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On separable extensions over a local ring
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1. Introduction

Throughout this paper A is a ring with 1 and I’ is a subring of 4
which contains 1 of 4. A is a separable extension of I' if and only if map
z of ARrA to A such that n(x@®y)=zy for x, ycA splits as A—/-map,
namely, if and only if there exists )} x;®y; in (AX)r4)" such that Yzxy;=1,
where (ARrA)'={{E AR Al xX =%z for all x in 4}. If ¢ is a ring auto-
morphism of /4, then by A[X; 6], we denote as usual the ring of all poly-
nomials 3, Xir; (r;€A) with an indeterminate X whose multiplication is defined
by rX=Xa(r) for each r&4. In this paper we shall show that if 4 is a
separable extension of a local ring I' such that A=I'@M as I'—I-module
with M a finitely generated left (or right) I-module and M?CI, then A=
I'[X; d]/(Xt—a) for some acI and 6. We will also show that any trivial
extension can not be a separable extension (Theorem I)).

2. Structure of separable extension of a local ring

A modification of the proof of Lemma 1.2 yields

PROPOSITION 1. Let A be a separable extension of I', and suppose
that there exists a ring homomorphism ¢ of A onto I' such that ¢(r)=r
for all rEI'. Then there exists a unique central idempotent e of A such
that ¢(x)e=ex for all x in A and ¢(e)=1. Furthermore, if ¢, and ¢, are
mutually strongly distinct homomorphisms™® which satisfy the same condi-
tions as ¢, then @;(e;)=0;; and ee;=ed;j, where each e; is the unique central
idempotent determined by ¢;.

ProoF. Since /A is a separable extension of I, there exists Yx,Xy; in
(ARrA)* such that Yxg,=1. Set e=2Xp(x)y;. Since SxxRy: =2 QY:x
for all x in 4, and ¢ is a I'—I-homomorphism, we have So(x)p(x) Y=
So(xx)yi=2¢(x)y;x for all z in 4, consequently, ¢(x)e=ex. On the othere
hand, ¢(e)=¢(Sp(x)y)=Z¢(x) e =¢(Exy,)=¢(1)=1. Then, ee=¢(e)e=

(*) When f and ¢ are ring homomorphisms of 4, to /s f and ¢ are said to be strongly
distinct if for any central idempotent e of A, there exists s in / such that f(s)e#

g(s)e.
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le=e. Similarly if we put f=2x;0(y;), we have f2=f, o(f)=1 and zf=fp(x)
for all x in 4. Then ef=fple)=f1=f and ef=¢(f)e=1e=e. Therefore,
we have e=f, and xe=xfe=f¢ (x)e=fex=ex for all x in 4 Thus e is
a central idempotent of 4. The proof of the equality e=f shows the
uniqueness of such an idempotent. The latter half of this proposition can
be proved by the same way as Lemma 1.2 [1], since e/s are central idem-

potents.

REMARK. Let 4, I, ¢ and e be as in Prop. 1. Then we have Ker o=
{x—o(x)|xc A4} =A(1—e), since xe=g¢(x)e for all z& 4 and ¢(e)=1.

We say that A is a trivial extension of I, in case A=I'POM as I'—I"-
module and M?=0. As a corollary to Prop. 1, we have

THEOREM 1. No trivial extension is a separable extension.

Proor. Let A be a trivial extension of I" by a I'—/I"-module M. Then
M is an ideal of 4, and we have a natural ring homomorphism of A4 to
A/M=T" such that ¢(r)=r for all r&I'. If /A is separable over I, M must
be generated by a central idempotent of A, and M?=M. This contradicts
to M?=0. Hence /A is not a separable extension of I

Now let us consider the case where /4 is a separable extension of I’
and I" is a ['—I"-direct summand of 4. Set A=I"PM, where M is a ['—I-
submodule of 4. If M*C M, M becomes an ideal of I', and we can apply
Prop. 1. Therefore there exists a central idempotent e of 4, such that
M=/A(1—e) and Ae=I" as ring. Next consider the case where M:CT.
which means that 4 is a graded ring of degree 2.

ProrosiTiON 2. Let A be a separable extension of I', and suppose that
A=I'PM as I'—I'-module and MCI. Then M:=M, and M?® is an
idempotent ideal of I'.

