by
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Ea(p) = - /M (m2(), V), (2.6)

t=0

where the bitension field T2(y) is defined by

12() = J(7(9)) = A7(p) = R(7(9)), (2.7)

and a C* map ¢ : (M,g) — (G/K,h) is said to be biharmonic if

T2(p) = 0. (2.8)

2.2.

Let k be a left invariant Riemannian metric on G corresponding to the
inner product (-,-) on g given by (-,-) = —B(+,-) if (G/K,h) is of compact
type, and by (U+X,V+Y) =—-B(U,V)+B(X,Y) (U,V €, X, Y € m) if
(G/K, h) is of non-compact type. Here, B(-, -) is the Killing form of g. Then,
the projection 7w of G onto G/K is a Riemannian submersion of (G, k) onto
(G/K,h), and we have also the orthogonal decomposition of the tangent
space Ty ()G (x € M) with respect to the inner product ky ) (-, -) (z € M)
in such a way that

Ty(@)G = Vi) ® Hy (o), (2.9)
where the vertical space at (z) € G is given by
Vi) = Ker (7 y(2)) = {Xyp@) | X € £}, (2.10)
and the horizontal space at ¥ (x) is given by
Hyg) = {Yy@) | Y €m}, (2.11)

corresponding to the Cartan decomposition g = ¢ ® m. Then, for every C*°
section W € T'(¢p"1TG), we have the decomposition corresponding to (2.9),

W(z) =W (z)+WH(x) (xe€ M), (2.12)

where WV, WH_ (denoted also by VW, HW, respectively) belong to
[(y~'TG). We denote by T'(E), the space of all C* sections of a vec-

tor bundle E. For Y € m, define Y € T(¢"1TG) by Y (z) := Yy@) (x € M).
Let {X;}!'_; be an orthonormal basis of m with respect to the inner product
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(-,-) of g corresponding to the left invariant Riemannian metric k£ on G.
Then, WH can be written in terms of X; as

n

WH:ZfiXi

i=1

where f; € C*°(M) (i = 1,...,n). Because, for every x € M, W (z) ¢
Hy (s, so that we have

W @)= fila)Xipw = D filw) Xi(@).

We say W € T'(¢p"1TG) and V € T'(p 1T(G/K)) are -related, denoted
by V = w, W, if it holds that

Viz)=mnW(zx) (ze M),

where 7, : Ty ()G — Typ(2)(G/K) = Tr(y(2))(G/K) is the differentiation of
the projection 7 of G onto G/K at ¢ (x) for each x € M.

Let be V, V¥ V" the Levi-Civita connections of (M,g), (G,k),
(G/K,h), and V, V, the induced connection of V¥ on the induced bun-
dle v ™'TG by ¢ : M — @G, and the one of V" on the induced bundle
¢ 'T(G/K) by ¢ : M — G/K, respectively.

Lemma 2.1 Assume that W € T(¢¥'TG) and V € T(p™'T(G/K)) are

w-related, i.e., V =, W.
(1) Then, we have

VxV =m Ve, ou W, (2.13)

where (¥, X)H is the horizontal component of 1. X for every C™ vector field
X on M.

(2) If we express WH =31 | fi Xi and (P X)) = Z?zl 9; 3(\; where
fi, g5 € C®(M) (i,j =1,...,n), then, it holds that

(Ve x)m W) oy = é Z Fil@)g; (2)[X, Xilyp) + Y Xa(fi) Xi(@)

i,j=1 i=1

€ Vw(a:) b Hz/)(a:) (33 (S M), (2.14)
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correspondingly.
(3) For every x € M, we have

VaV(@) =3 Xal(W, Xi (o) (Xig(a)- (2.15)
=1

Here, it holds that m.(Xy(z)) = ty@)«m=(X) (X € m), where t, is the
translation of G/K by a € G, i.e., t,(yK) = ayK (y € G).

Proof. (1) Due to Lemmas 1 and 3 in [14, p.460], we have
VxV =Vl xV
_vh
= VW*(%X)W*W
— k H
— W*V?w*X)HWH

(2) Indeed, we have

(V?w*X)HWH)w(z) = Z 9;(@) (V-l;fa‘ WH)zb(w)
j=1

= igﬂx)(é}v’;{j(ﬁi))

n

= 3" 4@ {(X 1) (@) Xilx) + fil@) (Ve Xy }

i,j=1

Y(z)

=) gj(ﬂf){(Xjfi)(ﬂf)Xvi(w) + ;fi(ff)[vaXi]w(x)}

ij=1

— 5 X A@s @ Xl + D Xl Kio)

i,j=1

since it holds that
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1
= Ly ()« <2[Xj7Xi]e>

1
= 5 [Xja XZLL'(x)

and [m, m] C & For (3), notice that W =>"" (W, Xia/)(-)>5{i- Due to (1),
(2), we have (3). O

Lemma 2.2 Under the same assumption of Lemma 2.1, we have,

x(VyV) = ZX W, Xy (Xi () € Ty (G/K),  (2.16)

at each x € M, for every C* wvector fields X and'Y on M.

Proof. Let Z := VyV € (¢~ 'T(G/K)). Then, by Lemma 2.1 (1), we

have
Vx(VyV) =VxZ =mV{, xyu 2" (2.17)

where by Lemma 2.1 (3), we have for every y € M,

Z(y) = Yy (W, Xi) Xy
i=1

Z(y) = m.Z%(y) € T, (G/K) and Z € I'(p~'T(G/K)). Then, at each
x € M, the right hand side of (2.17) which belong to T;,(,)(G/K), coincides
with the following:

> Xl ZH X ()T X ()

= Xx<ZY-(WXw>Xw(-),ij(.)>77*(ij(r))
1

i=1

.

