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0. Introduction.

In this paper we will be concerned with the Cauchy problem :

(Pu=f

<01> \LDgu’t=0:g‘i, j:Oy 1?“" m_k—l’

for a class of differential operators P(¢, x, D,, D,) with <regular singu-
larities> at ¢=0. Precisely, for two positive integers %k, m, k<wm, P has
the form:

(0.2) P=t'P,+t*'P,_,+..+ P,

where the P,_; are of order m—j, j=0,..., k&, and have C* coefficients
defined on some cylinder R, X M (M =R" or, more generally, M is a C* n
—dimensional manifold without boundary).

We suppose that P, is strictly hyperbolic with respect to dt and call P a
Fuchsian hyperbolic opevator of weight m—k.

As in the case of an ordinary differential equation of Fuchs type (see
e.g. [2], [24]) we are led to consider the (reduced) indicial polynomial of
P, i.e., denoting by a,_; the coefficient of D7 in P, ; and supposing a,=1,
the k-th order polynomial :

m—j

& 1 .
0.3) (s =% [ =% | ans0 DEE-D(6= k=i -1,
xeM, E<C.

To make (0.1) meaningful, at least at a formal power series level, one
has to require that all the traces of u# at t=0 can be recovered from the
Cauchy data g; and the corresponding traces of f.

Implementing this fact is equivalent to impose the following Fuchs
condition on P :

0.4) L(x;©)+0, YxeM, VE€Z, =10, 1,.....

Problem (0.1), even for more general classes of degenerate operators P,
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has been studied by several authors starting with the pioneering work of
Baouendi and Goulaouic (see also [3]). In[4], under condition (0.4),
Cauchy-Kowalewski and Holmgren type theorems (among others) were
proved supposing the coefficients of P to be analytic in the space variables
and sufficiently regular with respect to £. More recently, a deep analysis of
Cauchy problem (0.1) for Fuchsian hyperbolic operators with analytic
coefficients has been performed by Tahara in the hyperfunction
framework. In this important work existence and uniqueness results are
proved as well as structure theorems concerning the singularities of hyper-
function solutions of the equation Pu=/.

Operators with regular singularities have also been considered by
Kashiwara and Oshima in the analytic setting.

[t is worth noting that Fuchsian hyperbolic operators of the form (0. 2)
are microlocal models of operators with multiple characteristics of variable
multiplicity and non-involutive intersection. From this point of view we
mention here the work of Oaku in the analytic category and B.L.P.
[6] in the C> setting (see also the references quoted therein).

The above mentioned works give an almost complete picture of problem
(0. 1) in the analytic-hyperfunction situation. We think, however, that in
the C> setting the available results concerning the Cauchy problem (0.1) are
far from being as complete as in the analytic case.

The main contributions have been given by Tahara in a long series of
papers (see [20], [2I]), where the author considers the Cauchy problem
(0.1) for a wide class of operators including (0.2) and gives various
existence and uniqueness results when the data f and g, are smooth functions
or belong to suitable Sobolev spaces which take into account the f-
degeneracy. The technique of proof relies essentially on energy estimates
for abstract singular equations and on a tricky reduction of (0.1) to an
equivalent m X m singular system.

Contributions to the study of hyperbolic singular systems have been
given by Alinhac [1].

We mention also the important contribution given by Roberts in
proving a Calderon type local uniqueness result for smooth flat solutions of
Cauchy problem (0.1).

However, as far as we know, results concerning C=-singularities of
distribution solutions of problem (0.1) are still lacking. The aim of this
paper is to fill in part the gap existing between the analytic and C* analysis
of problem (0. 1).

To be definite, we will suppose that the Cauchy data g, are distributions
on M while f is a regular distribution, i.e. f€C~(R:; 2'(M)) and:
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(0.5) WF(HON{t x, 7, )ET*(RXM)\0|t+0, §=0i=¢.

For regular distributions an adapted notion of wave front set will be
used; precisely, we say that a point (x, &)T*M\0 does not belong to
OWF (f) iff for some classical pdo B(x, D,), elliptic near (x, &), we have
Bf€C=(]—e, e[ xM) for some &>0 (for this notion of boundary wave
front set we refer the reader to Chazarain and Melrose-Sjostrand ).
In the statement of our main result we denote by ®¢7=1, ..., m, the Hamil-
tonian flow on T*M \0 of the hyperbolic roots t=2,(t, x, &) of the equation
on(Py) (t x 7, &)=0. For simplicity we state our theorem in the case
where M is a compact manifold.

THEOREM. Let P a Fuchsian hyperbolic operator of weight m— k, defined
in RXM and satisfying condition (0.4).

Then for every vegular distribution f and for every Cauchy data
GETD (M), j=0, 1,--, m—k—1, there exists a unique vegular distribution u
which solves (0. 1). Furthermore, the following description of the singularities
holds:

—k—1

i) aWF(u)CaWF(f)UmJ_L_JO WF(g,).
i) WEu| w0 x0Tt 5, 7 E)EF0, (L x, 7, HEWF()IU
U1t o A 2 &), &)13s, €10, 11, 30 pET M,
(s, » (s 9 ), MeWF(), (x, £)=27°0, n) U
010 x4, 5 £, OIt=0,

m—k—1
Ay, ) €oWF(HU Lio WF(gy), (x, §)=®:(y, n)i.
iii) Denoting by N*M the conormal bundle of (0; X M in RX M, we have:

WF(uNN*M=WF(f)NN*M.
iv) If for some x, &M we have :

a) 7 %0, xp)N WE(f)=¢(x: T*(R XM)\0—> R XM is the
canonical projection),

m—k—1
b)) (%, &€& _U0 WF (g;), for some &,+0,
J:
then there exists at least one <11, ..., m; such that either WF (u| ,~o <m) 0¥

WE (u| ;-0 xp) contains a small arc of the bicharacteristic defined by the
factor T—A;(t, x, &) and issued from the point (0, %, A;(0, %, &), &).
We make some comments concerning the theorem.
Existence and uniqueness will be proved by constructing (see Chapt. 4)
a right and a left parametrix for P. This construction and the preparations
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which are needed form the core of the paper. We have been unable to
construct parametrices directly for P(this has been done in a very particular
case in [7]) and therefore we decided to follow a somewhat different
procedure. In Chapt. 1 we show how an equation Pu=f for an operator of
weight 0, can be reduced to an equivalent (mod. C*(RX M)) singular
system of the form:

(0.6) Fu=UytD—tA(L, x, Do) —B(t, x, D))u=/,

where A(¢) and B(¢) are N X N matrices of classical pdo’s of order 1 and
0 respectively, having the following crucial properties :

i) o0(A) (¢ x &) is a diagonal matrix whose eigenvalues are the
hyperbolic roots A;(t, x, &), j=1,..., m

ii) Re 6,(B)(O0, x, &)< —1. for every (x, &)T*M \0.

In proving ii) we exploit in an essential way the Fuchs condition (0. 4).
We point out that our reduction is rather different from the one performed by
Tahara (the operators in (0.6) are classical pdo’s and, more sub-
stantially, they depend smoothly on ¢ contrary to what happens in [20D.
In our reduction N is larger than m, precisely N =m(m+1)/2.

We observe that for scalar operators of the form (0.6) left and right
parametrices can be obtained with only minor modifications following the
explicit constructions performed by Hanges in [12]. Therefore, having the
system (0.6), one is tempted to decouple this system as in the classical
strictly hyperbolic case (see e.g. Taylor [22]), by reducing it via an
intertwining elliptic operator, to a system of the same type with B(¢) in a
diagonal (or block diagonal) form.

Unfortunately, the classical decoupling procedure breaks down in our
case due to the f-degeneracy. In Chapt. 3 we show that system (0.6) can
actually be decoupled for large values of #|&|. Roughly speaking,
supposing A and B to be independent of (¢, x) and taking partial Fourier
transform with respect to x in (0.6), by putting z=¢|&| we get a system of
the form:

0.7 IyzD,—zA(§H—B(&), &'=¢&/1&].

By a well known classical procedure (Cfr. [2], [24]), the hypothesis on
A(&") allows to find two power series ¢(&’, z)=3q ;(&)z 7 (with ¢,(&) =

j=0

I,) and b(& z)—Z b_;(&) z77 (where the matrices b_;(&") are block-

diagonal) such that the following equality holds at a formal power series
level :
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(0.8 (IyzD.—2A(EH—B(&))q(§, 2)
=q(&, 2)(IyzD,—zA(EN—b(&', 2)).

To pass from the formal level to a correct operator level we work within
a class of pdo’s whose symbols have a suitable behaviour in the t¢-variable.
These symbols and the corresponding operators are studied in Chapt. 2.
Precisely, we work with symbols a(t, x, &) ESP? which satisfy (local)
estimates of the type:

0.9 |97 9% 82 a(t, x, &)|<const. (1+|&P?~PI(Jt[+1/[&D.
Summing up, in Chapt. 3 we prove that there exist an invertible matrix Q&
OPS*° and a matrix BEOPS® such that, putting .# = ,#D,—tA(t, x, D) —
B(t x, D, we have:

(0.10) FQ=Q7,

modulo operators which map regular distributions into smooth functions.

The matrix B has the property that its symbol is (block) diagonal for
t|&| large. In Chapt. 4 we construct parametrices for the system F
following (in spirit, if not in detail) the work of Hanges referred to above.

Combining the left and right parametrices with known existence and
uniqueness results when the data in (0.1) are smooth functions, we get the
first part of the [Theoreml

Chapt. 5 is devoted to the analysis of the singularities. We point out
that operators in the classes S#?are not (in general) microlocal with respect
to t at £=0: precisely, they do not preserve distributions whose wave front
set is disjoint from the conormal bundle N*M. To get some control on the
behaviour of the solutions at ¢ =0 we found it convenient to use the boundary
wave front set 3WF (+), a set which is preserved by the action of OPS"“.

Properties i ) and ii) in the are proved by a direct inspection
of the left parametrix. To prove properties iii) and iv) we rely heavily on
the arguments contained in B.L.P. [6]. A consequence of (iv) is that,
supposing f €C=, singularities of the Cauchy data g, give rise to singularities
of u that propagate into >0 or ¢ <0 on some Chyperbolic) bicharacteristic,
a property which does not seem to be a priori obvious.

An important related question is to decide whether a branching of the
singularities phenomenon may occur for a solution of Cauchy problem
(0.1), i.e. decide when a singularity of # on some (hyperbolic) bicharac-
teristic give rise to the appearence of a singularity of «# on a different
bicharacteristic.

In Chapt. 5 (see [Theorem 5.5) we give sufficient conditions which
guarantee that such a phenomenon occur. A typical example is given by the
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Euler-Poisson-Darboux equation :
Pu: t<D2t—2JDiJ>u+a<t) x>Dtu+2jﬁj<x) t>Dx,u+ '}’(t, x) M—_—O,
with #|,. =g, u being a regular distribution. Under the condition :

(0.11) 208 —a(0,2)+25,8,(0, 1),/ 1§ £0,YSEZ, ¥ (x, E) EWF (g),

we conclude that WF (u) contains both the bicharacteristics issued from the
points (0, x, £[&[, &), (v, &)EWF(g).

We do not know if (0.11) is also a necessary condition, but, as simple
examples show, if no condition is imposed on P it can happen that u has
singularities only along one of the two bicharacteristics.

To conclude this introduction we point out that for the notation used in
the paper we refer the reader to Hormander [13], with one exception: if S
denotes a class of symbols, by S(pxq) we denote the p X ¢ matrices with
entries in S and by OPS(resp. OPS(pxq)) we denote the related classes of
pdo’s.

