Finding a homeomorphism between almost
homeomorphic manifolds

By Kazuaki KoBAYASHI

§1. Introduction

Throughout this paper we shall only be concerned with the piecewise
linear category of polyhedra and piecewise linear maps. In this paper we
investigate the following problem; Let W; and W, be two. PL manifolds
whose interiors and boundaries are PL homeomorphic each other. When
are W, and W, PL homeomorphic ?

We obtain the result that such homeomorphism problem is closely
related to the h-cobordism near the boundary (see THEOREM 2).

OM and Int M stand for the boundary and the interior of the mani-
fold M. = means PL homeomorphic. I=[0,1] is a closed unit interval.
# X means the order of a set X.

§ 2.

DerFINITION 1. Let W; (i=1, 2) be bounded manifolds. When oaW,=
oW, and Int W= Int W,, we say W, is almost homeomorphic to W,.
And we define ./ (W)=set of PL homeomorphism classes of PL manifolds
which are almost homeomorphic to W.

ProrosiTiON 1. ([2. Th. 2, 4]) Let W} (j=1, 2) be compact bounded
n-manifolds (n=6). Then Int Wr=Int W} if and only if W, and W, are
boundary h-cobordant i.e. there are h-cobordisms (U®; W39, M®) such
that

M

Fig. 1.
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(M,aM)E(W uouvy-.-u U(p) MOy-.. UM(p))

wd aW(p)
where p is the number of the components of 8W

LemMmAa 1. Let W; (i=1, 2) be compact bounded n-manifolds such that
Int Wi=Int W, and g: Int W,—Int W, be a given PL homeomorphism.
Let ¢,: oW, xI—> W, be an PL embedding such that c¢,(x,0)=x for x€dW,
i.e. ¢, is a boundary collar and let U, be a region bounded by oW, and
gc(0W,x {1)) in W,. If U,=oW,xI, there is a PL homeomorphism h:
W,— W, such that

_h\WI—cl(aWIX [0, 1]) =ng1—cl<8T/V1 %[0, 1])

ProoF. Let ¢: dW,xI— U, be a PL homeomorphism such that ¢(@W,
x {0})=0W, and ¢(@W; x {1})= gcl(aW'lx{l} Then we may define a PL
homeomorphism A: W;,— W, by : -
| { g() on xe Wi—a(@W,x[0,1])

h(z) = ¢(u, @) on xe€c(@W;x][0,1])

where # and a are decided as follows; since x€ ¢ (dW,x [0, 1]), it can
be written x=¢(y, a) (0=<a=<1) and since ¢(@W;x {1})=gc(0W;x{1}), w
can write ¢ 'gc (y, 1)=(u, 1) (u€dW,). Since g=¢ on ¢;(@W;x {1}) by deﬁnl-
tion, A is well defined.

DErFINITION 2. Let U, be a region defined by LEMmA 1, then U, is
an h-cobordism by ProrosiTiON 1. We define z(g..)=7(U,, gc;(@W; x {1}))
€ Wh(r,(0W,)), Whitehead torsion near the boundary with respect to g.

ProrosiTION 2. Let W, (i=1, 2) be compact bounded manifolds and
f: Int W,—Int W, be a PL homeomorphism with z(f.)#0, then there is
no PL homeomorphism f: Wy— W, such that

FIWi—a(aW,x [0, 1) = f|Wi—a (W: x [0, 1]).
(See also [5. chap. IX]).
Proor. If there is a PL homeomorphism f as above,
t(f) = =(Uy, fa(@Wix {1))) = =(Uy, Fa(@Wix {1)))
=z(aW,x 1, aW, x {1}) =

This is a -contradiction.

THEOREM 1. Let W™ (n=6) be a connected compact bounded PL n-
manifold with a connected boundary oW. If Wh(z (0W))=(0), $ (W)=
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Proor. For any W;, W,e.« (W), we will show W, =W,. Let f:
Int W,— Int W, be a PL homeomorphism and U; be a region bounded by
oW, and fc;(0W,x{1}). Then U, is an h-cobordism by ProrosITION 1 and
t(fe) = o (Uy, fa(@Wy x {1})) = (= 1)« (Uy, dW,) € Wh(m:(d W) = Wh(m (W)
=(0) ([4, p. 394]). Hence by s-cobordism Theorem [6], U,=oW,x I=aW,
x I and so there is a PL homeomorphism f: W;— W, such that f|W,—
a(@Wix [0, 1])=f|W;—c,(dW; %[0, 1]) by LEMMmaA 1.