Z X (Yo (W, Xi9))0i5 T (X p())
4,j=1
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n

=3 X (Yo (W, X )7 (X )
=1

Thus, we have (2.16). O

Proposition 2.3  The rough Laplacian A acting on T'(¢'T(G/K)) can
be calculated as follows: For V € I'(p 'T(G/K)) with V = n,W for W &
I(p~'TG),

n

=1

for each x € M. Here, since f : M > x — (W(x), X;jyp@)p@ € R isa
(local) C*° function on M, the Laplacian A, = 6 d acting on C*° (M) works
well to this f.

Proof. Indeed, if we recall the definition (2.3) of the rough Laplacian A,
and due to Lemmas 2.1 and 2.2, we have

NE

AV = - {66.7' (ﬁejv) - svej ejv}7
j=1
= =D > (6" = Ve, ) ) (W, Xy y () (Xi ()
i=1 j=1
= Z Ap (W, X ()T (Xi ()
i=1
We have Proposition 2.3. U

3. Determination of the bitension field

Now, let 8 be the Maurer-Cartan form on G, i.e., a g-valued left invariant
1-form on G which is defined by 6,(Z,) = Z (y € G, Z € g). For every
C* map ¢ of (M, g) into (G/K,h) with a lift ) : M — G, let us consider a
g-valued 1-form o« on M given by a = ¥*6 and the decomposition

o= ¢+ an (3.1)
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corresponding to the decomposition g = € @ m. Then, it is well known (see
for example, [3]) that

Lemma 3.1 For every C* map ¢ : (M,g) — (G/K,h),

ty@)-1aT(9) = —0(amD+ > _[ae(e), amle)],  (z € M), (3.2)

i=1

where a = ¢©*0, and 0 is the Maurer-Cartan form of G, 0(auw) is the co-
differentiation of m-valued 1-form oy, on (M,g).
Thus, ¢ : (M, g) — (G/K,h) is harmonic if and only if

m

—(om) + Y _[ae(es), am(e;)] = 0. (3.3)

i=1
Furthermore, we obtain

Theorem 3.2 We have

tur1272(0) = 8 (= 0(am) + 3 fasten ame)]
¥ i IREE i[aaei),am(ein,am(es)},am<es>],
- = (3.4)

where Ay is the (positive) Laplacian of (M, g) acting on C* functions on
M, and {e;}7* is a local orthonormal frame field on (M, g).

Therefore, we obtain immediately the following two corollaries.

Corollary 3.3 Let (G/K,h) be a Riemannian symmetric space, and ¢ :
(M,g) — (G/K,h), a C*>* mapping. Then, we have:

(1) the map ¢ : (M,g) — (G/K,h) is harmonic if and only if

m

—5(am) + Y _[oe(es), om(es)] = 0. (3.5)

i=1

(2) The map ¢ : (M,g) — (G/K,h) is biharmonic if and only if
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#3 [ #t0m) + Ylonte am(e) onten)] omten)] =0 @9

i=1

Corollary 3.4 Let (G/K,h) be a Riemannian symmetric space, and ¢ :
(M, g) — (G/K,h), a C>* mapping with a horizontal lift 1 : M — G, i.e.,
@ =m0 and 1, (Ty M) C Hyy) which is equivalent to g = 0.

Then, we have:

(1) the map ¢ : (M,g) — (G/K,h) is harmonic if and only if
(o) = 0, (3.7)

(2) and the map ¢ : (M,g) — (G/K,h) is biharmonic if and only if

m

§dd(am) + Y [[6(cm), am(es)], am(es)] = 0. (3.8)

s=1
Proof of Theorem 3.2. We need the following lemma:

Lemma 3.5 The tension field 7(¢) of a C* map ¢ : (M,g) — (G/K,h)
can be expressed as

7(p) = mW = (WH),

where W € T(1p~'TG), and WH is the horizontal component of W in the
decomposition W (z) = WV (z)+ WH (z) € Ty()G = Vy(z) DHy(z) (x € M).
If we define an m-valued function 8 on M by

Bem S K = S W KX, 3.9

=1 =1

then, we have
ty@y= ' T(p) = T, (3.10)

If we define an m-valued functions 3; (i =1,...,n) on M by
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ﬂi = Z<’¢*6“X]¢()>X] cm. (311)
j=1

Then, it holds that

tzp(x)**lgo*ei =mf;i and [; = am(e;), (3.12)

where ay s the m-component of a := ¥*0, and the Maurer-Cartan form on

G.

Indeed, (3.10) and the first part of (3.12) follow from the definition of
[ and the fact that

| |
A

Z@D*eu G X)) Z (Vu€i, Xjp(a)) wu))

j=n+1

n 0
=D (e, Xjp) X+ D (Wuei, Xjpa)X;

Jj=1 j=n+1
emot,
since v = 1p*#. Thus, we have 3; = an(e;). O

(Continued the proof of Theorem 3.2). We have

tq/)(m)*ilgp*ei - Z<¢*eza ]1/)(9:)>7T*(Xj) € TO(G/K)’ (3'13)

=1

where 0 = {K} € G/K is the origin of G/K. Because,

tw(ac) *_190*61’ = t1/)(a:) *_171'* 1/1*61‘ = Tx sz(w)*_l w*ei = T (Lw(r)*_ll/}* ez’)m

which coincides with

n

D Ly« ues, X)mulX5) = > (thues, X ) (X)),
j=1

j=1
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which imply (3.13).
Thus, we have