1. Fuchsian operators.

We define a class of Fuchsian (hyperbolic) operators which is the main
object of study in the present paper ; in the differential case this class is
contained in the general class of operators of Fuchsian type introduced by
Baouendi and Goulaouic [4].

DEeFINITION 1. 1. Let M be an wn-dimensional C* wmanifold without
boundary. By Frn_ ,(RxXM)(m, kEZ., 1<k<m) we denote the class of all
operators P, defined on the cylinder RX M, of the following type

k
[ P= 2 tk—jpmfj(l‘) X, O, D)
1.1 teR, xeM

{Pm;j:’:_jO’Bm_j,,,xt, %, DOd%, j=0, - k

where By ;_4;€ OPST7"(M) are classical pdo’s of order m—j—h,
depending smoothly on t.
Furthermove, the following condtions arve satisfied :
1) For j=0, h=m, B,,(t x, D,)=1.
2) For every teR, (x, £)€T*M\0, the polynomial

(=] T*“’hﬁtoo'm~h<8m—h,o> (t, x, &)r”

has m simple roots =y —1 A;(t, x, &), j=1,..., m, where the ,,eC(R,
X T*M\0) are real functions, which will be called the hyperbolic roots of P.

To every P& F 7 ,(RxM) we associate the (reduced) indicial
polynomial
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. {Ipo@ §:0=2 (B0, % §EE—..(6~k=j=1),
(x, £)ES*M, ¢<C.

We say that PEF7?_,(RX M) satisfies the Fuchs condition (F. c.) iff:

(1.3 Vi, &HES*M, NEEZ. - I, (x, &;8) +0.

When £=m it may be convenient to rewrite an operator PEF(RX M) in
the following form:

P=P(t x t3,, D)=3Qu,(t x ta,, D
(1.4 o =0

Q=2 4" A st % DOHROY, §=0, .0, m,

where A,._,_.,;€O0PS"7"(M) (depending smoothly on #). This is a trivial
consequence of the identity

(1.5) trol=to,(to,—1)...(to,— (r —1)), r&Z,r=1.

Let us remark that both the hyperbolic roots and the indicial polynomial
are unchanged and observe that with the new notation (1.4) we have:

(1.6) I(x §;0=30(A)0, x E™

We now list some general properties of the classes F 7 ,(RX M) which are
related with the algebraic structure of these operators.
i) Let PeF7_ ,(RXM) with 2<wm ; then

P =PC),
for a PEF7?_,.,(RX M) with the same hyperbolic roots of . Moreover :
(1.7 Io(x, &;8)=(—(k—m)p(x, &;8).
i) Let PeFIMRXM) be written in the form (1.4) ; then:
(1.8 P(t, x, 13,, Do) (t)=t(P(t, x, to:+1, Doe).

iii) Let PeFI(RX M)be a differential operator on Rx M,satisfying F.c.
There exist differential operators on M, L} ;(x, Dyof order %, j, h=0,1, ...,
7= h, such that for every ucC*(R,; 2'(M)) and for every j=0, 1, ..., the
following relations hold :

(1.9 Bl o= 2 L5, ;(x, D) (@UPW) | 1=0).

Moreover LY ;(x, Do) =1/1,(x;}).
The proof of the above facts are left to the reader, adding only as a
remark to iii) that in the differential case the indicial polynomial of an
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operator PEF7_,(RX M) does not depend on & since the B, ;in (1.1) are
in fact C= functions on M.
Properties i )-iii) will be used freely in the sequel without reference.
The main purpose of this paper is the study of the Cauchy problem:

(Pu:f m R, xM

(. € loiulo=g,  in M, j=0, 1., m—k—1,

for a differential operator PEF 7% ,(RX M) satisfying F.c. (note that for
k=m no Cauchy data is given at t=0). We will be concerned with the case
where f€C*(R,; 2'(M)) and the g¢g,€2'(M) and prove existence and
uniqueness results in the class uC>(R,; 2 '(M)) ; moreover we will relate
C= singularities of « to those of f and the g;. For convenience the Cauchy
problem will be studied supposing M a compact manifold ; however local
results in R, X R} will be proved and global results in R, XR? could be
obtained as well provided suitable assumptions on the behaviour of P at
infinity are made.

When f and the Cauchy data g, are smooth functions we have the
following result.

THEOREM 1. 1. Let PEF}_ ,(RXM) (M compact) be a differential
operator satisfying F. c.. Then for every fEC(RXM) and for every g;&
C> (M), j=0,..., m—k—1, there exists a unique solution ucC*(RxX M) of
the Cauchy problem (P. C.).

The above result is essentially contained in Tahara [20]. We shall also
need local existence and uniqueness results in R, X R™

THEOREM 1. 2. Let PEFT ,(RXR™ be a differential operator satisfying
F.c. Let UCCR" and denote by ICR an interval containing the origin.
Thewn

a) For every feC5(UXU) and for every g, €C%(U), 7=0,1,..., m—
k—1, there exists ucC=(I XU) such that Pu=f in I XU, 9] u|.0=g,, n
U, j=0,..., m—k—1.

b) Let us suppose that
(1.10) sup Rnllj(t, x, &) =1<+0,

(4 x)ERX
1&1=1

j=1-,m

wheve the A; are the hyperbolic roots of P. Define

1(t, X ) ERXR"t=0,|x—%|<A(t,—1)|, t,>0
{(t, x) ERXR"t<0,|x—x%|<A(t—1)}, t<0.

Then, if ucC>(IxU) and for some cone C(t,, x%)CI XU we have Pu=0
im C(ly, %), 01 #]w0e=0 mn C(t, x)N{t=0}, 0<7<m—~k—1, it follows

(1.1D C(h, x)= {
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that u=0 in C(t, x%).

PRroor. a) Let C,CR" be an open cube of size »>0 containing U.
Take 6(x)eC:(R™ with =1 on C, and (x)=0 on R"\C,,. Defining
Pt x, 3, DO=P(t 6(x) x, 8, Dy, x=C,,, we see that P=P in R, X
U and Pdefines in a natural way a differential operator, still denoted by P
on RxT" T=R/2rZ . Obviously PeF7 .RxT" and the F.c. is
preserved. Since f and the g, can be lifted to RX T"and T "respectively as
smooth functions, the conclusion follows from Th. 1.1.

To prove b) we rely on a result of Roberts saying that for every
neighborhood & of a point (0, x,) €ER X R"there exists another neighborhood
9'C9 of the same point such that if #€C=(8), 9] u|.0o=0 in 9N
{t=0}, 7=0, 1,..., m—£k—1, and Pu=0 in 9 then #=0 in &"
Suppose 4 >0; denote by C,=C(4, %)N{t=0; and for small &>0
cover G \{xeC,|d(x, aC,) <e}=C§ with a finite number of neighborhoods

of type 8, C§C U ¢;. Take §&]0, [for which [0, §]XC{CU §jand u=

J J
Oon [0, 8]xC§. PutT',=C(t—e/A;x%)N{t=3d}. Since Pu=0inT, and
u vanishes with all derivatives at I', N {f=4d}, a classical argument (seee.g.
[9] vyields =0 on T',. Letting e—0, the assertion is proved.

In the following chapters we will study singular hyperbolic systems of
the form:

(1.12) (Iyta,—tA(t, x, D)—B(t, x, D))v=g,

where A€ OPSL(R2; NxN) and B€OPS%(RZ; NXN), are NXN
matrices of classical pdo’s defined on R" (depending smoothly on ¢) whose
structure will be specified later on.

We now show how any equation Pu=/f, where PEFI(RXR"), can be
reduced to an <equivalent’> system of the form (1.12). It is worth noting
that the reduction proposed here is quite different from the reduction used by
Tahara [20].

First a lemma is needed.

LemMma 1. 1. Let PEFIMRXM) be written in the form (14). Let
Z(t, x, DOEOPSL,(M) be a classical 1st ovder pdo own M (depending
smoothly on t). Then, for every y<C, we can rewrite P in the form :

m—

(1.13) Pzﬁo 0 preih A (%, DY (t8—tZ(t, x, D)—y)"

h=

for some pdo s A,E,y_) i e0PS ’C’}_j_h(M)(smoothly dependent on t).
J
Moreover -
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i) For j=0, h=m, AY(t, x, Dy =1.
ii) For every t€R, (x, £)ET*M\0, T<C:

310, WAL DG 3 O (=0 (D 5 &)

=3 0 w(Anna) (5, E)T"
iii) For every (x, £)ES*M, ¢<C:
(AT O, % HHE=1p(x £ E+y),

PROOF. The proof is based on the following relations which can be
easily obtained by induction.
For every jE€Z., j=1, one can write:

(1.10) (=3 1 | (tZ(t, % DI7(t@—Z(t, % DO
+ 2 trﬂldﬁ,]<t) X, DX><t<at_Z<t) X, Dx>>7‘,
B, 7 181>0
181 +7<j

where the d, ;€OPS'5 (M) are suitable pdo’s, depending smoothly on ¢
For every j&Z., j=1, one can write:

(1.14)° t(e,—Z(t, x, D))’'=2]

y=

J
= (4

| ] )yrta- 20t % D) -y"
Using (1.14) and (1.14)" in (1.4) it is a simple matter to verify that
properties 1)-iii) are satisfied.

Let now PEeFMRXR"™ (be written in the form (1.4)) and /et
Z(t, x, D) be equal to v —1A;(t, x, Dy), where A; is one of the hyperbolic
roots of P(the choice of j is inessential in what follows). Taking y&C\Z
and defining :

by Lemma 1. 1. we can write
(1.16) P=3 " tm AL,k DOLY,
i

for some A, ;EO0PSH"(R™.

Denote by A€ OPSL,(R™ the pdo with symbol (14 |&|?)'

If uecC=(R,;2'(R") and Pu=/, let us define the vector v =(v{, ..., v%),
v, ., 08, ..., vi™), where:
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o= (tA) m-h=1] 4/

{ v =A™ "u
t ....................................... =1 .., m

(1.17)
0(,3) = tALm-h—lu
Um—h+1 =L""u

The vector vEC*(R,;; ' (R™)Y, with N=m(m+1)/2. The following
notation is convenient :

At x, Do)=[Z(t, x, Dy), AT]A7T
(1.18) {gr(t, x, Dx>:£—ﬂr<t, x, Do) s e
For h=2, ..., m we have the compatibility relations :
LU(lh): U(zh_l)+<m_h_tﬁm h) U(h)
LoP=0¢ Y+ (m—h—1—1Bmn_1) 0¥
<1_19) ......................................................

Lo =05+ A= 180 V5,

LoR i =050
For h=1, from (1.17) and (1.16) we obtain the equations:

Lo =tAvP+ (m—1—tfn-)vi"
[Lv“)—tAvg +(m—2—1Bpno) v

(120> .....................................................................
LU(,;Z)_IIZ‘AZ)(”IZ)“{’ (1 tﬁl)v(l)
Low=Lry=f—"S COL Ao, — 3 S CoL 08,
h=0 i=1 h=0
where
.7 —(m—i— j:O,...,m
(1.21) (hl-l<t x DX) TE’t’y}j—h, ](t) x) DX>A ( ! h)) h:O, o m_]'.

Note that C9.,=0OPS% (R"™ (depending smoothly on ¢). From (1.20) and
(1.19) it follows that the vector v satisfies a system of the form (1.12)
where ¢=(0, ...,0, £, 0,...,0) and

—_—

m

(1.22) At x, D= Y ----------------- S —

with :
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(1.23)
A'(t, x, Do) =

A. Bove J. E. Lewis C. Parent:

.................................................................................

