H-projective-recurrent Kahlerian manifolds and
Bochner-recurrent Kihlerian manifolds

By Izumi HAsecawa

Introduction.

T. Adati and T. Miyazawa investigated the conformal-recurrent
Riemannian manifolds and M. Matsumoto the projective-recurrent Rie-
mannian manifolds. In their paper, they concerned with the more general
Riemannian manifolds, that is, the Riemannian metric ¢ is not necessarily
positive definite. .

Recently, L. R. Ahuja and R. Behari studied the H-projettive-recur-
rent Kidhlerian manifolds.

The purpose of the present paper is to make researches in the H-
projective-recurrent Kihlerian manifolds and the Bochner-recurrent Kihlerian
manifolds.

The present auther wishes to express his hearty thanks to Professor
Y #Katsurada for her many valuable advices and encouragement.

§ 1. Preliminaries.

Let M be an n(=2m) dimensional Kihlerian manifold with Kihlerian
structure (g, J) satisfying |

(1.1) Jiaz]“j=—5ij, J@jz—Jﬂ, V,LJij=0,

where J;;=g:.J%;.
It is well known that the tensor

(1.2) Prisi = Rusjn— n—iz (Risgne— Rusgin+ Hy sl — HyyJ o — 2H,.J ),

where H;;=R,,J*;, is called the holomorphically projective (for brevity, H-
projective) curvature tensor of M, and the tensor

(1- 3) Bhij/c = Rlzzjlc_ Rugnlc—anguc + IIithlc_th']ik—ZHhilec

L
n+4
+ Rhlcgz’j — Rzkghj + thchj - I{ilc']hj - ZHj/cJM)

+ (n+2)(72+4) (gz'jgh/c_ghjgzk+JMJM—JM.JM—2JMJM)
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the Bochner curvature tensor of M.
We concider a tensor U,;;: given by

(1- 4) Uhij/c = Rhu/c"‘ —‘R;(gijghk—ghjgik+J¢thk—thJ£k—2JMij) .
n(n+2) .

Hence we call this tensor the H-concircular curvature tensor of M. The

H-projective curvature tensor and the Bochner curvature tensor coincide

with the H-concircular curvature tensor of M if and only if M is an

Einstein space.

We call that a Kihlerian manifold M is H-projective-recurrent if V,P,,;,
=r, P, where «, is the vector of H-projective-recurrence, Bochner-recurrent
V,Bij=r:Briyr where x; is the vector of Bochner-recurrence and H-con-
circular-recurrent if V, U,y =#x;Us ;i where «; is the vector of H-concircular-
recurrence. _

We call that a Kihlerian manifold M is H-projective-symmetric if the
H-projective curvature tensor is parallel, that is, V;P,;;;=0. Similarly, we
define the Bochner-symmetric Kihlerian manifold and H-concircular-sym-
metric Kihlerian manifold.

We have well known the following identities:

Gard “ s = 15,

RaJ ] bj-':Ru, Ry ajz—RjaJ %

VoRaj =ViRiy—V; Ry, ViR=2V,R%,
(1.5) H,=-H,, H,J*=R,

I_ImJaszjaJaz=—Rw,

I{w = —(1/2)Rabij‘]ab = Ra¢jb<]ab ’

VeHiyJ* =V Ri;—V Ry, V.,RJ%=2V,H.

§ 2. H-projective-recurrent Kihlerian manifolds.

THEOREM 1. A necessary and sufficient condition for a Kdihlerian
manifold M to be H-projective-recurrent is that M be H-concircular-recurrent.

ProorF. We assum that a Kilerian manifold M is H-concircular-
‘recurrent, 1.e.

(2.1) VoUnsse = £Unise -

From (1. 4), we can write (2.1) as

(2. 1)* ViRyisn = k:Rpsgn+ (V,:R— £, R) A 1451

I
n(n+2)
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where v“(mk =0:9m—9r;9ex + szJhk — thJu — ZJM'JjIc .
Contracting (2. 1)* with ¢**, we get

(2- 2) Vszj = ’szzj+ %‘(VZR_MR)QM .

Substituting (2. 1)* and (2.2) in V,P,;,,, we have
(2. 3) VzPMj/c = 'CzPMjk ’

that is, M is H-projective-recurrent.
Conversely, we assume that M is H-projective-recurrent, than we have

(2.3 V,Rup= KR pig0 + 7_]*;_—2— {(Vz Ris91—V i Rusgur+V, H; o —V, Hyjd o2

— ZVZHMij) — K (Rijgh/c — R/zjg'i/c + Hilezk — ij']m — 2HIL7}JjIc)} .
Trancevecting (2. 3)* with ¢%, we get

1

ViRu = 6, Ry + 7(71R—MR)QM .

