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Introduction

As is well known, the study of the transformation equations for modular
forms has one of its origins in Klein’s work [5], and many authors, e.g.,
Kiepert [4], Hurwitz [3], Fricke and Herglotz [2], did certain contribu-
tions in this theory. For a modular form A of weight % on the congruence
subgroup I'o(N) of SL,(Z), the transformation equation for A is defined by

O(X; h)= l—[ aEI‘o(N)\SLZ(Z)(X_h[ka) =0,

where h|,a denotes the usual action of a=SLy(Z) of weight £ (for the nota-
tion, see §1). The above mentioned references are mainly concerned with
A(Nz) and related functions as h for the discriminant function 4.

For a long time, the importance of the investigation of these equations
has been in the mind of the first author of this paper.

Now recently, Shimura proved the algebraicity at certain integers
of the zeta function defined by

D(s, f, 9) = 2iw-1a(n) b(n) n™*,

where f= 2 7_,a(n) e(nz2) (e(z) =exp (2742)) is a primitive cusp form on I',(N)
of weight £ and g=}7_0b(n) e(nz) is an arithmetic modular form on I'y(N)
of weight / less than k& Then D(m,f, g) for (k+1)/2—1<m<k is an alge-
braic number times the Petersson self inner product of f and a power of z.
We take as h the product of ¢ and a certain Eisenstein series Ej, which
is utilized in his proof of the algebraicity of D(m,f, 9). Then the sum of
p#-th power of all the roots of @(X; 2)=0 can be expressed as a finite linear
combination of primitive forms of level 1 with the coeflicients D(m, £, ¢') for
90 =g*(E; »* . In fact, we have

THEOREM. For an arbitrary element g=S,(I'y(N)) and for any posi-
tive integers p and 1>2, we have

(1) Tr (@Bl = Brepan Dt L AN ¢
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with ¢=3+4~% 0 ['(ku—1). Here k=I14+2; P(ky) is the set of all primitive
forms in S,,(SLy(Z)); S,(I") stands for the space of cusp forms of weight
von I for '=Iy(N) or SLy(Z); Ey is the Eisenstein series defined by

Eind) = Sreranwleatd  (r=(¢ 5)),

where I',={+ 1 7 IneZ; (¢f. [11, (2.6)]); Tr is the trace operator of
0 1

SuulTo(N)) 10 Sy (SLa(Z)) defined by
Tr (h) = 2l eer,amsz,® Alaaa for h&S,, ([)(N)).

One can specialize the equation @(X; h) =0 at any elliptic curve &
defined over Q in the usual manner described in §3. Suppose that & is
uniformized by the Weierstrass §-function with modulus (@, @) and assume
the following conditions :

(1) the cusp form g has Fourier coefficients in Q;

(2) the specialized equation of @(X; gEfy) at &g is irreducible in
Q[X];

(3) the space S,,(SLy(Z)) is spanned by an element f=7}.5_a(n)e(nz)
of P(ky) and its conjugates

Fl2)= Xran)relnz)  for o=Aut(C).

Under the assumption (2), let Ky be the field generated over Q by the root
(27) wy)* g (@) w3) Ef y(wy/ws) of the specialized equation and let K; be the Hecke
field generated over Q by all the Fourier coefficients of /. Then we have

CoroLLARY. We have the following equality :

(i) Trayo{(2a/on* g(en/an) Ef ylo/op)}

D(kp—1, f, g*(E; »)** 5
= ¢ Triyo PSS A0EAT (oo o)}

where ¢ is the constant in the theorem.

One can regard this equality (ii) as a reciprocity law for two distinct
fields Ky and K, In fact, as may be well known and will be explained in
§ 3, the field Ky coincides with the field Q(j, /') generated by the j-invariant
j=j(w /) of & and j=j(Nw/ws). Note that Ky is contained in the field
of N-section points of €. On the other hand, as proved by Shimura [11,

_ * V-1
Th. 3], the value Diky n};{}g}gfz,zv)” ) in the right-hand side of the equality

(ii) is contained in the field K;, and as will be seen in § 3, (2z/wy)**f(wi/ws)
also belongs to K;. Therefore the right-hand side of the equality (ii) is the
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trace of the number

D(kp—1, f, 9*(Exx)""") b
7rkp</"f> (271'/0)2) f(wl/w2)

from K, to Q, and meanwhile the left-hand side is the trace of the number

{(2n)@n)* g(ar/ wn) B y(on/ox)}'

from Ky to Q. This is why we call the equality (ii) the reciprocity law
between K, and K, The importance of these fields is needless to say.