QD*GZ'ZTF*WZ‘ (Z: 1,...,m), (314)

where W; € T'(4»"'TG) and m-valued functions Wi on M (i=1,...,m) are
given by

Zw*% () X () (3.15)

Z (sei, X () Xj € m, (3.16)

for each z € M.
On the other hand, we have

T(p) = mW, (3.17)

where W € I'(¢y"'TG) and an m-valued function W on M are given by

W(z) = ty(a) « < —(am) + Z[ag(ei), am(ei)]>, (3.18)

W= —6(om) + Z[af(ei), am(e;)] (3.19)
for each x € M. And we also have
totoy+ ™ Br(e)(a) = A = olam) + Ylan(esham(en)] ) (@) (o € M)

(3.20)

where A = dd is the positive Laplacian acting on the space of all C*° m-
valued functions on M.

We want to calculate R(7(¢)) = > RM(7(¢), pxei)pse;. Indeed, we
have
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_ 3 H_ 5(0m) +i[ae<ei>,am<e¢>J,am<es>} 7am<es>]-
= (3.21)

Here, we used the formula of the curvature R" of the Riemannian symmetric
space (G/K,h) ([9, p.202, p.231, Theorem 3.2]):

(Rh(Xv Y)Z)o = _[[X7Y]7Z]o (XaKZ € m)

Thus, we obtain Theorem 3.2. U

Let us recall the integrability condition for a C* mapping ¢ : (M, g) —
(G/K,h). The Maurer-Cartan form 6 on G satisfies

1
6 + 516 16] = 0, (3.22)

so that the pull back o = ¢*6 of 6 by the lift v : M — G of p: M — G/K
also satisfies that

1
do + 5[0[ Nal =0, (3.23)
which is equivalent to

1 1
dog + —|ag N ag| + =|am Aam| =0,
¢ 2[ e A ] 2[ ] (3.24)

dom + [ A o] = 0.
Summarizing the above, we have

Theorem 3.6 Let (M, g) be an m-dimensional compact Riemannian man-
ifold, (G/K,h), an n-dimensional Riemannian symmetric space, ™ : G —
G/K, the projection, and ¢ : (M,g) — (G/K,h), a C* mapping with a
local lift  : M — G, ¢ = worp. Let o = ¥*60 be the pull back of the Maurer-
Cartan form 0, and a = ag + an, the decomposition of a corresponding to
the Cartan decomposition g =€ D m.
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(I) The mapping ¢ : (M, g) — (G/K, h) is harmonic if and only if

m

—(om) + > _[ae(es), om(ei)] =0, (3.25)

=1

where ¢ is the co-differentiation, and {e;}, is a local orthonormal frame
field on (M, g).
Furthermore, ¢ : (M, g) — (G/K, h) is biharmonic if and only if

A( = staw) + lf;[ae(ei), anc)])
+ i IREE g[aaei), cnte)an(e)] ane)] =0, 326)

where A = dd is the (positive) Laplacian of (M, g) acting on the space of
g-valued C* functions on (M,g).

(IT1) Conversely, let o = ap + ay be a g-valued 1-form on (M,g). If
« satisfies (3.23) or (3.24), and satisfies (3.25) (resp. (3.26)), then, there
exists a C°°-mapping ¢ of M into G with a local lift v : M — G, p = wo1p
and the initial value ¢(p) = a € G at some p € M such that o = *6 and ¢
is a harmonic (resp. biharmonic) map of (M, g) into (G/K,h).

4. Biharmonic curves into Riemannian symmetric spaces

4.1.

Let ¢ : (R,g0) — (G/K,h) be a C*® curve, and ¢ : R — G, a lift of
¢, (p = mo). Then, a = *0 = " 1dyp = F(t)dt is a g-valued 1-form
on R and F is a g-valued function on R satisfying 1 (t) = (dvy/dt) = F(t).
Conversely, for a g-valued C'*° function F'(¢) on R, there exists a unique
C*°-curve ¢ : R — G which satisfies

dy
1/1(75) % - F(t)7 (4.1)
P(0) =z € G.

To give an explicit solution 1 of (4.1) is very difficult, in general, since
G is not abelian. However, corresponding to the decomposition g = £ & m,
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we decompose F'(t) = Fy(t) + Fun(t), e = Fp(t)dt, and oy = Fiy(t)dt, so we
have

da = —(Ve,)(aler)) = = Vi, (aler)) = —ex(F(t)) = —F'(t),
and
dam = —Fy'(t).
Thus the harmonic map equation (3.25) is
Fu'(t) + [Fe(t), Fa(t)] = 0, (4.2)

and the biharmonic map equation (3.26) is

— — (Fu(t) + [Fe(t), Fu(1)])
+ [P’ () + [Fe(t), Fa (1)), Fn, F] = 0. (4.3)

In these cases, the integrability condition (3.23) always holds, so that the
existence of 1 of (4.1) is always true.

