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Biharmonic maps into symmetric spaces and integrable systems
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Abstract. In this paper, the formulation of the biharmonic map equation in terms of

the Maurer-Cartan form for all smooth maps of a compact Riemannian manifold into

a Riemannian symmetric space (G/K, h) induced from the bi-invariant Riemannian

metric h on G is obtained. Using this, all the biharmonic curves into symmetric

spaces are determined, and all the biharmonic maps of an open domain of R2 with the

standard Riemannian metric into (G/K, h) are characterized exactly.

Key words: harmonic map, biharmonic map, symmetric space, integrable system,

Maurer-Cartan form.

1. Introduction and statement of results

This paper is a continuation of our previous one [16]. In our previ-
ous paper, we discussed the description of biharmonic maps into compact
Lie groups in terms of the Maurer-Cartan form, and gave their exact con-
structions. In this paper, we consider biharmonic maps into Riemannian
symmetric spaces.

The theory of harmonic maps into Lie groups, symmetric spaces or
homogeneous spaces has been extensively studied in connection with the
integrable systems by many authors (for instance, [1], [3], [4], [10], [11], [12],
[14], [15], [18], [19]). Let us recall the loop group formulation of harmonic
maps into symmetric spaces, briefly. Let ϕ be a smooth map of a Riemann
surface M into a Riemannian symmetric space (G/K, h) with a lift ψ :
M → G so that π ◦ ψ = ϕ. Let g = k ⊕ m be the corresponding Cartan
decomposition of the Lie algebra g of the Lie group G. Then, the pull back
α = ψ−1dψ of the Maurer-Cartan form on G is decomposed as α = αk +αm,
correspondingly. Let us decompose αm into the sum of the holomorphic
part and the anti-holomorphic one: αm = αm

′+ αm
′′. Then, one can obtain

the extended solution ψ̃ of M into a loop group ΛG satisfying ψ̃−1dψ̃ =
λαm

′ + αk + λ−1αm
′′ for all λ ∈ U(1) = {λ ∈ C : |λ| = 1} (cf. [4]). Then,
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ϕ : M → (G/K, h) is harmonic if and only if there exists a holomorphic
and horizontal map ψ̃ of M into the homogeneous ΛG/K with ψ̃1 = ψ

(cf. [4, p. 648]). Then, one can obtain a Weierstrass-type representation of
harmonic maps (cf. [4, pp. 648–662]).

On the other hand, the notion of harmonic map has been extended to
the one of biharmonic map (cf. [5], [8]). In this paper, we will describe
biharmonic maps into Riemannian symmetric spaces in terms of the pull
back α = αk + αm of the Maurer-Cartan form (cf. Theorem 3.6), give some
explicit solutions of the biharmonic map equation in Riemannian symmetric
spaces, and construct several biharmonic maps into Riemannian symmetric
spaces (Sections 4 and 5).

2. Preliminaries

In this section, we prepare general materials and facts on harmonic
maps, biharmonic maps into Riemannian symmetric spaces (cf. [9]).

2.1.
Let (M, g) be an m-dimensional compact Riemannian manifold, and

the target space (N, h), an n-dimensional Riemannian symmetric space
(G/K, h). Nemely, let g, k be the Lie algebras of G, K, and g = k ⊕ m

is the Cartan decomposition of g, and h, the G-invariant Riemannian met-
ric on G/K corresponding to the Ad(K)-invariant inner product 〈 , 〉 on m.
Let k be a left invariant Riemannian metric on G such as the natural pro-
jection π : G → G/K is a Riemannian submersion of (G, k) onto (G/K, h).
For every C∞ map ϕ of M into G/K, let us take its (local) lift ψ : M → G

of ϕ, i.e., ϕ = π ◦ ψ, ϕ(x) = ψ(x) K ∈ G/K (x ∈ U ⊂ M), where U is an
open subset of M .

The energy functional on the space C∞(M, G/K) of all C∞ maps of M

into G/K is defined by

E(ϕ) =
1
2

∫

M

|dϕ|2vg,

and for a C∞ one parameter deformation ϕt ∈ C∞(M, G/K) (−ε < t < ε)
of ϕ with ϕ0 = ϕ, the first variation formula is given by

d

dt

∣∣∣∣
t=0

E(ϕt) = −
∫

M

〈τ(ϕ), V 〉vg,
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where V is a variation vector field along ϕ defined by V = (d/dt)|t=0ϕt which
belongs to the space Γ(ϕ−1T (G/K)) of sections of the induced bundle of the
tangent bundle T (G/K) by ϕ. The tension field τ(ϕ) is defined by

τ(ϕ) =
m∑

i=1

B(ϕ)(ei, ei), (2.1)

where

B(ϕ)(X, Y ) = ∇h
dϕ(X)dϕ(Y )− dϕ(∇XY )

for X, Y ∈ X(M). Here, ∇, and ∇h, are the Levi-Civita connections of
(M, g) and (G/K, h), respectively. For a harmonic map ϕ : (M, g) →
(G/K, h), the second variation formula of the energy functional E(ϕ) is

d2

dt2

∣∣∣∣
t=0

E(ϕt) =
∫

M

〈J(V ), V 〉vg

where

J(V ) := ∆V −R(V ), (2.2)

∆V := ∇∗∇V = −
m∑

i=1

{∇ei
(∇ei

V )−∇∇ei
ei

V
}
, (2.3)

R(V ) :=
m∑

i=1

Rh(V, dϕ(ei))dϕ(ei). (2.4)

Here, ∇ is the induced connection on the induced bundle ϕ−1T (G/K), and is
Rh is the curvature tensor of (G/K, h) given by Rh(U, V )W = [∇h

U ,∇h
V ]W−

∇h
[U,V ]W (U, V,W ∈ X(G/K)).

The bienergy functional is defined by

E2(ϕ) =
1
2

∫

M

|(d + δ)2ϕ|2vg =
1
2

∫

M

|τ(ϕ)|2vg, (2.5)

and the first variation formula of the bienergy is given (cf. [8]) by
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d

dt

∣∣∣∣
t=0

E2(ϕt) = −
∫

M

〈τ2(ϕ), V 〉vg (2.6)

where the bitension field τ2(ϕ) is defined by

τ2(ϕ) = J(τ(ϕ)) = ∆τ(ϕ)−R(τ(ϕ)), (2.7)

and a C∞ map ϕ : (M, g) → (G/K, h) is said to be biharmonic if

τ2(ϕ) = 0. (2.8)

2.2.
Let k be a left invariant Riemannian metric on G corresponding to the

inner product 〈·, ·〉 on g given by 〈·, ·〉 = −B(·, ·) if (G/K, h) is of compact
type, and by 〈U +X, V +Y 〉 = −B(U, V )+B(X, Y ) (U, V ∈ k, X, Y ∈ m) if
(G/K, h) is of non-compact type. Here, B(·, ·) is the Killing form of g. Then,
the projection π of G onto G/K is a Riemannian submersion of (G, k) onto
(G/K, h), and we have also the orthogonal decomposition of the tangent
space Tψ(x)G (x ∈ M) with respect to the inner product kψ(x)(·, ·) (x ∈ M)
in such a way that