Substituting this in (2. 3)*, we obtain (2. 1)*, i.e. (2. 1). Q.E.D.
From THEOREM 1, we have the following corollaries.
CorOLLARY 1. If a H-projective-recurrent Kihlerian manifold M satis-

Jies V.R=x,R, where k, is the vector of H-projective-recurrence, then M is
recurrent.

COROLLARY 2. A necessary and sufficient condition for a Kdihlerian
manifold M to be H-projective-spmmetric is that M be H-concircular-
symmetric.

CorROLLARY 3. If a H-projective-symmetric Kihlerian manifold M has
the constant scalar curvature, then M is symmetric.

ProposiTION 2. If a Kéihlerian manifold M is H-projective-recurrent,
then M satisfies the identity
(2. 4) (n—2)V.R = 2nk,R%—2k,R,
where &, is the vector of H-projective-recurrence.

Proor. Contracting (2. 1* with ¢**, we get

1

2.5 VoRuix = K°Rogjn+ ————
( ) ijk = K Ragjz n(n+2)

(VGR'— KaR) =’Q¢aijk N

where £°=¢%k,.
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Using (1.5) in the left side of (2.5), we obtain
(2. 6) Vo Hod % = 5°Ragge+ ———(P*R—5R) A 5.
n(n+2)
Transvecting this with J%J7,, we get
(2- 7) ViRin = £°Raperd 51 0+ —1—“(‘7“R"‘ /CGR)(Qngak + GanGx
n(n+2)
+ 290 mr+ J indar + Jamdr) -

Moreover contracting this with ¢*”, we obtain

7,R= 2R+ ->(F,R—r,R),
n

whence (2. 4) follows. Q.E.D.

As an immediate consequence of this proposition and COROLLARY 3,
we have the following

COROLLARY 4. In a H-projective-symmetric Kahlerian manifold M,
the scalar curvature R is constant. Therefore M is symmetric.

Now, we assume that a Kéhlerian manifold M is H-projective-recurrent
and M is not of constant holomorphic sectional curvature. We have

(2.8) Vi(PrisiP™*) = 26,(PryjeP "5

whence it follows that x; is gradient.
Using the Ricci identity and THEOREM 1, we have the following

ProposITION 3. A H-projective-recurrent Kéhlerian manifold M satis-
fies the condition V,,V;Ryu5.=V iV Raiju-

Next, we have the following

THEOREM 4. If a Kahlerian manifold M is H-projective-recurrent,
then M is recurrent.

Proor. We have the following two cases: (a) M is of constant holo-
morphic sectional curvature, (b) the vector of H-projective-recurrence «; is
gradient. In the case (a), M is symmetric, whence it follows that M is
recurrent.

Now, we shall concider with the case (b).

We consider a tensor U,; given by

(2.9) Uis=Ry;— %gw .

In a H-projective-recurrent Kahlerian manifold M, from THEOREM 1, we
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have (2. 1), whence we obtain

(2. 10) V.U =&U; .

Since &, is gradient, we have

(2.11) VoV Uiy—V .V, Uy;=0.

Applying the Ricci identity to (2. 11), we obtain
0=R,;;"Us;+ Rp1*Usa

= UmliaUaJ+ UmljaUm + ——R———(r}{mua Uaj+ J{mlja Uia) .
n(n+2)

(2.12)

Differentiating this covariantly, we get

0 = 2ﬁ7p ( Umlia Uaj + Umlja Uiu)
2.13
( ) +——1——(VpR+ EpR) (A i Unj+ A i Usa) -
n(n+2)

It follows from (2.12) and (2. 13) that

(2. 14) (VpR—ICpR) (.—)JmliaUaj‘i'c/dmljana): 0 .
Contracting this with ¢%, we obtain
(2. 15) V,R—k,R)U,,; =0.

Thus we find either V,R=«,R or U, ;=0.
In the case F,R=k,R, from CorROLLARY 1, M is recurrent.
In the case U;;=0, M is symmetric. (see § 3. THEOREM 6 or [3]) Q.E.D.

§ 3. Bochner-recurrent Kiihlerian manifolds.

It is clear that a Bochner-recurrent Kihlerian manifold satisfying the
condition V,R;;=k:R;;, where «, isthe vector of Bochner-recurrence, is
recurrent.