Z A 0
0 A A
0 0 0

—CPA —CPA —CPA
Moreover, B(¢, x, D,)=B'(t, x, D,)+vly, where B’ has the form:

Z

m{ (I)<m) ,—~—m_1 ﬁ (t,x,Dx)
m—1 { ](m—l) P(m-1 e
m&_24 (m—-2) (m—-2)
(1.24) A e -
B'(t,x,Dx)=
- FL ______
{ J@ e
""" ;’{{}'}}I?gi{{
m— 1
with :
- O L]
Om—2
(1.25) ® "M (¢t x, D)=
L] 6, 0
—CP —CP —CY», —=C%
and, for j=1,..., m—1,
0m—l—j D
Om—2-;
(1.26) "It x, Dy) = ] g, 0
0 0 0 0
For h=0, ..., m—2,

(1.27)

O :
](m—l—h): O __

—CQA —CYA+Z
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and finally :
(1.28) #'(1, x, Do)

m—1,N—m

[— CP—CP...—C2, ~CP —CP... —C., ... —C{ —CpD —cgfm}

From Lemma 1.1, ii) it easily follows that:
det (§l,— o1 (AN (¢, x, &)

. =310, WAL DG 5 OE=a)(D (Y x £
1.29 .

=3 0 w(Apn) (1, %, E)E,
for every teR,(x, &) €T*R™\0, ¢<C.

One can easily check that there exists a smooth invertible N X N matrix

U, x, &), (1, x, §)ERX T*R™\0, positively homogeneous of degree zero
in &, such that:

(1.30) Ut x E)a(ADN, x, U, x, &)
| A(t,6) [ _
m Dm,N—m
|:| ‘Am(t,x, )
£ W I SRS
" 1
DN—mm ﬁ01(2)(t,x, )[N—m

An elementary (but tedious) computation shows that :
det (&ly—o0,(B)(0, x, &)

(1.3D 5 & 0T G—y=m=i),
for every (x, &) ES*R", £<C.

It is important to observe that if P satisfies the Fuchs condition (1.3)
and y<Z, then 6,(B) (0, x, &) has no eigenvalue in Z, (actually a choice
of vy such that y+m—j&¢Z,, 7=1, ..., m—1, would suffice for this purpose).

So far we have proved that if u&€C>(R,; 2'(R") solves the equation
Pu=7f in R,XR?, then the vector v defined by (1.17) solves the system
(1. 12) with A, B having the structure specified above, and ¢=(0, ..., 0, £,
0,..., 0. o
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Conversely, let us suppose that a vector v EC>(R,; @'(R™)" satisfies
the system (1.12) in R, XR? (with A, B and g as above).
We want to show that putting #=0v{", we have Pu— f C~(R,XR%).
From (1.19) and (1.20) we obtain: v{" V=Lv{™=Lu, v{"?=Lv{}"=
Ly, ..., v2,=Lv® ,=L™% vP=Lv@ =L""'uy.
Now, from (1.20) we have
Lo  =tAv D+ A —18) v = tAL™ 'u+ (1 —18,) v},
=LUAL™*u)+[tA, L] L™?u+A—1B,)0%), .
In conclusion, using (1.18) we obtain the equation :

(1.32) [t(8,—Z(t, x, D)) —(y+1—=18.(t, x, Dy))]s
(v, —tAL™ %) =0.

Since y+1€&Z,, taking into account that o%).,—fAL™*ucC>(R,;
'(R"), we can apply Proposition 4.4 of Hanges and obtain that
v —tAL™ueC(R, X R").

Arguing in the same way as above, we obtain :

(1.33) [t(6:—Z (4, x, D)) —(y+2—1B:(t, x, Do))]-
(VoL — (A L") eC*(R: XRY).

Again, since y+2€Z, and v} ,— (tA)’L™*ucC(R,;2'(R"), the result of
Hanges quoted above can be applied yielding v} ,— (tA)*L™*uecC (R; X
R™. Going on in this way we obtain that relations (1.17) are satisfied mod.
C(R.,XR?. Thus, from the last equation in (1.20), we get Pu—f¢&
C*(R:XRY).

To conclude, we have proved that the equation Pu=f f<C>( R;;
'(R™), and PEF R X R"), can be transformed into a system of the form
(1.12), with the above specified structure, and that this system is equivalent
mod. C*( R, X R?) to the given scalar equation. Thus, in order to solve
Pu=/F, it will be enough to solve a system of the form (1.12) mod. C*.

2. Classes of symbols and related operators.

This chapter is devoted to the definition of most of the relevant classes
of symbols and related operators which will be used in the sequel. Since the
arguments needed in the proofs are only slight modifications of the classical
ones we will be rather sketchy.

DEFINITION 2. 1. Let m, kRER. By S™* we denote the space of all
functions a(t, x, &) EC(R, XRIXR}) such that for every QCCR,XR" jE
Z. multiindices a, BEZ?, 6 >0, there exists a positive constant C for which
the inequality -
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(2.D |2i050%a(t, x, E)|<CI&|" PI(|t|+1/1&*,
holds for (t, x)EQ,|&|=>6.

We put
2.2) S‘mk—ﬂS’”k Sme= ﬂS’”

The classes S™* are related to the classes introduced by Boutet de
Monvel in [5]. We list now some properties of the classes S™* which will be
of frequent use in the sequel.

First we fix a notation: unless otherwise stated, by a cut-off function
x(x, 2)EC*(R!X R,) we mean a function having the following properties:

i) 0<x(x z2)=<1
(2.3 ii) Forevery o CCR%, x€C5(R;; C°(w))
iii) For every x€R", x(x,+)=1 in a neighborhood of z=0.

LemmAa 2. 1. We have :

Smkc §mk iﬂm m, m—k<m'—Fk.
S™k=S"F=Si5((R.XR!) XRY), Yk, k.
Sk S’”lj“lk*((Rt XRDXRY, ko=max (0, —Fk).
STo((R:XRY) X RE)CS™°,

T o= WD

If

acES™ and x(x, z) is any cut off function, then x(x, t|&|)a(t, x, &)
ESiT((R:XRD XRY).

Futhermorve, (1—x(x, t|&|))a(t, x, &) satisfies, for every M €Z, ,
local estimates of the form

2.0 |9}050¢[(A—x(x, tIE]Dalt x, &)1 <comst.|t|" A+ | &)™ 15,

6. Let a,ES5™ " (resp. b,&S™*9) for =0, 1, ...; then there exists a symbol
aseS™*(resp. bES™®) such that

(2.5) VM=1, a— X} a,€S" ™*| resp. b— X b,eS™ M

<M <M
To express (2.5) we shall write aNZaJ(resp b~2 b,).
=0
Proor. To prove 1. we remark that (2. 1) is meaningful for |¢| +1/|&|
small ; moreover, for |[¢||&]|<const. we have |&|~(|t|+1/|&|)"", while
for |£||&|=const. wehave |t|~|t|+1/|&|. Using these remarks the proof
of 1. is easily obtained. The equality S~ *=S"% follows from 1. On the
other hand, since |&|7"(|¢t|+1/|&|)*7<const. |&|"H**  Vj r&Z, , it
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follows that S™=*C S;%. The converse inclusion is proved arguing in the
same way as in 1.; point 2. is proved. Point 3. is a trivial consequence of the
above remark. To prove point 4. we observe that for any cut-off function
x one can write: 38,9%9% a=yx(x, t |&]) &,020% a+(Q—x(x, t |&]))
319294 a=1,+1,, aeST’ ((RXR")XR"). To prove that I, satisfies
inequality (2.1) it is enough to note that locally in (¢, x) and for |§|=
const., we have x(x, ¢t |&|)<const. |&|'<const. (|{|+1/]&])~7 On the
other hand, since |8} 8% 84 a|<const. (1+]&[)™ '#1|¢|~ obviously holds
locally in (¢, x), we have only to use the fact that on the support of 1—
x(x, tIED),|t|~|t|+1/|&]. This concludes the proof of point 4. Point 5.
is a consequence of the preceding remarks. Point 6. can be proved using the
same arguments as in Proposition 1.11 (i), (ii) of [5]
DEFINITION 2. 2. Let a=S™*. Define:

2.6) alt, x Do (4 0= [e%alt x &) ft, &) @&,

for fEC=(R,; C5(R™), where 7t r‘f):fe_"‘f'yf(t, v) dy and d&

=Q2n) "d&.

By OPS™* we denote the space of all operators A which can be written in
the form A=a(t x, Do)+ R, for some a&S™*; heve R is a partially
regularizing opevator, i.e. there exists a smooth kernel v(t, x, v)EC*(R,X
RIXRY) such that :

2.7 Rf (4, x)z/r(t, x y) f(t y) dy, fEC(R,; C5(RM).

The function a will be called a symbol for A.
We shall say that an operator A< OPS™* is proper iff for every QC CR"
therve exists Q'C C R" such that -

ffEC‘”(R C(Q))=Af<C>(R,;; C5(Q))

(2.8) | FEC™(R:; C2R™), flpra=0=Af g a=0.

We state as a Lemma some properties of the classes OPS™*.
LEMmA 2. 2. We have -

1. Every operator AEOPS™* can be uniquely extended as a continuous

map
A:C>R,; &(R))—C>(R:; 2'(R™))

2. For every A€ OPS™* there exists a proper operator A'€OPS™* such
that A— A’ is partially regularizing.

3. For a proper operator A€ OPS™*, the function
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(2.9 oc(A, x, &) =e DA eS™*
and A=c(A)(t, x, D) ; o(A)(t, x, &) will be called the symbol of A.

4. Let A€OPS™* Be&OPS™*, one of them being a proper operator.
Then BASOPS™ "% and for any symbol c(t, x, &) of BA the usual
asymptotic expansion holds :

2100 el 5 ©)~F 9% bt % &) Diah % &),

where a(resp. b) is a symbol for A(vesp. B); (2.10) should be understood in
the following sense :

(2.10) YM=1 c— 3 _Lacé b D= geSmtm Mtk

lal<M A I
5. Let ASOPS™* and denote by 'A the formal transpose of A defined by

ffAf(t, x) g(t x) dt dx:f F(t x) tAg(t x) di dx,

f, gECT(R. X RY).
Then ‘A€ OPS™* and for any symbol b(t, x, &) for A the usual asymptotic
expansion holds :

(2.1D bt x, &)~ 71r 82 D% a(t, x, —&),

where a is a symbol of A.
6. Let ASOPS™* be a proper operator. Suppose that for every QC C
R, X R% therve exist two constants C, >0 such that

(2.12) la(t, x, )= CIEI"( ] +1/1&§D",

for (t, x)€EQ, |&|=6, where a is the symbol of A.
Then there exists a proper operator BEOPS™™* for which AB—id and
BA—1id are partially regularizing.
ProoF.
1. We recall (see, e.g. Treves [23]) that a distribution v€2'(R, X
R? belongs to C=(R,;Z'(RY) iff for every ¥(t x)ECI(R,xRD), the
following relation holds:

(2.13) Vke Z,, 36.<R, such that yucsH*(R,; H*(RY).