Tψ(x)G = Vψ(x) ⊕Hψ(x), (2.9)

where the vertical space at ψ(x) ∈ G is given by

Vψ(x) = Ker(π∗ψ(x)) = {Xψ(x) | X ∈ k}, (2.10)

and the horizontal space at ψ(x) is given by

Hψ(x) = {Yψ(x) | Y ∈ m}, (2.11)

corresponding to the Cartan decomposition g = k⊕m. Then, for every C∞

section W ∈ Γ(ψ−1TG), we have the decomposition corresponding to (2.9),

W (x) = WV (x) + WH(x) (x ∈ M), (2.12)

where WV , WH , (denoted also by VW , HW , respectively) belong to
Γ(ψ−1TG). We denote by Γ(E), the space of all C∞ sections of a vec-
tor bundle E. For Y ∈ m, define Ỹ ∈ Γ(ψ−1TG) by Ỹ (x) := Yψ(x) (x ∈ M).
Let {Xi}n

i=1 be an orthonormal basis of m with respect to the inner product
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〈·, ·〉 of g corresponding to the left invariant Riemannian metric k on G.
Then, WH can be written in terms of X̃i as

WH =
n∑

i=1

fi X̃i

where fi ∈ C∞(M) (i = 1, . . . , n). Because, for every x ∈ M , WH(x) ∈
Hψ(x), so that we have

WH(x) =
n∑

i=1

fi(x)Xi ψ(x) =
n∑

i=1

fi(x)X̃i(x).

We say W ∈ Γ(ψ−1TG) and V ∈ Γ(ϕ−1T (G/K)) are π-related, denoted
by V = π∗W , if it holds that

V (x) = π∗W (x) (x ∈ M),

where π∗ : Tψ(x)G → Tϕ(x)(G/K) = Tπ(ψ(x))(G/K) is the differentiation of
the projection π of G onto G/K at ψ(x) for each x ∈ M .

Let be ∇, ∇k, ∇h, the Levi-Civita connections of (M, g), (G, k),
(G/K, h), and ∇, ∇, the induced connection of ∇k on the induced bun-
dle ψ−1TG by ψ : M → G, and the one of ∇h on the induced bundle
ϕ−1T (G/K) by ϕ : M → G/K, respectively.

Lemma 2.1 Assume that W ∈ Γ(ψ−1TG) and V ∈ Γ(ϕ−1T (G/K)) are
π-related, i.e., V = π∗W .

(1) Then, we have

∇XV = π∗∇k
(ψ∗X)H WH , (2.13)

where (ψ∗X)H is the horizontal component of ψ∗X for every C∞ vector field
X on M .

(2) If we express WH =
∑n

i=1 fi X̃i and (ψ∗X)H =
∑n

j=1 gj X̃j where
fi, gj ∈ C∞(M) (i, j = 1, . . . , n), then, it holds that

(∇k
(ψ∗X)H WH

)
ψ(x)

=
1
2

n∑

i,j=1

fi(x)gj(x)[Xj , Xi]ψ(x) +
n∑

i=1

Xx(fi)X̃i(x)

∈ Vψ(x) ⊕Hψ(x) (x ∈ M), (2.14)
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correspondingly.
(3) For every x ∈ M , we have

∇XV (x) =
n∑

i=1

Xx(〈W,Xi ψ(x)〉)π∗(Xi ψ(x)). (2.15)

Here, it holds that π∗(Xψ(x)) = tψ(x) ∗π∗(X) (X ∈ m), where ta is the
translation of G/K by a ∈ G, i.e., ta(yK) := ayK (y ∈ G).

Proof. (1) Due to Lemmas 1 and 3 in [14, p. 460], we have

∇XV = ∇h
ϕ∗XV

= ∇h
π∗(ψ∗X)π∗W

= π∗
(H∇k

(ψ∗X)H WH
)

= π∗∇k
(ψ∗X)H WH .

(2) Indeed, we have

(∇k
(ψ∗X)H WH

)
ψ(x)

=
n∑

j=1

gj(x)
(∇k

Xj
WH

)
ψ(x)

=
n∑

j=1

gj(x)
( n∑

i=1

∇k
Xj

(fi X̃i)
)

ψ(x)

=
n∑

i,j=1

gj(x)
{
(Xjfi)(x)X̃i(x) + fi(x)(∇k

Xj
Xi)ψ(x)

}

=
∑

i,j=1

gj(x)
{

(Xjfi)(x)X̃i(x) +
1
2
fi(x)[Xj , Xi]ψ(x)

}

=
1
2

n∑

i,j=1

fi(x)gj(x)[Xj , Xi]ψ(x) +
n∑

i=1

Xx(fi)X̃i(x),

since it holds that
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(∇k
Xj

Xi

)
ψ(x)

= Lψ(x)∗
(∇k

Xj
Xi

)
e

= Lψ(x)∗

(
1
2
[Xj , Xi]e

)

=
1
2
[Xj , Xi]ψ(x)

and [m,m] ⊂ k. For (3), notice that WH =
∑n

i=1〈W,Xi ψ(·)〉X̃i. Due to (1),
(2), we have (3). ¤

Lemma 2.2 Under the same assumption of Lemma 2.1, we have,

∇X(∇Y V ) =
n∑

i=1

Xx(Y 〈W,Xi ψ(·)〉)π∗(Xi ψ(x)) ∈ Tϕ(x)(G/K), (2.16)

at each x ∈ M , for every C∞ vector fields X and Y on M .

Proof. Let Z := ∇Y V ∈ Γ(ϕ−1T (G/K)). Then, by Lemma 2.1 (1), we
have

∇X(∇Y V ) = ∇XZ = π∗∇k
(ψ∗X)H ZH (2.17)

where by Lemma 2.1 (3), we have for every y ∈ M ,

ZH(y) =
n∑

i=1

Yy〈W,Xi ψ(·)〉Xi ψ(y),

Z(y) = π∗ZH(y) ∈ Tϕ(y)(G/K) and Z ∈ Γ(ϕ−1T (G/K)). Then, at each
x ∈ M , the right hand side of (2.17) which belong to Tϕ(x)(G/K), coincides
with the following:

n∑

j=1

Xx〈ZH , Xj ψ(·)〉π∗(Xj ψ(x))

=
n∑

j=1

Xx

〈 n∑

i=1

Y•〈W,Xi ψ〉Xi ψ(·), Xj ψ(·)

〉
π∗(Xj ψ(x))

=
n∑

i,j=1

Xx(Y•〈W,Xi ψ〉)δij π∗(Xj ψ(x))
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=
n∑

i=1

Xx(Y•〈W,Xi ψ〉)π∗(Xj ψ(x)).

