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On the order and hyper-order of meromorphic solutions

of higher order linear differential equations

Maamar ANDASMAS and Benharrat BELAIDI

(Received September 15, 2011)

Abstract. In this paper, we investigate the order of growth of solutions of the higher
order linear differential equation

k—1
f(k) + Z (hjer(z) + dj)f(j) =0,
=0

where P;(z) (j = 0,1,...,k—1) are nonconstant polynomials such that deg P; =n > 1
and hj;(z), d;j(z) (j =0,1,...,k — 1) with hg #Z 0 are meromorphic functions of finite
order such that max{p(h;),p(d;) : j = 0,1,...,k — 1} < n. We prove that every
meromorphic solution f # 0 of the above equation is of infinite order. Then, we
use the exponent of convergence of zeros or the exponent of convergence of poles of
solutions to obtain an estimation of the hyper-order of solutions.

Key words: Linear differential equations, Meromorphic solutions, Order of growth,
Hyper-order.

1. Introduction and statement of results

Throughout this paper, f will denote a transcendental meromorphic
function in the whole complex plane, we use the standard notations of
Nevanlinna’s value distribution theory ([11], [16]). Let f be a meromor-
phic function, we define

27
mirf) = 3 [ tog* e

_ Tn(tvf)_n(ouf)
N(r, )—/ ; dt +n(0, f)logr,

0

and

T(r, f) =m(r,f) + N(r, f)
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is the Nevanlinna characteristic function of f, where log™ 2 = max(0,log )
for > 0, and n(t, f) is the number of poles of f(z) lying in |z| < ¢, counted
according to their multiplicity. Also, we define

N<r,1> - /OT () —n(05) dt—I—n(O,ch) log 7,

f t
) _ 1
dt + n(O, ) log

(o) - [ D o

where n(t,1/f) is the number of zeros of f(z) lying in |z| < ¢, counted ac-
cording to their multiplicity, and 7(¢,1/f) indicate the number of distinct

=

zeros of f(z) lying in |z| < ¢. In addition, we will use notations A(f) =
limsup, ;. (log N(r,1/f))/(logr), to denote the exponent of convergence
of the zero-sequence and A(1/f) = limsup,_, . (log N(r, f))/(logr), to de-
note the exponent of convergence of the pole-sequence of a meromorphic
function f(z). See ([11], [13], [16]) for notations and definitions.

Definition 1.1 ([19]) Let f be a meromorphic function. Then the order
p(f) and the lower order u(f) of f(z) are defined respectively by

p(f) = limsup 710g T(r, f), w(f) = liminf 710g T, f)
r——+oo log r r—+00 log r

To express the rate of growth of meromorphic solutions of infinite order,
we recall the following definition.

Definition 1.2 ([19]) Let f be a meromorphic function. Then the hyper-
order po(f) of f(z) is defined by

. log log T'(r,
pa(f) = limsup 22T T).
r——+4o00 Og?“

To give the precise estimate of fixed points, we define:

Definition 1.3 ([17]) Let f be a meromorphic function and let zq, 2o, . ..
(Izj] = rj, 0 < ry <1y < ---) be the sequence of the fixed points of f,
each point being repeated only once. The exponent of convergence of the
sequence of distinct fixed points of f(z) is defined by
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+oo
#(f) = inf {T 2023 [T < m}.

j=1

Clearly,

logﬁ<r, fiz)
7(f) = limsup ——————~
r——+00 IOgT

where N(r,1/(f — 2)) is the counting function of distinct fixed points of
f(z)in {z:|z| <r}.

Several authors, such as Kwon [12], Chen [5], Gundersen [10] have in-
vestigated the second order linear differential equation

F' 4+ Ai(2)e" D [ 4 Ag(2)e?P f =0, (1.1)

where P(z),Q(z) are nonconstant polynomials, A;(z), Ag(z) #Z 0 are entire
functions such that p(A;) < deg P(z), p(Ap) < deg Q(z). Gundersen showed
in [10, p.419] that if deg P(z) # deg Q(z), then every nonconstant solution
of (1.1) is of infinite order. If deg P(z) = deg@(z), then (1.1) may have
nonconstant solutions of finite order. For instanse f(z) = e* 4+ 1/2 satisfies
f"+2e*f" —2e*f = 0. In [6], Chen and Shon investigated the case when
deg P(z) = deg Q(z) = 1 and obtained the following result.

Theorem A ([6]) Let Aj(z) (£ 0) (j = 0,1) be meromorphic functions
with p(A;) < 1, let a,b be complex constants such that ab # 0 and arga #
argh ora =cb (0 < ¢ < 1). Then every meromorphic solution f # 0 of the
differential equation

f//—{—Al(Z)eazf/—FAo(Z)ebzf:0

has an infinite order.

In [18], Xu and Yi generalized Theorem A and study fixed points of
solutions and their derivatives. In [1], Belaidi investigated this case and
generalized it for a class of higher-order linear differential equations and
obtained the following result.

Theorem B ([1]) Let Pj(z) => " ja; ;2" (=0,1,...,k—1) be noncon-
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stant polynomials, where ag j, a1 j,...,an; (j =0,1,...,k—1) are complex
numbers such that a, jano # 0 (j = 1,2,...,k — 1), let Aj(z) Z0 (j =
0,1,...,k—1) be meromorphic functions. Suppose that arg a,, ; # arga,o or

anj=cano (0<c<1)(j=1,2,....k—1), p(4;) <n (j=0,1,...,k—1).
Then every meromorphic solution f(z) #Z 0 of the equation

FR) LA, g P (@) p=) o A e g Aot B = (1.2)

is of infinite order, where k > 2.