Write A=a(¢, x, Dy)+ R, a&S™*, R partially regularizing. It is straight-
forward to prove that R maps C*(R,; &’ (R™) into C*(R, X R ; therefore
we can suppose A=a(t, x, D,). Given f€C=(R,; C3(R™)) and putting
g(t, x)=v(x)a(t, x, Dy) f(t x), with vEC3(R"), we can prove by a
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standard argument that the following inequalities hold :

(2.14) ﬁollai g(t, x); L2([—T, T]; HS (R
=
chollaif(t, x); L*([—T, T]; H(R")I,

for every s€R, T >0, r&Z., with a constant C independent of £ The
proof is finished using (2.14) and the characterization (2.13). Point 2. is
proved as in the classical case.

To prove 3., arguing as in the classical case, we need only to show that
for every a&S™* and for every @ (x)&C% (R™), the function aq,({, x, &)=
e ““Oa(t x, Do) [e"“Pe(+)]ES™* with asymptotic expansion a,~
g % ta Dio.

We prove that a,satisfies the estimate (2.1) when j=0, a=£=0 (the
estimates for the derivatives can be obtained analogously).

For|&| =1, write

a,(t, x, &)

+ | (é%att, % §+©)P()AE=1+L.

( lE+EIST [&+¢1>1
For|&+¢&| <1 we have, locally, |a(t, x, £+ &)|<const.; therefore

| I,| < const. f A+ [&E+ED™ @& 1dE

|E+¢E(<1
<comst. (1+|&)" " <const. |&|™(|t|+1/]&]D*%
Write I in the form

12:( f + f )(e""'ga(t, x, §+8@(8)as

ETel=1  gtel>1
[e1<1&1/2 [&1=]&]/2
:]1‘+‘]2-

Since locally |a(t, x, €+&)| <const. A+|E+&ED™|t|+1/|E+E&])% and
|E+E|~|EIf|E+E|=1, |E|<|&]|/2, we easily obtain

| il <const. (1+|&D™(¢[+1/1&D"
To estimate J, we remark that for [&+&|=1, |§|=|&]|/2, one has

s [const. |&|*<const. |&|*% if k=0
Qel1/1E+ DL FL/181 "= [ const. |&+&|*<const. |&|7* if £<O.

As a consequence

| .l <const. (1+[&D™([E[+1/[&D™
The proof that
ot % E— S — 9% a Dt gES" M yM=1,
la ] <

Ma'!
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can be obtained arguing as above.

Points 4. and 5. follow by combining standard arguments and integral
estimates of the above type.

To prove 6. we observe that (2.12) implies the existence of a symbol b
&S™* such that ba —1&€S*=° Take any proper operator B&€OPS™*
with symbol b, then BA—id=R&OPS™°. By taking S&€O0OPS*°, S~

_2,0(—1)f R’, we obtain SBA—id € OPS™°. The conclusion follows.
j=

By Lemma 2.2, 1., every operator A=OPS™* maps continuously
C(R;; #’'(RY) into C(R;; 2'(R™). The problem we want to analyze
here is the relation between WF (Af) and WE (f) for f€C~(R,; &' (R").

We recall (see [13]) that if f€C=(R,; &'(R™) and
(2.15) WEUHON{, x;7, OVET*R"™ | v+0] =4,

then for every symbol a(t, x, &)ES?;((R:XRY XRY), 0S5<p=<1, we
have:

(2.16) WF (a(t, x, D) fOCWF(f).
In particular:

(2.17) WF (a(t, x, Do ON{O, x;7, O]7€ER\D) | =¢.

Unfortunately, due to Lemma 2.1, 3. our classes OPS™* are only imbedded
into the classes OPST{"* which are not microlocal !

As a consequence, we expect that even if we apply our operators to
distributions verifying (2.15), relation (2.17) may be violated, i.e. our
operators allow singularities to arise on the conormal bundle to ¢=0.
Actually this happens as the following simple example shows.

Consider the operator ¢ (| D,|) € OPS*°, where o €C5(R), @ =1 near
the origin. Define v(¢, x) =@ (t| Dy|)(1,® d), i.e.

(2.18) v(t, x>:fe*°€¢<t|54>d§.

It can be easily recognized that v is a distribution homogeneous of
degree—n, which is C= for t+0. From Theorem 8.1.8 of Hormander [14],
we know that the points (¢=0, x=0;z=+1, &=0& WF(v) iff (£1, 0
support (?(z, &)). Since 2(z, &) is given by

(2.19) oz, )= [ p(tIg)dt =18 "9(z/1§]), £+0,

the points (+1, 0)&support (2) only if @ has compact support, which is
false.
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In order to get some control of the action of our operators OPS™* over
t=0, we will use the notion of <boundary wave front set> introduced by
Chazarain and Melrose-Sjostrand [16]. The analysis of the singu-
larities will be carried over in a sub-class of C*(R,; 2’(R")), called here the
Lregular distributions>>.

DEFINITION 2. 3. Let M be an n-dimensional C=-manifold without
boundary. Let f€C~(|—T, T[;2'(M)), 0<T<+oo.

We say that a point (x,, &)ET*M\0 does not belong to the boundary
wave front set of f, (xy, &)EOWF (f), iff there exists a proper pdo B(x, D,)
EO0PS (M), elliptic near (x,, &), such that Bf€C=(]—e, ¢ [ X M) for
some e <0, T].

By 9.(]-T, T[XM) we denote the space of all distributions f&
C=(1-T, T [;2'(M)) for which:

(2.20) WEON{x 7, E)eT*(1=T, T[XxM)\0|&£=0, t+0, =4¢.

Such an f will be called a regular distribution on |— T, T[X M.
For fea,(1-T, T[XM) we define:

(2.21) WE () =aWF (f)U WF (| 1o var).

We put &,(]=T, T[XxM)=2,(1-T, T[XM)NC=(-T, T[; & (M)).

We recall that when M is an open subset of R”, the condition (x,, &)
oWF (f) is equivalent to the following property :

There exists a conical neighborhood U XT'C M xR"\0 of (x,, &) such
that for some e €10, T'[and for every ¢ €C%(U), we have:

(2.22) 'zgka{f(t, x), e "o (x)y| 1+ &Y < +oo,
for every 5, N&Z. .
The following result holds.
THEOREM 2. 1. Let A=OPS™*; then:
i) A: (R XRH >, (R, xR
i) WFAfHCWF(), ¥YfE&(R.XR.

PRroOF. We can suppose that A=a(t, x, D,) for some a=S™* (because
partially regularizing operators map C*(R,; &'(R") into C*(R,xXR™).
We note that Af | ., .p=a(t, x, Do) (f| .o «p and that for =0 we
have a(t, x, £) €SP (((R\ORY XR2). Taking into account (2.20), from
classical results we obtain :

(2.23) WECAS | 120 xg) CTWF( |20 g
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Relation (2.23) and Lemma 2.2, 1., imply assertion i ). To prove ii),
in view of (2.23) we have only to show that (%, 7)E0WF(Af) when
(%, 7o) EQOWF (f). Let B(x, D.)€OPS°(R™ be a proper operator whose
symbol 5(x, #) has the properties:

1) cone supp (b) is contained in a conical neighborhood U XI'C
T* R*\0of (x,, 70); 2) b(x, #)=11ina conical neighborhood U’'XT"C U x
T of (%, n7);3) Blx, DofeC>(]—e, € [ XR"), for some e >0.

Write BA=AB+[B, A]; fromLemma 2.2, 4. it followsthat [B, A]e
OPS™ 4% with a symbol c¢(t x &) having the following asymptotic
expansion

oCh % )~ B (9% blx §HD alt, x &)

al=1
—3¢ a(t, x, £)D% b(x, &)).

Take B'(x, D,) €OPS°(R"™ (proper), elliptic near (x, n,) and with
symbol supported in a conical neighborhood U” XT""CC U XTI of (%, n).
Then B’'BAf=B'ABf+B’[B, Alf. Now, B'ABf € C=(]—¢, e[ XR™ by
hypothesis, and B[B, A]€OPS™* because all the terms in the asymptotic
expansion of its symbol vanish. Therefore B'[B, Alf€C>(R,xR™. This
ends the proof.

We need to exploit some more structure for our symbols. This will be
done by selecting suitable sub-classes of S™*.

DEFINITION 2. 4. By S*, k&R, we denote the space of all functions
o(x, &, 2)EC=(RIXSE'XR,) for which there is a sequence (@_i)i=0,
o_i(x, ENEC(REXSE ), such that

(2.240) o(x, &, D~ ;(x, §)2%7, 200,

i=0
The above formula has the following meaning :
For every QCCR", M, pEZ,., a<Z?, and for every family 6, , ..., 6,
of smooth vector fields on S™, theve is a positive constant C such that :

6, ... 6,0:0% [ -3 quz“] lsc<1+|zy>““”,

<M

(2.25)

for x€Q, &eS™!, zER.
By ™% m, kER, we denote the space of all functions a(t, x, §)E
C>(R,XR"XR?) such that there exists a(x, &', z2)eS* for which :

(2.26)  a(t, x, ©)=|&|"* alx, §/1&], tI&]),

for all t, x and |&|=>0>0 (& depending on a).
By Y™k m, kSR, we denote the space of all functions a(l, x, &) eSnt
for which there exists a sequence (a;)j=o, G;E2™*", such that for every M=
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1 we have :
(2,27 ( a— X a ) SR
<M

We shall write a~ 3 a; .

. - JEO .
As usual we list in a lemma some properties of the above defined classes.
LEmma 2. 3. We have -

1. 2™ CS™* and D™ CR"™%, if B>k m—k=m'—F.

2. If acX™, them 0, a€™*, tacS3™*", 3, aEN™*, 3, aER ™ %, j=
1,..., n

3. Let b(t, x, §)ESL((RXR")XR") with an symptotic expansion
b(t, x, &)~ 2 bu; (L, x, &) where the b, ; are positively homogenous of

j=0

degree m—j in &.

Then b3 ™ with asymptotic expansion :

b~ 21b;

j=0

(2.28)11)(1‘ x, &) ; 1
— m—j aJ T i ( _2 ) t jfr, '20,
w([&[)|&] 2 ),( bm-1) x5 TE] C(E1E1DTT, 7
where @ €C=(R.), w(2)=0 for 0<2<1/2, w(2)=1, for z>1.
Proor. Points 1. and 2. are left as an exercise. To prove 3. we note
that 5&S5™° as a consequence of Lemma 2.1, 4. For every M >1 write

b= 3 bi={ b= 5 w(18Dby, |

<M j<M

+ B 0UED | but x ="F T ath 0, x &) | =L +1.

Now LS M((RXR") XRHC S™ MO0 §™mH
Furthermore, we can write :

{, 12: 2 tM—jCJ(t’ X, g)’
j<M

| 1 , .

Lot 5 )= Ao el i, ) (o, % §)do

Now ¢ ST/ ((RXR™XRHCTS™ %, so that tM Je;eSm—iM iz §mM
and the assertion follows.

To the classes 31™* and 3'™* we associate the related classes of operators
according to the following definition.

DEFINITION 2.5. By OPX2™* we denote the class of all operators of the
form :

(2.29) A=a(t x, D) +R
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for some a €2)™*(called a symbol for A) and with R partially regularizing.
By OPX™* we denote the class of all operators of the form :

(2.30) A=a(t x, DO+R+R’
for some ac3X™* (called a symbol for A) and with R'€O0PS™, R partially
regularizing.

Operators in the classes OP3™* can be composed as the following lemma
proves.