ProposITION 3. Let W7 (i=1, 2) be compact bounded manifolds (n=6)
with connected boundaries dW,; and Int Wy=Int W,. If n is even and
m (0W)) is finite abelian, D,W,=DW, where DW, is the double of W, and
D,W,=W,U W, by some identification homeomorphism a: dW,—oW,. Fur-
thermore if a is isotopic to identity, D,W,=DW,.

ProorF. Let W* and W~ be the copy of W and DW= W+L¢JIW‘.
Let f.: Int Wi*— Int W;* be homeomorphisms and U,. be regions bounded
by oW; and ficE(@WEx{1}) i.e. (Up; foct @Wi x{1}), aW;) and U,_:
fer @Wr x (1)), aWy). If =1 (U, fict @Wi" x (1)), (U=, Wy ) =
(=17 [4. p. 394] and so z-(Uf+ag U,_, foct @Wix (1)) =+ (—1)"'ze
Wh(z,(6W,)) [4. Th. 3. 2] where (Uf2+U Us_; foc QWi x {1})), frer (9Wy x
{1})) is an h-cobordism obtained from U,, U U,. by aW, identiffied. Since
m(0W) is finite abelian, z=% [4] and so (U, UU,_, fici (@W;" % {1}))=0 if
n is even. Hence U, aLqu U;-=0W,x1I by s-cobordism Theorem. Similarly

if
Uy =<U;_: oWy, f.c{(aW; x {%})) and
f. (U’i . for (aW; x {%}) e (W x {1})),

Uf+UU}_§aW1XI and U;:EaW1XI.

Let ¢,: dW,xI-U,, UU;. be a homeomorphism such that ¢ (@W;x {0})=
Jra(@W x {1})

b (aWI x {1}) =fa (an_ % {_é—})
and let

g: (IWiFx[0,11) U (aW; x [o, %DeaW]xI

be a homeomorphism defined by



282 K. Kobayashi

A
IA

t=1

Gyt 1—2) = (z+<y+>, —;-), 0

A
IA

¢z(y“,t)=<z+(y+), —;—H), 0=¢ %
where

yredaWs, vy edWr and  gi'fid (v7, 1) = (2*(s™), 0).
And we define a homeomorphism 7: DW,— DW, by

71(Wit—ct @Wi x [0, 1) U (Wi —cf @Wy x[0, 1)) = id .

ret (y*, 8) =c1+(y+, _;—-(3t—1)) -;— <s<1.

Ter(y~, t)=c¢r (y*,

fined by

2 2
We define a homeomorphism a: dW,—aW; by

a=7"(rlcr GW; x {0})).
Then there is a well-defined homeomorphism h: D,W,—DW, defined by

per (1. ) = s *1—)}

¢ Filzt) zte Wi —ci(aWi x [0, 1))

$ida(cD) T (xY)  ztec (an+ o [0’ % D

b)) xted (aW; x [% 1])
T (x0) z e Wy

Next we will show D, W,=DW, if a is isotopic to identity. Since a=id.,
there is a level preserving homeomorphism H: dW;x I-dW,;x I such that

v=a and Hy=id. Let ¢;: dW;xI—>W, be a collar (embedding) such that
a(y, 0)=yedW, and ¢f: W xI>W, be ¢f(y, £)=c.H(y,?. Then we define
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a homeomorphism
F. DW,—-DW,
by

l

F(x*)
F(x)

+ e Wi

X
x x~ e Wy —c (9Wr x[0, 1))

Fa)=F(a,0)=cd,?)  z eq (Wi x[0,1]).

"Hence DW,=D,W,.
DErFINITION 3. Let W” (2=6) be a compact bounded n#-manifold. Then
I[W,aW] is the inertia group defined by [2] i.e.

IW, 0W] = {r € Wh(m@W)|(W, 3W)ec = (W, aW)}

where (W, W )or=(WUU, dW')and (U; dW, dW’) is an h-cobordism with
z(U,dW)=r. Similarly if M is a closed n-manifold (n=5), I[M]={r€
Wh(z(M))|Mor=M} where Moz=M' and (U; M, M') is an h-cobordism
with 7z (U, M)=<.