Those who are familiar with the Eichler-Selberg trace formula may
find a similarity between our result and the method of calculation of the
eigenvalues of Hecke operators. Especially, the power sum of the roots of
our equation is a sum of the special values of Shimura’s zeta functions and
that of eigenvalues of Hecke operators is a sum of class numbers of imaginary
quadratic fields.

It should be noted that the method using power sums and Newton’s
formulas is classically adopted in the investigation of transformation equations
(e. g., Hurwitz [3, pp. 580-590]).

Here is a summary of the paper: The theorem will be proved in § 4.
For the convenience of the readers, we will give a short and very elementary
account of the theory of transformation equations in §§ 1, 2 and 3, and thus
one can read the result without any knowledge of this theory beforehand.
If the reader is familiar with this subject, we recommend him to proceed
into § 4 directly. A numerical example of the transformation equations will
be given in §5. More examples will be published in [7] by one of the
authors of the present paper.

§ 1. Transformation equations of Fricke type

In this section, we are going to give an exposition of classical results
on modular forms. The details may be found in Fricke [1].
Let I" be a congruence subgroup of SL;(Z) containing

I'(N)={yeSL(Z)ly =1 mod N}

for a positive integer N, and .#,(I") be the space of modular forms of
weight £ on I The element f of #,(I") is a function on the upper half
complex plane 9 with the properties :

(1.1,) f is holomorphic on 9;

(1.1,) Writing (fl7) (2) = det ()2 ((2)) (ca-+d)™* for 7=(° §>EGL2+(R)
= {a=GL,(R)|det (@) >0}, we have f |,y =f for all yeI; .
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(1.1.) fl.r has the Fourier expansion of the form: } 7 ,a(n)e(nz/N) at
too for all y&SLy(Z) (e(2) = exp (2n12)).

The space #,(I") is naturally isomorphic to the space of functions F on

8:{w:t(w1, @)602]@;&0, Im (wl/w2)>0}
with the properties :
(1.2,) F is holomorphic on 3;
(1.2,) F(iw)=1*F(w) for all 2&C*, F(yw)=F(w) for all y&r;
(1. 2,) Writing (Fl|y) (w)=F(yw) for y&GL; (R), we have
(Fly) (=, 1)) = 2-0a(n) e(nz/N) for all yESL,(Z) (€ 9).

This isomorphism assigns f(2)=F((z, 1)) 4,(I") to F as above. In fact,

we have r<§)=<r(12)> (cz+d) for T:(? z)EGLJ(R) and 29 ; thus for F

with (1.2, and y&I, we see
f(r(z)) = F<t(r(z), 1>> = F<r(§) (cz—l—d)") = (cz-l—d)"F(r(T))
=(cz+d} F((z 1) = (cz+d) f(2).

This proves (1.1,). The conditions (1.1, .) for f are obvious from (1.2,.)
for F. The inverse correspondence can be defined as

F(fa, @) = o™ fl2) for felil) (2= afo).

We call the function F corresponding to f as above the homogeneous form
of f. Classically the homogeneous form is used often (e.g. see [1]), and is
rather more suited for our later use. This is because we recall here the
definition of the homogeneous form. We hereafter zdentzfy the space M ,(I")
with that of the homogeneous forms on 3.

Now we are going to give some explanation on the process of forming

the transformation equation of f in #,(I"). Let R be a complete set of
representatives for I'\SL,(Z), and define

(1.3) O(X; )= [lecr(X=flra) = 2o =)™ on(f) X*™™,
where d=[SLy(Z): I'] and ¢,(f) is the m-th elementary symmetric function

of variables {f],a}.cz- The equation @(X; f)=0 will be called the transfor-
mation equation of /. We see easily that

(1. 4) On(f)E M un(SLo(Z)) .

