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Some generating functions of modified

Laguerre polynomials

By C. C. Fenc
(Received August 22, 1977)

1. Introduction:

We consider in this paper some generating functions of modified Laguerre
polynomials of the partial differential equation
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which is derived from the linear differential equation
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by replacing $ by y—(.?y—, n by z%, & (x) by u(x,vy,2). In this case, we

find the infinitesimal operators A,;, i=1,2; j=1,2,3 which generate a Lie
algebra. Therefore, we get certain two parameters generating functions of
modified Laguerre polynomials. We state such generating functions as fol-
lows :
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These generating functions do not seem to appear before, and contain six
cases of one parameter generating functions in (I, II). Some other special
cases are shown in 4 of this paper. If we change the order of A;, A,
A, 1=1.2, we can get other types of two parameters generating functions
of Modified Laguerre polynomials. The main result of this paper is in 4
and there we determine all class of generating functions.

2. Linear differential operators
DerFiNiTION : Modified Laquerre polynomial is defined for all x, 8 and
n by

2.1)  fPl)=(—1p L) =-Ln Fl[l n—pg> % ]

n! !
which is a solution of the ordinary differential equation

2.2) g AP@+ (1 —z—n—f) o SO @)+ P (x) =0

By replacing _dc_ig by —ga;, B by y—a%—, n by zﬁa—z- and P (z) by u(zx, v, 2)
=fP(x) y* 2", the differential equation (2. 2) reduces to

u ou 0%u ’u ou
2.3) x5, Yy ~ %z T %2

From (2. 3), we define the infinitesimal operators A;; (i=1, 2, j=1, 2, 3)

=0.

Ay=AY S+ A S+ AG o+ AY =12, j=1,23
of first order linear differential operators as
2.4 A, =y->
. u=yY oy
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0 0 0
A=y 5 -*?/Lag —Yz 5
0
A21:z“a_z—
0
An=2"5

0 0 0
A23= xz-a; —yz*a—?j —226—2. — Iz

which satisfy the following rules :
A[fP (@ v 2] = B2 (@) vz
Au[fP @)y 2] = —f D (DY e

Au[fP (@)Y= ] = — B0 )y 12t

Au[fP (@)Y 2] = P (@) e

Au[ P ()Y 2] = fiPu(2) P2t

Ay () ?/'szn: = —(n+1) By 2"+,

3. Lie algebra

We get easily the following theorem.

TueoreM 1. The set {1, A;; (=1, 2, j=1, 2, 3)} generates a Lie algebra
< with commutator rules

[Aij’ Akl]:() i#k fOI j, l:1,2,3,
[Am, Az‘2] = — A 1=1,2
[Am Ais] = Ay 1=1,2,

[AIZ’ A13] = [Azs, A22] = 1

and

{1, A;;(j=1,2,3)} i=1,2 generate a sub-algebra of <.

We shall consider the partial differential operator L;(i=1, 2) which can
be defined by two forms

L= A12 A1s - An
L,= A22A23+A21 ~1
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which commutes with A;; 1=1,2, j=1,2,3, i.e
(3.1 [A;;, L] =0 L,k=1,2,7=1,2,3.

If ¢;;(x,v,2) is a solution of A;;é(x,y,2)=0 and if we transform the
form of each A;; to B;; such that

. 2 )
Biy= Al op +AG 5y T A5

then B;;=¢;}(x,V, 2) Ai;¢:;(x, Y, 2). Finally we transform each B;; to D=
% by change of variables from z,9,2 to X, Y, Z.
By means of Taylor’s Theorem, we have
e1 411 f(x, Y, 2) = fus(x, 3, 2) €719 ¢} (2, Y, 2) [z, Y, 2)]
o
= ¢ij(x: Y, z) e"id e [sz(X: Y’ Z)]

= ¢75.7'(x, Vs 2) Fi][X+ Qi js Y, Z]
= ¢i.7'(x’ Y, Z) gij(aij, x,Y, Z)

where a;;(i=1, 2, j=1, 2, 3) are constants.
We shall introduce some functions as follows.