Let us recall that a lift () is horizontal if .(ToM) C L, yz)(m) if
and only if Fy = 0. In this case, (4.2) is equivalent to

Fu'(t) =0, (4.4)

which implies that Fy,(t) = X € m (constant). So that F(t) = X € m.
Then, we have

P(t) =xexp(tX), o) =zexp(tX)K € G/K. (4.5)
Furthermore, (4.3) is equivalent to
*me(t) + [[Fm/(t)a Fm(t)]a Fm(t)] =0. (46)

Example 4.1 Assume that (G/K, h) is of the Euclidean type. In this case,
m is an abelian ideal and ¢ acts on m by [T, X] =T -X (T € £, X € m)
regarding € as a subalgebra of gl(m). Then, we have

(1) ¢: (R, g90) — (G/K,h) is harmonic if and only if
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Ful(t) + Fe(t) - Fu(t) = 0. (4.7)

(2) ¢: (R,g0) — (G/K,h) is biharmonic if and only if

d2
o (B (0) + Felt) - Fu1) =0 (4.8)
which is equivalent to
Fo'(t) + Fe(t) - Fu(t) = At + B (4.9)

for some A and B in m. Thus, if ¢ : (R,g9) — G is horizontal, i.e.,
Fy =0, then, Fi,(t) = C (a constant vector in m) for the case (1), and
Fn(t) = At? + Bt + C for the case (2). If [A, B] = [B,C] = [C, A] =0,
then ¥(t) = exp(t? A+t B + C) and ¢(t) = ¥(t) - { K} is a biharmonic
curve in a Riemannian symmetric space (G/K, h) of the Euclidean type.

4.2. Biharmonic curves into rank one symmetric spaces
In this subsection, we study biharmonic curves in a compact symmetric

spaces (G/K,h).

(1) Case of the unit sphere (S™, h).

Let G = SO(n + 1) act on R"! linearly, and K = SO(n) be the
isotropy subgroup of G at the origin o = *(1,0,...,0). Their Lie algebras
g =s0(n+1), £t =so(n) and the Cartan decomposition g = £ & m are given
by

g=so(n+1)={Xeglln+1): X +'X =0},

(000
0

t= so(n) = . x : X, € gl(n), X4 —|—tX1 =0,
1

0

m= { (2 _Otu> cu =gy, Uy ER"}.

For a m-valued C*° function F,(t) given by
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0 | —w(®) - —ua(t) \

Un (1)

and Fy = 0, the biharmonic map equation (4.7) is equivalent to

n
—u;" + z(uz w' —ui'uj)u; =0 (i=1,...
j=1

which is also equivalent to

—u"" + (v, u)u — (u, u)u’ =0,

121

(4.10)

(4.11)

(4.12)

where the inner product (, ) on R™ is given by (u,v) = > | u;v; for u,v €

R™.

Case of n = 2. Our problem is to find a C* plane curve which satisfies

(4.12). To do it, we assume that u(t) is reparametrized in such a way that

u(s) is a tangent curve of a plane curve p(s): u(s) = p’(s) = ei(s).

For

the other cases, we have no idea to solve (4.12). Recall the Frenet-Serret

formula for a plane curve p(s):

p'(s) = ei(s),
e (s) = K(s)ea(s),
ey(s) = —r(s)ei(s)
Now we have
u=e,
u =€) =rey,
u' =K ey +rel,=—k?e; + K ey,
u" = -3k K e + (K — K)ey.

Since (u’,u) =0 and (u,u) = 1, (4.12) is equivalent to

(4.13)
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-3k K =0, (4.18)

K — K3 = —k, (4.19)

By (4.18), k = ¢ (a constant), and by (4.19), ¢ = 0,1, —1. Thus, we have

(i) In the case of ¢ =0,
p(s)=sa+b, u(s)=a, (abecR?), (4.20)

(ii) in the case of ¢ =1,

p(s) = (coss,sins), wu(s) = (—sins,coss), (4.21)
(iii) in the case of ¢ = —1,
p(s) = (coss,—sins), wu(s) = (—sins, —coss). (4.22)

Now it is easy to find ¢ : R — G and ¢(t) = ¢ (t){K} € G/K satisfying
()" (dy/dt) = F(t) = Fy(t) for such u(t) in (4.12).
Case (i): If a= %a,b) € R?, we have due to (4.1),

cos(t va? + b?)
o) =K} =2 | 7o sin(t va? +02) |, (4.23)
\/%W Sin(t V a2 + b2)

which is a great circle of the standard 2-sphere (52, h).
Cases (ii) and (iii): In these cases, if we assume Fy = 0, we have

[ 0 ‘ sint —cost '\
Fut)=[—sint | 0 0 : (4.24)
cost 0 0
for Case (ii), and
/[ 0 ‘ sint cost '\
Fut)=|[—sint | 0 o0 |, (4.25)
—cost 0 0
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for Case (iii). In these cases, because of [Fi(t), Fu'(t)] # 0, it is difficult for
us to give explicitly a unique solution of the initial value problem of

w(t)lchgit) = F(t) and (0) = a € SO(3). (4.26)

Case of n = 3. In this case, we have to solve for a C*° curve u : R —
R3, the equation (4.12) which is equivalent to

—u" +ux (uxu)=0. (4.27)

To do it, we assume that wu(t) is parametrized in such a way that u(s) is a
tangent curve of a O curve in R3, p(s) : u(s) = p/(s) = e1(s). Recall the
Frene-Serret formula for a curve p(s):

p=e
el/ = Rea

, (4.28)
€y = —Keq + Tes
eg/ = —Te€ey

where k and 7 are the curvature and torsion of p(s), respectively. By making
use of (4.28), we have

u’ = KR€3
u' = —k%e; + K'ey + KTes (4.29)
u" = —3kr'e; + (K — k* — k1)es + (26'T + KT')es.

Thus, (4.29) is equivalent to

—3kk' =0
A (4.30)
25'T + k7' = 0.