In [14], Liu and Yuan generalized Theorem A and gave an estimation
of the hyper-order of solutions. In [7], Chen and Xu replace the condition
“coefficients having finite poles” in [14] by the condition “all poles of the
solution f of the equation

FO fhp g fED 4 p b ePE S b f 4 hee®BP f =0 (1.3)

are of uniformly bounded multiplicity” to give an estimation of the hyper-
order and obtained the following theorem.

Theorem C ([7]) Let P(z) and Q(z) be nonconstant polynomials such

that
P(2) = ap2" + an_12"" 1 4+ + a1z + ao,
Q(2) =bpz" +bp_12" L 4+ bz + by
for some complex numbers a;,b; (i = 1,2,...,n) with a, # 0, b, # 0,

and let h;j (j =0,1,...,k — 1) be meromorphic functions with hg # 0 and
p = max{p(h;) : j = 0,1,....,k — 1} < n. Suppose all poles of fare of
uniformly bounded multiplicity. Then the following three statements hold:

(i) Ifa, = by, and deg(P—Q) = m > 1, p < m, then every transcendental
meromorphic solution f of equation (1.3) is of infinite order and m <
p2(f) < n.

(ii) If ap = cby, with ¢ > 1, and deg(P — Q) =m > 1, p < m, then every
meromorphic solution f # 0 of equation (1.3) is of infinite order and
p2(f) =n.

(iii) If max{p(h;):j5=1,...,k =1} < p(ho) < 1/2, a,, = cb,, with ¢ >1,
and P(z) — cQ(z) is a constant, then every meromorphic solution
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f #0 of equation (1.3) is of infinite order and p(hg) < p2(f) < n.

In this paper, we continue the research in this type of problems, we
extend the above results, and we obtain the following theorems.

Theorem 1.1 Let Pj(z) = >0 ja; ;2" (j = 0,1,...,k — 1) be noncon-
stant polynomials, where agj,a1j,...,an; (j = 0,1,...,k — 1) are com-
plex numbers such that ay jano # 0 (j = 1,2,...,k — 1), let hj(2),d;(2)
(j =0,1,...,k — 1) be meromorphic functions with hyg # 0. Suppose that
argdy, j # argdy o Or Gy j = Cjano (¢; >0, ¢; #1) forallj=1,...k—1
and p = max{p(h;),p(d;) : 7 =0,...,k — 1} < n. Then the following two
statements hold:

(i) Ewvery meromorphic solution f # 0 of the equation

FO 4 (hporeP1 @) 4@y ) FED g (heP B 1 dy) f

+ (hoe™® +do) f =0 (1.4)

1s transcendental.
(ii) For every meromorphic solution f of (1.4) with infinite order p(f) =
00, we have if \(1/f) <mn and \(f) < n, then p2(f) = n.

Theorem 1.2 Let Pj(z) = >.i a; ;2" (j = 0,1,...,k — 1) be noncon-
stant polynomials, where ag j,a1j,...,an; (j = 0,1,...,k — 1) are com-
plex numbers such that an jano # 0 (j = 1,2,...,k — 1), let hj(z),d;(2)
(j =0,1,...,k — 1) be meromorphic functions with hg # 0. Suppose that
argan, ; # argdno Or anj = Cjano (0 < ¢; < 1) (j = 1,2,...,k — 1),
p = max{p(h;), p(d;) : j =0,...,k —1} < n. Then every meromorphic
solution f(z) Z 0 of equation (1.4) is of infinite order and the hyper-order
of f satisfies p2(f) > n. In addition, if N(1/f) < oo, then pa(f) = n.

Theorem 1.3 Let Pj(z) = > i ,a; ;2" (j = 0,1,...,k — 1) be noncon-
stant polynomials, where ag j,a1j,...,an; (7 = 0,1,...,k — 1) are com-
plex numbers such that ay jano # 0 (j = 1,2,...,k — 1), let hj(2),d;(2)
(j =0,1,...,k — 1) be meromorphic functions with hg #Z 0. Suppose that
anj = Cjano (¢; > 1), deg(Po(z) — (1/¢j)Pj(2)) =0 (j = 1,2,...,k — 1)
and p = max{p(h;) (j =1,...,k—=1), p(d;) ( =0,....,k=1)} < p(ho).
If A\(1/hg) < p(ho) < p(ho) < 1/2, then every transcendental meromorphic
solution f of equation (1.4) is of infinite order and the hyper-order of f
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satisfies p2(f) > p(ho). In addition, the following two statements hold:

(i) IfA(1/f) < oo, then p(ho) < p2(f) < n.
(ii) Forec; #1 (j =1,2,...,k—1) if X(f) < n and X(1/f) < n, then

p2(f) =n.
Theorem 1.4 Let Pj(z) = Y i ja; ;2" (j =0,1,...,k — 1) be noncon-
stant polynomials, where agj,a1j,...,an; (j = 0,1,...,k — 1) are com-

plex numbers such that ap jan,o # 0 (j = 1,2,...,k — 1), let hj(z),d;(2)
(j =0,1,...,k — 1) be meromorphic functions with hg # 0. Suppose that
arg an ; # argano (j =1,2,...,k—1), arg(an,1 +an ;) # argano (j =2,3)
or nj = Cjano (0 < ¢; < 1) (j =1,2,...,k—1) and p = max{p(h;),
p(d;) :j=0,1,....,k — 1} < n. Then for any meromorphic solution f # 0
of equation (1.4), f, f', " all have infinitely many fixed points and satisfy

() =) = 7(f") = oo.