It is well known that ¢,(f) can be expressed uniquely as an isobaric poly-

nomial of ¢, and ¢;, where g, & A ,(SLy(Z)) and g;& M (SLy(Z)) are defined by



Transformation equations and the special values of Shimura’s zeta functions 351

0o (“(en, @s)) =60 X1, nea (oo +na) ™

= (2rfo)*{ 15 +20 T (Tocund?) e(n2)]

and

9s <t(0)1’ wz)) =140 D7 wez(mo +nw,) "

= (27r/w2)6{71€ - % szl(ZKdlndf’) e(nz)} )

Let us explain this in more detail. As classically known, we can take a ca-
nonical basis of A ,(SL,(Z)) for even k=4 as described below: We know that

r =dim 4, <SL2(Z>> = [#/12] or [k/12]+1

according as k=2 mod 12 or not.

Then 4a+6b=k—12(r—1) has the unique solution with non-negative integers
a and b. Put

(L. 5y) hi = (12¢,)*(216g5)?* 210 4 (0=i=r—1),
where 4=0,*—2702=2n/w,)%e(2) [[_.(1 —e(n2))*. Write

hi((on, @) = 21/ @n)* $5-0c(i, j) €(j2)

Then c(z,j) are rational integers and the matrix of the Fourier coefficients
has the convenient form :

. \
(1. 5) (), o :( 01_.. *) :

This shows that {hy, ---, h,_;} is a basis of #,(SLy(Z)); in particular, every
modular form A=).7 oc(n) e(nz) of M,(SLy(Z)) is a linear combination of
h; with coefficients in A=Z[c(n)|0=<n<r]. Thus we can express h as an
isobaric polynomial of ¢, and ¢; with coefficients in 4. The uniqueness
of the polynomial follows from [12, Prop. 2. 27 and its proof]. The integrality
over /A of the expression of 2 by the basis &; will guarantee the integrality
of the specialized equation discussed in § 3 (see the statement below (3. 6) in
§ 3). In order to determine the coefficients of this isobaric polynomial, one
may use the Fourier coefficients of (27/w,) ¢, (27/ws)%gs and (2r/ws)~*h
instead of those of @, ¢s and h. When we deal with those isobaric poly-
nomials, we hereafter drop the factor of the power of 2rn/w,.

To relate our equations to those classically investigated, we are going
to specialize the group I to
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L(N) = {(‘g 2>ESL2(Z)|C = 0 mod N} .

The above argument still holds even for meromorphic modular forms f of
weight &, but in this case, the coefficients of @(X; f) become rational func-
tions of ¢, and ¢;. For example, let us take the usual J-invariant ; namely,

J is defined by
J(z) = 128gp(2)}/4(2) .
We may take J(Nz) as f; then the equation @(X; J(Nz))=0 is classically

called the transformation (or modular) equation of level N (cf. Fricke [1,
II. 3. 2, pp. 342-349] or Shimura [9, § 5]).

§ 2. Transformation equations of arithmetic modular functions

In this section, we first recall Shimura’s theory of arithmetic modular
functions and then explain its relation to transformation equations. The main
reference is his book [12, Chap. 6].

For a positive integer N, we write .# y for the field of modular functions
on Y/I'(N) of the form g/f for some f, g=.#,(I'(N)) (k>0) with Fourier
coefficients in ky=Q(e(1/N)). We further define for a subring 4 of C and
I'=I'(N), I1(N) or I'(N),

ML N)={fEM(D)|f2) = Liealn) e(nz/N), a(m)E 4 for all n}.
Here I'/(N) is a subgroup of I'((N) defined by
n(N):{(C 3>ESL2(Z)IaEd51mod N, c=0 mod N}.

We can define an action of ¢=Gal (ky/Q) on A ,(I"; ky) by

fe(2) = Dmoaln)ye(nz/N) for f(z)= 2 7.0a(n)e(nz/N).

Then this action is known to be well defined (cf. [10, § 4 Prop. 4]). Thus,
for h=g/fe.#y with ¢, fe M (['(N); ky), h"=¢"/f* is also contained in &y
and this gives an action of Gal (ky/Q) on Zy. In [12], 7y is defined as
the field generated over Q by J(z) and

fule) =GB p; o) (0e)

for all a=(r/N, s/N) with 0<r<N, 0=s<N and (r, s)#(0, 0), where

Plus o) =1+ Dicro|w—)7*—17]
for L(w)=Zw,+Zws, o= w, ws).
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By [12, Prop. 6. 9], this definition is equivalent to the one given above. The
function f, for a=Q?*—Z? depends only on a mod Z, and f_,=f..