By the first equation of (4.30), k = ko (a constant). In the case ko = 0,
u(t) = a € R?® (a constant vector). In the case kg # 0, by the third
equation of (4.30), 7 = 79 (a constant). By the second equation of (4.30),
ko2 + 792 = 1. Then, p(s) = Yacost,asint,bt), with s = /a2 + b%t. Here,
ko = a/(a®+ %), and 79 = b/(a® +b?), and 1 = ko + 192 = 1/(a® +1?), i.e.,
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a’® + b?> = 1. Therefore, we have

(4.31)

p(t) = Yacost,asint, bt),
u(t) = p/(t) = (—asint,acost,b),

where a and b are constants with a? + b? = 1. Thus, Fiy(t) with Fy = 0, is
given by

/ 0 asint —acost —b\
—asint
Fa(t) = . 4.32
(*) acost O (4.32)
b

Case of n > 2. In this case, the other-type solutions exist:
ith
Let u = (u1,...,uy) = (0,...,0,”v ,0,...,0) (i =1,...,n). Then, for
such u, the equation (4.12) is reduced to v = 0. Thus, we have v(t) =

D; := at? + bt + ¢ for some constants a, b and c. Thus, Fy,(t) is given by

Oo}0 ... =1 ... 0
0
Fu(t) = Dy ) 0 (4.33)
0
Thus,
cos d; 0 —sind; 0
0 0 0 0
t ] s s
() = zexp (/0 F(s)ds) -t sin dy 0O ... cosd; ... O ’
0 0 ... 0 ... 0
where d; := (a/3)t3 + (b/2)t2 + ct. So, we have a biharmonic curve into

(S™ h):
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o) = () {K} = x(cosdy,0,...,0,sind,0,...,0), (4.34)
for x € SO(n + 1), where d; := (a/3)t> + (b/2)t? + ct. Furthermore, ¢(t) is
harmonic if and only if a = b= 0.

(2) Case of the complex projective space (CP™, h).

Let G = SU(n+ 1) act on the projective space linearly on CP™ = {[z] :
z € C"*1\{0}}, and K, the isotropy subgroup of G at o = Y1,0,...,0]. The
Cartan decomposition g = € ¢ m is given by

g={Xegln+1,C): X +°X =0, trX =0},

= {( _01a ;) ca€R, X €gl(n,C), X+ X =0, V—la—i—trX:O},

o {0 ) ree)

For a C°° m-valued function Fy,(¢) given by

Fa(t) =1 . : (4.35)
2n(t)

where z;(t) = u;(t) + vV—1v;(t)u;(t) and v;(t) are real valued C* functions

(i=1,...,n), and Fy =0, the biharmonic map equation (4.6) is equivalent
to
" . — /— —
-z + E {(Zz 25 T & Zj)Zj — Zi(Zij — Zj Zj)} =0 (436)
i=1

for all i = 1,...,n. Notice here that this (4.36) can be written as
=2+ 2(2,2") 2 — (2, 2)2 — (2,2)2' =0, (4.37)

where (z,w) = Y | zjw; for two C"-valued functions z and w in ¢. If we
write z = u + /—1v, where u and v are R"-valued functions, then (4.37) is
equivalent to
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—u" +dn (—v* v +uvv') =0
(4.38)

—v" +4n (uvu' —u?v') =0.

One can find the following solutions of (4.38):

(i) u=D;=at*+bt+cand v=0,

(ii) u=0and v = Dy = at®> + bt +c, or

(iii) u=v=D; = at? + bt +c,
where a, b and ¢ are constant vectors in R". Corresponding to these, we can
find Fiy () of (4.35) as follows:

Fiy (t) = Dy . ) (439)

where z1(t),...,2,(t) are
Case (i): z1(t)=---=

Case (ii): 21(t) =+ = z,(t) = V1,
Case (iii): z1(t) =+ = z,(t

correspondingly. In each cases, we can find ¥(t) by the same way as the
case of (S™, h), and a biharmonic curve in (CP™, h):

Case () p(t) = | cos(v/mdy), Jgsin(vidy), .., Jsin(vidy)],

cos(v/ndy), L sin(yrdy), ..., L sin(vidy)]

cos(\/%dt) S sin(v2n dy), .
Lgsin(mdt)],

where d; := (a/3)t3 + (b/2)t? + ct, a, b and c are constant real numbers,
and z € SU(n +1). Each ¢ : (R, go) — (CP™, h) is harmonic if and only if
a=b=0.

sk

-+

Case (ii): ¢(t) ==

%D

-+

Case (iii): o(t) ==

(3) Case of the quaternion projective space (HP™, h).
Let G = Sp(n+1) = {z € U2n+2) | ‘v Jyy12 = Jny1}, where

Jpi1 = (JSH I”O“ ), and I,,41 is the identity matrix of order n+ 1. G acts
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on the quaternion projective space linearly on HP™ = {[z] : = € H"*!1\{0}},
and K = Sp(1) x Sp(n) is the isotropy subgroup K of G at o = '[1,0,...,0].
The Cartan decomposition g = €@ m is given by

g=sp(n+1)= { (2 i) 'A,B € M, 1(C), tfHA:O,tB:B},

l

t=sp(l) x sp(n) = (g ‘?(
P p(n k_y _0?

o
o 8l|low
Xol< o

) x€V—1R, y € C,
M,

X,Y € n(C),tX+X:o,tY:Y},

( 0o Z 0o W \

7 0 778N

m= T 0 % Z,W € M(1,n,C)
W 0 | -tz O

For a C*° m-valued function Fy,(t) given by

0 Z 0o W
—-Z O W O

Fy (t) = 0 W o0 A ) (4'40)
W o0 -Z O

where Z = Z(t) = (z1(t),...,zn(t)), W = W(t) = (wi(t),...,w,(t)), and
for Fiy in (4.40) with Fy = 0, the biharmonic map equation (4.6) is equivalent
to

—2" —(1ZP+ W)z

+ (202, 2" + 20W, W'y —(Z', Z) — (W' W) Z

+({(Z' Wy — (W', Z)W =0, (4.41)
W —(1Z + [WHW

+ (22, 2"y + 20W, W'y = (2", Z) — (W', W)W

+3({(Z' W) — (W', Z))Z =0,
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n .
i=17%i

where Z' = (z1/(t),...,2,/(t)) and (Z, W) := >
We find the following solutions of (4.41):

(t) wi(?).