Proor. Set M?=a. It is obvious that a is an ideal of 4. Since A=T"
@M as I'-I'-module, ad=Aa=MPM? is an ideal of A Then, Alad=
I'la®M/M? is a separable extension of I'Ja by Prop. 2.4 [2]. Since M?=
a, (M/M?¥?*=0 in A/ad. Hence A/aA is a trvial extension of I'/a, which can
not be a separable extension. Therefore M/M3=0. Thus M=M3 and
M?= M.

THEOREM 2. Let I' be a local ring with the unique maximal ideal
J(I') and A a separable extension of I'. Suppose that A is a left (or right)
I'-finitely generated module, and A=I'PM as I'—I'-module with M:CI.
Then M is a left as well as right I'-free module of rank 1, and there
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extsts a unit x in M and an automorphism o of I' such that A=I'Pl'x
and re=zxo(r) for all rel’.

Proor. Set M?=a. Then by Prop. 2, aM=M!=M. Hence ad=a@P
aM=aPM, and I't+ad=I"+M=A. Then if acJ ('), '=/4 by Nakayama’s
Lemma. Hence ag¢ J(I'). This means that MM=I, since I' is local
Therefore there exist m; and n; (finite) in M such that Xmn;,=1. It is
well known that in this case M is said to be invertible, and ;M and M,
are progenerators, M,.= Hom (M, .[");, ;M= Hom (M, I'y)r, "=Hom (.M,
+M) and I'=Hom (M, M;), where I means the opposite ring of I'. In
fact it is easy to prove these matters by using m; and n;s. But since I’
is local, M is free of finite rank. Hence M=, and M,=I[";, and there
exist z, y& M such that M=I'x=yl". Then 't 't=M?=1I", and 1=23rzs;x
—=mx for some 7y, s; in ' and m=3r,xs; =M. Then 0#xm—=xmxm, and
ameM!=I". Hence xm=mx=1, since I" has no nontrivial idempotents.
Similarly ¥ is a unit. Set y=tx with tI. Then ¢ is a unit of I, since
y'eM and t =gy 'eM!=I. Hence ['y=Itx=Txz=yl’, and similarly
I'c=zI". Then since x is a unit, there exists a unique element ¢(a) in I’
such that ar=ux0(a), for each a in I'. It is easy to see that ¢ is an auto-
morphism of I

REMARK. Let 4, I, ¢ and x be as in [Theorem 2, and set 2?=a (&I).
Then since ar=x*=xa, we have g(a)=a and ra=rxx=ads*(r) for each r
in I Therefore we have [I'[X, 0] (X*—a)=(X?—a)['[X,0], and A=I[X,
o]/(X*—a).

The next proposition which we need to prove our main theorem has
been proved by Y. Miyashita in in more general form. Here we will
give the proof by direct computations for the sake of reader’s convenience.

ProrositioN 3. (Theorem 3.1 [3]) Let R be a ring with 1 and o
an automorphism of R. For a unit element a of R such that ¢(a)=a and
ra=ac"(r) for all reR, R[X; d]/(X*—a) is a separable extension of R if
and only if there exists ¢ in the center of R such that Y'7jd*(c)=1.

Proor. Denote the center of R by C, and set 41=R[X; o]/(X"—a).
First note that (Y Xia;) (X"—a)=(X"—a) (¥ X6"(a;), and R[X; ¢]/(X*—a)=
(Xr—a)R[X; 6]. Set x=X+(X"—a). Then we have that 4/=RPRxP---
@Rx"Y, and x"=a and rx=xe(r) for all r€R. x is a unit since a is so.
Hence {x‘®x’|1,j=0,1,:--,n—1} forms a free basis of AXrA over A. If
A is a separable extension of R, there exists YaX)8; in (AXrA)* such that
Ja;8;=1. We can set Ja;(XB;=Ix'Qx'r;; with r,;ER. Then from Ja;8,=
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1, we obtain 7+ ar,_;;=1. While from YzxxQx/r;;=22*Qz'rur=
S¥Qxt o (ry), we obtain 7, =0(riy, j_1)y 0(Toict) =aATn_145 Ti_1,0=0a0(Ts,n_1), IN
particular, a(ro)=ar,_,; and o(ry_; ;) ="u_i_1,44p for 1=0,1,---,n—1. Hence
ar,_; ;=0 (ry) for all 7. It is also obvious that rpeC, since 3ra;R)B;=2Ja;X)
Bir for all r€R. Thus we have X/7¢'(ry)=1 with rp&C. Conversely
suppose that there exists ¢ in C such that Y¢?(c)=1. Then we have ¢"(c)
=c¢. While by assumption we have ¢(a)=a and ¢*(r)Ja'=a 'r for all re
R, too. Then by these three conditions we easily see that Yx" 'X)z'a 1% (c)
E(ARrA)* and Yx"ixia e'(c)=3d'(c)=1. Therefore A is a separable exten-
sion of R.

