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§ 1. Introduction

Let M be a connected differentiable Riemannian manifold of dimension
n and ¢, V; K.;" K;; and K, respectively, the components of the metric
tensor, the operator of covariant differentiation with respect to the Levi-
Civita connection, the curvature tensor, the Ricci tensor and the scalar cur-
vature, here and hereafter the indices q, b, ¢, --+, 1, j, k, -+, run over the range
1,2,3,---,n. We shall denote ¢/, by F/. An infinitesimal transformation
v* on M is said to be projective if it satisfies,

(1—1> L{jhi}:VjVivh—i_Kajihva:5?§Di+5?¢j’

where L denotes the operator of Lie derivative with respect to " {jhi}

the Christoffel’s symbol, 6% the Kronecker’s delta and ¢; the associated gra-
dient vector, respectively. In (1-1), if we put F;v*=(n+1)f, then we have
fi=o¢;, where f; means V;f, thus in the following discussions, we use f;
instead of ¢,.

For the infinitesimal projective transformations, the following results are

known.

THEOREM A. Let M be a complete Riemannian manifold with paral-
lel Ricci tensor. If M admits nonaffin infinitesimal projective transforma-
tions, then M is a space of positive constant curvature. [6], [9], [11].

THEOREM B. Let M be a compact Riemannian manifold with constant
scalar curvature. If the scalar curvature is nonpositive, then an infinitesi-
mal projective transformation is a motion. [14].

The purpose of this paper is to prove the following theorem.

THEOREM. Let M be a compact, connected and simply connected n-
dimensional, (n>2), Riemannian manifold with constant scalar curvature
K. If M admits nonisometric infinitesimal projective transformations, then
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M is isometric to a sphere of radius Vn(n—1)/K.
The following theorem is well known.
TueoreM C. Let M be a complete, connected and simply connected

Riemannian manifold of dimension n. In order that M admits a non-
trivial solution ¢ for the system of differential equations,

(1-2) Vk7j¢i+k(2¢kgji+¢jgik+¢igkj):0, k>0,

where ¢,;=V;¢, it is necessary and sufficient that M be isometric with a

sphere of radius J1/k. [7], [10].

We have proved the following theorems.
TuroreMm D. If the projective Killing vector v* can be decomposed
as follows,
ho— h_n_(n;l) h
"= w 5K fr,
then f* satisfies the differential equation of (1-2), where w" is the Killing
vector and the scalar curvature K is positive constant [15].

TueoreMm E. In a compact Riemannian manifold with positive con-

stant scalar curvature, the projective Killing vector v* is decomposable as
follows,

o — wh—wn<g£1) Vi

if and only if G f*=0, where w" is the Killing vector and Gj;=Kj
K :
= Y [15].

First of all we shall prove the following propositions.

PorrositioN 1. In a Riemannian manifold with constant scalar cur-
vature, there is the following equation.

2Gaifa+(n—1) F;=0,

where F=A4f+ i(n—i—l) Kf, F; means V;F and Af denotes V,f*.

(n—1)
ProposITION 2. In a compact Riemannian manifold with constant
scalar curvature, we have the following equation,

SGabf“f”do: nl SF“’da,

where do denotes the volume element.
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Thus from Proposition 2, Proposition 1, Theorem E, Theorem D and
Theorem C, to prove the Theorem, it is sufficient to show that SGab fefedo

1S nonpositive.
From (1-1), we have the following equations,

(1-3) LK, = =0V i fi+04V, f3,
(1-4) LKj=—n=1V;fi,

(1-5) LK = —-2I*v*K,,—(n—1) 4f,
(1-6) Velav, + Ky v, = 2f;,

(1-7) Vol,ve— K vt = (n+1) f; .

§ 2. Proof of Proposition 1.
LEMMA 1. There exists the following equation,
LoV, Ky =0.
Proor. From (1-1) and (1-6), we have
0=V ;Vivit+ Kajus v~ g0 f1 — Gur [3)
=Vl VvtV ; Kyiod v+ Koji Vi v* =V fro — 0 A
=VilVivi— Kjpi )+ Kio—V i Kya) v+ Ky iV 0°
—Vifi—9uVf
=VIVV jv;—V ; Koy v°— Kjpio VI 00+ (7 Kio—V s Kio) v
+ KajuiV 0=V fr— Qs A
=VViV v~ Ky Vv, — K72V jva— (Vo Ky — V3 Kyy) 02
H(Kajpi— Kijpia) V0 +V, Kig—V : Kya) v° =V, f
— G df
=V (2fi— Kiav)+ KV o 0;+(Kojpi— 2K j100) Vi 0
+ Ve Kia—Vo Kip) v* =V fr— i A
=V, fi— KV y v+ KV o vi+ (Kojpe— 2K jpia) V7 0°
—V Ky v*— @, Af .

Operate I'* on the above equation, we obtain the following equation by means

of (1-1), (1-6), PP, fi=F(4f)+ Kiuft, and F* Ky = 57 K=0,
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0="*,fi—V, KiV*v*— KoV V v+ KiV* P , v°
+ (7 Kjai* — 20 Kiaj*) V7 0" +(Kajpi — 2K jpia) V77 0*
— V47 Ky v —V o Ky V*v* =V (4f)
=V (4 )+ Ko f*—V , KiaV* 0" — K;o (2f*— K 0°)
+ K4 (— Kt 0+ 0% fat Gai f*) + V5 Ko +V o Ky
— 21 Kaj) Vi vt +( Ky — 2K jpia) (— Kt 00 + gt f7 4 g f*)
— (P VK — K0 Ky — Kf i Kip) v*—V Ky V50t =V, (4f)
=V Koy LGap — (Kajpi— 2K jpia) K0y .
On the orther hand, since K.+ Kjiws+ Kjare=0, we have
(Kajui—2K jpia) K% = (Kjiar — Kjpia) K**7
= K jiax K?90— Koy ; KP499
= K jrap KP99— K 110 K009
= K jiax KPH994 K 10 K09
= K jiax KPH994 K 50 K049
= K jiap (K0 4 KPked)
=0.

