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Quasi-invariance of measures of analytic type

on locally compact abelian groups
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Abstract. Asmar, Montgomery-Smith and Saeki gave a generalization of a theorem
of Bochner for a locally compact abelian group with certain direction. We show that a
strong version of their result holds for a o-compact, connected locally compact abelian
group with certain direction. We also give several conditions for quasi-invariance of
analytic measures and another proof of a theorem of deLeeuw and Glicksberg.
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1. Introduction

Let G be a LCA group (locally compact abelian group) with the dual
group G. mg stands for the Haar measure of G. Let L'(G) and M(G) be
the group algebra and the measure algebra, respectively For p in M(G),
i denotes the Fourier-Stieltjes transform of p, i.e., fi(7y fG —x,7v)dp(x)
for v € G.

Let 1 be a nontrivial continuous homomorphism from G into R (the
reals), and let ¢ : R — G be the dual homomorphism of 1. We say that p €
M (G) is of analytic type if /i vanishes off 1) ~1(]0, 00)). Asmar, Montgomery-
Smith and Saeki [2] obtained the following theorem.

Theorem A (]2, Theorem 4.5]) Let p € M(G), and suppose that, for
every s € R, ¥~ 1((—o0, s]) Nsupp(j1) is compact. Then u < mg-.

As for the above theorem, we consider the following;:

(1.1) Are p # 0 and mg mutually absolutely continuous under the condition
in Theorem A?

As will be showed in the following example, (1.1) is not true, in general.
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Example 1.1 Let G = T & F, where T is the circle group and F' is
a nontrivial finite abelian group. Let ¢ : G = Z & F — Z (C R) be
the projection. Then v is a nontrivial continuous homomorphism. Put
po=mr X 6. Since fi = Xyo1x 1 ~1((—o0, s]) Nsupp(f1) is compact for
every s € R. However, u and mg are not mutually absolutely continuous.

On the other hand, the following holds.

Example 1.2 (cf. [19, Example 2.1]) Let f and g be functions on Z*
(the set of nonnegative integers) such that g(n) < f(n) for all n € Z*, and
put F = {(n,m) € Z?> : n € Z%, g(n) < m < f(n)}. Let u be a nonzero
measure in M (T?) such that i vanishes off . Then p and mr> are mutually
absolutely continuous.

We note that the group G in Example 1.1 is not connected. In this
paper, we show that, if G is o-compact and connected, (1.1) holds. We also
give several conditions for quasi-invariance of measures of analytic type.

2. Notation and results

Let G be a LCA group with the dual group G. For z € G, 4, denotes
the point mass at z. For a closed subset E of G, Mg(G) stands for the
space of measures in M (G) whose Fourier-Stieltjes transform vanish off E.
Let C,(G) be the Banach space of continuous functions on G which vanish
at infinity. Then M (G) is identified with the dual space of C,(G). Let
M™(G) be the set of nonnegative measures in M(G). For p € M(G) and
f € L(|u|), we often use the notation u(f) as [, f(x)du(z).

Let 7 be a nontrivial continuous homomorphism from G into R. We
may assume that there exists x, € G such that ¥(Xxo) = 1 by considering a
multiplication of v if necessary. Let ¢ : R — G be the dual homomorphism
of ¥, ie., (¢(t),~) = e for t € R and v € G.

Let A be a discrete subgroup of G generated by Yo, and let K = A+,
the annhilator of A. We define a continuous homomorphism a: R K — G
by

a(t,u) = ¢(t) + u. (2.1)

Then a((—m, 7] x K) = G and « is a homeomorphism on the interior of
(—m, 7] x K (cf. [3, Lemma 6.1], [14, Lemma 2.3]). We note that ker(a) =
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{(2mn, —¢(27n)) : n € Z} and ker(a)t = {(¢¥(7),7|x) : v € G} = G. For
e MR® K), we have a(u)(7) = i((7),7|x) for v € G. Moreover, we
have the following (cf. [14, Proposition 2.2]):

a(L'(R® K)) C L'(G);

(2.2)
a(M;(R& K)) C Ms(G),

where M, (G) denotes the subspace of M (G) consisting of singular measures.
For 0 < € < 1/6, we define a function A.(f,w) on R & K by

1
A(t) = max (1—6\1‘,0) (w=0),
0 (w #0).

For € M(G), define a function ®§, on R @ G by

O (tw) =Y ALt w) — (), 7 k).

ve@

Then ¢, € M(R® K)", [(®5)7|| = [|u]l and a((P5,)7) = p for p € M(G) (cf.
[17, (3. 4) (3.7)]). We define an isometry Ty : M(G) — M(R ® K) by

Tj(p) = (®7,)" (2.3)

Let ke(t) = 1/m - (1 — cos(et))/(et)2. Then ke(s) = 75 ke(t)estdt =
max(1 — (1/€)[t|,0). We define a function V(t,u) on R & K by V (t,u) =
kc(t). The following theorem and proposition are due to [17].