It is known by [12, Th. 6.6] that .#y is a finite Galois extension of
Z,=Q(J), and Gal (Z/QJ))=GLy(Z/NZ)/{£1}, where y&GLy,(Z/NZ)/{£1}
acts on f, and J through

fd=fo, and J =J.

Then the action of ¢=Gal (k4/Q) on .Z 5 as defined above corresponds to the
matrix

((1) 2>EGL2(Z/NZ)/{i1}

when e(1/N)=e(d/N) (cf. [10, §4 Prop. 4]). Furthermore, the field #y
contains ky and, as seen in [12, Th. 6. 6], the element y&GLy(Z/NZ)/{£1}
acts on e(1/N) as e(1/N) =e(det (y)/N). Since f,,=f.ly by the definition of
fa every y&SLy(Z) defines an automorphism of .# and the corresponding
element of GLy,(Z/NZ)/{*1} (=Gal (. 5/Q(J))) is the natural image y mod N
in GLy(Z/NZ)/{+1}.

Let us put
Uy(N) = {(g Z)EGLg(Z/NZ)Ia, de(Z/NZ)*, beZ/NZ} ,
and
U(N) = {= ((1) 2)EGL2(Z/NZ)|de(Z/NZ)><, b<ZINZ).

Let oy and £y be the subfields of .7y corresponding to Uy(N)/{£1} and
U,(N)/{%1}, respectively. Then by [12, Prop. 6.9], we know

(2.1) If h=flg with g, fEe M, ([,(N); Q) (resp. A, (I'\(N); Q)), then heA y
(resp. ZLy).
By [10, Th. 6], (2.1) can be generalized as

(2.2) If h=flg with g, fe M ([\(N); K) (resp. M ,(I'1(N); K)), then he
Koty (resp. KZy) for any algebraic number field K.

For o=y, if ¢°#¢ for any non-trivial isomorphism ¢ of Xy into

Z v over Q(J), then ¢ gives a generator of & y over Q(J). Thus, by our
construction of @(X; ¢), we know that

(2.3) O(X; ¢) is irreducible as an element of Q(J)[X] if ¢lr+¢ for ye

In fact, one can take a representative set for U,(N)\GL:(Z/NZ) in
TFy(NN\SLy(Z). In general, when f is an element of . ,(I'((N); Q), then
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(2.4) @O(X; flg) is irreducible for a Q-rational meromorphic modular form
g of weight k on SLy(Z) if fliy#f for any y I (N)\SLy(Z) and y+1.

Now, if we form the transformation equation @(X; f)=0 for fe.7y,
O(X; f)=0 gives an equation of f over Q(J). Especially, when we take
J(Nz) as f, the classical transformation equation @(X; J(Nz))=0 gives the
defining equation of the field ¢y over Q(J) (cf. [12, p. 157]).

§ 3. Specialization of transformation equations at elliptic curves

In this section, we specialize transformation equations at an elliptic curve
defined over Q.

It is known by Tate [13, Th. 3.2 and Remark 3, p. 40] that every
elliptic curve defined over Q@ has a minimal model over Z, which is defined
by the equation of the form:

3.1 vV+aay+ay=2+a,x®+a,x+as

with a, ---, ag€Z. Take the minimal model defined by the equation (3. 1).
Then according to [13, (1. 2)], putting

( by, = a®+4a, ,

b4 =a a3+2a4 ’
by = a’ +4as,
(3.2) T bs=aag—ayaga,+4a, ag+ asal—al,

12g_2 - b22_24b4 ,
216(73 — "—b28+36b2 b4—216b3 )
L A_: - b22b3_8b43_27b62+9b2 b4b6 = g—23_27(732 N

we know that the curve & defined by
V=42~ G x— (s

is isomorphic over Q to the curve (3.1). Thus

(3.3) 12G,, 2167g; and 4 are all rational integers.

This is why we have started from the minimal model (3. 1).