LEmMmA 2. 4. Let ASOPZ™ BEOP3™*, one of them being a proper
operator. Then BASOPS"*""***  Fyytheymore, if a~ 20 4, a;ESmR,
j=

is a symbol for a and b~20 by, b;EX"** 4s a symbol for B, then BA has
7=

a symbol ¢~ ¢; where
i=0

(2.3D = !

a1
la|+i+i"=j & -

Proor. By Lemma 2.3, 1., 2. we know that D%a, €3™**/" and 9%b,&
' =lalkticAm kit el 5o the (2.31) is correct. By Lemma 2.2, 4. we
know that ceS™*™"#+¥ with asymptotic expansion given by (2.10). For
every M =>1, write

aa b Doz CZ] ezm+m k+k+;

(s L gay pe )
¢ ]_;Mcjﬁ( e~ 3 195 Da
+ 2 et B o | =1+
la|<M &.
Now [ &St —Mktkc Gmtm.k+k+M . moreover :
J= 2 1‘ 9sbD%a— 2 ¢;
la|<M K. j<M
= 3 oy b- 2 b |Di| a- B a |
lal<Ma s<M
> Loz b- 25| Diet £ T -LothDi| a- T a |
la|l<M & ! <M s<M la| <M 1<Ma" s<M
1
+ Z a“bLD“as ]1+L+L+L
la| <MI<Ms<M &
la| +l+s=M

It is easily verified that al the J’s belong to S™*™ " +¥+M

The Lemma is proved.

The classes OP3™* will be used in chapter 3 in order to {decouple) a
Fuchsian hyperbolic system. However, to construct parametrices for such
systems some extra classes of symbols and operators are needed. The heavy
definitions which follow are strongly motivated by the construction
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performed by Hanges in [12].

DEFINITION 2. 6. By HS™* m, kER, we denote the space of all
Junctions a(p, t, x, £)&C=(] 0, 1] XR, XRIXR}) such that for every QC C
R, XR%, j, PEZ., a, BEZ?, &, 6 >0, there exists a constant C >0 for which:

(2.32) |p° (p0,)70}0%0% alp, t, x, E)|<CI&E| ™ Pt +1/|&D*,
for (t, x)EQ, p]0, 1], |&]> 6.

We put
(2.33) HS™>*=N HS™*, HS”‘w:QHS"“*.

By HS*, kER, we denote the space of all functions @ (p, x, &, z)E
C=(]0, 1] XR2XSEt'"XR,) such that for every QCCR?Z p, |€Z. , a <Z7,

e >0 and for every system 6,, ..., 8, of smooth vector fields on S™, there
exists a constant C >0 for which :
(2.33) 16y ... 0,0°(p3,)?0.0%9 (p, x, &, 2)|<CA+|z])*

for x€Q, pe]0, 1], &'eS™!, z€R.
By H2™* we denote the space of all functions a €HS™* for which theve
exists aEHS* such that :

(2.34) alp, t, x, E)=&1™*alp, x, /&, t|&]),

for all p, t, «x, cmdAfor |&|=6>0 (& depending on a).

Finally, by H2X™* we denote the space of all functions a €HS™* for
which there is a sequence (a;);=o, a;EH2™*", such that for every M >1, we
have :

(2.35) ( a— X a, ) S HS™ M,
<M

we shall write a~ Zoa,-.
j=

To the above defined classes of symbols we relate the corresponding
operators.
DEFINITION 2. 7. An operator R: C*(R,; C3(R™)—>C>(R. X R™ will be
called partially regularizing of Hardy type (H. p. . in the sequel) iff

(2.36) Rf(t x)= f ‘fr<p, t,x, v) f(pt, Vdp dy, FEC(R:; C5(RM),

Jor some kernel y&C>(]0, 1] X R,x R%:,) such that for every QC CR",
b, 1IEZ,, a, BEZ?, &, 6>0 there exists a constant C >0 for which :
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(2.37 sup |p°(p3,)’3%2 82 &% »(p, & x, ¥)|<C.

(x,y)EQ X
[t <

I<d,p]0,1]
By OPHS™* (vesp. OPH2™*) we denote the class of all operators A of
the form -

(2.38) A=alp, t, x, Do)+ R,

where R is H. p.r., ac HS™ (resp. a€ HX™) and alp, t, x, D) is
defined as follows :

(2.39 alp, t, x, Do) f (L x)

:folfe,-x-sa(p, t,x, &) Fpt &)dpds, FEC=(R,:; C2(RM).

By OPH ™k ywe denote the class of all operators A of the form :
(2.40) A=alp, t, x, DO+7(p, t, x, DY) +R,

for some acHI™* (called a symbol for A), r'€HS™  and R is H. p. r.

Some relevant properties of the above defined operators are listed in the
following lemma, whose proof is left to the reader.

LEMMA 2.5. We have -

L. Every operator ASOPHS™* can be continuously extended as an
operator from C*(R,; & (R™ into C*(R,; '(RM).

2. Let ASOPS™*, B&OPHS™"*, one of them being a proper operator;
then both AB and BA belong to OPHS™ ™"**¥  Fyrthermore, if a(resp. b)

is a symbol for A(resp. B) and c(resp. ¢”) is a symbol for BA(rvesp. AB),
then :

~3 L 03bD%a
(2.41) “ 1‘
C/’\*Zm §GD§ b.

a

Moreover, if ASOPZ™* with a~3 a;, ;€™ and BEOPH"*

j=0
with b~ 2 by, b;€HZ"*™, then both AB and BA belong to OPHZ™ ™4 +¥

and (2.41) becomes :

1
C”\“Z ( Z —,8§ bj' Dz a;- )
7200\ |a|+i+i"=j& .

(2.41) 1
Cl’\“z ( 2 ——-8‘; a; Dz b] )

=0\ jai+irir=ja !

Concerning point 1. we should add that inequalities (2.14) hold. We
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point out that the analysis of I/I7F(Af ) in terms of WF (f) for operators A
€ OPHS™* is postponed to Chapter 5 where we shall have to deal with a more
general situation.

GENERAL REMARK. In order to symplify notation we have defined our
symbol classes S™* Ime imk otc (and the related operators) on the whole
R.x R" However, with trivial modifications we can (and in fact, we shall)
consider the same classes as defined in a slab]—7, T[XR”, T >0. In this
case we shall add a subscript 7T to the name of the classes (e. g. S%*, 1 7%,
etc.). We emphasize that «l/ the results stated in this Chapter carry over
(with obvious modifications) to this more general situation.

3. Decoupling of a Hyperbolic Fuchsian System.

In Chapter 1 we have shown how an equation Pu=/f, with PEF R X
R™) can be reduced to an equivalent (mod. C*=) singular system of the form:

3.D Fv=Ltop—tA(t, x, D)v—B(t x, D)v=g,

where A€OPSL,(R"; NXN), BEOPS%(R"; N XxN) are suitable matrices
of classical pdo’s, depending smoothly on {tER.

The main property of the matrix A consists in the fact that its principal
symbol has purely imaginary eigenvalues and can be smoothly diagonalized.

In the classical hyperbolic case, i.e. if we had I,,0,— A in place of I,9,—
tA, a general procedure to study such a system would be to decouple the
system, that is to put B (via some intertwining elliptic operator) in a block
diagonal form and then study the so obtained decoupled equations (see e. g.
Taylor [22], Chap. 9, § 1.

In our situation the standard decoupling procedure cannot be applied due
to the presence of the ¢{-degeneracy.

The main result of this Chapter is that the system (3.1) can be
{decoupled) at least for large values of #|&|. The precise meaning of this
assertion is clarified in the statement of [[heorem 3.1.

Let us fix our hypotheses.

h,) A is in a block diagonal form :
A, O

(3.2) A= A, , A;€0PS,,( R"; N;XNp, j=1,...,v

04,
N+ ... + N,=N, with:

3.3 Ai(t, x, Do=v/— 11 % Doly,
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the A; being real-valued smooth functions defined on R,XR}XRZ\0,
positively homogeneous of degree 1 in & and such that:

(3.4 i+j=A,(t, x, E)FA;(L, x, &), for every ¢, x, &+0.

h,) B € OPS%(R"; NXN), with symbol b(¢f, x, &) having an
asymptotic expansion b(¢, x, “’r)Nz'ob*T(t’ x, &).

It is convenient to write B in a block form B=(B;);;-,. .., B;&E
OPSY%(R™; N;x N,) and denote by b;(t, x, &) the symbol of B;;, whose
expansion will be written as bingobij ot

According to Lemma 2.3, 3. and formula (2.28), BEOP32*(N x N)
with asymptotic expansion (in 33%°) of the symbol 4 given by :

b(t, x, &)~ 2 b:(t, % &)

(3.5) bit, x, &)=1&|7" b,(x, £/1&|, t1&]), r=0.
h ’ _5 1 r—j r—j
br(x, &, Z>_J§0Wat b_;Q0, x, §)z
In the block decomposition of B we write b5, and b, ,, 7, j=1, ..., v.

We are ready to state the main theorem.
THEOREM 3. 1. Le 7 be the system (3.1) satisfying hypotheses h,) and

hy). For every @ CCR" there exist 6, 6">0, 6<¢', depending on w and
therve exist :

1. QEOP (N XN), proper, with symbol :
QNEOQJ-, GEXZY(INXN), ¢;(t, x, E)=&174:(x, &§/1&1, tI&1)D,
G;ES(NXN), j=0.

Denoting by cjjwké‘,o(jj,_k(x, &N z7* the asymptotic expansion of §; in S,

we have :
1) Go(x, &, z) 1s an tnvertible matvix for every (x, &, z) ER"XS™!'X
R. Furthermore, q,(x, &, z)=1Iy for (x, §) S XS" " and |z|<4.
i) For j=1, §G;(x, &, z)=] for (x, E)Ew XS and |z|<4.
iii) For every j=0, k=1, §;_. is an extra-diagonal wmatrix, i.e. all the
diagonal blocks NyX N, , [=1,..., v, vanish.
Moreover, §;,=[] for every j=1.
2. BEOP3(N X N), proper, with symbol :

b~ b, bETVINXN), bt 2 )=1817 b,(x /181, tIED,
b;E SN xN), j=0.
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Denoting by b:jwz sz,_k(x, &N z"* the asymptotic expansion of b:J n S,

k=0
we have :

i) bi(x, &, 2)=b(x, &, 2) (see (3.5)), for every (x, &)EwxS™!, |z]|
<d. and for every j=0.

i) bt x & and bi(t x, &), Jor all j=0, arve in block diagonal form
for (x §/|&D)EwxS™ and |t]|&|2 0"

iii) For every (x, &)ER"XS™ 1, byo(x, &) is in diagonal block form
and precisely :

[0 i

E)j’é) , N —
A0 89 U By, &), i=j

i, 7=1,..., v.

(see (3.5)).
Such that, putting

(3.6 F=Iy t 3,—tA(t, x, D)—B(t x, D),
we have :
3.7 P Q—QF is a partially regularizing operator.

The proof of the is based on some preliminary lemmas.
LEmma 3. 1. Suppose we ave given two N X N smooth matrices a(x, &),
b(x, &) defined on RIxS%t™', with a having the following structure

A ] A;(x, f’) []
3.8 a=| | ek &)=y -1
0 a O A;(x, &)
is a N;X N; diagonal matrix, N,+ ... + N,=N.
We suppose that the A; are real-valued and satisfy A.(x, &)+ A,(x, &) for
every x, &, provided i+].