Therefore Lemma 1 is proved.
Since the scalar curvature is constant and from Lemma 1, we have

0=L(g*V; Kas)
= gLV Koy +V; Koy L9
- gab LVz Kab
— e ¢ ¢
= g {P LKy —£{ € Y K= £{ | K
- gab { ”(n - 1> ViVafb _(5ifa+5cczﬁ) ch —(5';'fb+5§f,,) Kac}
= —2Gu ff—(n—1) F;.
Thus Proposition 1 is proved.
§ 3. Proof of Proposition 2.

LemMA 2. We have the following equation,

ap £ TS gy ME3
rev.fi= n—1 Gia f* — n(n—1) Kfi.

Proor. From Proposition 1, we obtain
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2 2(n+1)

VMf)Z- mf_ n(n— )Kfz

Therefore we have

vev, f, = Per, f,
=V, (Af> - Kaiabfb

_ n—3 n+3
=1 Gl oy K

Thus is proved.
LemMA 3. There exists the following equation,

S{—" 222 G ifig e >fv,,+fﬁ}

Proor. From and (1-6), we have
Viv;(fiv) =V ;froitfiV ;v;)
=PIV, flont 20, filivi +FiTT o,

n—3 o n+3
= =1 Gl G oy K vk 27 fi7

+/1(2fs— Kjiv)

= o Gaf v = 2L Kfuct o,

+4wwnm—wwnﬁ}

2(n—2)

I

Thus we have by means of Green’s Lemma.
LeEmMA 4. There is the following equation,

S{ n2—1 Gy ff o'+ En+1§ Kftv,+ n+1>fifi}d0':0
Proor. From and (1-7), we have
Vj(fiVj‘Uj> :ijiViY)j—f—fiVjViT)j
=V f o) = Vil s fib fi{(n+1) fit Koy of)
o (n—3 . n+3
:Vi(ij’v”)—v’{n—_TGﬁf"——mej}
+(n+1) f fit Kol f?

o 4 . ~ (o
a1 Caf vty K et A S 2 (0 f))

171
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Guv'fi+ OH_B Kftv;

=P fo)+

+(n+1) fif; .
Thus is proved.
LEMMA 5. We have the following equation,

Proor. From and 4, proof is obvious.
LEMMA 6. There exists the following equation,
[{roctnrn sy do=0
Proor. V,(fv') =flo;+fV vt
=flvit+(n+1) .
Thus is proved.
LemMMA 7. There is the following equation,
szﬁfvnwzqn—ng4ﬂuw.
Proor. From Proposition 1, we have
2Gu fiff = ~(n—1) fiF"
= —(n—){V.(f'F)— 4F} .
Thus is proved.
LemMA 8. We have the following equation,
&szo
Proor. From [Lemma 6, we obtain
&ﬂﬂdo:—%n+ngf%b.
Substituting this equation into the equation of Lemma 5, we have

0= S{ oy 1>fzv -I—ff}da

=~ {2 S kpri ) o} s

—&F@.
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Thus is proved.
From and Lemma 8, we have

Sdea _ S (Af+ EZ—+BKf> do

2 o
— n—1 SGﬁf]ftda.

Therefore Proposition 2 is proved.

§4. Proof of Theorem.

LemMA 9. There is the following equation,

Sijinfido:S{— LG Kﬁf}

Proor. From [Lemma 2, we have
ijiiji:V~<ﬂ’7jfi)—f-’7~’7jfi
=P 2 G P gy KA
Thus is proved.

LEMMA 10. There exists the following equation,
—ZSVjﬁvaido:(n—{—S)Sﬁf"da.
Proor. —2F;f.Viv'=V,;f; Lg%
=7 (fi L") £ s Lo
=7, filg?)~f{ L7 07— L[ }go
1)\ e
~ £l yfo)
=V (i Lg7)+(n+3) f: f*.

Thus is proved.
Lemma 11. We have the following equation,

S(Vj‘viVjvi—i—Vj‘viVivj) do = -(n—i—3)§fivida

PROOF. VjviVjvi‘l“VjviVi'Uj
= —V;v; Ly
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— —Vj {'Ung‘”} +‘UiVj,ngi

= —JJ (Uiﬁgji>+vi{=67jgji—~£{jja} g

~£ljlof o}

= 7 (v Lg")~(n+3) fivf

Thus is proved.
If we put

K
P, =V;fi+ n(n—_l)(Vij-Vivj) ,

then we have

y o 4K o 2K? o
Pl =V 0 Sy iy PP o+ S, g sl 70!

+Vj ei')t'Vi Uj) .
Thus by means of Cemma 9, 10, 11, and 5, we have

SPﬁPﬁdo: _ = SGﬁfff"do.

Therefore if dim M=n>4, then SGﬁ f?ftdo is nonpositive, and Theorem is
proved. If dim M=n=3, then we have

K
Pﬂ:V]ﬁ—F m(Vjvi+Vjvi) :O .

Thus we have

0=¢""Pj
B 2(n+1)
= 4f+ (n—1) Kf
=F.

In this case, from Proposition 1, Theorem E, Theorem D and Theorem C,
Theorem is proved. Therefore Theorem is completely proved.
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