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Some properties of locally conformal Kihler manifolds

By Toyoko KasHiwaADA
(Received April 17, 1978 ; Revised September 4, 1978)

Introduction.

A Hermitian manifold whose metric is locally conformal to a Kihler
metric is called locally conformal Kéhler manifold (l. ¢. K-manifold). I. Vais-
man ([3]) has given its characterization as follows :

A Hermitian manifold M(p, g) is a l.c. K-manifold if and only if
there exists on M a global closed 1-form a such that

(*) dp =2aNp.

a is called the Lee form and introduced actually as follows: Consider at
first a 1-form a=dp in a neighbourhood U at any point, where ¢ %¢ is
a Kihler metric in U. Since in intersections of such neighbourhoods, Kihler
metrics must be homothetic, so a is defined namely globally. In [3], the
Hopf manifold is given as a typical example of a 1. c. K-manifold which
admits no Kihler metric.

In this paper, at first we shall show several formulas with tensor analysis
because such method seems not to have been yet used in this manifold, and
then treat with the Betti number under some conditions.

The author wishes to express her hearty gratitude to Prof. S. Tachibana
for his kind criticisms.

§ 1. Preliminaries.

Let M(¢f, ¢:5a) be a l.c. K-manifold. By its definition, at any point
there exists a neighbourhood in which a conformal metric g* =e¢~%g is Kdhler
one, 1.e.,

Vile®0;) =0, dp =«
where F* is the covariant derivative with respect to g*. Since
Vile™ @) = e Vit a;jQr—0" oriQrj+ 00 —a" 00 Qi) »
we get

Vi = —a;0u+a" 0riQui— 0+ ©ir Qi -
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Conversely a Hermitian structure (¢, 9) and closed a in this relation satisfy
(*) evidently. Then we can denote

ProrosiTiON 1.1. A Hermitian manifold M(yp, g) is a l. c. K-manifold
if and only if
V@i = — B Grs ™ Pi ks — 0 Qri+ 0t s
Via; =V (or ¢pVif" = ¢uV;8),
where a is a global closed 1-form and B;=a" ¢y;.
Hence in a 1. c. K-manifold, we get easily following formulas :
ViBi= —Bija+pias—lal?¢;+V 0" ¢4,
Vepr=0, Vifop=V;8 ¢u,
(n—2) &; = ¢riVn@™ = " Viprs (n—=2) B =V"¢ri >
aVippu=p8Vr05x6=0,
aVipry = —Piagtaifi—lal®ei;,  pVior;=pifitasa;—lal®gi; .
Furthermore taking account of the Ricci’s identity, we get

F khij — '—Rkhir Or j+Rkth Dy
= Pki@hj—PmQij—{‘gkiPmSDTj_ghiPkTSDTj
—ijgﬁhi+Phj<Pki—gijhrGDTi‘f‘gankr@Ti ,

1
where we put Py=—Fia;—aa;+5ara" gy We shall use also the tensor

Gkhij = Fkhis SDJ'S = Rkh‘rsSDiT @js—Rkhi]’- If we make use Of the tensor Hij ==

1 i .
7Rijrs§0” ([5]), from above equation we can write

(1. 1) Fkrrj: _ergorj—ij
= —(n—3) PerDTJ’_Pjr(PTk_PrrSij ’
GkTTJ' - —(n_3> ij+Prs§DkT§0js—Prrgkj .

§ 2. Conditions to be a Kihler manifold.

In a Kidhler manifold, tensor F, G vanish naturally. As to the converse
matter, we have

THEOREM 2.1. In a compact l.c. K-manifold M*(p,g,a) (nx2), if
HTT_RTT<:GSTTS) ._2_ O

holds good where H=—H, ¢, then it is a Kéhler manifold. The ine-
quality = in this case is naturally reduced to =.
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Proor. From (1.1), it follows

(2.1) I:Iij_Rij = —(n—-3) P+ P of — P g = G,"j

Hy—Ry =(n—2) (0,0 —(n—2) ar’) .

Therefore taking the integral, we have a=0, which means the manifold is
Kihlerian. q.e.d.

Now, on account of the skew-symmetric property of H;; in (1.1), we
get the following formula

(2.2) Riroi"+ Rjrpi" —(n—=2) (P +Pjrp;) =0,
Thus it follows

PROPOSITION 2.2. If an n-dimensional I. c. K-manifold M*(¢p, g, a) (n+2)
i1s an Einstein space, then P;; is hybrid, i. e.,

(2.3) Viar+aiar) o+ o, +aja,) o7 =0.