Theorem B ([17, Theorem 3.1]) For p € M (QG), let fi be the periodic
extension of y to R ® K, i.e., for a Borel set E CR® K,

=Y ula(EN[2mn, 27 (n + 1)) x K)).
nez

Then Tyj(p) = 27V efi.

Proposition A ([17, Proposition 3.1]) Let u € M (G) and f € L*(p).
Then
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Ty (fr) = (f oa)T5 ().

Hence foa € LT (n) and T5(fu) < T5(p). In particular, § < p
(£ € M(G)) implies Ty (£) < Ty ().

For p € M(G), u is said to be quasi-invariant if |u| * 0, < |p| for every
x € G. pis called quasi-invariant under ¢ if |p|* 84y < |p| for every t € RY.

Remark 2.1 (cf. [16, Remark 4.1 and Proposition 4.1])
(i) Suppose there exists a nonzero measure p € M(G) that is quasi-
invariant. Then, by regularity of u, G must be o-compact.
(ii) Let p be a nonzero measure in M (G). Then the following are equiv-
arent.
(il.a) p is quasi-invariant.
(ii.b) || and me are mutually absolutely continuos.

We state our first result.

Theorem 2.1  Let pu be a nonzero measure in M(G) which is of analytic
type, and let v be a nonzero measure in M*(R). Then (v x do)* T (|u|) and
Ty (lul) are mutually absolutely continuous.

Corollary 2.1  Let p and v be as in Theorem 2.1. Then ¢(v) * |u| and |p|
are mutually absolutely continuous.

Proof. 1t follows from Theorem 2.1 that (v x do) * Ty} (|u|) and T (|u|) are
mutually absolutely continuous. Since a((v x o) * Ty (|ul)) = ¢(v) * [u| and

a(Ty(lul)) = |pl, ¢(v) * |u| and |u| are also mutually absolutely continuous.
g

Corollary 2.2 Let p be a nonzero measure in M(G), and let v be a
nonzero measure in M+ (R). Suppose that, for every s € R, ¥~((—o0,s]) N
supp(f1) is compact. Then ¢(v) * |u| and |p| are mutually absolutely contin-
uous.

Proof. By assumption, 1)(¢~1((—o0,0]) Nsupp(fi)) is a compact set in R.
Thus there exists 7, € G, with (y,) < 0, such that (¢~ ((—00,0]) N
supp(ft)) C [¢¥(7,),00). It is easy to see that (—v,)u is of analytic type.
Since |(—7, )| = |pl, it follows from Corollary 2.1 that ¢(v) * || and |p| are

n [17], we call simply “quasi-invariant under ¢” by “quasi-invariant”.
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mutually absolutely continuous. U

Let p be the measure in M (G) which is a continuous image of the
measure (14 22)~!dx under ¢. We obtain the following proposition as same
as [3, Proposition 2.3].

Proposition 2.1 (cf. [3, Proposition 2.3])  Let u be a measure in M(G).
Then the following are equivalent.

(1) p is quasi-invariant under ¢.
(ii) |p| and p * |u| are mutually absolutely continuous.

We have the following corollary, by Corollary 2.1 and Proposition 2.1.

Corollary 2.3 (cf. [3, Main Theorem|) Let pu be a measure of analytic
type in M(G). Then p is quasi-invariant under ¢.

Next we state our main theorem.

Theorem 2.2 Let G be a o-compact, connected LCA group. Let 1 be a
nontrivial continuous homomorphism from G into R. Let w be a nonzero
measure in M (G), and suppose that, for every s € R, 1~1((—o0, s])Nsupp(fi)
is compact. Then u and mg are mutually absolutely continuous.

Throughout this paper, for measures p and v, we write u ~ v if they
are mutually absolutely continuous.