2. Lemmas for the proofs of theorems

First, we recall the following definitions. We define the linear measure of
aset H C [0,400) by m(H) = O+OO xu (t)dt, where x g is the characteristic
function of H, and the logarithmic measure of a set E' C [1,4+00) by Im(E) =

f1+oo(x g(t)dt/t). The upper and the lower densities of H are defined by

dens H H
dens H = lim sup w, dens H = hminf w
7‘—>+OO T r—-+4+o0 r

The upper and the lower logarithmic densities of E are defined by

S Im(ENJl Im(EN|l
log dens(E) = lim sup M, log dens(E) = lim inf M
r——400 logr E— r——400 log r

Lemma 2.1 ([15, pp.253-255])  Let P(z) = Y., b;z*, where n is a pos-
itive integer and b, = aner, a, > 0, 0, € [0,27). For any given ¢
(0 < e <m/4n), we introduce 2n closed angles
0 T 0 T
(21— 4 << -4+ (2j+1)— —
S; n—i—(] )2n+5_ < n+(]+)2n €

(Gj=0,1,....,2n—1). (2.1)
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Then there ezists a positive number Ry = Ry (g) such that for |z| =r > Ry,
Re(P(z)) > a,r™(1 — ¢) sin(ne), (2.2)
if z=re" € S;, when j is even; while
Re(P(z)) < —a,r™(1 — ¢) sin(ne), (2.3)

if z=re" € S;, when j is odd.

Lemma 2.2 ([3]) Let g(z) be a transcendental meromorphic function of
order p(g) = p < +oo. Then for any given € > 0, there exists a set Fy C
(1,00) that has finite linear measure and finite logarithmic measure, such
that

l9(2)] < exp{r”**} (2.4)

holds for |z| =r ¢ [0,1] U Eq, r — +o00.

Lemma 2.3 ([9]) Let f(z) be a transcendental meromorphic function,
and let « > 1 be a given constant. Then there exist a set Ea C (1,400)
of finite logarithmic measure and a constant A > 0 that depends only on «
and (m,n) (m,n positive integers with m < n) such that for all z satisfying
|z| =r ¢ ]0,1] U Es, we have

‘f () (log® r)log T(ar, )| . (2.5)

()

Lemma 2.4 ([4]) Suppose that h(z) is a meromorphic function with
A1/h) < u(h) < p(h) = p < 1/2. Then for any given € > 0, there ex-
ists a set B3 C (1,4+00) that has a positive upper logarithmic density such
that for all z satisfying |z| = r € E3, we have

< affter-D) o
r

|h(2)] > exp {(1+ o(1))r"~*}. (2.6)

It is well-known that it is very important of the Wiman-Valiron theory
[13] to investigate the properties of entire solutions of differential equations.
In [4], Z. X. Chen has extend the Wiman-Valiron theory from entire func-
tions to meromorphic functions. Here we give a special form of the result
given by J. Wang and H. X. Yi in [17], when meromorphic function has



364 M. Andasmas and B. Belaidi

infinite order.

Let g(z) = D07 yan 2" be an entire function. We define by u(r) =
max{|a,|r™; n = 0,1,...} the maximum term of g, and define by v,(r) =
max{m; pu(r) = |a,|r™} the central index of g.

Lemma 2.5 ([17]) Let f(2) = g(z)/d(z) be an infinite order meromorphic
function with p2(f) = o, g(z) and d(z) are entire functions, where p(d) <
+o00. Then there exists a sequence of complex numbers {zp = rpe'%* }ren
satisfying rp — +oo, O € [0,2m);k € N, limg_ 10,0 = 6y € [0,27),
lg(zk)| = M (11, 9) and for sufficiently large k, we have

£ (z1) _ (Vg(m)>n(1 +0(1)) (n€N), (2.7)

f(zk) Zk
. loglog v, (ry)
1 —o 579Uk . 2.8
lim s == e p2(9) (2.8)

Lemma 2.6 ([10]) Let ¢ :[0,+00) — R and : [0, +00) — R be monotone
non-decreasing functions such that (r) < (r) for all r ¢ E4U[0,1], where
Ey C (1,400) is a set of finite logarithmic measure. Let o > 1 be a given
constant. Then there ezists an 1 = ri(a) > 0 such that p(r) < (ar) for
all > rq.

Lemma 2.7 Suppose that k > 2 and Ay, A1, ..., Ar_1 are meromorphic
functions. Let p =max{p(A;):j=0,....,k—1} and let f(2) be a transcen-
dental meromorphic solution with A\(1/f) < oo of the equation

O+ A g fE D 4k A f 4+ Aof =0 (2.9)

Then pa(f) < p.

Proof. We assume that f is a transcendental meromorphic solution of equa-
tion (2.9). If p(f) < oo, then po(f) =0 < p. If p(f) = co. We can rewrite
(2.9) as

(k) (k—1) (k—2) !
—ff:Aklff +Ak2ff +~-+A1ff+z40~ (2.10)

By Hadamard factorization theorem, we can write f as f(z) = g(z)/d(z),
where g(z) and d(z) are entire functions, with A(d) = p(d). Since A\(1/f) <
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00, we have A(d) = p(d) = A\(1/f) < oo and pa(f) = p2(g). By Lemma 2.2
and Lemma 2.5, for any small € > 0, there exists a sequence {z; = r;e%}
satisfying r; ¢ [0,1] U By, r; — 400, 0; € [0,2m), lim;_. 6; = 6y € [0, 27),
lg(2;)| = M(rj, g) such that for j sufficiently large, we have

(n) ) n
ff(z(jzf) - <Vggj)) (I+0(1)) (neN), (2.11)
. loglogvy(r;)
Eﬁiugg Tj] = p2(9), (2.12)
| As(25)] Sexp{r§+€}, s=0,1,...,k—1. (2.13)

Substituting (2.11) and (2.13) into (2.10), we obtain

k s
vy(7;) rPte rt vy(rj
|1 < ey 2|1 1.
<r~>‘+0‘ e +Ee < >]+0()]