Thus, we have (2.16). ¤

Proposition 2.3 The rough Laplacian ∆ acting on Γ(ϕ−1T (G/K)) can
be calculated as follows: For V ∈ Γ(ϕ−1T (G/K)) with V = π∗W for W ∈
Γ(ψ−1TG),

(∆V )(x) =
n∑

i=1

∆x〈W,Xi ψ(·)〉π∗(Xi ψ(x)) ∈ Tϕ(x)(G/K), (2.18)

for each x ∈ M . Here, since f : M 3 x 7→ 〈W (x), Xi ψ(x)〉ψ(x) ∈ R is a
(local) C∞ function on M , the Laplacian ∆x = δ d acting on C∞(M) works
well to this f .

Proof. Indeed, if we recall the definition (2.3) of the rough Laplacian ∆,
and due to Lemmas 2.1 and 2.2, we have

∆V = −
m∑

j=1

{∇ej
(∇ej

V )−∇∇ej
ej

V
}
,

= −
n∑

i=1

n∑

j=1

(ej
2 −∇ej

ej)〈W,Xi ψ(·)〉π∗(Xi ψ(x))

=
n∑

i=1

∆x〈W,Xi ψ(·)〉π∗(Xi ψ(x)).

We have Proposition 2.3. ¤

3. Determination of the bitension field

Now, let θ be the Maurer-Cartan form on G, i.e., a g-valued left invariant
1-form on G which is defined by θy(Zy) = Z (y ∈ G, Z ∈ g). For every
C∞ map ϕ of (M, g) into (G/K, h) with a lift ψ : M → G, let us consider a
g-valued 1-form α on M given by α = ψ∗θ and the decomposition

α = αk + αm (3.1)
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corresponding to the decomposition g = k⊕m. Then, it is well known (see
for example, [3]) that

Lemma 3.1 For every C∞ map ϕ : (M, g) → (G/K, h),

tψ(x)−1∗τ(ϕ) = −δ(αm）+
m∑

i=1

[αk(ei), αm(ei)], (x ∈ M), (3.2)

where α = ϕ∗θ, and θ is the Maurer-Cartan form of G, δ(αm) is the co-
differentiation of m-valued 1-form αm on (M, g).

Thus, ϕ : (M, g) → (G/K, h) is harmonic if and only if

−δ(αm) +
m∑

i=1

[αk(ei), αm(ei)] = 0. (3.3)

Furthermore, we obtain

Theorem 3.2 We have

tψ(x)−1∗τ2(ϕ) = ∆g

(
− δ(αm) +

m∑

i=1

[αk(ei), αm(ei)]
)

+
m∑

s=1

[[
− δ(αm) +

m∑

i=1

[αk(ei), αm(ei)], αm(es)
]
, αm(es)

]
,

(3.4)

where ∆g is the (positive) Laplacian of (M, g) acting on C∞ functions on
M , and {ei}m

i=1 is a local orthonormal frame field on (M, g).

Therefore, we obtain immediately the following two corollaries.

Corollary 3.3 Let (G/K, h) be a Riemannian symmetric space, and ϕ :
(M, g) → (G/K, h), a C∞ mapping. Then, we have:

(1) the map ϕ : (M, g) → (G/K, h) is harmonic if and only if

−δ(αm) +
m∑

i=1

[αk(ei), αm(ei)] = 0. (3.5)

(2) The map ϕ : (M, g) → (G/K, h) is biharmonic if and only if
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∆g

(
− δ(αm) +

m∑

i=1

[αk(ei), αm(ei)]
)

+
m∑

s=1

[[
− δ(αm) +

m∑

i=1

[αk(ei), αm(ei)], αm(es)
]
, αm(es)

]
= 0. (3.6)

Corollary 3.4 Let (G/K, h) be a Riemannian symmetric space, and ϕ :
(M, g) → (G/K, h), a C∞ mapping with a horizontal lift ψ : M → G, i.e.,
ϕ = π ◦ ψ and ψx(TxM) ⊂ Hψ(x) which is equivalent to αk ≡ 0.

Then, we have:

(1) the map ϕ : (M, g) → (G/K, h) is harmonic if and only if

δ(αm) = 0, (3.7)

(2) and the map ϕ : (M, g) → (G/K, h) is biharmonic if and only if

δ d δ(αm) +
m∑

s=1

[[δ(αm), αm(es)], αm(es)] = 0. (3.8)

Proof of Theorem 3.2. We need the following lemma:

Lemma 3.5 The tension field τ(ϕ) of a C∞ map ϕ : (M, g) → (G/K, h)
can be expressed as

τ(ϕ) = π∗W = π∗(WH),

where W ∈ Γ(ψ−1TG), and WH is the horizontal component of W in the
decomposition W (x) = WV (x)+WH(x) ∈ Tψ(x)G = Vψ(x)⊕Hψ(x) (x ∈ M).
If we define an m-valued function β on M by

β :=
n∑

i=1

〈W, X̃i〉Xi =
n∑

i=1

〈WH , X̃i〉Xi, (3.9)

then, we have

tψ(x) ∗−1τ(ϕ) = π∗β. (3.10)

If we define an m-valued functions βi (i = 1, . . . , n) on M by
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βi :=
n∑

j=1

〈ψ∗ei, Xj ψ(·)〉Xj ∈ m. (3.11)

Then, it holds that

tψ(x) ∗−1ϕ∗ei = π∗βi and βi = αm(ei), (3.12)

where αm is the m-component of α := ψ∗θ, and the Maurer-Cartan form on
G.

Indeed, (3.10) and the first part of (3.12) follow from the definition of
β and the fact that

α(ei) = (ψ∗θ)(ei)

= θ(ψ∗ei)

= θ

( n∑

j=1

〈ψ∗ei, Xj ψ(x)〉Xj ψ(x) +
∑̀

j=n+1

〈ψ∗ei, Xj ψ(x)〉Xj ψ(x)

)

=
n∑

j=1

〈ψ∗ei, Xj ψ(x)〉Xj +
∑̀

j=n+1

〈ψ∗ei, Xj ψ(x)〉Xj

∈ m⊕ k,

since α = ψ∗θ. Thus, we have βi = αm(ei). ¤

(Continued the proof of Theorem 3.2 ). We have

tψ(x) ∗−1ϕ∗ei =
n∑

j=1

〈ψ∗ei, Xj ψ(x)〉π∗(Xj) ∈ To(G/K), (3.13)

where o = {K} ∈ G/K is the origin of G/K. Because,

tψ(x) ∗−1ϕ∗ei = tψ(x) ∗−1π∗ ψ∗ei = π∗ Lψ(x)∗−1 ψ∗ei = π∗(Lψ(x)∗−1ψ∗ ei)m

which coincides with

n∑

j=1

〈Lψ(x) ∗−1 ψ∗ei, Xj〉π∗(Xj) =
n∑

j=1

〈ψ∗ei, Xj ψ(x)〉π∗(Xj),
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which imply (3.13).
Thus, we have

ϕ∗ei = π∗Wi (i = 1, . . . , m), (3.14)

where Wi ∈ Γ(ψ−1TG) and m-valued functions W̃i on M (i = 1, . . . , m) are
given by