Let (W, aW) be a set of manifolds (W', dW) such that (W, W )er=
(W', aW), v € Wh(z,(dW)) and

W, aW]={re Wh(m@W)[(W',aW)ec= (W', W)
for any (W', aW)e (W, aW))}.

Then the following Lemma is obvious by definition.
LeMMA 2. 2I[W,oWIZI[W, oW ]<4I[0W]<§Wh(m(@W)). Using

s-cobordism Theorem we obtain the following.

PROPOSITION 4. Let W” be a compact n-manifold (n=26) with W=
M,U M, where M, (i=1, 2) are connected. If (W ; My, M,) is an h-cobordism,
¥ A (W)=4I1[M]=4%I[M,].

ProOF. CaAsE 1. M,=M,. We define a map a: I[M]— (W) by
a(r)=W where W is an A-cobordism from M, with r(W, M))=7. Then W
is uniquely determined by z up to PL homeomorphism class [4. Th. 11. 3]
and We (W) because Int W=MxR=Int W and aW = M,UM, since
cel[M]. And if v#r,€ I[M], W,#W, by [4. Th. 11. 3] where a(z)=W,
(i=1,2). So a is injective, clearly for any W e (W), celI[M,] where
r=1(W, M,). Hence a is onto.

CasE 2. MzM,. Let c=7(W, M,;) fix. And we define a map a:
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I[M]—>A (W) by a(w)= UU W where U is an h-cobordism from M, with
(U, M)=w. Then 8(UU W) M UM, and Int (UUW)=M,x R=Int W
by [1. vol. II]. So UU WE AW). If ny#r,€I[M], UIJ‘L{J W?ﬁUz}IJ W by
[4. 11. 3]. Hence « is 1n]ect1ve Now we will ‘ l

show a surjective. For any We.«(W), since W
W—M=W-— M, = M, x [0, o). there is a PL

homeomorphism f: W—M,—»W—M,. Let U, 139

a bounded region by M, and fo,(M;x {1}) in W

where ¢: M;xI—-W is a boundary collar and )

let @,=7(U;, M;). Then w,eI[M;]. Now a, does Fig. 2.

not depend on f because if g: W—M,—W—M, is another PL homeo-
morphism,

o(U,, M)+7(g(W), g(M)
= w,+7=1(W, M,)
=(Uy, M)+ (AW, fIM)) = o, +7

and so w,=w;. Hence a is onto and $I[M]=§.4(W). Similarly #I[M,]
=§A (W)

CoroLLARY. If W is the same as Proposition 4, %4 (W)=
$d*(Wh(z,(M,))) where d,: Wh(m,(M,))—Wh(z (M) is an endomorphism
defined by d,(t)=7+(—1)""'z.

Proof follows by the fact that d,(Wh(x,(M))) is a subgroup of I[M,].

DEFINITION 4. Let W be a PL manifold and K be a subpolyhedron.
We say K homotopy spine of W if the polyhedral pair (W, K) is an ab-
stract h-neighborhood i.e. W, K satisfy the following conditions (see [2]):

(1) KcltW

(2) for some regular neighborhood N of K in W, (W—N; aW, aN)
is an h-cobordism.

DeriNiTION 5. If 7€I[W,8W], by the definition there exist an A-
cobordism (U; aW, aW) with (U, dW)=z and PL homeomorphism

h: WaLlJVU—>W'. We define I[W, oW; id]={r € I[W, aW ]| h|K is homo-

topic to inclusion i: K—W for some homotopy spine K of W).

LeEmMMA 3. Let W™ be a compact bounded n-manifold (n=6) with a
connected boundary. If iy: Whiz,(0W))—Wh(z(W)) is a monomorphism,
ITW, W ; id]=0.

Proor. Let t€lI[W,daW;id], (U; W, W) be an h-cobordism with
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(U, dW)=7 and h: WUU—W be a homeomorphism such that 2|K=1
for some homotopy spine K of W. Then by [4: 7.6, 7.7]

(W, h(K)) =z (h) =z(i) = (W, K) e Wh(m(W)).
And since A is a homeomorphism,
(W, h(K)) =ixz(U, aW)+2(W, K).