J Ty

It follows that
rpte —
(vg(ri) 11+ 0(1)] < ke's 7l (vg(r;))* 1 4 o(1)].
Hence
vg(rj) < kMrfeT5+s, (2.14)

where the sequence {z; = r;e?%} satisfies r; ¢ [0,1] U Ey, r; — +00, 0; €
[0,27), lim; .o 8; = 6y € [0,2m), |g(2;)] = M(rj,g) and M > 0 is some
constant. Then by (2.12), (2.14), Lemma 2.6 and € > 0 being arbitrary, we
obtain that p2(g) = p2(f) < p. O

Lemma 2.8 ([8, p.30]) Let P, Ps,..., P, (n > 1) be non-constant polyno-
mials with the degree in order dy,ds, . .., dy,, respectively. Suppose that when
i # j, then deg(P;— P;) = max{d;,d;}. Let A(z) = Zn Bj(2)efi(®)  where
Bj(z) # 0 are meromorphic functions satisfying p(B ) < dj. Then

p(A) = max {d,}. (2.15)

1<j<n

Lemma 2.9 ([2]) Let Ay, A1,...,Ax—1, F # 0 be finite order meromor-
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phic functions. If f is a meromorphic solution with p(f) = +oo of the
equation

FO) 4 A f5 D 4y A f 4+ Aof = F, (2.16)
then
M) = Af) = p(f) = co. (2.17)

Lemma 2.10 Let P;(z) (j =0,1,...,k) be polynomials with deg Py(z) =
n(n>1)and deg Pj(z) <n (j =1,2,...,k). Let Aj(z) (j =0,1,...,k) be
meromorphic functions with finite order and max{p(A;):j=0,1,...,k} <
n such that Ao(z) 0. We denote

F(z) = ApePe @ 4 Ap P10 oo 4,eP13) 4 ggelo ), (2.18)

If deg(Py(2) — Pj(2)) =n for all j =1,...,k, then F is a nontrivial mero-
morphic function with finite order and satisfies p(F') = n.

Proof.  Set Pj(2) = ay jz"+an—1,;2" " '+ -+aijz+ao,; (j=0,1,...,k).
Suppose that deg(FPy(z) — P;j(2)) =nforall j =1,... k. Then, apo # an j,

forall j =1,...,k. Let {an j,0n jss---»0nj } C {@n,1,0n2,...,0,%} such
that ay j (I =1,2,...,m) are different from each other. For each a, ; €
{an,1,an2,... 0,1} wehave a, ; = 0or a, ; # 0. In the case when a,, ; # 0,
there exists only one a, j, € {an j,,0n jys---,anj, } such that a, ; = an ;.

We can write

(Aj(2)eli B mamsiz" 4 AL (z)efi(F)=ana2") gni 2"
instead of A;(2)ef) + A; (2)eln®) when a,; = anj, (an; € {an1,an.,
cosp}). Fora, ; =0, weset an j = an.s; € {Gn,s;,0n,s9,---,0n,s, } Where

an,s; =0 (Le., deg(Ps,) <nfori=1,2,...,t). By Ap(z) # 0 we can write
equation (2.18) in the form

m t
Ag(2)e™ @ 437 By (2)em i 1y 7 Ay ()™ = F(z),
=1 =1

it follows that
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Ap(2)e™ )+ " B; (2)e*" = B(2), (2.19)
=1

where B(z) = F(z) — 21;:1 A, (2)ef=®) and A, (2) (i=1,2,...,1), Bj,(2)
(I = 1,2,...,m) are meromorphic functions of finite order which is less
than n. Suppose that p(F) # n. Since deg Ps,(z) < n and p(4s,) < n
(1=1,2,...,1), then

p(B) # n. (2.20)

By an,o and anj, (I = 1,2,...,m) are different from each other, then
deg(Po(z) — an,;,2") =n (I = 1,2,...,m) and deg(ay j 2" — an;2") =n
(1 <1#i<m). Since p(Bj,) < n, Ao(z) # 0, p(Ap) < n, by (2.19) and
Lemma 2.8, we find that p(B) = n, this contradicts (2.20). Hence, p(F') = n.

U

3. Proof of Theorem 1.1

(i) We assume that the meromorphic solution f(z) # 0 of equation
(1.4) is not transcendental, then p(f) = 0 (f is a rational function or is a
polynomial). Since we have ho f # 0, we write equation (1.4) in the form

k—1
hof e®) 43 hifDeH® = B(z), (3.1)

j=1

where B(z) = —(f®) +dp_1 f* YV +---+dof), hof and h; f9) are meromor-
phic functions of finite order with p(B) < n, p(hof) < n and p(h; %)) < n
(j =1,2,...,k—1). Since arga, ; # arga,o Or anj = Cjano (¢; > 0,
c; #1) forall j =1,2,...,k —1 then deg(Py(z) — Pj(z)) = n. From (3.1)
and by Lemma 2.10, we have p(B) = n, this contradicts the fact p(B) < n.
Hence, every meromorphic solution f # 0 of equation (1.4) is transcenden-
tal.

(i) Set H;(z) = A;(2)ef®) +d;(2) (j =0,1,...,k — 1). Suppose that
f # 0 is a meromorphic solution of (1.4) with p(f) = oo, A(1/f) < n and
A(f) < n. Then, by Hadamard factorization theorem, we can write f as
f(2) = (7(2)/d(2))e"?) | where 7(2),d(z) are entire functions with A(7) =
p(m) = A(f) <n, A(d) = p(d) = XN(1/f) < n and h is a transcendental entire
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function with pa(f) = p(h). Put g = f’/f, then (see [13, Lemma 2.3.7])

2 1 - )

AR g +Gialg) (1=2,3,....k), (3:2)
where Gj_2(g) is a differential polynomial of the meromorphic function g
with constant coefficients and the degree no more than j — 2. Substituting
(3.2) into (1.4), we obtain

9" =Ti-1(9), (3.3)

where Tj,_1(g) is a differential polynomial of the meromorphic function g
with the coefficients Hy, H1,..., Hy_1 and the degree no more than k£ — 1.
Applying Clunie Lemma [13] to (3.3), we have

k—1

mirig) < O( L mrHy)) + 5(r.0).