Wi(x) :=
n∑

j=1

〈ψ∗ei, Xj ψ(x)〉Xj ψ(x), (3.15)

W̃i(x) :=
n∑

j=1

〈ψ∗ei, Xj ψ(x)〉Xj ∈ m, (3.16)

for each x ∈ M .
On the other hand, we have

τ(ϕ) = π∗W, (3.17)

where W ∈ Γ(ψ−1TG) and an m-valued function W̃ on M are given by

W (x) := tψ(x) ∗

(
− δ(αm) +

m∑

i=1

[αk(ei), αm(ei)]
)

, (3.18)

W̃ := −δ(αm) +
m∑

i=1

[αk(ei), αm(ei)] (3.19)

for each x ∈ M . And we also have

tψ(x) ∗−1 ∆τ(ϕ)(x) = ∆
(
− δ(αm) +

m∑

i=1

[αk(ei), αm(ei)]
)

(x) (x ∈ M),

(3.20)

where ∆ = δ d is the positive Laplacian acting on the space of all C∞ m-
valued functions on M .

We want to calculate R(τ(ϕ)) =
∑m

i=1 Rh(τ(ϕ), ϕ∗ei)ϕ∗ei. Indeed, we
have
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tψ(x) ∗−1R(τ(ϕ)) = −
m∑

i=1

[
[W̃ , W̃i], W̃i

]

= −
m∑

s=1

[[
− δ(αm) +

m∑

i=1

[αk(ei), αm(ei)], αm(es)
]
, αm(es)

]
.

(3.21)

Here, we used the formula of the curvature Rh of the Riemannian symmetric
space (G/K, h) ([9, p. 202, p. 231, Theorem 3.2]):

(Rh(X, Y )Z)o = −[[X, Y ], Z]o (X, Y, Z ∈ m).

Thus, we obtain Theorem 3.2. ¤

Let us recall the integrability condition for a C∞ mapping ϕ : (M, g) →
(G/K, h). The Maurer-Cartan form θ on G satisfies

dθ +
1
2
[θ ∧ θ] = 0, (3.22)

so that the pull back α = ψ∗θ of θ by the lift ψ : M → G of ϕ : M → G/K

also satisfies that

dα +
1
2
[α ∧ α] = 0, (3.23)

which is equivalent to





dαk +
1
2
[αk ∧ αk] +

1
2
[αm ∧ αm] = 0,

dαm + [αk ∧ αm] = 0.

(3.24)

Summarizing the above, we have

Theorem 3.6 Let (M, g) be an m-dimensional compact Riemannian man-
ifold, (G/K, h), an n-dimensional Riemannian symmetric space, π : G →
G/K, the projection, and ϕ : (M, g) → (G/K, h), a C∞ mapping with a
local lift ψ : M → G, ϕ = π ◦ψ. Let α = ψ∗θ be the pull back of the Maurer-
Cartan form θ, and α = αk + αm, the decomposition of α corresponding to
the Cartan decomposition g = k⊕m.
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(I) The mapping ϕ : (M, g) → (G/K, h) is harmonic if and only if

−δ(αm) +
m∑

i=1

[αk(ei), αm(ei)] = 0, (3.25)

where δ is the co-differentiation, and {ei}m
i=1 is a local orthonormal frame

field on (M, g).
Furthermore, ϕ : (M, g) → (G/K, h) is biharmonic if and only if

∆
(
− δ(αm) +

m∑

i=1

[αk(ei), αm(ei)]
)

+
m∑

s=1

[[
− δ(αm) +

m∑

i=1

[αk(ei), αm(ei)], αm(es)
]
, αm(es)

]
= 0, (3.26)

where ∆ = δd is the (positive) Laplacian of (M, g) acting on the space of
g-valued C∞ functions on (M, g).

(II) Conversely, let α = αk + αm be a g-valued 1-form on (M, g). If
α satisfies (3.23) or (3.24), and satisfies (3.25) (resp. (3.26)), then, there
exists a C∞-mapping ϕ of M into G with a local lift ψ : M → G, ϕ = π ◦ψ

and the initial value ϕ(p) = a ∈ G at some p ∈ M such that α = ψ∗θ and ϕ

is a harmonic (resp. biharmonic) map of (M, g) into (G/K, h).

4. Biharmonic curves into Riemannian symmetric spaces

4.1.
Let ϕ : (R, g0) → (G/K, h) be a C∞ curve, and ψ : R → G, a lift of

ϕ, (ϕ = π ◦ ψ). Then, α = ψ∗θ = ψ−1dψ = F (t)dt is a g-valued 1-form
on R and F is a g-valued function on R satisfying ψ(t)−1(dψ/dt) = F (t).
Conversely, for a g-valued C∞ function F (t) on R, there exists a unique
C∞-curve ψ : R→ G which satisfies





ψ(t)−1 dψ

dt
= F (t),

ψ(0) = x ∈ G.

(4.1)

To give an explicit solution ψ of (4.1) is very difficult, in general, since
G is not abelian. However, corresponding to the decomposition g = k ⊕ m,
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we decompose F (t) = Fk(t) + Fm(t), αk = Fk(t)dt, and αm = Fm(t)dt, so we
have

δα = −(∇e1)(α(e1)) = −∇h
e1

(α(e1)) = −e1(F (t)) = −F ′(t),

and

δαm = −Fm
′(t).

Thus the harmonic map equation (3.25) is

Fm
′(t) + [Fk(t), Fm(t)] = 0, (4.2)

and the biharmonic map equation (3.26) is

− d2

dt2
(
Fm

′(t) + [Fk(t), Fm(t)]
)

+
[
[Fm

′(t) + [Fk(t), Fm(t)], Fm], Fm

]
= 0. (4.3)

In these cases, the integrability condition (3.23) always holds, so that the
existence of ψ of (4.1) is always true.

Let us recall that a lift ψ(t) is horizontal if ψ∗(TxM) ⊂ L∗ψ(x)(m) if
and only if Fk ≡ 0. In this case, (4.2) is equivalent to

Fm
′(t) = 0, (4.4)

which implies that Fm(t) = X ∈ m (constant). So that F (t) = X ∈ m.
Then, we have

ψ(t) = x exp(tX), ϕ(t) = x exp(tX)K ∈ G/K. (4.5)

Furthermore, (4.3) is equivalent to

−Fm
′′′(t) +

[
[Fm

′(t), Fm(t)], Fm(t)
]

= 0. (4.6)

Example 4.1 Assume that (G/K, h) is of the Euclidean type. In this case,
m is an abelian ideal and k acts on m by [T,X] = T · X (T ∈ k, X ∈ m)
regarding k as a subalgebra of gl(m). Then, we have

(1) ϕ : (R, g0) → (G/K, h) is harmonic if and only if
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Fm
′(t) + Fk(t) · Fm(t) = 0. (4.7)

(2) ϕ : (R, g0) → (G/K, h) is biharmonic if and only if

d2

dt2
(
Fm

′(t) + Fk(t) · Fm(t)
)

= 0 (4.8)

which is equivalent to

Fm
′(t) + Fk(t) · Fm(t) = At + B (4.9)

for some A and B in m. Thus, if ψ : (R, g0) → G is horizontal, i.e.,
Fk ≡ 0, then, Fm(t) = C (a constant vector in m) for the case (1), and
Fm(t) = At2 + Bt + C for the case (2). If [A,B] = [B,C] = [C, A] = 0,
then ψ(t) = exp(t2 A + tB + C) and ϕ(t) = ψ(t) · {K} is a biharmonic
curve in a Riemannian symmetric space (G/K, h) of the Euclidean type.