1) ¢ulx,y,2)=x2, z=X+Y, y=e¥Y¥, 2=Y-Z
etnduy(x, Y, 2) = u(x, ey, 2) .
2) ¢21(x,?/,2)=x2/, x=Y+Z, 2/=Y—Z, z=eXY
eazlA:uu(x, 3, z) — u(x, fy, el Z) i
X-Y
3) ¢=yze", T="yry,» Y=Y+Z, 2=Y-2Z,

.. A % 27}
ety (x,1y,2)=e v u ~Ef—I—x,y,z .

4) @z, y,2) =Yz x=—)Y£:—ZY:, y=Y+2Z, 2=Y-Z

ea’zzA“u(x, Y, Z) - u(_%;_Z_ +z,, Z) .

1 Y
8) dulny, =2z, x=(X-V)Z, y=%"vy. 2=x-yjz

P4
e“““‘“u(x, Y, 2) = u<x(1 —l_alay), 1 +yalsy 71 +asy > .
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Y 1
6) Pz, Y, 2)=2%Yze”, x=(X-Y)Z, ?/:(X—_W’ 2=X_Y

ey (x,y,2)=e “za‘”zu(x(l + a32), l14+ayu2’ 1+azsz> .

From above stated functions, we easily get

2
3.2) exp [Zl(ais Ajst+apApt+ ailAil)]f(x’ Y, 2)

i=

= exp| — anze— 1+ ayy+asy) | 16,7, 0

where

'3 =<—a,!;‘2‘ +—az£ +x>(1 + Y + an2)

_ ea'ny
771 +ayp Y+ anz

r= etz
T 14apy+axz

and the order of A, A, Ai. can not be changed for 1=1, 2, respectively.

4. Gernerating functions

From (2. 3), u(x,y, 2)=fP(x)y#2" is a solution of the systems
JLJu:O {Lju=0 JLJu=0
(An—pu=0" l(Au—n)u=0" {(Ay+Au—p-n)u=0

From (3.1), we sasily get

SLy(fP(z)yP2") = LS(fP(x)yP2r) =0.  j=1,2.

, j=1,2.

where
2
S= GXP[Z.1 (a3 Ais+ap Ap+ay An)]

Therefore, the transformation S[f"(x)y?2"] is also annulled by L;, j=1, 2,
and the order of A, A, A, can not be changed for each i=1, 2, respec-
tively.

By setting a;;,=ay=0 in (3. 2), we get

(4. 1) %23 423 pl13 A1g plzz Ay pUi2 A1, [f;iﬁ) (x) yﬂ zn]
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THEOREM 2: Every generating functions induced by the partial differ-
ential equation (2. 3)

0 0 0
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=0

are classified into four classes which are also devided by fifteen cases.
The details are as follows :

(I) Class 1.
by setting —y=¢, —2=t; in (4. 1)
1
Case 1. ap=ay=— o0 = an= 1

Lol 1 os (@t e (—w)

LT E Ml A I A kL B
(=L, A (@) et

Case 2. Ay — dgg — ——%, a13:1, a23—_—0 implies P-:O.
51 1/1 1
(4. 3) ewt, ( t)” ﬁf(ﬁ){[ (t1 +‘£2—>] (l—tl)}
2, 1 2 (! e (—w™ Bkt [ o st am
= Z m‘ z§) l' kzgo k' <ﬁ_k)m np—lk’+ )(x)tl kt2L~

Case 3. ap=aypy=———, a3=0, ass=1 implies m =0

(4.4  ememn(l— )""’f('”{[ 1(;1‘1-%2—)](1—@)}
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1
Case 4. ap,= — o 2= 0, a;y=ay =1 implies [ =0
1
(4_ 5) extze(t1+tz—1)/wt‘l(1 —‘tr—tz)—n_ﬂ éﬁ)[(x_*_ )(1_151_,52)
wiy