Especially if we suppose Fa=0, then (2.3) implies a=0. Hence we
obtain that

CoroLLARY 2.3. If a l.c. K-manifold M*(¢,g,a) (n#2) with Fa=0
ts an Einstein space, it must be a Kdhler manifold. (See the remark of
Lemma 3.2.)

We continue to consider under the condition Fa=0, 0. Since

H;;—Ri;=(n—3) qya;— B 8;—(n—3)|al?gs; ,
transvecting it with a vector X,

(Hij—Rep) X2 X0 = (n—3) ((a, X2 — |a?| X|2) — (8, X)?

we know the tensor H;;—R;; is negative semidefinite.

ProrosiTION 2.4. In a l.c. K-manifold M*(p, g, a) (n=4) with Va=0,
ax0, it is valid for any vector field X that

H, XX —R,; Xt X <0.
The equality holds only if for X=fa, (f€C(M)).
§ 3. Riemannian curvature tensor.

In this section we treat with the following relation :

(3- 1) Rabcd %‘a ® jb 90kc @Ld — Rz’jkl .

It seems worthy to consider the relation (3.1) because the Bochner
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curvature tensor in a Kihler manifold has been generalized into an almost
Hermitian manifold with this equality ([4]).
Now let

1
g*=eg,  Py=—Vip;—0:0;T 5 0:0" s
where p; is the differential of p. Since as well known, it is valid
e R* 0 — Rijue = P 0u— P 9u+ 9 Piv— 9 ix Pur

where R* is the Riemannian curvature tensor of ¢*, the relation (3.1) is
preserved with a conformal transformation whose P is hybrid, i.e., P o/
¢;f—P;;=0. Now, we can get

TueoreM 3.1. In a l.c. K-manifold M"(¢,g,a) (nx2), (3.1) holds
good if and only if V,a;+a,a; (or Ricci tensor) is hybrid.

Proor. If V;a;+a;a; (then P)is hybrid, (3.1) is valid because it holds
in a Kihler manifold and ¢ is conformal to a Kihler metric g* with P;;=—

1
Viaj+a;a;+ D3 la|?g;j.
Conversely we assume (3.1). With respect to a ¢-base {e;, ***, em, €m1,
n . 2m
o Com}y Cmia=0Cq a=1,2, -, m<:—2—>, we can write Rj»= ), Ry« where
k=1

i*-component means the component for ge;, i=1, -+, 2m, so that
Rji* — ; Rkji*k - — ; Rk*j*ik* - _Rj*i

i. e. the Ricci tensor is hybrid. Hence, if we notice that by virture of (2. 2),
the hybrid property of the Ricci tensor is equivalent to that of P, the proof
is completed. q.e. d.

We known easily

LEMMA 3.2. In Mg, g, a), the followings are equivalent to one another:

(i) P is hybrid, i.e., P7o,;j=—P; ¢y

(i) @ Vra;to Veai=a; B+ Bia;.

(i) FiB;+V;Bi=—(a:fi+piay).

ReMARK. Evidently it is known from (i) that M(g, ¢, @) with Fa=0
is a Kidhler manifold if its P is hybrid.

From now on in this section, we consider under the condition P to

be hybrid.

For brevity’s sake we define a operator @® for a symmetric 2-tensor ,
a skew-symmetric 2-tensor w as follows ([1]):

(tDYijer =t — TG+ aTiw— JixTi »
(w@SD)ijkz = WP — OwPit Pa®ir— Qir @i — 2 (wij ©rt + ©ij (Ukz) .
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We remark that these tensors satisfy the 1-st Bianchi’s identity.

Since P;;= P ¢,; is skew-symmetric from the assumption, G is denoted
as

Gijm = _(P@Q+P@§D>ijkl+2Pij§0kl+2§0ijpkl .

Obviously it is known that

Lemma 3.3. In My, g,a) with hydrid P, the followings are valid:

(1)  Fiji Gim(=Fijire) are skew-symmetric for i, j and for k, I.