4.2. Biharmonic curves into rank one symmetric spaces
In this subsection, we study biharmonic curves in a compact symmetric

spaces (G/K, h).

(1) Case of the unit sphere (Sn, h).
Let G = SO(n + 1) act on Rn+1 linearly, and K = SO(n) be the

isotropy subgroup of G at the origin o = t(1, 0, . . . , 0). Their Lie algebras
g = so(n + 1), k = so(n) and the Cartan decomposition g = k⊕m are given
by

g = so(n + 1) = {X ∈ gl(n + 1) : X + tX = O},

k = so(n) =








0 0 · · · 0
0
... X1

0


 : X1 ∈ gl(n), X1 + tX1 = O





,

m =
{(

0 −tu

u O

)
: u = t(u1, . . . , un) ∈ Rn

}
.

For a m-valued C∞ function Fm(t) given by
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Fm(t) =




0 −u1(t) · · · −un(t)
u1(t)

... O

un(t)


 , (4.10)

and Fk ≡ 0, the biharmonic map equation (4.7) is equivalent to

−ui
′′′ +

n∑

j=1

(ui uj
′ − ui

′ uj)uj = 0 (i = 1, . . . , n) (4.11)

which is also equivalent to

−u′′′ + 〈u′, u〉u− 〈u, u〉u′ = 0, (4.12)

where the inner product 〈 , 〉 on Rn is given by 〈u, v〉 =
∑n

i=1 uivi for u, v ∈
Rn.

Case of n = 2. Our problem is to find a C∞ plane curve which satisfies
(4.12). To do it, we assume that u(t) is reparametrized in such a way that
u(s) is a tangent curve of a plane curve p(s): u(s) = p′(s) = e1(s). For
the other cases, we have no idea to solve (4.12). Recall the Frenet-Serret
formula for a plane curve p(s):





p′(s) = e1(s),

e′1(s) = κ(s) e2(s),

e′2(s) = −κ(s) e1(s).
(4.13)

Now we have

u = e1, (4.14)

u′ = e′1 = κ e2, (4.15)

u′′ = κ′ e2 + κ e′2 = −κ2 e1 + κ′ e2, (4.16)

u′′′ = −3κκ′ e1 + (κ′′ − κ3)e2. (4.17)

Since 〈u′, u〉 = 0 and 〈u, u〉 = 1, (4.12) is equivalent to
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−3κκ′ = 0, (4.18)

κ′′ − κ3 = −κ, (4.19)

By (4.18), κ = c (a constant), and by (4.19), c = 0, 1,−1. Thus, we have

( i ) In the case of c = 0,

p(s) = sa + b, u(s) = a, (a, b ∈ R2), (4.20)

( ii ) in the case of c = 1,

p(s) = (cos s, sin s), u(s) = (− sin s, cos s), (4.21)

(iii) in the case of c = −1,

p(s) = (cos s,− sin s), u(s) = (− sin s,− cos s). (4.22)

Now it is easy to find ψ : R → G and ϕ(t) = ψ(t){K} ∈ G/K satisfying
ψ(t)−1(dψ/dt) = F (t) = Fm(t) for such u(t) in (4.12).

Case (i): If a = t(a, b) ∈ R2, we have due to (4.1),

ϕ(t) = ψ(t){K} = x




cos(t
√

a2 + b2)
a√

a2+b2
sin(t

√
a2 + b2)

b√
a2+b2

sin(t
√

a2 + b2)


 , (4.23)

which is a great circle of the standard 2-sphere (S2, h).
Cases (ii) and (iii): In these cases, if we assume Fk ≡ 0, we have

Fm(t) =




0 sin t − cos t

− sin t 0 0
cos t 0 0


 , (4.24)

for Case (ii), and

Fm(t) =




0 sin t cos t

− sin t 0 0
− cos t 0 0


 , (4.25)
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for Case (iii). In these cases, because of [Fm(t), Fm
′(t)] 6= 0, it is difficult for

us to give explicitly a unique solution of the initial value problem of

ψ(t)−1 dψ(t)
dt

= F (t) and ψ(0) = a ∈ SO(3). (4.26)

Case of n = 3. In this case, we have to solve for a C∞ curve u : R →
R3, the equation (4.12) which is equivalent to

−u′′′ + u× (u× u′) = 0. (4.27)

To do it, we assume that u(t) is parametrized in such a way that u(s) is a
tangent curve of a C∞ curve in R3, p(s) : u(s) = p′(s) = e1(s). Recall the
Frene-Serret formula for a curve p(s):





p = e1

e1
′ = κe2

e2
′ = −κe1 + τe3

e3
′ = −τe2

(4.28)

where κ and τ are the curvature and torsion of p(s), respectively. By making
use of (4.28), we have





u′ = κe2

u′′ = −κ2e1 + κ′e2 + κτe3

u′′′ = −3κκ′e1 + (κ′′ − κ3 − κτ2)e2 + (2κ′τ + κτ ′)e3.

(4.29)

Thus, (4.29) is equivalent to





−3κκ′ = 0

κ′′ − κ3 − κτ2 = −κ

2κ′τ + κτ ′ = 0.

(4.30)

By the first equation of (4.30), κ = κ0 (a constant). In the case κ0 = 0,
u(t) = a ∈ R3 (a constant vector). In the case κ0 6= 0, by the third
equation of (4.30), τ = τ0 (a constant). By the second equation of (4.30),
κ0

2 + τ0
2 = 1. Then, p(s) = t(a cos t, a sin t, bt), with s =

√
a2 + b2 t. Here,

κ0 = a/(a2 + b2), and τ0 = b/(a2 + b2), and 1 = κ0
2 + τ0

2 = 1/(a2 + b2), i.e.,
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a2 + b2 = 1. Therefore, we have

{
p(t) = t(a cos t, a sin t, bt),

u(t) = p′(t) = t(−a sin t, a cos t, b),
(4.31)

where a and b are constants with a2 + b2 = 1. Thus, Fm(t) with Fk ≡ 0, is
given by

Fm(t) =




0 a sin t −a cos t −b

−a sin t

a cos t O

b


 . (4.32)

Case of n ≥ 2. In this case, the other-type solutions exist:

Let u = (u1, . . . , un) = (0, . . . , 0,

i th︷︸︸︷
v , 0, . . . , 0) (i = 1, . . . , n). Then, for

such u, the equation (4.12) is reduced to v′′′ = 0. Thus, we have v(t) =
Dt := at2 + bt + c for some constants a, b and c. Thus, Fm(t) is given by

Fm(t) = Dt




0 0 . . . −1 . . . 0
0
...
1 O
...
0




. (4.33)

Thus,

ψ(t) = x exp
( ∫ t

0

F (s)ds

)
= x




cos dt 0 . . . − sin dt . . . 0
0 0 . . . 0 . . . 0
...