3. Proofs of Theorem 2.1 and Theorem 2.2

In this section, we give proofs of Theorem 2.1 and Theorem 2.2. Let
n € MY (K). Let u € M*(R® K), and let {&(f)}uex be families of
measures in M T (R) with the following properties (i = 1,2):

(1) u— ( O % 04)(f) is m-measurable for each bounded Borel function f
on R e K,

(2) &) < C, and

(3) pO(f) = [ O % du)(f)dn(u) for each bounded Borel function f on
R K,

where C is a positive constant. Under this situation, we have the following
proposition.

Proposition 3.1 If 57(}) < 5132) n—a.auc K, then p < pu®.
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Proof. Let A be a Borel set in R @ K such that p(?)(4) = 0. Then
0= [ (€ xa)(A)dn(a)
K

- [ €2 udn),
K
where A, = {x € R: (z,u) € A}. Thus
5&2)(1%) =0 n—oaauckK,
which implies
¢D(A,) =0 n—aauckK.

Hence we have
pO@) = [ €D =o.

This shows that uV) < ¢, and the proof is complete. Il

Now we prove Theorem 2.1. Put n = 7 (T (|u])), where 7 : RO K —
K is the projection. By the theory of disintegration of measures (cf. [15,
Proposition 1.4]), there exists a family {&, }yex of measures in M+ (R) with
the following properties:

(4) u — (&, x 8,)(f) is n-measurable for each bounded Borel function f on
R& K,

(5) €l = 1, and

(6) T5(lu)(f) = [ (€u x 6u)(f)dn(u) for each bounded Borel function f on
R K.

Since T} (p)" = ®f,, we note that
(7) supp(T5(1)°) C [—€,00) x K.

There exists a Borel measurable function h on G, with |h| = 1, such that
= h|p|. Hence Proposition A implies that

(8) T (w) = (hoa)Ty(|ul).
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Since |hoal = 1, we have mx (|7 (n)]) = 7 (T (|n])) = n. And, there exists
a measure \, € M(R) such that

Ay X 0y = (hoa)(&y X 0y).

Thus we have, by (4)—(6) and (8),

(9) w — (Ay X 8y)(f) is n-measurable for each bounded Borel function f
on R K,

(10) [|A.]| =1, and

(11) T5(u)(f) = [, x 8u)(f)dn(u) for each bounded Borel function f
on R K.

(7) and [15, Lemma 2.1] imply

(12) supp(Xy) C [—€,00) n—a.a.u € K,

which, together with the F. and M. Riesz theorem, yields
(13) |Ay| ~mr n—a.a.ueK.

Since |A,| = &, this shows that
Ey~mp n—a.a.u€ K,

and we have
(14) & ~v &, n—a.a.u€ K.
On the other hand, we have, by (4)—(6),

(15) u — {(v=*&,) x 0, }(f) is p-measurable for each bounded Borel function
fonR® K,
(16) [|lv * &ull < [|v]], and

(17) (v x do) * T (lu))(f) = [d(v * &) x 4} (f)dn(u) for each bounded
Borel function f on R ¢ K.

Thus Proposition 3.1, together with (4)—(6) and (14)—(17), yields that (v x
60) * T () ~ Ty (|ul). This completes the proof of Theorem 2.1.

Before we prove Theorem 2.2, we state a definiion and lemmas.

Definition 3.1 Let G be a LCA group, and let E be a closed subset of
G. We say that E satisfies condition (%) if the following holds:
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(%) For p € Mg(G), u is quasi-invariant.
The following lemma is due to [16].

Lemma 3.1 ([16, Proposition 4.4]) Let G1 and Gy be LCA groups. Let
E; be a closed subset of G; satisfying condition (%) (i = 1,2). Then Eq x Es
also satisfies condition (x).

Lemma 3.2 Let G be a o-compact, connected LCA group, and let E be a
compact subset of G. Let o be a nonzero measure in Mg(G). Then p and
mg are mutually absolutely continuous.