As is well known, by choosing a suitable basis {¢, ¢;} of the singular
homology group H,(€; Z), we see that w=%w, w,) for wlzscldx/y, Wy =
$o,dx/y satisfies :

(3. 4)) w€F;
(3.4p) @s(w) = 0, gs(w) =¢; and d(w) = 4.
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Thus the Weierstrass functions ©(«; ) and ' (« ; ) uniformize the elliptic
curve € (cf. [12, 4. 2]); namely, we know

3.5 C/L(w) = &(C)P2(C),
' u~>Pu; o), ¢ (u; o), 1)

where L(w)=Zw+Zw, and &(C) is the group of C-rational points of &.
Now we consider the transformation equation @(X; f)=0 for a modular
form f of M,(I') as in §1. For a subring 4 of C, we assume

(3.6) all the coefficients an(f) of the polynomial ®(X; f) have A-rational
Fourier expansions.

Then every o,(f) is expressed as a A-linear combination of {A} in (L. 5,).
By substituting ¢, and ¢, for ¢, and ¢, in the isobaric polynomials of ¢, (f),
we obtain an equation @(X; f, £)=0 over 4. This equation will be called
the specialized equation of @(X; f)=0 at &.

We suppose I'=Iy(N) for a positive integer N, and put

C={(Pla; ), ¥ (aw; v), 1)EPHC|a=r/N, 0Sr<N, reZ)cE(C).

Then we define a field Ky by the fixed field in Q by all automorphisms ¢
of Q such that there is an isomorphism over Q of (&, C) onto (&7, C).
To consider the structure (€, C) is equivalent to consider the pair (£, £/C)
for the quotient &/C of & by the subgroup C. Thus Ky is generated over
Q by the J-invariants of & and &/C; namely, we have

Ky=Q(J(m/ay), J(Ner/a)).

If every coefficient of @(X; h) for heS,(I'y(N)) has Q-rational Fourier
expansion and if the specialized equation @(X; h, £)=0 is irreducible over
Q, then Ky is generated over Q by the root (2r/ws)* h(wy/wy) of ®(X; h, £)=0.
Thus the definition of Ky in the corollary in Introduction coincides with that
given here. This fact follows easily from the argument in the proof of the
following proposition. It is well known (cf. [12, p. 157]) that

A y=Q(J(2), J(N2)).
| This shows
(3.7) Ky s the residue field of the valuation of A y at the point w/w,< D.

Put £[N]={x€&|Nx=0}. Then we see from (3.5) that
(3.8) E[N]=(Z/NZy? through (Z/NZy2>a—~f(aw; o), ¢ (aw; w), 1)€E[N].



356 K. Doi, H. Hida and Y. Maeda

Let Fy be the smallest field of rationality of &[N] over Q. Then Fy is
a finite Galois extension of @ and through the isomorphism (3. 8), we can
identify Gal (Fy/Q) with a subgroup of GLy(Z/NZ). Put

Us(N) = {(f 2,)6 GLy(Z/ND)|c = o} .

Then we see from the construction of %y in [12, Chap. 6] that
(3.9) if Gal(Fy/Q =GLy(Z/NZ), then Ky is the fixed field of Uy(N).

PROPOSITION. Assume (3. 6) for fE M (I'o(N)). Then O(X; f, &) belongs
to A[X] and ®(X; f, E)=0 has at least one root in AKy.

Proor. The fact @(X; f, &) A[X] was already shown; so we are
going to prove the second one. To reduce the problem to the case of
modular functions, we want to find a modular form ¢ of weight & with
¢(w)#0 whose behavior under any automorphism over Q(J) is known. Put

(3.10) 3(a) = A(a)"® = (2n/ane(2/6) [[71(1—e(n2))

(w =y, w) €8, 2= a)l/a)2> .