Hence iyr(U, 0W)=1i4r=0 and z=0.

THEOREM 2. If W" is a compact bounded n-manifold (n=6) with a
connected boundary, then .4 (W)=4{(W, oW )y<$I[dW]. Furthermore if
ker (iy: Wh(z,(@W))— Wh(a(W))=0 and I[W, dW: id]=I[ W, W], §+(W)
=¢I[oW1].

ProOF. Let W e« (W) such that W,2¢ W and let f: Int W,—Int W
be a homeomorphism. Let U, be a region bounded by aW and fa (oW,
x{1}). Then (U;; aW, fc,(dW;x {1})) is an h-cobordism by PROPOSITION 1
and <(U,, fc,@W,x {1})0 in I[0W;]=I[dW] for any f because dW =W
and W, W. Similarly if W,, W, €.« (W) such that W, W£W,, W, £ W,
then (U, fo,(0Wyx {1))#7(U,, gc,(dW, x {1})) where g: Int W,—Int W is
a homeomorphism. So $.«(W)ZgI[oW].

Since Int (WBL#’U)_’Z_Int W where U is an h-cobordism from aW, W'e

A(W) if WeldW,aW)). So #(W,oW)<¢4(W). And if W, W€
A (W), Int W,=Int W, so W, is boundary h-cobordant to W, by ProposI-
TION 1 and dW,=0W,. Hence W,, W,e(W, dW) and .« (W)= W, aW)). .
Since ¥4 (W)=4#{I[0W]/I[W, dW]), by LEMMA 3

¥ A (W)=8I[0W] i ker ixy=0
and I[W, aW: id}=I[W, aW].

THEOREM 3. Let M™ be a closed n-manifold (n=5) and let G={r €
Wh(z, (M x SY)|if A=(a;;)€ GL(p, Zr,(Mx S")) is a representative of t, a;; €
Zm(M)®{1)}. Then there is a homomorphism ¢ of I[M] onto G[(I[M x
SING) with ker ¢ D{we I[M]|ow+(—1)@=0}.

COROLLARY. If M™ is a closed n-manifold (n=5 and odd) with = (M)
= finite abelian, GCI[M x S*].

ProoF. If M satisfies all conditions, for any 7€ Wh(m(M)) t+(—1)7
=0 by [4. So {reI[M]|c+(—1yz=0}=I[M]Cker . Hence G/I[MxS]
NG)=0 by THEOREM 3.

ProoF oF THEOREM 3. Let U be an h-cobordism from M to itself.
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Then Int U=Mx R and so U is boundary h-cobordant to M x I by Proro-

SITION 1 i.e. (MxI; M, M)=(V,UUUYV,; M, M) for some h-cobordisms
- M M

(Vis M, M), (Vy; M, M). Let (W; V;UUUYV,, MxI) be a trivial h-cobord-

ism. Then (W;U, MxI) is an h-cobordism between U and M x I where

Vi UV, U
Vv
W —1 [
MxI MxI
Fig. 3.

oW=oW. Let w,=t(Vy, M), w,=7(V,, M) and let (Vi; M, M), (Vy; M, M)
be h-cobordisms with ¢(V/, M)=—e,, (V;, M)=—w,. Then V,U V/ and
V,U V, are both trivial A-cobordism and so there are trivial A-cobordisms
Wi, W, between ViU VY, V,UV, and MxI. Therefore VUUUYV, is A-
cobordant to M x I by the A-cobordism W,U WU W, such that

L

Vi UV
X
\fl__ _.VZ W, w W,
W, w W,
|/
\KL 1
MxI MxI MxI MxS'
Fig. 4. Fig. 5.

a(ViuUU V))=Mx .S° is trivially h-cobordant to M x S°® by the same W;U
WUW,. Let X=(MxIxJ)UW,UWUW,) by identifying M x (0) X (£)~
Mx(t)c “free” part of aW,, Mx {1} x {;~Mx {t}C “free’ part of dW,.
Then X is an h-cobordism from MxS'. So there is a map