Then for every @ C C R" there exist 8, 8">0, 6< ¢, depending on w, and
there exist :

1. qlx, &, 2)ES8(N XN) with QNZOq_j(x, &Nz, z—00, such that :
j=

i) q(x, &, z) is an invertible matrix for every x, &', z.
i) qlx, &, 2)=Iy, for (x, EVEw XS and |z|<6.
i) q(x, V=1, and, for j=1, all the blocks on the diagonal of q_;
vanish.
2. b(x, &, 2)ES (N XN) with 5~205_j(x, &Nz, z—>oo, such that :
j=

i) bx, &, z) is a block diagonal wmatrvix for every (x, &) Sw X S™!
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and |z|=7".

i) bx, &, 2)=bx, &) for every (x, E)EwXS™! and |z| <.

i) If (B nper .. o(resp. (B k=1, is the block decomposition of
b(resp. by,), then:

. ] ,h*k
bs)hk)E
bhk R h:k
such that the following equation is satisfied -
(3.9 20.q(x, &, 2)—z[alx, &), qx, &, 2)]

—b(x, ENqlx, &, 2)+qx, &, 2)b(x, &, 2)=[],

for all x, &', 2.
PROOF. Suppose we have already constructed two N X N matrices
G(x, &, 2)EC"(R" xS xR\0), b&S°(N x N) such that:
a) b satisfies condition 2. iii) and is block diagonal for all x, &', z.

b) ¢(x, &, z) has an asymptotic expansion Z‘,Oq_j(x, &Nz, z—o0, and
j=

satisfies condition 1. iii).
Furthermore, suppose that the following equation is satisfied :

(3.10) 29.4—z[a, §]—b3+qb=1],

Jor all (x, &) &R"XS™" and for all z+0.
Let us show how this implies the Lemma.
Let x(x, z) be a cut-off function (see (2.3)) and define:
{CIOC, &, 2)=xx, 2)Iy+A—x& 2D, &, 2)
hix, &, D=xx b0 E)+U—x(x 2)b(x &, 2)

Putting f =20, q—z[a, q]—bg+qb,, it is easily seen that f ES°(N X N)
and for every @ CCR" fECF(R,\0; C(@XxS™1)). On the other hand,
from b) it follows that we can choose the cut off ¥ in such a way that for
every wCCR":

(3.12) sup |q(x, &, z)—1IL,| <1/2.
waé'ES"”

With this choice of x the matrix ¢&S°(N X N) satisfies conditions 1. 1)
-1ii) (for suitable d, ¢’ depending on @) and has the same asymptotic
expansion of g for z—oo. Since ¢g7'E€S°(N X N), by defining :

(3.13) b=b—q'f

one can check that & verifies conditions 2. i)-iii) and that eq. (3.9 is
satisfied for all x, &, z.
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To construct g, b satisfying conditions a) and b) we consider two
formal power series 3 q_;(x, &)z, 3 b ,(x, &)z, where the G.;, b, are
=0 7=0

smooth N X N matrices defined on R*X S™!, and try to solve eq. (3.10) at
a formal level.
We obtain :

(3.14) g (=14 ;z77— Z: (ad-;—q-,a)z77"

_..zbq Z—J+ 2 q b Z—(J+k)-_D

7,E=0

Imposing that the coefficient of z in (3.14) vanishes we have the
equation goa—ado="[1, which is solved by taking §,=I,. Imposing that the
coefficient of z° in (3.14) vanishes we have the equation :

(3.15) (G, , a]=b—b, .

Write b= (by,) pr—1. ., in block form and define b, as the block diagonal
part of b It follows that b— &, is a block extra-diagonal matrix. Write
G =CG") k-1, ., in block form and define (taking into account (3.8)):

i (O ,1f h=Fk
(3.16) = ST A=A " by if Wtk

With this choice eq. (3.15) is satisfied.

By an induction procedure, suppose we have already constructed
bo, ..., by (in diagonal block form) and Gy, G.., ..., 4. (with ¢, j=>
1, in extra-diagonal block form). Imposing that the coefficient of z ¢in (3.
14) vanishes we have the equation :

(3.17) [@(Hl), al—UIn+b)Gd,+ 2 q-; b~r+b—z—D

jtr=I
r<l!

Putting o =(lIy+b)q_,— X §.; b ., we define b_, as the block diagonal
Jtr=I
r<I

part of . Writing §-.1,=(G"%) 1)) nr-1.  » in block form, we define :
A(hE) [ L] ,if h=Fk

(318) q-(vn— l _\/’_‘1 (Ak_l}g_]gp(hk), Zf hik

Having satisfied eq. (3.10) at formal level, we construct heS° (N X N), b

block diagonal, with b~ 2 b_; 2, and ¢* €8° (N X N) with ¢*~3 ¢, z~

j=0 j=0

Conditions a) and b) are satisfied by g*, b.
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Putting—g=29, q*—z[a, q*]—bg*+q*b, it can be easily seen that
g(x, &, 2)ESTE((R"XS" ) XR,; NXN).

Now we look for a N XN matrix ¢(x, &, 2) €C(R"XS"'XR,\0),
rapidly decreasing for z—oo, such that:

(3.19) 20, —z| a, ¢]—b¢+¢?):g,

for all (x, &) ER"*xS™ ! and all z+0.

Once such a ¢ is obtained it is enough to put §=¢*+¢. To construct ¢
we consider for every M >0 the space .+, of all N X N matrices v(x, &, z)
EC(R"XS"'X{z|z|=M}; NXN) having the following property: for
every o« CCR", p, ¢ €Z., a<Z"?, and for every family 4, , ..., 6, of smooth
vector fields on S”', we have:

(3.20) sup [z2P029%6,...6,v(x, &, z)| < +oco.

1€, &£'eS™!
lz|=M

Equipped with the seminorms defined by (3.20) .#, becomes a Fréchet

space. Consider the following continuous operators acting on .5y, :

Lv:bv—vg, Ve
(3.21) { Rv = ¢ pe—29, UEJJ"AIZ

The continuity of L is trivial while the continuity of R is a consequence
of (3.8). Putting H=R™ LR and defining ¢=R' ¢, eq. (3.19) becomes :
(3.22) 20y —Hy =g, ¥=Ro.

We now argue for z= M (the case z< — M can be handled analogously).
Changing z=e¢° s>In M and calling H(s) the operator H in the new
variable s, consider the evolution operator U(s, s’; x, &) defined by :

<3 22) J%UCS’ S/>_ﬁ<s> U(S, S’>:D
1 U<S’ s/>‘s~s':IN

One can easily recognize that the matrix function

, s’=s=>In M.

+oo ’
(3.20) Vx & D=—[Unz n2ix &9 &, HE
solves eq. (3.22) for z> M.

To prove that ¢ is actually in.#,, (for z> M) we use energy estimates.
Precisely, for every @ CCR", we obtain from (3.23)
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(3.25) sup |U(s, s ;x, ENP<e?CC™ ¢>s>In M,

*E€Ew
&eSn!

for some constant C >0 depending on . Thus, for every p&Z., p=1, we
get from (3.24):

C+p d

Z 2’
2?|g'(x, &, 2| =

(3.26) Zyx &, D= f;w( ;

4

1
< b (x,&2) |, XE@,| & | =1, 2= M.-
| %slzzpﬂisﬁllzg(x,S,Z>|lc+p 1€, | & z

Taking derivatives of eq. and using estimates of the above type,
we conclude that ¥ &.#,, and therefore ¢ =R~ y €. 7,,.

As M >0 can be arbitrarily chosen we obtain a smooth solution of (3.19)
defined for z+0 and rapidly decreasing at infinity.

LEmMA 3. 2. Let a(x, &) and b(x, &) be as in Lemma 3.1. Suppose
we are given cES™(NXN), meZ, , m=1, with expansion

(3.27) cNf‘.O Cmej 2™+ 2 o 27, 200,
J:

k>0

There exist :
1. QES™(N X N), with expansion

m
Q~2 Qn; 2"+ 2 Q2% z—0,
j=0 k>0

such that :
1) Qlx, &, 2)=[1, for (x, EYEwXS™" and|z| <6, with the same ¢
(and 6") as in Lemma 3. 1.
i) Q.= and all the coefficients in the expansion of Q are extra-diagonal
block matrices.
2. BES™(N X N), with expansion
B’wﬁ}o B, 2"+ B, z7% z—c0,

k>0

such that :

i) Blx, &, 2)=c(x, &, 2), for (x, E)E@ XS and|z|<6.

ii) B(x, &, z) is a block diagonal matrix, for (x, &) Ew X S™" and|z|
=9

Such that the following equation is satisfied fov every x, &', z :

(3.28) 20,Q—z[a, Q]—bQ+ Qb+qgB=c,

where q and b are the matrices constructed in Lemma 3. 1.
PROOF. Suppose we have already constructed two N XN matrices
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Q(x, é,i 2)EC*(R"X S™'XR,\0), BES™(N x N), such that :
a) Bis a block diagonal matrix for every x, &, z.
b) ng}oé)m_j z’"*f-i—kZJOQ_k z7% z—oco, and satisfies 1. ii).
Furthermore, suppose the following equation is satisfied :
(3.29 20,Q—z[a, Q]—bQ+ Qb+qB=c,

for all, x, & and for z +0.
We now show that this implies the Lemma. With the same choice of the

cut-off function x (x, z) made in Lemma 3. 1|, define:

Qlx, & )=1-x(x 2)Qx &, 2) i
B*(x, &, 2)=x(x,2) c(x, &, 2)+1A—x(x, 2))Blx, &, 2).

@) satisfies conditions 1. i), ii). Moreover, putting f =z20,00—z[a, Q]—
bQ+ Qb+ gB*—c¢, we can see that for very (x, §)€w X S™!, f(x, &, 2)=
[]for|z|<¢ and for|z|>¢". Defining:

(3.3 B=B*—qf

one can see that B verifies 2. 1), ii) and that eq. (3.28) is satisfied.
To construct ¢ and B we proceed as in the proof of trying
to solve eq. (3.28) at a formal power series level. We obtain :

(3.30) {

(3.32) Zm=pQns 2™ =2 [a, Qus] 2" = 2 6@ 2"+

7=0 7i=0

A

2 mej b~—7“ Zm 4 > q-; By, 2™ — > Cm—j 2mI=].
7 r=0 7, 7r=0 ji=0
Imposing that the coefficient of z™*! vanishes we have the equation [¢, Q,]=
[1, which is solved by @,=[]. From now on the proof proceeds exactly as

in Lemma 3.1. We leave the details to the reader.

REMARK 3. 1. It will be crucial to keep in mind that, due to property 1.
ii), the matrix @ constructed in the above Lemma actually belongs to
S™IH N XN).

Proor of THEOREM 3. 1.
By Lemma 2.3, the operator tA(t, x, D,) belongs to OP3*'(N X N)
and its symbol tA(¢ x, &) has the asymptotic expansion :

tA(t, x, E)Njgo @ (L x &)
(3.33) @t % &)= &7 4y(x £/1E], to])  j=0.
G5, £, 2) :% (81 A)(0, %, &)z
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For sake of convenience we will write:
(3.34) alx, §N=a(x, §)=A0,x, &7.

Let ¢,(t, x, D,) €OPX*°(N X N) be a proper operator such that in the
asymptotic expansion kzzlo Go—r(x, €Nz 7% of g, we have qo=1,. With this

choice, it is easy to verify that the commutator [?A4, q] E0PX*(N X N).
If ,(t, x, D) EOP3*(N x N) is a proper operator, define:

(3.35) Fo=1Iy 13,—tA(t, x, D) — by (4, x, D).
Then the term in 2)*°(N X N) of the symbol of .#¢,—q,.7, is given by :

(3.36) (13 q0) (1, x, &) —t[alx, &), qo(t, %, E))1—bo(L, x, E)qo(t, x, &)
+q0(t, x, ‘5) bo(t, x, 5)

We apply (with a defined by (3.34) and b=5,(x, &) as
given by (3.5)) and obtain two symbols g, byE°(N x N) such that

(3.3 Fo— o FoSOPZ (N X N).