In this section, first, we shall prove the following

THEOREM 5. In order that a Bochner-recurrent Kdahlerian manifold
M is H-projective-recurrent, it is necessary and sufficient to be V,R;;=k;Ry;

+—1—(V +R—KR)g:;, where &, is the vector of Bochner-recurrence.
n
Proor. We assum that a Kihlerian manifold M is H-projective-recur-

rent, then from the proof of THEOREM 1 we have (2.1)* and (2. 2).
Substituting (2. 1)* and (2. 2) in ¥, B, we have

(3- 1) Vz BMj/c =K Bhu/c .
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Conversely, we assume that a Bochner-recurrent Kihlerian manifold M
satisfies the condition (2. 2) where &, is the vector of Bochner-recurrence,
then we have

4 A Rhijk = K?zwa;jj‘i‘ ni A {V z (f%hiﬂ:+¢%ihlcj—2HMij—2ijJM)
(3. 1) — £0(Brage+ Buney— 2Hni e —2H 1T}
1
— ViR—&,R) A 351,
o) d) RTER) A

where B0 =Risgn— Ras9sn+ HygJnw— Hp i
Substituting (2.2) in (3.1, we have (2.1)¥, that is, (2.1). From THE-
OREM 1, M is H-projective-recurrent. Q.E.D.

THEOREM 6.V If a Bochner-recurrent Kiahlerian manifold M is Ricci-
symmetric, then either the Bochner curvature tensor vanishes or the vector
of Bochner-recurrence is zero. Consequently M is symmetric.

Proor. If a Bochner-recurrent Kihlerian manifold M is Ricci-sym-
metric, We have

(3.2) ViRnise = k:Basgi -
From the Bianchi’s identity and (3. 2), we get
(3.3) £: Brijiu+ £nBaji+ 8B =0 .

Transvecting (3.3) with &%, we have
(3. 4) /CZICZ.BM”: -+ ﬁhIClBuj;c + ICgKlBlhjk = O .
Since VGR(,“/C:VkRM'—VjR,U‘=O, we have ICZB,,;U;‘=O and K.'ZBM_M=O.
Now, we obtain (k") B,;;:=0. Consequently, &; is zero or the Bochner
curvature tenson vanishes. Therefore M is symmetric. Q.E.D.

THEOREM 7. If a Kihlerian manifold M is Bochner-recurrent and
Ricci-recurrent, then M is recurrent.

ProorF. We assume that the Bochner curvature tensor does not vanish
in a Bochner-recurrent Kihlerian manifold M. Then the vector of Bochner-
recurrence x; is gradient.

We put «} the vector of Ricci-recuarence and

(3.5) & nisx = Rasse— Basse »
whence it follows that
(3.6) ViRpise = k:Brigi+ K7 € rig -

1) This theorem was proved by T. Yamada.



H-projective-recurrent Kdhlerian manifolds and Bochner-recurrent Kdhlerian — 277

Since either B,;;:=0 or &, is gradient, we have
(3- 7) VmVZBhH/c_VleBMj/c=O-
Using the Ricci identity to (3.7), we obtain

O = lehaBaijlc + leithajk + lejaBMalc + lelcaBMja
(3. 8) = B,.1s"Bassi + B Baagi + Bty Briar + Brii*Bhisa

+ gmlkaBaijlc"i- gmlithajlc'*' (gmljaBMalc'i_ gmlkaBMja .
The covariant differentiation of (3. 8) gives
0 = 2k,(Brin"Baisi + BriiBhajr + B Bhiar + Bt Bhisa)
+ ("p + x5 )( @ man"Busjit ‘gmn'aBnajk + ?fmljaBMa/c + ?fmzkaBntja) .

It follows from (3.8) and (3.9), that
(3- 10) (Ep_‘; )(‘gmznaBaijk + 'fmnthajk + ‘gmzjaBMak + cgmllcaBM)ja) =0.

In the case x,=«;,, clearly, M is recurrent.
Next, we assume that

(3.9)

(3’ 11) gmlhaBaijk + gmlithajk + fgmljthialc + (gmllcaBlLija = 0 .
Contracting this with ¢, we have
(3. 12) RmaBazjk == 0 .

Transvecting this with £*™, we obtain

O = IC*bRbaBagj/c

(3.13) =—§—rc*“3am.
Thus, we find either

(3. 14) | £** Bl = 0

or R=0.

In the case (3.14), transvecting (3.11) with £*%*?, we obtain
E* K™ E min®Baijn =0, whence it follows that

(3.15) R(x*i6**) Bhij = 0.
In the case B,,;;=0, we have

ViRuijn =V € nijn
%k
= K" 16 rijr

3
=K IRMjIc ’
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that is, M is recurrent.
Next, we shall consider the base ¢*,=0.
In this case, from THEOREM 6, M is symmetric.
Finally, we shall consider the case R=0.
Transvecting (3. 11) with R** and using (3. 12), we have

0= (RabRab) Bmu/c + Rchch baJ maBaij/c

(3. 16)
=(RabRab) Bmijlc .
Consequently M is recurrent. Q.E.D.
Department of Mathematics
Hokkaido University of Education
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