=0
We know that

!/

N = N(n 2) =W+ W (n 7).

/ "7
hence
T(r,g) < O < kzé T(r, Hj)> F N )+ N (r, }) +Stg).  (34)

It follows from (3.4) and the fact A(f) < n, A(1/f) <n, p(H;) =n (j =
0,1,...,k—1) that p(g) < n. We assert that p(g) = n. If p(g) < n, then by

(3.2) we have
(4)
p<f;> <n (G=12...K).

Since we have hof # 0, we write equation (1.4) in the form

k—1
hoePo(Z)f+Z hjepj(z)f(j)+(f(k)+dk,1f(k_1)+- ctdo f'+dof) = 0. (3.5)

Jj=1
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It follows that

k—1 () (k) (k—1) /
hoe™ ) 3 <hjf)epj(z> (f tde o va L +do>-
— / f f f

.

Hence

yefol2) 4 Z Bj(2)el1®) = F(2), (3.7)

where B; = hj(f(j)/f) (j=1,2,....,k—1), hg Z0 and F(z) = —(f®/f +
dp1 (fEFD/H) + -+ dl(f//f) + dp) are meromorphic functions of finite
order with p(B;j) <n (j =1,2,...,k—1), p(hg) < n and p(F) < n. Since
arg Gy, j 7 argdy o O Gy, j = Cjlno (c] >0,¢c;#1) foralj=1,2,...,k—1
then deg(Py(z) — Pj(z2)) = n for all j = 1,2,...,k — 1. From (3.7) and
Lemma 2.10, we have p(F) = n, this contradicts the fact that p(F) < n.
Hence p(g) = n. Since p2(f) = p(h) and A(d) = A(1/f) < n, then by
Lemma 2.7 we have po(f) = p(h) < max{p(H;) :j =0,1,...,k—1} = n.
Suppose that p(h) < n. Then, it follows from f'/f =7'/7 —d'/d + I’ that

o(r 1) < 2(n ) or(n ) 1) 0t

_ m< 1) +N<r, 1) i m(r, Cg) +N(r, ;) T, ) + O(1)

1 — 1
O(logr) + < > + O(logr) + N(r, d) +T(r,h")
v
Oflogr) + N (r, * 1) T ) (3.9)
g 7T 7 d ) * *
By (3.8) and the fact A(w) < n, A(d) < n, we get p(f'/f) = p(g) < n, a
contradiction to p(g) = n, hence p(h) = n, then pa(f) = n. O

4. Proof of Theorem 1.2

Let f # 0 be a meromorphic solution of equation (1.4). Then, by
Theorem 1.1, f is transcendental.
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Case 1: When arga, ; # argano (j = 1,2,...,k —1). From (1.4), we

have
Po(2) F®(z) hi-1(2)|| P dk 1 FE D
= e (B e | S e
(| MmE) ke 1(2) | f'(2) 0(2)
* +<ho<>' '*ho<>>f<z>+ho<>' (4.1)

By Lemma 2.1, there exist constants Ry > 0, L > 0 and 61 < 63, such that
for all z = re®, |z| =r > Ry, 6 € (01,62), we have

Re(Pj(z)) <0 (j=1,2,...,k—1) and Re(FPo(z)) > Lr". (4.2)

Set p = max{p(h;),p(d;) : j =0,1,...,k —1} < n, by Lemma 2.2, for any
given € (0 < € < n — p), there exists a set F; C (1,400) that has finite

logarithmic measure such that when |z| = r ¢ [0,1] U Eq, 7 — 400, we
have
1 rPte dj(Z) pte
N R ASZA s —0,1,...,k—1 4.3
and
hj(Z) pte .
<e" j=12...,k—1). 4.4
s ( ) (1.4

By Lemma 2.3, there exist a constant A > 1 and a set Ey C (1,400) which
has finite logarithmic measure, such that for all |z| = r ¢ [0, 1]U Ey, we have
f9(2)

(2)

In accordance with (4.2), (4.3), (4.4) and (4.5), for z = re®, § € (01, 65),
r ¢ [0,1]U By U Ey, r — 400 the inequality (4.1) gives

AT 2r, %%, j=1,2,... k. (4.5)

erp+s

el < e AT (2, 1) 420k — 1) AT (2r, £)]F +

< 2kAe™ [T (2r, £)]2F. (4.6)
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Since p + & < n, by Lemma 2.6 and (4.6) we obtain

logT
r——+o00 IOgT

and

loglogT
po(f) = limsup 28108 T )
r——+4oo 10g T

In addition, if A(1/f) < 4oc then by Lemma 2.7 and from equation (1.4),
we have pa(f) < n, so p2(f) = n.

Case 2: When a,; = cjano (0<¢; <1)(j=1,2,...,k—1). We put
deg(Pj(z) — ¢;Py(2)) = m; (m; is a positive integer and 0 < m; < n). By
Lemma 2.1, there exist constants Ry > 0, Ly > 0, A > 0 and 6; < 65, such
that for allz = re®, |z| = r > Ry, 6 € (01,0,), we have

Re(Pj(z) —cjPy(2)) <A (j=1,2,...,k—1)
and
Re(Py(z)) > Lyr™.
Set ¢ =max{c; : j=1,...,k — 1}, then we have 0 < ¢ < 1 and
U= < 1=OR(=)| | |o=cPo(@)| < melr” <. (4.7)
Since (¢; —¢) <0 forall j =1,2,...,k — 1, we obtain