We now proceed by induction. Suppose we have constructed §;, [;je
S‘(NxXN), 7=0,..., M with the following properties :

For every @ CCR™" there exist 6, 8" >0, §<d", such that:
a) 1) G¢.(x, &, z) is an invertible matrix for every x, &', z.

i) Go(x, &, 2)=1Iy and, for j=1,..., M, §;(x, &, z) =[], for every (x, §)
EwXS"!'and|z| <4.

i) If kZO q;.-»(x, &) z77* is the asymptotic expansion of §, then:

Qoo (x, EN =1y,

V@Go(x, ED =0, 721,

q;-»(x, &) is=a block extra-diagonal matrix, j=0, £=>1.
B i)
~ (Z;J(x &', z), for|z|<¢
h,(x, &, z)=" , 7=0,..., M,

L a block diagonal matrix, for|z|>¢
for every (x, &) Ew xS, with ; given by (3.5).

i) If kZO b, . (x, &) z'* is the asympotic expansion of b:j, then

{ 5/1/1,0(3@ &), for h=~F

B (x, &n=
l L] , for h+k

Futhermore, if ¢,(t, x, Do) EOPX%(N XN) (resp. b;(t, x, D)€<
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OP3(N x N)) denotes a proper operator with symbol ¢, (¢ x &)=

(&1 § (x, &/ &, t1&D(resp. b;(t, x, E)=1&|7 §, (x &/&], tI&E])
putting :

(3.38) Zy=Ida—tAC % DO— 2 bt % D), =0, 1,...,

we have:

M M ~ A~
y) i) 7 quku,x,Dx))—(quku,x, DO | 3, €0PE (N X N).

0 0
ii ) Denoting by ¥, ..(¢t, x, &) the term bolonging to SWMH N X N) in
the symbol of the above operator, we have:

(3.39) fbMH(x, &, z)= —5M+1(x, &', z), for every (x, &)€EwXS",
|z]| <4

~

We look for two proper operators ¢, .,(t,x, D), by (f, x, Do€E
OP "M+ (N x N), such that

M+1 ) (M+]

ﬁ( 2.k ZOka ) x/geijLlEOPi‘.O'MH(NXN).

0
We use the notation:

(3.40) ]l:ﬁ( Sy ) —( St )%, [=0,1,....

0 0

Choosing the principal term in the asymptotic expansion of ¢y, ,,(x, &, z)
identically equal to the zero matrix, we obtain that Ty €EOPM (N X N)

and the term in 27" of its symbol is given by :
(3.41) 190y 11—t & Qygr] = boar 1+ Qg1 Bo+ oy 1+ Vaa s

where ¥, is the term in 2*¥*" of the symbol of J,, .

We apply (with m=M +1, a given by (3.34), b= b, defined
by (3.5), b=be, q=a, and c=—,,,,(x, &', 2)).

From the Lemma we obtain two symbols Gy .1, pysr €S (N XN)
such that conditions @) and B) are satisfied by ¢, ..., ., and b:o e
b:M .1 - By the same Lemma, condition y) i) is satisfied with M replaced

by M +1. We have to verify that condition y) ii) is satisfied, when M +1
is replaced by M +2.
A simple calculation yields :

(3.42) Yy o=g+h+utv,
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where /2 (resp. u [resp. v]) is the term in 3" ** in the symbol of J,, (resp.
M

@ by 1[resp. gy ., b)), and g is the term in 33" *? in the symbol of #g¢,, .,
“4p 4 Fo .

The structure of the ¢’s implies immediately that 7#(x, &', z) = 9(x, &, 2)
=g(x, &, 2)=[] for every (x, &)Ew xS"" and|z| <.
We can write

M M
h:;L l’lH‘?j hi’.j »

where h; (resp. k7 ,) is the term in 3" ** in the symbol of #¢,—q,.F, (resp.
q. by).
As a consequence of and by the inductive hypotheses, we
have 4;; (x, &, z)=[] for every (x, &H)&xS"!and|z| <4
On the other hand, we have
hz:lalﬂ'—:;w—l &1*! (agal+j D‘;CIL_ag @ D% ais;
+0% by DY q,— 0% Dby,
The structure of the ¢’s implies that :
. f O, if />0
h (x, &', 2)=1 .
| —by,., (x, &, 2, if =0,
for every (x, &) EwxS™  and|z| <6
This proves our claim.
Having constructed the two sequences (q;) j=0, (13,-)]20, let q(¢, x, D,)

and 5(¢, x, D,) be two proper operators in OP3% (N X N ) with symbols ¢

KJEJ q; , E;V:a l%
j=0 7=0
Defining
(3.43) Fi=1Iy to,—tA(t, x, D) —b(t, x, D,),

it is a simple matter to recognize that :
(3.44) Fqt, x, Do)—q(t, x, DOF*=r(t x, Do) EOPS**(N X N).

We have now to exorcise the term »(¢, x, D,) (which is not a partially
regularizing operator!).
To start with, let us point out that the above construction implies that :

(3.45) q(t, x, E)=qy(t, x, &) +q' (4, x, &),

where q’Ei}‘“’(N XN) and ¢, €2!*°(N X N) is a nonsingular matrix.
[t will be convenient to consider two more classes of symbols which are
either flat or have polar singularities at #=0.
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(3.46) n—{p(t x, £)EST(RXRHXR"| YVQCCR,XR},
M, ieZ, a, BEZT, Tc>0:
|8l898sp(t, x, &) <clt|MA+|EN™,
(t, x)€EQ, EER").

(3.47) 2={@(t x, &)|VEEZ,, a, BEZ", (12,)*0%0%q<
CO(R:XR!XR}), and VYQCCR,XR}, 3c>0:
| (to)*050%(t, x, E) | <c(1+[ED™ 1P, (, x)EQ, EER™.

Since »(t, x, &) &S*>(N X N), property 5. in can be restated
as:

(3.48) {XO@ HEDT(t % &) ESZ((RXR)XRY

A—xCx, &, x §)ESY,
for every cut-off y. Furthermore, it is easy to verify that:
(3.49) a(t, x, ) €S™=0—x(x, t|&|)alt, x, & EST,

for every cut-of x.
We leave to the reader to verify that the following composition
properties hold :

(3.50) OPST,o OPS?C OPSF™, OPSTyo OPS}'C OPSE™,
OPS%e OPST'C OPSF™,

with the usual asymptotic expansions for product symbol.

We shall now prove the existence of two matrices s(t, x, &) €S7'(N X N)
and v(t, x, £)ESUN xN) (in a block diagonal form) such that, for some
cut-off ¥, we have:

(3.51) Fs(t, x, D)—s(t, x, Do) (F*—ov(t, x, D)
+q(t, x, Dov(t, x, Do+Q—x(x, t| Dl ))rv(E, x, Dy)
E0PS;*(N XN ).

Then, defining :

JQ(L %, DO=q(t, x, Do+A—x(x tID:)s(t, x Do)
(3.52) B(t, x, D=0, x, Do+ (A—xx t|D:D)v(t, x, Do
lﬁ_that—tAu, x, D,)—B(t, x, Do),

it can be verified that both @ and Bhave all properties listed in Theorem 3.1
and that the conclusion (3.7) holds.

To construct s and v we observe that as a consequence of the structure of
go, there exists a cut-off function x(x, z) such that (1—x(x, £/ £])) gt
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(t, x, &) is a non singular matrix on the support of 1—y, for every h=1, ...,
V.
Let us define :

q(011)<t’ x, é-)—lr(u)(t’ x, 5) D
(3.53) g (L, x, E)'r®2(t x, &)
0t x &)= (x(x t1§) -1

[] g6 (t, x, &) 'r (¢ x, &)

L tIED =D Aot x, &),
We obviously have v,&S% N X N), in a block diagonal form.
Moreover, qu,+(1—x(x, t|&]))r=6,+q'v,, where g’ is given by (3.45),
so that qv,E€S,'(NXN), and 6,€S%(N XN) is a block extra-diagonal
matrix. It is easy to see that there exists a unique matrix s.,€S;'(N X N)
such that t[A(t, x, &), s.,(t, x, &)]=6,(t, x, &). With the above
definition of v, and s_, we have:

(3.54) Fsa(t, x, D)—s,(t, x, DO[F*~u,(t x, D]
+q(t, x, Dove(t, x, DO+ A —x(x, t|De|))r(t, x, Dy
€OPS;'(N xN).

Going on in this way we can construct two sequences of matrices s_; SE

SHP(N XN) and v_,&€S7(N xN) (in a block diagonal form), 7>0, such
that for every M>1 we have:

3.55) 7| B hx Do | | Ss Do [ #F S5 DY |

. |
gt x Dx>( S g, DX)
+(1=x(x, t| D)7t x D)EOPST (N X N).

Choosing s&S7(N X N), SN_ZOS_H, and vESYN XN) (in a block
=

diagonal form), v~ Xl v_,, we obtain [3.51).
ji=0

This ends the proof of the Theorem.

Remark 3.2. By (3.45), (3.52), using Lemma 2.2, 6. it follows that
the operator Q(¢, x, D,) has a two sided parametrix in OP2%(N X N), i. e.
there exists Q'(¢, x, D,) €OP3*(N x N) such that both Q'Q—id and
QQ'—id are partially regularizing operators.

4. Parametrices.
In this Chapter we consider a singular hyperbolic system of the type .#
constructed in [TTheorem 3.1 and we will construct, under suitable conditions,




Cauchy Problem for Fuchsian Hyperbolic Operators 213

a right and a left parametrix for .7.
To simplify the notation we drop the ~. Let us fix precisely the
hypotheses we shall assume in this Chapter. We consider a system :

4.D F=1Ito,—tA(t, x, D) —B(t, x, Do),
where the matrix A is given by (3.2) and satisfies hypothesis %,) of Chapter

3.

Moreover, we assume that the functions A; are independent of (¢, x) for
x outside of a compact subset of R™

We suppose that the matrix BEOP3%(N X N) and that for every
@CC RY there exists ¢">0 (8" depending on @) such that if 6(¢ x, &)~

Z‘Obj(t, x, &), b,&2)»(N X N), is a symbol for B, we have:
=

b(t, x, &) and b;(t, x, &), for all 7=0, are in block
diagonal form

for every (x, &/|&|)Ew X S™! and for|t|&|=¢".

Re b,(t, x, §)<—1,, ¥Vt x, £+0.

(4.2)

We now define the <phases> involved in the parametrices we shall
construct.

Due to the hypotheses on the A,’s, we know (cfr. e.g.[10]) that there
exists a T >0 such that for every j=1, ..., v there is a unique real function
@it s, x,8E)eC([—T, TIx[—T, T]XxR"XR"\0), positively homoge-
neous of degree one in &, which solves the Cauchy problem :

{atcoj(t, s, %, §)=A;(t, x, dep;(L, s, x, &))

(4.3) @il =s=%x&

, 1=1,..., v

For any p&[0, 1] we put:
(43>/ 'Wj(/% t) X, g>:¢.7<t’ /.)t, X, é-)’ jzl,..., V.

The following Lemmas will be of a crucial importance in the sequel.