3: IIM]— Wh(m(Mx SY)
defined by
g(t)=1(X, MxS") where r=7(U, M).
Let (U; M, M) be an h-cobordism with z(U; M)=#%+#ceI[M). Then
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Uz£U. And let V{, V; be the corresponding h-cobordism for U as above.
I (VIUOUV)UMXIx{1}#(V/UUU VHUMxIx{1)), o(X, MxSH#(X,
MxSY). But if (VJUUUVHUWMxIx{I)=(V;UUU VHUMxIx{1}), I
don’t know whether (X, MxS)=7(X, MxSY) or not. So we define a
map ¢: I[M]—->Wh(x,(MxSH/I[MxS'] by ¢(z)=[c(X, MxS")]. Then ¢
is well defined. And since M x Ix JUN(M x 3I, W,U WU W,)c X is homeo-
morphic to MxS'xJ where Mx3I=MxIUMxIHUMxIHUa(W,UuW
U W,) and N(Mx3I, W,U WU W,) is a regular neighborhood of M'x3I in
WU WU W,, we may consider that X is constructed from Mx S'xJ by
- attaching handles on MxIx{1}cMxS'x{1}. So if A =(a;;)e GL(p,
Zn (M xS") is a representation of (X, M xS, a;;€ Zm (M)®{1}. Hence
Im ¢CG/I[MxS'ING). Now we will show ¢ surjective. Let [w] be an
element of G/(I[M x S']NG) such that w=7(X, MxS'). Since a representa-
tive A=(a;;) of w in GL(p, Zr,(Mx S")) has a form a,;€Zn,(M)Q{1}, we

may assume

X =(MxS'xJ)U {handles)
=MxILxJ)U(MxIL,xJ)U{handles}

so that all handles do not attach one of MxIxJ,, say MxI,xJ [4]. Let
U=0X—(MxS'x{0}UMxIx{1}). Then U is an h-cobordism between
M. So there is an element (U, M)eI[M] such that ¢(c(U, M))=[w].
Now let w be an element of I[M] such that w+(—1y@=0. Then UUU
=MxI where (U, M)=w and (U, M)=(—1y®. So (UUU)xJ) U (M

MXIXJT
xIxJ)=MxS'xJ. Hence ¢(w)=0 and so ker ¢D{welI[M]|wo+(—1)®
=0}.

Now, suppose R and R’ are rings which are also algebras over the
commutative ring A, and let C be a free R-complex with a preferred basis,
and C’ a free R’ complex with a preferred basis. Then C® '’ is a free
R®4R' compelx with a preferred basis.

We obtain the following proposition by [4. § 3].

ProposiTION 5. Let C be a free R-complex with a preferred bastis,
and C' a free R'-complex with a preferred basis. Then if Hy(C) and
H,(C') are both free, so is H (C® ') and r(CR,C")=7(CRB)+7(CRB)
+7(&) where B and B' are R'-complexes such that

B : 0—->C,:—>C,:_1——>----—*CI;+1—>0
B: 0-C,—-C, ,—-—C/i—0

for any p when
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O——>C7:-—>C,,:_l-—>---—-—>Cz’)-—>C;_1——;u-——>Co'—->0

is a chain complex C' and where & is an RQ R’ complex H,(CQB)—
H,(C®C)—H,(CRB)—>H, ,(CRB)—>-— H(CQB')—>0 induced by the

short exact sequence
0—-C®B—-CRC'-CQB' —0.
COROLLARY. If M is a manifold such that Hy(M) is free Zm(M)-

module where M is a universal covering space, t(Mx S‘)(q—z—( (M x SY)) e
Wh(z,(Mx SY) is equal to t(c(M))+t(%), where % is a Za,(M)Q ,Zm,(S")
complex

H,(c(M)®c(S)— H,,(c(M)®c(3)) > Ha (c(M)®cy(S"))
| = Hy (e(M)®1y(8Y) 0 .
Proor. By ProrosiTiON 5
7(c (@< (S
=7(c(M)®c:(SY) + 7 (c(M)@®co(8Y) +7(#
= 2(cu(8) e (c(B)) + 2 (co(3Y) ¢ (c(B) +
=1(c(8))z(c(M)) +7()

where 2(c(8") is the euler characteristic as Zr,(S')-complex. Since §'=
2c(§)=1. Hence 7(c(M)@c(§)=r(c(M)+7(&). And since MxS=

M x 8", we obtain the result.
Hokkaido University
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