Proof. By the structure theorem of LCA groups (cf. [11, 2.4.1 Theorem)])
and connectedness of G, we have G = R™ @ K, where n is a nonnegative
integer and K is a connected compact abelian group. Since E is a compact
subset of G 2~ R" @ K, there exist a compact set A in R” and a compact set
B in K such that E C A x B. Evidently, A satisfies condition (*), and B
also satisfies condition (%) (cf. [11, 8.4.1 Theorem]). Hence A x B satisfies
condition (x), by Lemma 3.1. Therefore u and mg are mutually absolutely
continuous, and the proof is complete. O

Now we prove Theorem 2.2. By hypothesis, there exists a nonzero mea-
sure v € M(R) and s > 0 such that ¢(v) x p # 0 and supp(?) C [—s, s].
Then

supp((¢(v) * p)") = supp(2(¢) 1)
C ¢~ (o0, 5]) N supp(f2),
and 171 ((—o0, s]) N supp(fi) is compact, by assumption. It follows from

Lemma 3.2 that ¢(v) * p and mg are mutually absolutely continuous. In
particular,

(18) me < ¢(|v]) * [ul-
On the other hand, Theorem A implies
(19) (|v]) * |u| < mg.

(18), (19) and Corollary 2.2 imply that |u| and mq are mutually absolutely
continuous, and the proof of Theorem 2.2 is complete.
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4. Conditions for quasi-invariance of analytic measures

In this section, we give conditions for quasi-invariance of measures of
analytic type.

Theorem 4.1 Let G be a o-compact LCA group, and let u be a nonzero
measure in M (G) that is of analytic type. Then the following are equivalent:

(1) p is quasi-invariant.
(i) 7 (T (|ul)) is quasi-invariant.

We need two lemmas to prove the above theorem.

Lemma 4.1 Let G be a o-compact LCA group, and let p be a nonzero
measure in M*(G) that is quasi-invariant. Then Tg(u) is quasi-invariant.

Proof. As we noted before, a((—m, 7] x K) = G, ker(a) = {(2mn,
—¢(2mn)) : n € Z} and « is a homeomorphism on the interior of (—m, 7] x K.
It follows from the construction of fi that i and mrgx are mutually abso-
lutely continuos. Noting that {(t,u) € R& K : V.(t,u) = 0} is a mpg x-null
set, we have, by Theorem B,

T1Z (1) ~ mrok,

and the proof is complete. ([

Lemma 4.2 Let G be a o-compact LCA group, and let p be a monzero
measure in M (G) that is of analytic type. Suppose that 7 (Tg(|ul)) is quasi-
invariant. Then Ty (|p|) s quasi-invariant.

Proof.  Put n =7 (T;(|u])). By the theory of disintegration of measures,
there exists a family {£,}yex of measures in MT(R) with the following
properties:

(1) u— (& x 8,)(f) is n-measurable for each bounded Borel function f on
R& K,

(2) l[€ull = 1, and

(3) Ty (Iu)(f) = [ (€u x 8u)(f)dn(w) for each bounded Borel function f on
R K.

As seen in the proof of Theorem 2.1, we have

(4) &y ~mrpn—a.a.ueK.
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Since G is o-compact, there exists a measure w € M+ (K) such that w ~ mx.
Let p, be the measure in M+ (R) with dp,(t) = (1/(1 + t?))dt. Then

(5) po X w ~ MraK-

Claim. po, X w ~ Ty (|pu]).

In fact, let I be a Borel set in R & K such that T (|u|)(F) = 0. Then
(3) implies

0= /K (6w % 8.,)(F)dn(u).

Hence there exists a Borel set B in K such that

(6) n(B) =0, and
(7) {u € K : (& x 0,)(F) >0} C B.

Since n and my are mutually absolutely continuous, (6) implies
(8) w(B) =0.

Hence we have

(9o x w)(F) = / (Po X 82)(F)dw(u)

K

— /B(po X 8, ) (F)dw(u) +/ (po X 6u) (F)dw(u)

K\B
o+ [ oo X 8Pt

If w € K\B, (7) implies that £,(F,) = 0. Since n and w are mutually
absolutely continuous, it follows from (4) that

(po X 04)(F) = po(F,) =0 w—a.a.u € K\B.

Hence
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This shows that

(9) po x w < T

By a similar argument, we have
(10) T3 ([ul) < po x .

Claim follows from (9) and (10). By (5) and Claim, Tj(|u|) is quasi-
invariant. This complete the proof. O

Now we prove Theorem 4.1. Suppose p is quasi-invariant. Then |u|
is also quasi-invariant. Lemma 4.1 implies that T (|u|) is quasi-invariant,
and so mx (T (|p|)) is. This shows that (i) implies (ii). Next suppose that
T (T4 (|pl)) is quasi-invariant. It follows from Lemma 4.2 that T (|u|) is
quasi-invariant, which, together with Theorem B, yields that || is quasi-
invariant. Hence |p| is quasi-invariant, by construction of |f|. Thus (ii)
implies (i), and the proof is complete.