2 1 2 1 & (—w)—k (B—k+m) m—k 4D
:Z)Z::O 3 Eo o };0 Bl (B—R)m (1) fET™ () 1772
1 . .
Case 5. a;;=0, ayp= — o s=an=1 implies £ =0

(4.6)  e™(l—t;—t)™ """ f,ﬁ">[<x+ E%) (1—# —tg)]

oo 1 oo 1 [ -1
=5 S B @ttt

©1=0

Case 6. @ =ay =0, ay=ay, =1 implies k=1=0

(@7 en(l—t—t) " P2l —t—1)]

1 = 1
=5 B Bt D, A @) e
1
Case 7. dyg — — g, 99 == 0, g = 1, dag — O implies l Zp = 0

the generating function is shown as [I, (6. 4)].

1 T
Case 8. a;,p =0, ap=— o W= 0, a;3=1 implies k=m =0

the generating functions is shown as [II. ch. 3. (1. 2)].
Case 9. ap=ap=ay=0, as=1 implies k=[=p=0
the generating functions is shown as [I, (6. 3)].
Case 10. ay=ap=a;3=0, ap =1 implies k=I{=m =0
the generating functions is shown as [II. ch. 3, (8)].

() Class 2.
by setting ¥y~ 1=¢,, 27 !=¢,
1 . .
Case 11. Qg — Ayg = — _‘ZTUT’ iz = Aoy — 0 1mphes m :P =0

48 e fp|z— i)

> (—w)t e (w)*
E1 BB ()t

=0 l ' k=0

Case 12. ap=1, ap=a3=ay =0 implies I=m=p=0
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the generating function is shown as [I, (6. 1)].

Case 13. axp=1, ap=a;;=a, =0 implies k=m=p=0
the generating function is shown as [II, ch. 3. (7)].

(ITII) Class 3.
By setting y~'=t,, —2=t,

1 T
Case 14. A — — _'Z,-(;—’ Agg — g — 0, Aoz — 1 lmphes l =m= O

(4.9)  etoguti—to(1—g)nms ,§ﬂ>[<x— %)(1—@)]

()

5 R PP AP (@) ey

e 1
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(IV) Class 4.
By setting —y=t,, 271=t,

1 AT
Case 15. Qg = O, Agg — — —U—)—’ Qi3 = 1’ dgg = 0 lmphes k :P =0

(4.10) (1—t) f,i“[(x— %) (1 -—tl)]

oo 1 ) (__w)—l

= )My A (P s € o) 53

m=0 m ! =0

So we have found fifteen generating functions, these two parameters
generating functions do not seem to appear before, in which six cases appear
in [I, II] as one parameter generating functions.

Acknowledgments :

This paper is finished under the direction of professor Shoze Koshi
Hokkaido University, as a visiting professor of Chung Yuan Christain College
of Science and Engineering in Taiwan, Republic of China in 1976-1977.
The auther is grateful to professor Koshi for his encouragement and guide-
nce.



Some generating functions of modified Laguerre polynomials 197

References

[1] C.C. FENG and M. P. CHEN: Group theoretic origins of certain generating
functions of modified Laguerre polynomials, Chung Yuan Journal, 3 (1974),
pp- 31-39.

[2] E. B. MCBRIDE: Obtaining generating functions, Springer-Verlag (1871), pp.
35-46.

[3] L. WEISNER’s: Group theoretic origin of certain generatingfunctions, Pacific
Journal Math., 5 (1955), pp. 1033~1039.

Chung Shan Institute of
Science and Technology
Lung-Tan, Taiwan, China



	1. Introduction:
	2. Linear differential ...
	3. Lie algebra
	THEOREM 1. ...

	4. Gernerating functions
	THEOREM 2: ...

	References

