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A generalization of monodiffric function

By Shih Tong Tu
(Received November 22, 1982)

1. Introduction

The purpose of this paper is to introduce the generalized monodiffric
functions, namely, p-monodiffric functions, and to prove some interesting
properties of p monodifiric functions. When p=1, our results reduce to the
classical theory of monodiffric functions which have been developed by
Berzsenyi [1, 2], Kurowski and the present author [4, 5].

2. Definition and Notation

Let C be the complex plane, D={2=C|z=x+1y} where z, y={pjlj=
0,1,2,---} and 0<p<1 and f: D—C.

DEeFINITION 1. The p monodiffric residue of f at z is the value
Myf(2) = (i—1) f2) +f(z+ip) —if (z+p) . (2.1)

DerFINITION 2. The function f is said to be p monodiffric at z if
M,f(2)=0. The function f is said to be p monodiffric in D if it is p
monodiffric at any point in D (denoted by f& M,(D)).

DEFINITION 3. The p monodiffric derivative f' of f is defined by

£ @ =55 (=D At —ifleti] . (22

We also use the symbols df/dz or D,f to represent f’. It is easy to see
that f'(2) can be formulated in the following forms :

ra=tETE o plo = fetin—f@], (23

if feM,(D) at =.
DEeFINITION 4. The line integral of f from z to z+hp is defined by
. hpfl(z if h=1or:
[ e ae=] "
¢ l—s f)dt if h=-1or —i.

Z+hp

(2. 4)
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More generally, if 2={a=2, 2, -+, 2,=b} is a discrete curve in D, then
the line integral of f from a to be along £ is defined by
b n 2r
ng(t) dt :S Fle) dt = kzly Fo) dt (2. 5)
a = Zp—y

3. Property

The following properties follow directly from the above definitions.

ProrosiTION 1. The line integral Sbf(t) dt is z’nde:bendent of path in
D for every a, beD, if and only if, fe‘;\lp(D).

ProrosiTiON 2. If aED and f is p monodiffric in D, then the function
F defined by F(z)=SZf(t) dt for 2€D, is also p monodiffric in D, and

F'(2)=f(2) for z€D.

PrOPOSITION 3. If f€M,(D), then Sbf ) de=f(b)—fla).

4. The p monodiffric exponential function

In Isaacs introduced the monodiffric exponential function E(2)=
(1+a*(14+ia)¥ for 2=zx+1y and a=C. We extend it to p monodiffric as
follows: The p monodiffric exponential function €% is defined by e%*=
(1+ap)! (1+iap)t for 2=(j+1ik)p, where j and k are integers. It is not
difficult to prove the following results.

dr d"

& — ) 3
ProposITION 4. (a) Jon G =arer”, where ~Jan Mmeans n’'th p mono-

diffric derivative.

n

(b) Weg'”EMp(D) for n=0,1,2, -... 4.1)
THEOREM 1. The solution of the p monodiffric difference equation
%—aF(z)ZO with F(0)=c

is given by the p monodiffric function
F(z)=ceg*  for every z€D,

where ¢ is an arbitrary constant.
In general, we have
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THEOREM 2. Let a;, as, -+, a, be distinct roots of
a"+c,_av 4 - +ciatc, =0, (4. 2)

then the general solution to the n’th order p monodiffric linear homogeneous
difference equation

F®(2)+cp  FPP(2)+ -+, F'(2) +c F(2) =0 (4. 3)

n

is F(z)= 2. Byeje

where the coefficients By, (k=1, 2, ---,n) are arbitrary constants.

Proor. Let F(2)=e%?. Then from [Proposition 4, we have

(a +epgat 4 +C1a+Co) 57 =0.

Since, aj, a, -*+, a, are distinct roots of (4.2), we obtain that ez (k=1, 2,
-+, n) is a solution of (4.3). The general solution of (4. 3) is F (z)z}nj By edrz,
k=1

where By (k=1,2, .-, n) are arbitrary constants.

5. The p monodiffric homogeneous difference equation of the n’th
order

In [4], the author shown that the monodiffric homogeneous difference
equation of the n’th order Z( 1)*Cf(z+n—k) (1—a)* =0 has monodiffric

general solution (In [4], m page 48). Now we want to generalize
this result to p monodiflric equation. We begin with the following pro-
positions :

ProrosiTiON 5.

(a) =L+ app=s (4 iapt~ (- ialj+4) )
Jfor z=(j+ik)p, (5.1)

(b) 5 e M,(D) 5.2

e (at+h),z __ ea,z

where T;,Z&—e‘f,"’zlim £ A L— for fixed point z€D.

h—a

A proof is given by a straightforward calculation.

d . .
ProrosiTiON 6. F(2)= 74 ¢ is a solution of

(D,—a)tF(2)=0. (5.3)
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and is also a solution of (D,—a)™F(2)=0 for any integer m=2.

Proor. Since, F(2)eM,(D) we obtain F’(z):;[F(z—{—p)—F(z)] and

F'(g) =5 [F(e+p)~F (2] = S [Flet2p)~2Fletp)+ F(2)].
Now (D,—a)?F(2)=F"(2)—2alF’(2)+a*F(z)
= %[F(z—kZp) —2(1+ap) F(z+p)+(1+ ap)zF(z)] , (5.4)

substituting (5. 1) into the right-hand side of (5. 4), we have (D,—a)?F(2)=0.