Before we close this section, we give another conditions for quasi-
invariance of analytic measures. We recall the space N(mg) (cf. [18]).
Let N(mg) = {u € M(G) : ¢(h) x p € LY(G) Vh € L*(R)}. We have the
following theorem, by [17, Corollary 2.1] and [17, Remark 4.1].

Theorem C (cf. [17, Corollary 2.1])  Let pu be a measure in N(mg) which
is of analytic type. Then pu <K mg.

Theorem 4.2 Let G be a o-compact LCA group, and let p € M(G) be
a nonzero measure of analytic type. Suppose that ¢(v) * p ~ meg for every
v € LY(R) with ¢(v) * u # 0 and supp(?) compact. Then p and mg are
mutually absolutely continuous.

Proof.  Since p is a nonzero measure, there exists v € M(R) such that
¢(v) * u # 0 and supp(?) is compact. Then we have ¢(v) * u ~ mg, by
assumption, which implies that

ma < o(|v) * |ul-
This, combined with Corollary 2.1, yields

(1) me < |ul.

On the other hand, we have, by assumption,
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(2) ¢(v) *p € LY(G)

for all v € L*(R) with supp(?) compact. It follows from [11, 2.6.6 Theorem]
that (2) holds for all v € L*(R). This, together with Theorem C, yields

(3) n < mg.
It follows from (1) and (3) that u ~ m¢, and the proof is complete. O

Remark 4.1 We note that Theorem 2.2 follws from Theorem 4.2. In fact,
let G be a o-compact, connected LCA group, and suppose that a nonzero
measure p € M(G) satisfies that ¢ ~1((—oo, s]) N supp(f1) is compact for
every s € R. Since ¢~ !((—o0, 0]) Nsupp(jz) is compact, there exists v € G,
with ¥ (y0) < 0, such that

P(~ " ((—00,0) Nsupp(i2) C [1(70), 00).

Then (—v)p is of analytic type. Let v be a nonzero measure in L!(R) such
that ¢(v) * ((—y0)u) # 0 and supp(?) is compact. We note that

o) * ((—70)1) = (—70){d(e™ ) v) % p}.

Since supp(?) is compact, there exists a positive real number s > 0 such
that supp((e¥(0) 1)") C [~s,s]. Then

supp (¥ 0 ¥(- — o)1) = supp((p (™) v) x 11)")
= supp((e™°) v) oy 1)
C ¢~ ((—o0, s]) Nsupp(f),

and 9 ~1((—o0,s]) N supp(jt) is compact, by assumption. This implies
that ¢(e®¥(0) 1) x u ~ mg, by Lemma 3.2. Hence ¢(v) * ((—yo)p) =
(—70){p(e™¥0) 1) x u} and me are mutually absolutely continuous. It
follows from Theorem 4.2 that (—vo)u ~ mg, and the desired result is
obtained.

Theorem 4.3 Let G be a o-compact LCA group, and let p € M(G) be a
nonzero measure of analytic type. Then the following are equivalent:

(i) é(|v]) * |u| ~ mg for every v € LY(R) with ¢p(v) * u # 0 and supp(?)
compact.
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(i) p~mg.

Proof. We only show that (i) implies (ii), because the converse is trivial.
Since p is a nonzero measure, there exists v € M (R) suth that ¢(v) % u # 0
and supp(?) is compact. Then

o)) * |pl ~ ma,

by assumption. This, combined with Corollary 2.1, yields that |u| ~ mg,
and the proof is complete. O

Remark 4.2 We note that Theorem 2.2 follows from Theorem 4.3. In
fact, let G and p be as in Theorem 2.2. Let v be a measure in L!(R) such
that supp(?) is compact and ¢(v)*pu # 0. Then supp((¢(v)*pu)”) is compact,
which, together with Lemma 3.2, yields that ¢(v) * u ~ mg. In particular,

ma < ¢(|v]) * |-

On the other, Theorem A implies that

o)) * [pl < me-

Thus we have that ¢(|v|) % |u| ~ me, and the desired result follows from
Theorem 4.3.
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