Case (i): 2z1(t) =--- = 2z,(t) = Dy and wy(t) = - - = w,(t) = 0.
Case (ii): z1(t) =+ = 2z,(t) = vV/—=1Dy and wy(t) = -+ = w,(t) =0
Case (iii): z1(t) =+ = z,(t) = 0 and wy(t) = - -+ = w,(t) = Dy.
Case (iv): z1(t) = = z,(t) =0 and w1 (t) = - - - = wy,(t) = /—1D;.

The corresponding biharmonic curves into the quaternion projective

spaces HP"™ are given as follows:

NG sin(\/ﬁdt)] .
in sin (/7 dy)

Case (i): o(t) == -Cos(\/ﬁdt), 7 sin(y/ndy), ...,
Case (ii): ¢(t) == -cos(\/ﬁdt), z\/la sin(v/nd),...,i

Case (iii): ¢(t) =«

|

COS

Case (iv): ¢(t) =«

]
(VI de), ~j— sin(y ), ., ~j = sin(/7 )
—j——=sin ..., —j——=sin
ndag), J\/ﬁs nag), ) J\/ﬁs nag
[ 1 1

_cos(\/ﬁdt), k‘% sin(y/ndg), ..., kﬁ sin(\/ﬁdt)} :
Here, x € Sp(n + 1), i, j and k are the quaternions satisfying i2 = j2 =
k? = —1 and ij = k, and d; = (a/3)t3 + (b/2)t? 4 ct, a, b and c are constant
real numbers. In each case, ¢ is harmonic if and only if a = b = 0.

5. Biharmonic maps from plane domains

5.1. Setting and deriving the equations
In this section, we will treat biharmonic maps of (M, g) into a Riennian
symmetric space (G/K,h), with dimM = 2. We assume that (M,g) =
(2,9) is an open domain in the 2-dimensional Euclidean space R? with
g = 12 go, where p is a positive C°° function on €, go = (dz)? + (dy)? is the
standard Euclidean metric and (z,y) is the standard coordinate on R2.
Let ¢ be a C* map from  into a symmetric space N = G/K with
a local lift ¢ : Q — G satisfying ¢ = 7o 1), where 7 : G — G/K is the
standard projection. The pull back of the Maurer-Cartan form 6§ on G by
1) is given by
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oY

ox
= A, dx + Ay, dy,

a=¢ dp =y =—dr + w*lg—wczy
Y

where we decompose two g-valued functions A, := ¥ ~1(9¢/dz) and A, :=
=1 (O /dy) on Q according to the Cartan decomposition g = € @& m as
follows:

Ay =Ape + Az m, Ay=Aye+ Aym,
which yield the decomposition of a: @ = ag + @, Where
ap =Agpdr+ Ayedy, om=Armdr+ Ayndy.
Then, we have by a direct computation,

0Az m n (‘)Ay,m}

(5.1)

Indeed, if we take, as an orthonormal frame field with respect to g, e; =
(1/p)(0/0x) and ex = (1/p1)(0/0y). Then, we have

0 0
am(velel) = _U_?}a*ZAy,ma am(vezeZ) = _M_BaiiAx,nu
and
2
d(am) = — Z {Vei(am(ei)) - am(veiei}a
=1
we have (5.1). O

Next, we have to calculate the harmonic map equation (3.25), and the
biharmonic map equation (3.26) in this case.
First, for the left hand side of (3.25), we have
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o[0ALm  OA,m _ _ _ _
= U 2{ — + - }"‘[M 1Aac,EaM 1Ax,m}+[u 1Ay7évﬂ 1Ay7m]

Ox y
0A, 0A
= MQ{ ax’m + 8Zm +[Ase, Az m] + [Ay,g,Ay,m]}. (5.2)

For the left hand side of (3.26), since A, = —u~2{9%/0x? + 9%/0y*}, we
have

[~ blaw) + Solaute:cntebam(e)|antes)

i=1

0> 0 DA dA
. ,—2) 7 -2 r,m Yay,m
=k {3$2 +ay2 } <’UJ { 3:1: + ay +[A1:,37Am,m]+[z4y,k,Ay’m]}>

= + [Az,éa Am,m] + [Ay,éa Ay,m]a Az,m:| aAm,m]

+ L2 + [A$7E7 Aw,m] + [Ayiv Ay,m]y Ay7m:| 7Ay,m:| .

(5.3)
Therefore, we have that ¢ : (Q,9) — (G/K,h) is biharmonic if and only if
the right hand side of (5.3) vanishes.