Then it is known by Hurwitz [3, p. 566] that 6 €.S5,(I'(6)). By the addition
formula combined with the definition of the Siegel functions ga for a=Q?
as in Kubert-Lang [6, p. 29], we know

o0 6w o)-rlyons o)==

for a=<%, O), b——-(O, %)

The function g—“;——’;gﬁi is contained in %, (cf. [6, K3, p. 28]). Thus d(w) is
adb

contained in F,. For f as in the proposition, we know @=f]8*? is contained

in AFey. Any automorphism ¢ of AFex Over & = A2y can be represented

by an element yEI,(N) and dE(Z/6NZ)* so that a=<(1) 2,) (y mod 6N) €

GLy(Z/6NZ). Then we see o' =(f17)/(6*?2]7) =f](6**|y) from the definition.
On the other hand, we see 8|y=((y) & for a 6-th root {(y) of unity by [3,
p. 566]. Any automorphism o' of AFgy over F=/AKy can be naturally lifted
to an automorphism ¢ of A%y over % by Hilbert’s theory of decomposition
groups. The automorphism ¢ is represented by 7 and d as above, and we
see from (3.11) that

6(w)

8(w)” =(0l7) (o) =L () 6(a).
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Thus f(w)=06()**¢(w) is invariant under all the automorphisms of AFgy over
F. Note that d(w)#0 by (3.10). Then this shows the proposition.

Let us now give some remarks. When f is a modular form of level 1
with algebraic Fourier coefficients, then it is clear from the definition of the
basis {h;} as in (1.5,) that

(3.12) the isobaric polynomial P(g, ¢5) of f in @, and @5 has coefficients in
the field K,,

where K is the field generated over Q by all the Fourier coefficients of f.
Furthermore, if f(2)=2 7 ca(n) e(nz)c A ,(SLy(Z)), it is known that

f7(2)= 2n-ea(n)’e(nz) again belongs to #,(SLy(Z)) for any automorphism ¢
of C. Especially,

(3.13) the isobaric polynomial of f* is given by P°(gs, g5,

where ¢ acts on P(g, g5) through its coefficients.

Now we consider the transformation equation @(X; gEfy)=0 as in the
introduction. Note that if he £ ,(I,(N); Q), then by virtue of [11, Th. 3],
for any primitive form f&S,(SLy(Z)) and for any me&Z with
(k+v)/2—1<m<k,

.14 S ek,

Dim,f,h)\*_ Dim,f, h)
(8. 14,) { =D } =TS

Now take an elliptic curve & defined over Q. Then the sum S, of g-th
power of all the roots of @(X; gEf s, £)=0 is expressed by the theorem as

D(kp—1, f, g*(Ef 5)*Y) [ 2z \**
SF:CZfEP(k,u) ( £ ﬂkp{fg"}f(‘>’ ) )<w2> f(wl/w2).

for any automorphism ¢ of C.

Note that Ej, has Q-rational Fourier expansion. Then for any automor-
phism ¢ of C, we know from (3. 13) and (3. 14,) that if g=S5,(I',(N); Q), then

D(kp—1, f, g*(Ef »)*7Y) [ 27 \** .

i [P (2
D(kp—1, f2, g*(Ef »)*7Y) [ 21 \** |
— ( £ n.k.u{f?r,gf§>x,1v) )<a)7:> ﬁ(wx/we) .
This shows S,&Q for every p; namely, @(X; 9E;x £)Q[X].
When h+#h|y for h=gE}, with any y&SL,(Z)—Ty(N),

(3.16) @(X; gEfy, &) is irreducible over Q except for finitely many
elliptic curves &.
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§ 4. Proof of the theorem

Let ¥ be a fundamental domain for $/SL.(Z) and m() the volume of
X relative to the measure y *dxdy. We know m(F)=n/3. Let R be a
complete set of representatives for I'o(N)\SLy(Z). Then Fo= U.cra ((F) is
a fundamental domain for $/I',(N). For fES.(I(N)) and he L (I',(N)),

the normalized Petersson inner product is defined by

Sy =m@| TRy rdedy  (z=a+i),

¢

where m(g,) is the volume of $F, relative to the measure y~2dxdy.

Take an arbitrary element A of S,(I,(N)) and let Ejy be the Eisenstein
series of weight 2>2 as in the introduction, then Ejy&.#,(I\(N)). Put
#=2A4v. Then for a primitive form f on SL,(Z) of weight &, we have

m(®)(f, Tr (hELx)

N S%ﬂzaeRhEle ) y-rdxdy

={_jnEray—dedy
=An)~*P(k—1)D(k—1,f,h).