...
...

...
sin dt 0 . . . cos dt . . . 0

...
...

...
...

0 0 . . . 0 . . . 0




,

where dt := (a/3)t3 + (b/2)t2 + ct. So, we have a biharmonic curve into
(Sn, h):
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ϕ(t) = ψ(t){K} = x t(cos dt, 0, . . . , 0, sin dt, 0, . . . , 0), (4.34)

for x ∈ SO(n + 1), where dt := (a/3)t3 + (b/2)t2 + ct. Furthermore, ϕ(t) is
harmonic if and only if a = b = 0.

(2) Case of the complex projective space (CPn, h).
Let G = SU(n + 1) act on the projective space linearly on CPn = {[z] :

z ∈ Cn+1\{0}}, and K, the isotropy subgroup of G at o = t[1, 0, . . . , 0]. The
Cartan decomposition g = k⊕m is given by

g = {X ∈ gl(n + 1,C) : X + tX = O, trX = 0},

k =
{(√−1 a 0

0 X

)
: a ∈ R, X ∈ gl(n,C), tX + X = O,

√−1a + trX = 0
}

,

m =
{(

0 −tz
z O

)
: z ∈ Cn

}
.

For a C∞ m-valued function Fm(t) given by

Fm(t) =




0 − z1(t) · · · − zn(t)
z1(t)

... O

zn(t)


 , (4.35)

where zi(t) = ui(t) +
√−1vi(t)ui(t) and vi(t) are real valued C∞ functions

(i = 1, . . . , n), and Fk ≡ 0, the biharmonic map equation (4.6) is equivalent
to

−zi
′′′ +

n∑

j=1

{
(zi zj

′ − zi
′ zj) zj − zi(zjzj

′ − zj
′ zj)

}
= 0 (4.36)

for all i = 1, . . . , n. Notice here that this (4.36) can be written as

−z′′′ + 2〈z, z′〉z − 〈z′, z〉z − 〈z, z〉z′ = 0, (4.37)

where 〈z, w〉 =
∑n

i=1 ziwi for two Cn-valued functions z and w in t. If we
write z = u +

√−1v, where u and v are Rn-valued functions, then (4.37) is
equivalent to
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{
−u′′′ + 4n (−v2 u′ + u v v′) = 0

−v′′′ + 4n (u v u′ − u2 v′) = 0.
(4.38)

One can find the following solutions of (4.38):

( i ) u = Dt = a t2 + b t + c and v ≡ 0,
( ii ) u ≡ 0 and v = Dt = a t2 + b t + c, or
(iii) u = v = Dt = a t2 + b t + c,

where a, b and c are constant vectors in Rn. Corresponding to these, we can
find Fm(t) of (4.35) as follows:

Fm(t) = Dt




0 − z1(t) · · · − zn(t)
z1(t)

... O
zn(t)


 , (4.39)

where z1(t), . . . , zn(t) are

Case (i): z1(t) = · · · = zn(t) = 1,
Case (ii): z1(t) = · · · = zn(t) =

√−1,
Case (iii): z1(t) = · · · = zn(t) = 1 +

√−1,

correspondingly. In each cases, we can find ψ(t) by the same way as the
case of (Sn, h), and a biharmonic curve in (CPn, h):

Case (i): ϕ(t) = x t
[
cos(

√
ndt), 1√

n
sin(

√
ndt), . . . , 1√

n
sin(

√
ndt)

]
,

Case (ii): ϕ(t) = x t
[
cos(

√
ndt),

√−1√
n

sin(
√

ndt), . . . ,
√−1√

n
sin(

√
ndt)

]
,

Case (iii): ϕ(t) = x t
[
cos(

√
2ndt), 1+

√−1√
2n

sin(
√

2ndt), . . . ,
1+
√−1√
2n

sin(
√

2ndt)
]
,

where dt := (a/3)t3 + (b/2)t2 + c t, a, b and c are constant real numbers,
and x ∈ SU(n + 1). Each ϕ : (R, g0) → (CPn, h) is harmonic if and only if
a = b = 0.

(3) Case of the quaternion projective space (HPn, h).
Let G = Sp(n + 1) = {x ∈ U(2n + 2) | txJn+1x = Jn+1}, where

Jn+1 =
( O In+1
−In+1 O

)
, and In+1 is the identity matrix of order n + 1. G acts
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on the quaternion projective space linearly on HPn = {[z] : z ∈ Hn+1\{0}},
and K = Sp(1)×Sp(n) is the isotropy subgroup K of G at o = t[1, 0, . . . , 0].
The Cartan decomposition g = k⊕m is given by

g = sp(n + 1) =
{(

A B
−B A

) ∣∣∣∣ A,B ∈ Mn+1(C), tA + A = O, tB = B

}
,

k = sp(1)× sp(n) =








x 0 y 0
0 X 0 Y

−y 0 x 0
0 −Y 0 X




∣∣∣∣∣∣∣∣
x ∈ √−1R, y ∈ C,

X, Y ∈ Mn(C), tX + X = 0, tY = Y

}
,

m =








0 Z 0 W

−tZ O tW O

0 −W 0 Z

−tW O −tZ O




∣∣∣∣∣∣∣∣∣
Z, W ∈ M(1, n,C)





.

For a C∞ m-valued function Fm(t) given by

Fm(t) =




0 Z 0 W

−tZ O tW O

0 −W 0 Z

−tW O −tZ O


 , (4.40)

where Z = Z(t) = (z1(t), . . . , zn(t)), W = W (t) = (w1(t), . . . , wn(t)), and
for Fm in (4.40) with Fk ≡ 0, the biharmonic map equation (4.6) is equivalent
to





−Z ′′′ − (|Z|2 + |W |2)Z
+ (2〈Z, Z ′〉+ 2〈W,W ′〉 − 〈Z ′, Z〉 − 〈W ′,W 〉)Z
+ (〈Z ′,W 〉 − 〈W ′, Z〉)W = 0,

−W ′′′ − (|Z|2 + |W |2)W
+ (2〈Z, Z ′〉+ 2〈W,W ′〉 − 〈Z ′, Z〉 − 〈W ′,W 〉)W
+ 3(〈Z ′,W 〉 − 〈W ′, Z〉)Z = 0,

(4.41)



128 H. Urakawa

where Z ′ = (z1
′(t), . . . , zn

′(t)) and 〈Z, W 〉 :=
∑n

i=1 zi(t) wi(t).
We find the following solutions of (4.41):

Case (i): z1(t) = · · · = zn(t) = Dt and w1(t) = · · · = wn(t) = 0.
Case (ii): z1(t) = · · · = zn(t) =

√−1Dt and w1(t) = · · · = wn(t) = 0.
Case (iii): z1(t) = · · · = zn(t) = 0 and w1(t) = · · · = wn(t) = Dt.
Case (iv): z1(t) = · · · = zn(t) = 0 and w1(t) = · · · = wn(t) =

√−1Dt.