Second, we have to examine the integrability condition (3.23) or (3.24).
We have

1 1
doe + = [Oée AN ae] + -

8Am aA
=0,
so that we have
Ay | OA
_ 3 + Yt + [Ax,bAy,E] + [Am7m7Ay7m] =0. (54)

oy Ox
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For the second equation of (3.24), dam + [ A aum] = 0, we have

OApm  OAym
— : : Ape, Ay Apm, Ayl =0. .
6y + 81‘ + [ )€ Y, ] + [ s y»é] 0 (5 5)

Summing up the above, we obtain

Theorem 5.1 Let Q C R? an open domian, g = pu?go, 11 > 0, a positive
C* function on Q, and go = (dz)*+(dy)? is standard Riemannian metric on
R2. on which (z,vy) is the standard coordinate. Let (G/K,h) a Riemannian
symmetric space, with m : G — G/K, the projection. For every C* map
from Q into G/K with a local lift 1 : Q@ — G such that p =7 o P, let a« =
¥*0, the pull back of the Maurer-Cartan form 6 on G by ¢ and decompose it
in such a way that & = ag + quy corresponding to the Cartan decomposition
g=t®dm. Then,

(1) ¢:(Q,9) — (G/K,h) is harmonic if and only if

OAzm  O0Aym
oz + a?; + [Ax,éy Agc,m] + [Ay,Ea Ay,m] =0. (56)

(2) ¢:(Q,9) — (G/K,h) is biharmonic if and only if (5.3) vanishes.
(3) For the integrability condition, (5.4) and (5.5) must hold.
(4) In particular, for a horizontal lift ¢, i.e., ap = 0, we have

92 2\ [ [ 0P  0Q L[OP  0Q
R 1 U IR Gt R

JRESEER
[P, Q] =0, (5.8)
B gz; N (222 o, (5.9)

where we put P := opm and Q := oy m. In the case p = 1, the following
three equations must hold for the biharmonic map ¢ :

- Pacwa: - Pwyy - Qwﬂcy - nyy
+ [[Pr + Qy, P), Pl + [[Pr + Qy,Q],Q] = 0, (5.10)
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[P,Q] =0, (5.11)
P,— Q. =0, (5.12)

where we denote P, = OP/0x, etc.

5.2. Solving the biharmonic map equations

In this subsection, we want to give the solutions of the equations (5.10),
(5.11) and (5.12).

To do it, let us consider the special case that P, = 0 and Q, =0, i.e.,
P(z,y) = P(z) and Q(x,y) = Q(y). Then, (5.12) holds clearly. The left
hand side of (5.10) coincides with

{=Proo + [[Po, P, PI} + {=Qyyy + [[Qy, Q], Q]}
+[[Qy, P, P] + [[P:, Q], Q] = 0. (5.13)

Here, we have that [[Qy, P], P] = 0 and [[P,, Q],Q] = 0. Because, we have
due to @, =0

[P QLL@] = [P, Q). Q) (5.14)

But, due to (5.11) the left hand side of (5.14) must vanish. By the same
way, we have [[Q,, P], P] = 0.
Thus, (5.13) turns out that

—{—Proa + [[Po, P, P} = =Qyyy + [[Qy, @I, €] (5.15)

But, notice that the left hand side of (5.15) is an m-valued function only in
2 and the right hand side of (5.15) is the one only in y, so we have

{ —Proa + [P, P, P] = c, (5.16)

_nyy + [[an Q], Q] = —¢

where ¢ € m is a constant vector.

Notice here that both two equations of (5.16) are the same as (4.6) in
the case ¢ = 0. So, we can obtain the following two theorems by carrying
out the similar calculations as in 4.2.

Thus, we have
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Theorem 5.2 Let (G/K,h) be a Riemannian symmetric space whose rank
is bigger than or equal to two, g = € @ m, the Cartan decomposition, a,
a mazimal abelian subalgebra of g contained in m. Let X, Y € a be two
elements in a which are linearly independent.

(1) Let us take two m-valued functions P(z,y) = (a1 22 +by x+c1)X and
Q(z,y) = (a2y?® +bay + c2)Y, where a;, b; and ¢; (i = 1,2) are constant
real numbers. Then, P and @ are solutions of (5.10), (5.11) and (5.12).
For such P and Q, there exists a unique C* map ¢ from § into G such
that ¢ = m o v is a biharmonic mapping form (2, go) into (G/K,h) with
©(0,0) = zg € G for a fized point xo € G/K. ¢ : (Q,9) — (G/K,h) is
harmonic if and only if a; =b; =0 (i = 1,2).

(2) Assume that G is a matriz Lie group, i.e., a subgroup of GL(N,C).
Then, the above C* maps ¥ : Q2 — G and o =7 o Y are given by

(5.17)

b(a,y) = zoexp(ds X +dy V) € G,
@(x,y) = Zo eXp<de + dy Y) -0 € G/K,

where o ={K} € G/K, d, = (a1/3)x®+(b1/2)2*+c1 2 and dy, = (az/3)y>+
(b2/2)y* + cay, respectively.

Proof.  We only have to verify the statement (2). By the assumption that
{X,Y} is abelian, we have for the ¢(x,y) of the form (5.17), as a matrix of
degree N,

a—w:3[:0exp(dch—i—de) . 88 (de X +d,Y)

ox Oz
=t - (ma® +bx+c)X
=y P,

so we have ¥ ~1(9y/dz) = P. By the same way, ~1(dv/dy) = Q, so we
have 1~ 'dy) = P dx+Q dy = . The mapping 1 is the desired C° mapping
of Q into G, and due to Theorem 3.6, we obtain a biharmonic mapping of
(Q,g0) into (G/K, h). O

Remark When a; = b; = 0 (i = 1,2), the mapping ¢ : R?> — (G/K,h)
is a well known totally geodesic immersion into a Riemannian symmetric

space (G/K,h).
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By a calculation similar to that in the subsection 4.2, we obtain