The last equality follows from the equality at s=&—1 of [11, (2.3)]. On
the other hand, we can write

Tr (hE} )= Lserwc(f)f with ¢(f)€C,

where P(x) is the set of all primitive forms in S,(SLy(Z)). By the orth-
gonality for primitive forms under the Petersson inner product, c(f) is
expressed as

c(f) = Tr (RESY KA -
Thus we have

(4.1) Tr(hE;y) =)~ L(k—1) m(F)™ Lrerw D(z},ljj;; & 4

= 34D e ) Do S

Now, let g be an element of S;(I'((N)). For a positive integer u, we take
g*(Efy* ! as h in (4.1). Then we have ‘

- D(k ——1,, e ¥ a1
Tr (gEf ) = 3+4= %0 ['(kpt—1) Y sepien (ks nk#{fg f(>z,1v) ) s,
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where k=[+A Thus proves the theorem.

§ 5. Numerical examples

We shall give an example of the transformation equation @(X; gE},)=0
and the specialized equations @(X; gEfy, £)=0 at several elliptic curves &.
A few more examples of this type of equations will be published in [7].

Let us take a primitive form A&.S,(I,(5)). Since we know
dim S,(I0(5))=1, h is uniquely determined. Put g= —5+13A to guarantee Z-
rationality of the equation. Then the transformation equation @(X; gEf) =0
is given by

O(X; gEf) = X°—25(12g5) 4X*— 144042 X2+ 155(12g,)% 42 X2
+{(120s) (216¢,)2 42 + 18096 (12¢5) £ X
+{65(21693)2A3—|—53824OA4}

—0.

The coefficients of this equation are calculated through the Newton formula
by the power sums Tr (gEf;)* given below :

12 Tr (gEZs)"

1 0

2 | 50(12¢,)4

3 | 43204

4 | 630(12g,)2 42 |

5 | —5(12g5) (216g,)2 42+ 89520(12¢s) 48
6 | 7610(216g,)245+ 1681536044

In what follows, we are going to give the specialized equations
O(X; 9gEfs, £)=0 at several elliptic curves € defined over Q. We first list
the curves where we specialize the above transformation equation

O(X; gEL)=0:

’ 2
Case A : y2:4x3—§x+%§— (11A);
Case B: y2=4x*—22¢+1 (37A);

3.
Case C: y?=4x— 235 x+ 23531 (37B);
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Case D: y2=42%3+2%.3xr—2%;

Case E: y*=4x34+1 (27A) .
The curve in Case A is isogeneous to the modular curve Xy(11),4 (=9/I,(11)).
This curve is referred in as 11A. The curves in Case B and Case C
correspond the distinct non-isogeneous factors of the jacobian variety of

The curve in Case D is found in Serre [8, 5.9.2], which has
The curve in Case E has complex

multiplication under Q(W—3). The specialized equations @(X; gE{s &)
at these elliptic curves are listed as:

&

O(X; gESs €)

Case A

X8+ 4400.X*— 174240 X*+4 4801280 X% — 340643072.X + 5881529280

— (X —22) (X°-+22X*+ 4884 X5 — 66792 X2+ 3331856 X
— 267342240)

Discriminant of the irreducible factor of degree 5
= —2%.5%.11%8.19%2.3892.142939%

Constant term of the irreducible factor of degree 5
= —25.3¢5.112.4603

Case B

X¢—44400.X*— 1971360 X%+ 488897280 X2+ 47063460096 X

+1162360730560
Discriminant = 2%6.312.55.11%.3712.42044237*
Constant term = 2%.5.37%.71711

Case C

Xt —148000.X*— 1971360 X3+ 5432192000 X%+ 1029841968640 X

+14284097373120
Discriminant = 2%.55.3712.972. 2514. 158512865466953%
Constant term = 28+3.5.37%.293749

Case D

X®—111974400.X*— 348285173760 X%+ 3109490031329280 X*

+19395514284707414016 X+ 30756189783160164188160
Discriminant = 21%.3102.55.5232. 19932
Constant term =2%+320.5.31.53

Case E

X®—1049760.X%4- 226351350720

Discriminant = 2%6.386.55.116.17¢

Constant term = 26.312.5.113
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In the above table, all the factors of the specialized equations are irreducible
over Q. The factors of the discriminants and the constant terms are primes
if they are less than 10Y; otherwise, we do not know whether they are prime
or not.
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