The corresponding biharmonic curves into the quaternion projective
spaces HPn are given as follows:

Case (i): ϕ(t) = x

[
cos(

√
ndt),− 1√

n
sin(

√
ndt), . . . ,− 1√

n
sin(

√
ndt)

]
.

Case (ii): ϕ(t) = x

[
cos(

√
ndt), i

1√
n

sin(
√

ndt), . . . , i
1√
n

sin(
√

ndt)
]
.

Case (iii): ϕ(t) = x

[
cos(

√
ndt),−j

1√
n

sin(
√

ndt), . . . ,−j
1√
n

sin(
√

ndt)
]
.

Case (iv): ϕ(t) = x

[
cos(

√
ndt), k

1√
n

sin(
√

ndt), . . . , k
1√
n

sin(
√

ndt)
]
.

Here, x ∈ Sp(n + 1), i, j and k are the quaternions satisfying i2 = j2 =
k2 = −1 and ij = k, and dt = (a/3)t3 + (b/2)t2 + ct, a, b and c are constant
real numbers. In each case, ϕ is harmonic if and only if a = b = 0.

5. Biharmonic maps from plane domains

5.1. Setting and deriving the equations
In this section, we will treat biharmonic maps of (M, g) into a Riennian

symmetric space (G/K, h), with dimM = 2. We assume that (M, g) =
(Ω, g) is an open domain in the 2-dimensional Euclidean space R2 with
g = µ2 g0, where µ is a positive C∞ function on Ω, g0 = (dx)2 +(dy)2 is the
standard Euclidean metric and (x, y) is the standard coordinate on R2.

Let ϕ be a C∞ map from Ω into a symmetric space N = G/K with
a local lift ψ : Ω → G satisfying ϕ = π ◦ ψ, where π : G → G/K is the
standard projection. The pull back of the Maurer-Cartan form θ on G by
ψ is given by
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α = ψ−1dψ = ψ−1 ∂ψ

∂x
dx + ψ−1 ∂ψ

∂y
dy

= Ax dx + Ay dy,

where we decompose two g-valued functions Ax := ψ−1(∂ψ/∂x) and Ay :=
ψ−1(∂ψ/∂y) on Ω according to the Cartan decomposition g = k ⊕ m as
follows:

Ax = Ax,k + Ax,m, Ay = Ay,k + Ay,m,

which yield the decomposition of α: α = αk + αm, where

αk = Ax,k dx + Ay,k dy, αm = Ax,m dx + Ay,m dy.

Then, we have by a direct computation,

δ(αm) = −µ−2

{
∂Ax,m

∂x
+

∂Ay,m

∂y

}
. (5.1)

Indeed, if we take, as an orthonormal frame field with respect to g, e1 =
(1/µ)(∂/∂x) and e2 = (1/µ)(∂/∂y). Then, we have

αm(∇e1e1) = −µ−3 ∂µ

∂y
Ay, m, αm(∇e2e2) = −µ−3 ∂µ

∂x
Ax, m,

and

δ(αm) = −
2∑

i=1

{∇ei
(αm(ei))− αm(∇ei

ei

}
,

we have (5.1). ¤

Next, we have to calculate the harmonic map equation (3.25), and the
biharmonic map equation (3.26) in this case.

First, for the left hand side of (3.25), we have

− δ(αm) +
m∑

i=1

[αk(ei), αm(ei)]
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= µ−2

{
∂Ax,m

∂x
+

∂Ay,m

∂y

}
+ [µ−1 Ax,k, µ

−1 Ax,m] + [µ−1 Ay,k, µ
−1 Ay,m]

= µ−2

{
∂Ax,m

∂x
+

∂Ay,m

∂y
+ [Ax,k, Ax,m] + [Ay,k, Ay,m]

}
. (5.2)

For the left hand side of (3.26), since ∆g = −µ−2{∂2/∂x2 + ∂2/∂y2}, we
have

∆g

(
− δ(αm) +

m∑

i=1

[αk(ei), αm(ei)]
)

+
m∑

s=1

[[
− δ(αm) +

m∑

i=1

[αk(ei), αm(ei)], αm(es)
]
, αm(es)

]

= −µ−2

{
∂2

∂x2
+

∂2

∂y2

}(
µ−2

{
∂Ax,m

∂x
+

∂Ay,m

∂y
+[Ax,k, Ax,m]+[Ay,k, Ay,m]

})

+ µ−4

[[
∂Ax,m

∂x
+

∂Ay,m

∂y
+ [Ax,k, Ax,m] + [Ay,k, Ay,m], Ax,m

]
, Ax,m

]

+ µ−4

[[
∂Ax,m

∂x
+

∂Ay,m

∂y
+ [Ax,k, Ax,m] + [Ay,k, Ay,m], Ay,m

]
, Ay,m

]
.

(5.3)

Therefore, we have that ϕ : (Ω, g) → (G/K, h) is biharmonic if and only if
the right hand side of (5.3) vanishes.

Second, we have to examine the integrability condition (3.23) or (3.24).
We have

dαk +
1
2
[αk ∧ αk] +

1
2
[αm ∧ αm]

=
{
− ∂Ax,k

∂y
+

∂Ay,k

∂x
+ [Ax,k, Ay,k] + [Ax,m, Ay,m]

}
dx ∧ dy

= 0,

so that we have

−∂Ax,k

∂y
+

∂Ay,k

∂x
+ [Ax,k, Ay,k] + [Ax,m, Ay,m] = 0. (5.4)
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For the second equation of (3.24), dαm + [αk ∧ αm] = 0, we have

−∂Ax,m

∂y
+

∂Ay,m

∂x
+ [Ax,k, Ay,m] + [Ax,m, Ay,k] = 0. (5.5)

Summing up the above, we obtain

Theorem 5.1 Let Ω ⊂ R2 an open domian, g = µ2g0, µ > 0, a positive
C∞ function on Ω, and g0 = (dx)2+(dy)2 is standard Riemannian metric on
R2. on which (x, y) is the standard coordinate. Let (G/K, h) a Riemannian
symmetric space, with π : G → G/K, the projection. For every C∞ map
from Ω into G/K with a local lift ψ : Ω → G such that ϕ = π ◦ ψ, let α =
ψ∗θ, the pull back of the Maurer-Cartan form θ on G by ψ and decompose it
in such a way that α = αk + αm corresponding to the Cartan decomposition
g = k⊕m. Then,

(1) ϕ : (Ω, g) → (G/K, h) is harmonic if and only if

∂Ax,m

∂x
+

∂Ay,m

∂y
+ [Ax,k, Ax,m] + [Ay,k, Ay,m] = 0. (5.6)