Pj(Z)—CPO(Z)’ Pj(Z)—CjPO(Z)'i‘(Cj—C)PO(Z)‘

E — e

= |6Pj(z)—CjP0(z)"e(Cj—C)PO(Z)‘ < e, (4.8)
From (1.4) we have

1P| < \ecPo(z)“f(k)(z)
< G

f(z)

b
ho(z)
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( 2o [ oo £
( h ‘ Py(z)— CPO(Z)‘ 1(2) ‘ecpo(Z)‘)‘f
o ho(z)
do(Z —cPy(z)
ho(2) e (4.9)

In accordance with (4.3), (4.4), (4.5), (4.7) and (4.8), for z = re', 0 €
(01,02), r ¢ [0,1] U E1 U By, r — 400 the inequality (4.9) gives

pte
s
(&

el < "™ AT (2r, )2 4 (k= 1) (X + DA[T(2r, £ +
< A(k+1)(e* + 1)e”" " [T(2r, £)]2F. (4.10)
Since p+e <n and 1 — ¢ > 0, by Lemma 2.6 and (4.10) we obtain

logT
o(f) = limsup BT
r—-+o00 10g7“

and

loglog T
pa(f) = lim sup ‘28108 T f)
r—-400 10g7“

In addition, if A(1/f) < oo then by Lemma 2.7 and from equation (1.4), we
have pa(f) < n, so pa(f) = n. O

5. Proof of Theorem 1.3

Let f be a transcendental meromorphic solution of (1.4). We assume
that Py(z) — (1/¢;)Pj(2) = A; (A, is a constant) for all j = 1,...,k, then
Pj(z) = ¢jPy(z) — ¢jAj. Let jo € {1,2,...,k — 1}, we have

Pj(z) = —Pj,(2) = (¢j — 1) Po(2) — ¢; A5 + Aj,.

According to Lemma 2.1, there exists a continuous curve I' (see also [12]),
such that for all z = re? with z € T and |z| = r > Ry, we have
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Re(Py(z)) = 0.
Consequently, there exists A > 0 such that for all j = 1,2,...,k—1, we have
‘er(z)—(l/cjo)PjO(z)‘ - ’e(Cj—l)Po(Z)—CjAj-*-Ajo‘ — eRe(=cjAj+45) ~ oA (5.1)

and

‘67(1/6J‘0)Pj0(‘2)| = ‘G*Po(ZHAjo‘ — eRe(Aig) ~ A, (5.2)

Since p = max{p(h;) (j=1,...,k—1), p(d;) (j =0,1,....,k—1)} < p(ho),
let «, 5 be two real numbers that satisfy p < § < a < p(hg). Then, by
Lemma 2.2, there exists a set F; C (1,400) that has finite logarithmic
measure such that when |z| =r ¢ [0,1] U E;, r — 400, we have

hi(z)| < e, j=1,2,....k—1 and |d;(2)| <e”, j=0,1,...,k—1. (5.3)
Since hg is a meromorphic function and A(1/hg) < u(ho) < p(ho) < 1/2,

by Lemma 2.4, there exists a set F3 C (1,400) that has a positive upper
logarithmic density such that for all z satisfying |z| = r € E3, we have

lho(2)] > €. (5.4)
From equation (1.4) it follows that

‘h()(z)ePo(Z)*(l/Cjo)Pjo (=) ‘

k
< ]e—“/%)Pfo(Z)y‘W
z

(h-1)
T ([ (2)| PO~ ei Pio @) gy (2)] e~ Oes)Pio ()] ’ f f(z)(Z)

Pr(2)—(1/ej) Py (2) —(1/es )Py | 1 (2)
+...+(|h1(z)|’€ o) Pig |+|d1(2)|‘6 o) Pig ‘) )

+ |do(z)|‘e—(1/cjo)Pjo(z)’. (5.5)

In accordance with (4.5), (5.1), (5.2), (5.3) and (5.4), for all z = re? with
ze€Tl and r € E3 — [0,1] U Ey U Ey, 7 — 400, the inequality (5.5) gives
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e eftelio) < A AT (2, £)]2F + 2(k — 1)eAeTﬁA[T(2r, H?F + ere”’
< 2Akee™ [T(2r, f))2". (5.6)
Since # < a, by Lemma 2.6 and (5.6) we find

p(f) = limsup log T'(r, f)

r——+o0 log r

and

loglogT
p2(f) = limsup g0\ J) (r. f) >«
r—-400 IOgT

Since that « is an arbitrary number in the interval |3, p(ho)[, we obtain that
p2(f) = p(ho). In addition:

(i) If X(1/f) < oo, then by Lemma 2.7 and from equation (1.4), we have

p2(f) < n, so p(ho) < p2(f) < n.
(ii) Forc¢; #1 (j =1,2,...,k—1),if A(f) <n and A(1/f) < n, then by
Theorem 1.1, we have pa(f) = n. O

6. Proof of Theorem 1.4

Let f be a nontrivial meromorphic solution of equation (1.4). Then, by
Theorem 1.2, we have p(f) = oc.

Step 1. We consider the fixed points of f(z). Let go(z) = f(2)—=z, then z is
a fixed point of f(z) if and only if go(2) = 0. We have go(2) is a meromorphic
function and p(go(2)) = p(f(z)) = oco. Substituting f(z) = go(z) + 2 into
equation (1.4), we obtain

g(()k) + (hk_lePkfl(Z) + dk—l)g(()k_l)
+ -+ (hlepl(z) + d1)96 + (hoepo(z) + do)go
= —(hlepl(z) —l—dl) —z(hgepo(z) +d0). (6.1)

We rewrite (6.1) in the form
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96" + Aok1gy -+ Agagh + Aoogo = —Ao1 — 2 Aoy = Ap. (6.2)

For equation (6.2), we consider just meromorphic solutions of infinite order
satisfying go(z) = f(z) — z. We have

AO = —A071 —Z AO,O = —(hlepl(z) =+ dl) — Z(hoepo(z) =+ d())
= _ZhOePo(z) _ hleP1(z) —dy — zdy = BOePo(z) + BlePl(z) 1 B,

where By = —zhg # 0, By = —hy, By = —d; — zdy. Since deg(FPy(z) —
Pi(z)) = n, max{p(By), p(B1), p(B2)} < nand By # 0, according to Lemma
2.10, we have Ay # 0. By using Lemma 2.9 to equation (6.2) above, we
obtain

Ago(2)) =7(f) = p(go(2)) = oo.