(ii) Gijkl:leij, Fijkl:_Fklij-

(i)  Gier o =Gijmeor = —Gum oy

Let H(X) be the holomorphic sectional curvature of the section {X, X}
at peM, i.e.,
Riju Xoor Xm0k Xo X

| X]*

We assume now the holomorphic sectional curvature at p& M has the
constant value H. Then, from (3. 2), by straightforward computations, we
know this assumption is equivalent to the following relation at p& M for

(3.2) H(X)= (XeT,(M)).

any base :
(3‘ 3) 2 <Rij*k*l + Rik*j*l + R’l}l*k*j) + leij + Gjlilc + ijil

=2H(9:; 00+ 99+ 9a 9 -
Interchanging k< k*, [<[* in (3.3) and subtracting it from (3. 3), we have
(3. 4) 2(Rigejor+ Rign)

= H(9 01+ 9u9i—Puei—Pa®im) — Gijn—2G w1 -
Interchanging k<>j in (3. 4) and subtracting it from (3. 4), we get finally
(3.9) 4Ry e = H(9 01— 015 Gra+ Qin 015 — i Pue— 20 9 x)

+ G+ Gijn—2G i -

Hence the following Theorem is obtained :

THEOREM 3.4. In M"(g, g, a) whose V,a;+a;a; is hybrid, if the holo-
morphic sectional curvature at p= M is constant H, then (3.5) holds good,
1. e.,

AR = Hlg®Do-+¢Be)+3PDg— Py

|a?

at peM where Pj=—Va;—a;a;+ o Y Pij: ir ¢’ .

ReMARK. Under the above assumption for n34, M is an Einstein
manifold if and only if



196 T. Kashiwada
1
(3 6) P= —;P,"g

because of 4R;, = ~712—(4R/—3(n—4) P.7) g +3(n—4) Py,

In the following we shall see that the relation (3.6) in above Remark
has another meaning in the Bochner curvature tensor.
The Bochner curvature tensor in a Kihler manifold M"(¢, g) is defined

as ([2])

1 o
(3.7) B,=R~— n-+4 (RiDg+R, D)

[
+ 2(n+2) (n+4) (gDg+ D)

where R,, [ are the Ricci tensor, the scalar curvature respectively, and R,
is the tensor ¢oR, i.e., (ﬁl)ij:Rirgprj. Furthermore as the generalization
from the concept of the decomposition of curvature tensors, the Bochner
cutvature tensor in an almost Hermitian manifold M"(p, g) with the relation

(3.1) is defined as ([4])

B,= R—(ADG+ AD)+ gy gy B9 —De)
where

1 o [+3] x
A= gy (Ret 3=y a), A=gea

(Ri)ij = Rij+Grif” I =(R)rg™.
Now, in our manifold, as
G, = —(n—4) Pi;—P," 9.5,
we get by direct computations

8.8 B =R (ROHRO)+ Gy (POI+PDY)
2nl—3(n*+2n+8) P,"

An(n+2) (n+4) 9y
2nl+(n*+18n+-8) P,"

in(n+2) (ntd)  ¢O¢-

+

LemMma 3.5. In a l.c. K-manifold M*(p, g, a) with hybrid V,a;+a;a;
the Bochner curvature tensor is written as
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Ry (ROG+RDe)+ oy (POI+PDY)

2nl—3(n*+2n+-8) P,” 2nl+(n*+18n-+8) P,”
T a2 (ntd) IOIT T gty gy 9D

Hence we obtain the following :

THEOREM 3.6. In a l.c. K-manifold My, g, a), if the tensor Via;+
a;a; s proportional to g, then its Bochner curvature tensor Byl is equal
to that of Kdhler metrics conformal to ¢ in locally.

Proor. By virture of (3.7) for the Kdhler metric g* and (3. 8) we have

\ 1 '?)P'rr ») PTT
(By— Bp)iji* = Z(SP@Q- n 9O0—FDp+— ¢®¢>iﬂcl '

Hence it is clear (B));;;'=(Bp);;* under the condition (3. 6).

§ 4. Conformally flat case.

If a L c. K-manifold M(gp, g, a) is conformally flat, the locally correspond-
ing Kédhler manifold with g*=¢ %g is conformally flat, so that flat necessarily.
Then in this case, the Ricci tensor of M"(¢, g, a) is represented as

Rij=(n—=2)(=Via;—aia;+a.a" ;) —V.a' gy .

If we assume here Fa=0, a0, then transvecting it with a vector X,
we have

Ry X' X7 = (n—2) (— (e X')*+|af?| X]?) .

Therefore we get

ProrosiTioN 4.1. In a conformally flat l.c. K-manifold with Va=0,
ax0, the Ricci tensor is positive semidefinite. The equality R;; X' X'=0
holds only for the vector X'=fuar(f<C=(M)).

From the above Proposition and by virtue of the well known property
that in a compact Riemannian manifold with positive semidefinite Ricci tensor,
a harmonic 1-form X must satisfy

R@]XzX]:O, Vin:O,
harmonic 1-forms in our present space are only caf, c=constant. Conse-
quently we obtain

THEOREM 4.2. In a compact conformally flat l.c. K-manifold with
Va=0, ax0, the first Betti number=1.
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