THEOREM 3. If I' is a local ring, the following two conditions are
equivalent ;

(i) A is a separable extension of I' with A=I'EOM as I'—I"-module
where M is finitely generated as left (or right) I'-module and M:CIT.

(i) A=I(X;d/(X*—a) with some automorphism ¢ and a unit a of I’
such that ela)=a and ra=ac¥r) for all r&R, and there exists ¢ in the
center of I' such that c+a(c)=1.

Proor. This is obvious by [Theorem 2, Prop. 3 and the remark after

ReEMARK. In the case where I' is a left (or right) Noetherian local
ring, we can omit the condition that M is I'-finitely generated case I-module
in the proofs of and [Theorem 3. Because in this case a (=M?)
is left I'-finitely generated, and a*=aCJ(I') implies that a=aaCJ([)aCla.
This means a=J([")a. Hence a=0 by Nakayama’s lemma, which contradicts
to [Theorem 1. Hence I'=M? Now we can follow the same lines as the
proof of Theorem. 2.

3. Commutative Noetherian semi-local ring

In this section we will consider the case where I’ is a commutative
Noetherian semi-local ring. To begin with we will introduce

LemMMma 1 (Lemma 2 [3]). Let R be a commutative ring with 1 and
S a commutative R-algebra. Then if a is an idempotent ideal of S which
is R-finitely generated, a=Se for some e=e*ES.

ProoF. See Lemma 2 [3].

THEOREM 4. Let I' be a commutative Noetherian semi-local ring and
A a separable extension of I', and suppose that A=I'ODM with a I'—1I'-
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submodule M such that M, is faithful and MECI. Then A=I"[X; ]/
(X2—u) for some automorphism o of I' and a unit u of I' such that o (u)=u
and zu=uc*(x) for all xI.

Proor. Set a=M? Then 0#a=a? by [Theorem 1 and Prop. 2, and
a is finitely generated. Hence a=I"¢ for some 0#e?=e=I" by Lemma 1.
We have also M=Ma=Me by Prop. 2. Hence M (1—e)=Me(l—e)=0.
But M is faithful as right I"-module. Hence e=1, and we have that M?=
I'' Then M is invertible and I'==Hom (.M, ;M). Now let 1n be a maximal
ideal of I' and let r=dim;,M/mM. Since M is left I'-projective, there
exists a ring homomorphisms of Hom (.M, M} onto Hom (M/mM, .M/mMj=
(I'/m),, the rxXr—full matrix ring over /'/m. But the former is commuta-
tive. Hence (I'/m), is also commutative, which means that »r=1. Now
let m;, m,, ---, m; be the set of maximal ideals of I". Since MM=I, we
see that my---m;_m, --mM ¢nm;M for each i. Hence there exists m;&
mye M _Myy--mM such that m;&mM. Set m=2Xm;. Then m&m;M
for each j. Therefore, I'/'m;(m+m,M)=M/m,M, and M=I'm+m,M for
each maximal ideal m; of I Then by Nakayama’s lemma we have M=Im.
Similarly we have M=nI" for some nEM. Then Mt=nl'm=I, and there
is an s in [" such that nsm=1. But n(smn—1)=0, and smn= M?=I". Hence
M (smn—1)=nl"(smn—1)=n(smn—1)I"=0. Then, since M is right I'-faith-
tul, smn=1. Thus m, n and s are units, and we see that M=I'm=mlI".
Then the same proof as shows that A=I'[X; ¢]/(X?—u) with
u=m?

REMARK. In the case where I' is indecomposable commutative Noe-
therian and semi-local, we can ommit the assumption that M is ['-faithful.
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