Theorem 5.3  For the cases of the standard unit sphere (S™, h), the com-
plex projective space (CP™, h), the quaternion one (HP™, h), we obtain the

following biharmonic mappings of (R2,go) into them, respectively.
(1) Case of (S™,h) :

wwzm(wwm@+%»

1. .
NG sin(v/n(dy +dy)), ..., NG sin(v/n(d; + dy))>, (5.18)

is a biharmonic mapping of (R?, go) into (S™, h), where x9 € G = SO(n+1).
(2) Case of (CP™, h) :

mmzm(mmmw+%»

v—1 v-1 .
\/ﬁ W Sln(ﬁ(dm + dy)) s (519)
is a biharmonic mapping of (R?, go) into (CP™, h), where xo € G = SU(n +

1).
(3) Case of (HP™,h) :

sin(vn(dy + dy)), .. .,

%@Z%{w$m%+%»

;ﬁMﬁMﬁ%wwqﬁﬁMWMﬁ%m> (5.20)
is a biharmonic mapping of (R?, go) into (HP™, h), where zq € G = Sp(n +
1), and i, j and k are the quaternions satisfying i* = j*> = k* = —1 and
ij = k.
Here, in all the cases, dy = (a/3)t3 + (b/2)t* + ct fort =z ort =y.
Furthermore, p; (i = 1,2, 3) are harmonic maps of (R?, go) into (S™, h),
(CP™, h) or (HP™, h) if and only if a = b = 0, respectively.

Acknowledgement The author expresses his gratitude to Prof. J. Ino-
guchi and Prof. Y. Ohnita who gave many useful suggestions and discus-



Biharmonic maps into symmetric spaces 135

sions, and Prof. A. Kasue for his financial support during the preparation
of this paper.

[9]

[10]

[11]

[12]

[13]
[14]

[15]

References

Burstall F. E. and Guest M. A., Harmonic two-spheres in compact sym-
metric spaces, revisited. Math. Ann. 309 (1997), 541-572.

Caddeo R., Montaldo S. and Oniciuc C., Biharmonic submanifolds of S.
Intern. J. Math. 12 (2001), 867-876.

Dai Y-J., Shoji M. and Urakawa H., Harmonic maps into Lie groups and
homogeneous spaces. Differ. Geom. Appl. 7 (1997), 143-160.

Dorfmeister J., Pedit F. and Wu H., Weierstrass type representation of
harmonic maps into symmetric spaces. Commun. Anal. Geom. 6 (1998),
633-668.

Eells J. and Lemaire L., Selected topic in harmonic maps. C.M.M.S. Re-
gional Conf. Series Math., 50 Amer. Math. Soc., Providence, 1983.

Guest M. A. and Ohnita Y., Group actions and deformations for harmonic
maps. J. Math. Soc. Japan 45 (1993), 671-704.

Helgason S., Differential Geometry and Symmetric Spaces. Academic Press,
New York and London, 1962.

Jiang G. Y., 2-harmonic maps and their first and second variation formula.
Chinese Ann. Math 7A (1986), 388—402.

Kobayashi S. and Nomizu K., Foundation of Differential Geometry, Vol. I,
II, (1963), (1969), John Wiley and Sons, New York.

Hidano-Mukai M. and Ohnita Y., Geometry of the moduli spaces of har-
monic maps into Lie groups via gauge theory over Riemann surfaces. In-
ternational J. Math. 12 (2001), 339-371.

Hidano-Mukai M. and Ohnita Y., Gauge-theoretic approach to harmonic
maps and subspaces in moduli spaces, In: Integrable Systems, Geometry
and Topology, AMS/IP Study Advances Math., 36, Amer. Math. Soc.,
Providence, (2006), 191-234.

Mukai M. and Ohnita Y., Gauge-theoretic equations for harmonic maps
into symmetric spaces, In: The third Pacific Rim Geometry Conf., Monogr.
Geometry Topology, 25, Int. Press, Cambrdge, (1998), 195-209.

O’Neill B., The fundamental equation of a submersion. Michigan Math. J.
13(4) (1966), 459-4609.

Ohnita Y., Group actions and deformations for harmonic maps into sym-
metric spaces. Kodai Math. J. 17 (1994), 463-475.

Uhlenbeck K., Harmonic maps into Lie groups (classical solutions of the



136

(16]

(17]

(18]

(19]

H. Urakawa

chiral model). J. Differ. Geom. 30 (1989), 1-50.

Urakawa H., Biharmonic maps into compact Lie groups and the integrable
systems. A preprint.

Wood J. C., On the explicit construction and parametrization of all har-
monic maps from the two-sphere to a complex Grassmanian, In: Harmonic
Mappings, Twistors and o-models, Adv. Ser. Math. Phys., 4, World Sci.
Publ., Singapore, (1988), 246—260.

Wood J. C., Harmonic maps into symmetric spaces and integrable systems,
In: Harmonic Maps and Integrable Systems, eds. by A. P. Fordy and J. C.
Wood, Aspect of Mathematics, Vol. E 23, Vieweg (1993), 29-55.

Wood J. C., Completely explicit formulae for harmonic 2-spheres in the
unitary group and related spaces, In: Riemann Surfaces, Harmonic Maps
and Visualization, OCAMI Studies, 3, Osaka Municipal Univ. Press, Osaka,
(2010), 53-65.

Division of Mathematics

Graduate School of Information Sciences
Tohoku University

Aoba 6-3-09, Sendai, 980-8579, Japan

Current address

Institute for International Education
Tohoku University

Kawauchi 41, Sendai, 980-8576, Japan
E-mail: urakawa@@math.is.tohoku.ac.jp