(2) ϕ : (Ω, g) → (G/K, h) is biharmonic if and only if (5.3) vanishes.
(3) For the integrability condition, (5.4) and (5.5) must hold.
(4) In particular, for a horizontal lift ψ, i.e., αk ≡ 0, we have

−
{

∂2

∂x2
+

∂2

∂y2

}(
µ−2

{
∂P

∂x
+

∂Q

∂y

})
+

[[
µ−2

{
∂P

∂x
+

∂Q

∂y

}
, P

]
, P

]

+
[[

µ−2

{
∂P

∂x
+

∂Q

∂y

}
, Q

]
, Q

]
= 0, (5.7)

[P, Q] = 0, (5.8)

− ∂P

∂y
+

∂Q

∂x
= 0, (5.9)

where we put P := αx,m and Q := αy,m. In the case µ = 1, the following
three equations must hold for the biharmonic map ϕ :

− Pxxx − Pxyy −Qxxy −Qyyy

+ [[Px + Qy, P ], P ] + [[Px + Qy, Q], Q] = 0, (5.10)
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[P, Q] = 0, (5.11)

Py −Qx = 0, (5.12)

where we denote Px = ∂P/∂x, etc.

5.2. Solving the biharmonic map equations
In this subsection, we want to give the solutions of the equations (5.10),

(5.11) and (5.12).
To do it, let us consider the special case that Py ≡ 0 and Qx ≡ 0, i.e.,

P (x, y) = P (x) and Q(x, y) = Q(y). Then, (5.12) holds clearly. The left
hand side of (5.10) coincides with

{−Pxxx + [[Px, P ], P ]}+ {−Qyyy + [[Qy, Q], Q]}
+ [[Qy, P ], P ] + [[Px, Q], Q] = 0. (5.13)

Here, we have that [[Qy, P ], P ] = 0 and [[Px, Q], Q] = 0. Because, we have
due to Qx = 0

∂

∂x
[[P, Q], Q] = [[Px, Q], Q]. (5.14)

But, due to (5.11) the left hand side of (5.14) must vanish. By the same
way, we have [[Qy, P ], P ] = 0.

Thus, (5.13) turns out that

−{−Pxxx + [[Px, P ], P ]} = −Qyyy + [[Qy, Q], Q] (5.15)

But, notice that the left hand side of (5.15) is an m-valued function only in
x and the right hand side of (5.15) is the one only in y, so we have

{ −Pxxx + [[Px, P ], P ] = c,

−Qyyy + [[Qy, Q], Q] = −c,
(5.16)

where c ∈ m is a constant vector.
Notice here that both two equations of (5.16) are the same as (4.6) in

the case c = 0. So, we can obtain the following two theorems by carrying
out the similar calculations as in 4.2.

Thus, we have
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Theorem 5.2 Let (G/K, h) be a Riemannian symmetric space whose rank
is bigger than or equal to two, g = k ⊕ m, the Cartan decomposition, a,
a maximal abelian subalgebra of g contained in m. Let X, Y ∈ a be two
elements in a which are linearly independent.

(1) Let us take two m-valued functions P (x, y) = (a1 x2+b1 x+c1)X and
Q(x, y) = (a2 y2 + b2 y + c2)Y , where ai, bi and ci (i = 1, 2) are constant
real numbers. Then, P and Q are solutions of (5.10), (5.11) and (5.12).
For such P and Q, there exists a unique C∞ map ψ from Ω into G such
that ϕ = π ◦ ψ is a biharmonic mapping form (Ω, g0) into (G/K, h) with
ϕ(0, 0) = x0 ∈ G for a fixed point x0 ∈ G/K. ϕ : (Ω, g) → (G/K, h) is
harmonic if and only if ai = bi = 0 (i = 1, 2).

(2) Assume that G is a matrix Lie group, i.e., a subgroup of GL(N,C).
Then, the above C∞ maps ψ : Ω → G and ϕ = π ◦ ψ are given by

{
ψ(x, y) = x0 exp(dx X + dy Y ) ∈ G,

ϕ(x, y) = x0 exp(dx X + dy Y ) · o ∈ G/K,
(5.17)

where o = {K} ∈ G/K, dx = (a1/3)x3+(b1/2)x2+c1 x and dy = (a2/3)y3+
(b2/2)y2 + c2 y, respectively.

Proof. We only have to verify the statement (2). By the assumption that
{X, Y } is abelian, we have for the ψ(x, y) of the form (5.17), as a matrix of
degree N ,

∂ψ

∂x
= x0 exp(dx X + dy Y ) · ∂

∂x
(dx X + dy Y )

= ψ · (a1 x2 + b1 x + c1)X

= ψ P,

so we have ψ−1(∂ψ/∂x) = P . By the same way, ψ−1(∂ψ/∂y) = Q, so we
have ψ−1dψ = P dx+Qdy = α. The mapping ψ is the desired C∞ mapping
of Ω into G, and due to Theorem 3.6, we obtain a biharmonic mapping of
(Ω, g0) into (G/K, h). ¤

Remark When ai = bi = 0 (i = 1, 2), the mapping ϕ : R2 → (G/K, h)
is a well known totally geodesic immersion into a Riemannian symmetric
space (G/K, h).
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By a calculation similar to that in the subsection 4.2, we obtain

Theorem 5.3 For the cases of the standard unit sphere (Sn, h), the com-
plex projective space (CPn, h), the quaternion one (HPn, h), we obtain the
following biharmonic mappings of (R2, g0) into them, respectively.

(1) Case of (Sn, h) :

ϕ1(t) = x0
t

(
cos(

√
n(dx + dy)),

1√
n

sin(
√

n(dx + dy)), . . . ,
1√
n

sin(
√

n(dx + dy))
)

, (5.18)

is a biharmonic mapping of (R2, g0) into (Sn, h), where x0 ∈ G = SO(n+1).
(2) Case of (CPn, h) :

ϕ2(t) = x0
t

(
cos(

√
n(dx + dy)),

√−1√
n

sin(
√

n(dx + dy)), . . . ,
√−1√

n
sin(

√
n(dx + dy))

)
, (5.19)

is a biharmonic mapping of (R2, g0) into (CPn, h), where x0 ∈ G = SU(n+
1).

(3) Case of (HPn, h) :

ϕ3(t) = x0
t

(
cos(

√
n(dx + dy)),

k√
n

sin(
√

n(dx + dy)), . . . ,
k√
n

sin(
√

n(dx + dy))
)

, (5.20)

is a biharmonic mapping of (R2, g0) into (HPn, h), where x0 ∈ G = Sp(n +
1), and i, j and k are the quaternions satisfying i2 = j2 = k2 = −1 and
ij = k.

Here, in all the cases, dt = (a/3)t3 + (b/2)t2 + ct for t = x or t = y.
Furthermore, ϕi (i = 1, 2, 3) are harmonic maps of (R2, g0) into (Sn, h),

(CPn, h) or (HPn, h) if and only if a = b = 0, respectively.
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