Step 2. We consider the fixed points of f'(z). Let ¢g1(z) = f/'(2) — z,
then z is a fixed point of f’(z) if and only if g1(2z) = 0. We have g;(2)
is a meromorphic function and p(g1(2)) = p(f'(2)) = p(f(2)) = . By
differentiating the both sides of equation (1.4), we obtain

fOtD) 4 (hk_lepk—l(z) + dk:—l)f(k)
+ (o€ 4 dj 1) + (hpgeP 23 4 dy_p)] fE=Y)
+ o [(hee™P) 4 dy) + (hie )+ dy)] 7
+ [(heP®) 4 dy) + (hoef®® + do)] f + (hoe™*®) +do) f=0. (6.3)
By equation (1.4) we have

1

N S () Pr_1(2) (k—1)
(hoePO(Z) +d0) [f + (h‘k—le +dk—1)f

f —
Tt (e L) (6.4)

Substituting (6.4) into (6.3), we obtain
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Py(=
Fl+D) [(hk_lepkl(z) +diy) — (hoe™! )+d0)']f(k)

(hoePO(Z) + do)

+ [(hklepk—l(z) + dk—l)/ + (hk72epk—2(z) 4 dk72)

(hoe™ ) + do)’ Pe1(z k-1
= e 1 dgy (€ i) | 10

+ -+ |:(h2€P2(Z) + d2)/ + (hlepl(z) + dl)

(hoePO(Z) + do)l Py(2) 7
— (hoepo(z) T do) (hg@ + d2) f

+ |:(h16P1(Z) + dl), + (hoepo(z) + do)

(hOePo(Z) + do)’ P (2) ,
~ (hoeP O 1 ) (e +dy) | f=0. (6.5)

We can denote equation (6.5) by the following shape

FOED 4 Al,k—lf(k) + A1,k—2f(k_1) +o A f + Aef =0,  (6.6)

where A; ; (j =0,1,...,k—1) are meromorphic functions defined by equa-
tion (6.5). Substituting f'(z) = g1(2) + 2, f"(2) = ¢;(2) + 1, fUTD = ggj)
(j =2,3,...,k) into equation (6.6), we obtain

g+ Avpagl Y+ Argmagl™ P o+ Avagh + Ao
— 7A1’1 — 2z Al,O — Al? (67)
where
Ay = | (h2e™® 4 dy) + (@ + dy)

(hoePo(Z) + do)' s
_ (hoepo(z) n do) (h2€ (2) + dg)




On the order and hyper-order of meromorphic solutions 377

—Z (hlepl(z) + dl)/ + (hoepo(z) + do)

(hoepo(z) + do)/ Pi(z
_ (hoepo(Z) +d0) (hle ( )+d1)

1 2 2Py(z P Po+ P
= *m[f&'hoe 0( )+B1€ 0 +BQ€ 0 1

+ B3e™ ™ + Bye™ + Bse™ + By

6
1
R B.eCi
(h0€P°(Z)+do)[Z 7 }

7=0

G; are polynomials defined as above, where Gy = 2P(z) and By = zh? # 0,
Bj (j =1,2,3,4,5,6) are meromorphic functions of finite order which is less
than n, written on the form of a sum of terms of kinds of multiplications
of the functions z, h;, h}, P/, d;, d; (i = 0,1,2). We have if G; = PF;
PO +P1, P0+P2; PQ; P1 then GJ —2P0(Z) = —Po; P1 —Po; P2 —P();
P, —2Py; Py — 2F,. Since a, 0 # 0 and arga,_ j # arga,,o or @ j = Cjln
(0<c¢;j<1)(j=1,2,...,k—1), then

Anj —ano #0, anj—2a,0#0(j=1,2).

Hence deg(G; — 2Py(z)) = deg(2Py(z)) = n (j = 1,2,3,4,5,6). Since
Bg = zh3 # 0, then according to Lemma 2.10, we have A; # 0. By using
Lemma 2.9 to equation (6.7) above, we obtain

AMg1) =AM = 2) =7(f") = plg1) = p(f) = oo.

Step 3. We prove that 7(f”) = A(f" — 2z) = 0o. Let go(2) = f"(2) — 2,
then z is a fixed point of f”(z) if and only if g2(z) = 0. We have go(z) is
a meromorphic function and p(g2(2)) = p(f"(2)) = p(f(2)) = co. We just
prove that A(g2) = oo. By differentiating the both sides of equation (6.6),
we obtain

FE2 4 Ay oy fOTY (AL + A f)
+o (AL +HAL)f H AL =0, (6.8)

By equation (6.6) we have
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1
fr=—g [ A fO 4 Appa fE7D o+ AL (6.9)
1,0
We remark that A; ¢ # 0, because hy # 0 (for the proof, we can apply
Lemma 2.10). Substituting (6.9) into (6.8) we obtain

A Al
FRF2) 4 [Al,k—l - Alo] FEFD 4 [All,kl + Ay g2 — ALOAI,k—I:| A
o 1,0
’ !/

A A
I [All,? +A1q — A?ZALQ] 3 4 [Ail + Ay — 141’2141,1] "

= 0. (6.10)
We can denote equation (6.10) by the following shape
PO Ag g g fFD 4 Ag o o f8) e Ag i fO) 4 Ag o f” =0, (6.11)

where Ay ; (j =0,1,...,k—1) are meromorphic functions defined by equa-
tion (6.10) above, and we have