Therefore, g%eg'z is a solution of (5.3). Furthermore, by the straight-

forward calculation, we get
F'(2) = (1+ap) =t (L +iapp [ 1+(z+p+ip) a+i(j+k+1) ap?].

It is easy to verify that M,F'(2)=0, i.e., F'(2)€M,y(D) and (D,—a)"F(2)=
(D,—a)™%(D,—a)*F(2)=0 for m=2.

2

ProPosITION 7. ' Let H(2)= ;;2 e%? for z=(j+ik) p. Then we have

(a) H(z)=(1+ap)"2(1+iap)*?
{22+(k—j)1’2+2iz(j+k—1)apz—(j+k)(j+k_1)azp4}’ (5. 5)

(b) H(z)eM,y(D), (5. 6)
(¢) (D,—a)H(2)=0, (5.7)
(d) (D.—a™H(z)=0  for mz=3. (5. 8)

. . d . .
Proor. For fix 2, we differentiate 72 %" with respect to a directly,

the conclusion of (a) follows. Now we shall prove (b). Rewriting M, H(2)=
(i—1) H(2)+ H(z+1ip)—iH(z+p) into the form M, H(z)=(1+ap)’~*(1 +iap)*~*
[A+ Ba+Ca*+ Da?] where the branket [ ] is the form of the polynomial
in @ and A, B, C and D are constants, then we obtain A=0, B=0, C=0 and
D=0, and (D,—a)* H(2)=H(z+3p) —3(1 +ap) H(z+2p)+3(1+ap)* H(z+p) —
(1+ap)*H(2).

To prove (c), we rewrite (D,—a)® H(2) into the form (D,—a)® H(z)=(1+
ap)i+(1+iap)—?[Ez2+ F2+G], then E=0, F=0 and G=0. The proof of (d)
is obvious. This completes the proof. p monodiffric homogeneous difference
equation of the n’th order is of the form (D,—a)"f(2)=0 or
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1

(=1 Cr(1+ap) f(z+(n—k) p) =0, (5.9)

n!

where CP = “(n—_“];,*/a

From the results of [Proposition 6 and 7, we have the general sclutions
of (5.9) for n=2 and n=3 respectively as follows :

ProrosiTioN 8.
(a) p monodiffric homogeneous difference equation of the second order

5 (—1FCif(2+2—H) ) (Ltapl =0

has p monodiffric general solution of the form

d
f&) = e +ag-ep®.
(b) p monodiffric homogeneous difference equation of the third order

5 (—1FCif(2+(8—H p) (1+apl =0

has p monodiffric general solution of the form -

r

: - d 2
flz)= coeg”—!-cl—%- eg,z+c27d;‘; ey®,

where the coefficients ¢; (1=0, 1, 2) are arbitrary constants.

With the observation of the above [Proposition 8, we have the following
more general result.

n

ProprosITION 9. c;ia" ey e M,y (D) : (5.10)

n

Proor. Let E(a, 2)=es?* E™(a, 2)= ;an e3? for neN.

From [Proposition 6 and 7, (5.10) is true for n=1 and n=2. Suppose
it holds for n=k, then M,E{®(q, 2)=0, so that

(i—1) EF(a, 2)+E{(a, z+ip) —iE" (a, z+p) =0,
(i—1) E®(a+h, 2) +E&P (a+h, 2+ip) —iEP (a+h, 2+p) =0.

Substracting the first from the second of above equalities and dividing
by h, we have

. E®(ath2)—EP(a,2) | E®(ath ztip)—EP(a z+ip)
(1—1) A + A

. E®(a+h, z+p)—EF (a, 2+p)
—1 h :O.
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Tending ~ to 0, we get
(1—1) E¥*Y(a, 2) + EX**P (a, 2+ 1p) —iEF P (a, 2+p) =01
Thus, M,E{**?(a, 2)=0 for fixed 2€D.

n—1

ProrosiTION 10. (D,—a)"Weg'z = for n=1,2,3,---.
Proor. It is true for n=1. Suppose it is true for n=k, i.e.
—1
(D, —aff = eg* =0.
Fixing z and differentiating with respect to a, we have

L3 —1

d d*
(D~ a5 P —k(Di— @t 5" =0.

Applying D,—a, we have

(] —1

d d*
(D, —a)**! da”* et = k(Dz_a)kWeg,z =0.

By induction, the proof is complete. In summary of the above develop-
ments we have

THEOREM 4. p monodiffric homogeneous difference equation of the
n’th order f (=1 Cr(1+ap)* f(z+(n—Fk) p) =0 has p monodiffric general
k=0

n—1 dr .

solution f(2)= ZC"?&’T"%’Z’ where the coefficients ¢, (k=0,1,---,n—1) are
k=0

arbitrary constants.

THEOREM 5. The general solution to the homogeneous p monodiffric
difference equation of the n’th order

F®(2) 4+ F®P(2)4 -+, F' (2)+ ¢ F(2) =0
. p Mkt d’
is Fl2)=2. 2 Bey gz &t
k=1 j=0 *
where ay, ay, -+, a, with multiplicities my, my, -+, m, respectively are the roots
of a*+cp1a" 4+ +caa+cy=0 and the coefficients By ; are arbitrary con-
stants.
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