A Al
Az = A/1,1 +A10— ALO A1, Agq = A/LQ +A - #AI,Q'
1,0 1,0

Substituting f”(2) = ga(2) + 2, fP(2) = g5(2) + 1, fU+D = gV (j =
2,3,...,k) into equation (6.11), we obtain

87 + Ao k198" 4 Ay agl P o Aggh + Asoga = Aa, (6.12)

where

Ay = —A2,1 - ZAz,o

Al 4;
=— A+ A1 - ALOALQ} o [All’l Ao - ﬁAl’l
1.0 1,0
1
== iAo + A Ao — A1 A
0

)

+ 2AL 1 Ao + 2AT 5 — 2A] gAr]. (6.13)
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We have

(hoepo (Z) + do)/

(hoepo(z)+d0) (hlepl(z)+d1),
(

Ar o = (h1e'® 1 dy) + (hoef*® + dy) —

Arq = (hee®) + do) + (h1e®) +dy) —

Ay o = (h3eP*®) 1 d3) + (hoef*®) 4 dy) —

Therefore
1 1 ) ) ,
A= m(hgezpo —|—a( ) oFo —i—a( ) _Po+Py +a( ) Py +a( ))
1
A1 = Gt gy (e + alie 4 affleft
gefol® 0 )

T afePs +aleP 1 aff),

1
A1,2 - (hoePo(z) + Clo) (agogePo aggepo-l-PQ a(2)6P0+P3
OégS%BPQ a(4) P3 a(5))

and
1
Ay = Gor gy (PLoe™™ +BLe™ + et 4 et
+B0e™ + B + 5%,
1
Ay = (hoePo® 1 dg)? S (B0 4 Bl e2Por e 4 g2 2oty git) ot P
+ ﬂfl)ePoerl + ﬁ(ﬁ) Py 3(7) Py ﬁ(s) Py 5£91>)’
1
A2 = g gy PLac™ + B1e 0 P 4 Bt 4 et

O3 B3 4 5™ 4 515" + B1Y).

where al i ﬁf J) are meromorphic functions of finite order which is less than
n, written on the form of a sum of terms of kinds of multiplications of the
functions h;, b}, P!, d;, d; (i =0,1,2,3). From (6.13) we have
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1
Aj o(hoePo(2) + dg)3

Ay = -

X [2h865po + Bietto 4 Bye®Po 4 Bse?t 4 Byelf 4 Bgettoth
+ B6€4P0+P2 + B7€4PO+P3 + Bg€3PO+Pl + 3963P0+P2 + 310€3P0+P3
+ 311€3P°+P1+P2 + 31263P0+P1+P3 + 31363P0+2P1 + Bl4€2P°+P1
+ B15€2P0+P2 + B16€2P0+P3 + 31762P0+2P1 + 318€2P0+P1+P2
+ B1962P0+P1+P3 _|_BQO€P0+P1 4 B216P0+P2 + B22€P0+P3
4 B23€P0+2P1 + B246P0+P1+P2 4 B25€P0+P1+P3 + 326€2P1 + 3276131

+ BQg€P1+P2 + ng€P1+P3 + 3306P2 + Bglep3 + ng}

= B;
Alo(h0€P°(Z)+do [Z ¢ ]

G; are polynomials defined as above, where Gy = 5P(z) and By = zh{ # 0,
Bj (j =1,2,...,32) are meromorphic functions of finite order which is less
than n, written on the form of a sum of terms of kinds of multiplications of

the functions z, h;, b, P/, d;, d; (i = 0,1,2,3). We certify that A # 0. We
have

(i) if
Gj = 4Fy; 3Py; 2Py; Py; 4Py + Pr; 4Py + Po; 4Py + P3
then
G; —5Py = —Py; —2Fy; —3FPy; —4Py; P —FPo; P, — Py, P3— B.
(ii) I
Gj =3Py + P1; 3Py + Py; 3Py + P3; 3Py + Py + Py; 3Py + P + Ps;
3P, + 2P,

then
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Gj—5P0:P1—2P0; P2—2P0; P3—2P0; P1+P2—2P0;
P1—|—P3—2P0; 2P1—2P0

(iii) If

G; =2Py + Pi; 2Py + Po; 2Py + P3; 2Py +2Py; 2Py + Py + Po;

2Py + P, + P3
then
G; — 5Py = P, —3Fy; P, —3Fy; P3—3F); 2P, — 3F;
P+ P, —3Py; P+ P3s—3PF,.
(iv) If

Gj:P0+P1; P0+P2; PQ+P3; PQ+2P1; P0+P1+P2;

Py+ P+ P
then
G; — 5Py = P, — 4Py; Py — 4Py; P; — APy; 2P| — AP;
Py+ P, —APy: Py + Ps— AP,.
(v) If
Gj=2P; Pi; Po+P; Pi+ P3; Py P
then

Gj—5P0:2P1—5P0; P, —5Py; P+ P, —5Fy; P+ P3—5PF;
P2—5P0; P3—5P0.

Since an,0 # 0 and a,,; = cjano (0<¢; <1) (j=1,2,...,k—1), then

Unj — Apo = (¢j —N)ano #0 for X\ =1,2,3,4,5; j =1,2,3,
2051 — Ao = (2¢1 — N)ano #0 for A = 3,5,
ap1+ anj — Aano = ((c1 +¢j) —N)an,o #0 for A=2,3,4,5; j =2,3
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Or argan, ; # argano (j = 1,2,...,k — 1) and arg(an,1 + an j) # argan
(7 = 2,3). Hence deg(G; —5Py(z)) = deg(5P(2)) =n (j = 1,2,...,32).
By Lemma 2.10 and the fact By = zh§ # 0, we obtain As # 0. By using
Lemma 2.9 to equation (6.12) above, we have
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Mgz) = A" = 2) =7(f") = plg2) = p(f) = 0. U
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