LemMa 4. 1. Let ¥ (p, t, x, &) denote any of the ;’s defined in (4.3)".
Then :

1. v€eH ﬁ}}"’, with asymptotic expansion g}ow“") (p, L, x, &), where :
YO=x& yV=0-p)A 0, x, &/|&]) (¢ &]),
Y=L @, 0, 5, E/1EDIEIHUIEDA k2L

2. For any cut-off function x.
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e Ty (x, tEE PO EHRY
PRroOF. Point 1. is straightforward. To prove 2., let x'(x, z) be a
cut-off function with y'y =x and write

ey (x, HEDE O = g (xy H
x'(x, t| & |)ei[lb(f?,f,x,f)7x.§_v,<n(p,t’x’g>]

A simple computation shows that x¢¥ €HX*. On the other hand,
ok R
putting =y —x+&— ¥, we have @EHZ};’%%, k>0, with an expansion

k!
(Zﬁ}k (k) (k) k2k+j : ’ (k) —k—30
Y Njg,oﬁj , 0PeHY % . Since actually y'8"=HY F* 7", we can

construct an f(p, £, x, &) eH 3% such that

r=0

(4.4) f~2 k;':/‘,(x’ LHENDIP(p, t x, &) .

Since x'¢’—f€HS 7°, the conclusion follows and we have the asym-
ptotic expansion :

(4.5) e~ 56y (x, t&]) eV Ptad)

~2[ S x t1EDSE 60, 1 x £ |
j=r

r=0

LEmMAA4. 2. Let (p, t, x, &) denote any of the ;s defined in (4.3)"
Let h(p, t, x, &) E€HS?* and let q(t, x, D) €OPS%" ¥ be a proper operator
with symbol q(t, x, &). Put:

(4.6) clp, t, x, E)=e VD q(t x, D[P hip, t, -, &)].

Then we have :
1. cEHSZEY™ % with the following asymptotic expansion :

4D e~BH050) (1 deb (0,5 E) Do 1,3, ) ¥ P9] .,

where :

\I,<p, t) X, Y é-):%(px t’ Y, 5)"1/’09, t: X, é-)
_<y_xr dx’ﬁ(/% t) X, “;:>>

The expansion (4.7) means that there is a sequence ¢, 1 +00 as M— +oo

such that ¢ — 2 C—Y];‘ (a‘éq)(t’ X, dx'\b)D‘;[hei\P]y:XEH ’}n—i-m’fo‘m,k‘kkr’ fOT

la| <M

every M=>1.
2. If heHX 2%, h~h, and qEX*, g~q,, then the symbol ¢
=0 7=0
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defined in (4.6) belongs to HS 7™ %% with an asymptotic expansion ¢

NZ‘,O ¢ C,EHIZTM TR where
u=

(4.8) c,= X Py (P8 q) (4, x, &)

Hoola|To=u i1l +s=v
v=0 [s=0
O/%%l,fl?s’a <P,t, x; g N Dx) hj'(p’ t) X, 6);

for some differential operators o#t ‘¥};* depending only on  which have the
form :

AP, b % & D= B diiap, tx &) DIP,
riES
with
dgis eHXYel/2Iris Halizlvifsisiss ([ | /2] = integral

part of |a|/2).

3. Under the same conditions of 2., the symbol ¢ can be rewritten as :

(4.10) cp, t, x, §)=q(t, x, dy(p, t, x, &)) hip, t, x, &)
+c'(p, t, x, &),

(4.9

with
i) qt, x, dp)hlp, t, x, & SHI "

i) ceHIE ™ VYR with an expansion S chs where the cko arve given by
4.8) (Ja|=D. #=t

The proof of is quite technical and will be omitted here. To
give some comments concerning the proof we note that the proof of point 1.
can be performed as in the classical case with only minor modifications.
As far as points 2. and 3. are concerned one has to insert in each term
@:a) (t, x, dp)D5[hip, t, v, &)Y P> _. the asymptotic expansion
of dyy as given by Lemma 4. 1.

REMARK 4. 1. With the notation of Lemma 4.2, 2. suppose that for every
@ C C R” there exists a ¢">0 such that ¢q(¢, x, &) =¢,;(t, x, &) =0, for every
X€w and [t||&]|=¢'(for every 7=0).

As a consequence, the symbols ¢, given by (4.8) have the same support
property so that they actually belong to H3X 7 ™ —#k+t¥  We can thus
construct a symbol FEH 317 ""*** with the same support property of the
¢,’s such that ¢ —c€HS7=*+*,

We are now in a position to state the first result concerning the existence



216 A. Bove J. E. Lewis C. Parenti

of a right parametrix for the system .#.

THEOREM 4. 1. Let 7 be the system (4.1) (satisfying condition (4.2)).
Put :

____________________________

(4.11) g (Pt8) — o

where the ;’s ave given by (4.3)".
Then there exists a matrix h(p, t, x, &) SHIY (N XN) such that if we
define the operator -

(4.12) Eif)= [ [ #*Ship, t. 5, ©)fpt, &) dods,
fec=(-T, T[;Cs(RMY,

then :

(4.13) FEh)—id: C~(—T, T[; & RHYN—-C=(]—T, T[ XRH".

PRrOOF. Let % be any matrix in H3'% (N x N) which satisfies the initial
condition

(4.14) h(l, t, x, E)=1I.
Letting t9, act on E(h,») we obtain:

(4.15) o E(h; f)=f+E(/=1((t3:—p3)¥)h; [f)
+E((ta,—p3,— D h; f),

where we used the notation :
(t3,—p3,) Yy, ]
(4.16) (13, —pd,)¥r= (10:=p3, )Yl
O (13— p3,) Wl

Lemma 4.2 vyields tA(t, x, DOE(h;f)=FE(q;f) for a matrix g&
H3W (N X N). Writing % and ¢ in a block form, we have:

(4.17) g (p, t, x, )=y — 1 tA(t, x, dps(p, t, x, E)) R (p, t, %, &)
+q " (p, t x, &), 1<0, 6'<v,
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where ¢/ cHX% (N, x N,).
Form (4.3), (4.3)" we get

(4.18) 100y — 0O, Ws =t (4, %, dapy), o=1,...,v.

As a partial conclusion, from (4.15) and (4.17), taking into account
(4.18), we obtain:

(4.19 (to,—tA(t, x, DOYE(h; f)=f+E((t0,—p3,—Dh; f)—
IACEIIR

Using Lemma 4.2 once more, we have B(t, x, Dy)E(h;f)=E(p;f) for a
matrix peH3% (N x N) whose blocks are given by :

(4.20) p®=e "B (t,x, Dx)[e*h' >

v o . . U4 4
+ Z el(%n—‘ﬁa){e—z‘/’d"B(o‘, "")(t,x, Dx)[ew,"h(d ,» O )]}’
orso

1<0,0 =v
We now use an argument which exploits in an essential way the first
hypothesis in (4.2). Let x(x, z) be a cut-off function such that the
matrices (1—x(x, t1&[1))b0(¢, x, &) and A—x(x, t1&1))b;(1 x, &), 120,
are in block diagonal form for every ¢ x, & Writing B,(resp. B;_,) as
the operator with symbol xb (resp. (1—x)b), we obtain that B, ,&

OP3% (N x N) is block diagonal. From (4.20) it follows that
(4.2D PO = % BON (¢ x D) e h® ]

v . . ” . 7’ pp
+ 621 ez(il’d”*‘ﬁd){e-zs%” B;U.U >(t, x, Dx)[el‘/’,," h(o', 0')]}.
o’+0

7.

Fi

From the Remark 4.1. it follows that, putting :

(4 ‘ 22) Jo070= e—isﬁa"B;ég, o” (t, X, Dx )(ei‘/}d" h(o",» d’)),
we have ¢.q »€HI%(N,x N,) (modulo a symbol in HS7*°(N, X N,))
and moreover,
for every @«oCCR" we have g,, .(p, t,x, &)= for x€w, |[t||&]
>4¢', p<]0, 1].
Using we can conclude that ¢ ¢g__. €HIY(N,xN,),
with asymptotic expansion :

(423> 2 [ 2 ( 2 xr<x’ tlg;—’) eitlél(l—P)(Ad"(o,x,E/IEI—AJ(O,x,e/\EI))

puZ0 Ly +u"=p\ kt+j=pn

.0},5‘?',0‘(/‘)) t’ X, 5)!]0’,0‘",0",;1"<p) t) X, g) ) :ly

W 1. .
. E: ’ n 2 k 1
here: Yo" ~>0g‘7,6”,6’,#” o X X=X and ->00]<»0'2’,0'N_k1<l<¢0'"_ Wc_ g')
y7; 7 .
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wgl)>)k.
To work with more compact notation, we put:
(4.24) { ko7 =g ¥ B0 [ PG p=(pO) _ 0,

44 4

g,0") — _i(¢ rr—
gt()’” )=V %)go‘,o‘i’o", léd,d,d <y

Therefore, (4.21) can be rewritten as:

(4 . 24) p(o—,o-’) - k<o',o") + o_glgg_g',G’), p — (pco_’d,»lsmo’s v

oc”"*+o
In conclusion, for any heH3I% (N x N) which satisfies (4.14), we
obtain :

(4.25) FE; H—f=E{18,—p3,—Dh—q'—p; )+ RS,

where ¢'=(q" “*°?)1<,.o<, is defined in (4.17), pis given by (4.24) and R is
a partially regularizing operator of Hardy type.
From the preceding remarks and from we have:

def

(4.26) vip, t, x, &)= (td,—pd,— 1D h—q—pEHY(N XN),

with asymptotic expansion X v;(p, ¢, x, &), where:
7=0

2N

[w, box &)=0 o x 2, t|E] ), EHS(N XN,
(4.27) ]ﬁo<p, x, &, 2)=(20,—p3,— Dhy(p, x, &', 2)

~b(x, &, Dhlp, x, &, 2) A
—A(p,x &, Dx(x, 2)05(x, &, 2)A (p, x, &, 2 he(p, x, &', 2),

where we used the notation :

b=+ B

{ by, if h=Fk, O if h=k
b(;(hk): b’(;(hk): , h, k:L s LV
(4.28) - if. ek b, it ek
eiiz(l~p)ll(0,x,§')[M []
A%, x, &, 2)= eIITIRO L,

u e AI-AL 0% [

A natural way to obtain (4.13) is to impose the conditions:
V=[], hol,=1=1Iy and, for j=1, v;=01, h|,_,=[]



Cauchy Problem for Fuchsian Hyperbolic Operators 219

These conditions lead to the following transport equations :

(zaz—pap—l)fzj(p, X, gy)—@g(x, &, z)iz]-(p, X, ‘5,:’ z)
—A(p, %, & 2)x(x, 2)05(x, &, 2)A (p, x, &, 2) hi(p, x, &, 2)

“ I, if 7=0
(4.29;9 =fp, x, &, 2), hi(p,x, &, 2)|,-1= {S if i>1

where f; is a suitable symbol in HS(N x N) depending on ’l:zo,...,ljzj_l,
?50 - @j_l and f,=[].
To solve transport equations (4.29); we use the following Lemma.

Lemma 4. 3. Suppose we are given two smooth N X N matvices (written
in block form) C(x, &, 2)=(C"™(x, &, 2))ppr,..0, C'lp, %, &, 2)=
(C"(p, x, &', 2))ppo1,..0, xER", &'ES™, zER, p<[0, 1], such that: 1.
C" =[] for h+k, and C"(x, &, 2)&S°(N,xN,), h=1,..., v.
2. For every @ CCR" there exists a 6'>0 such that C'(p, x, &, z)=[] for
every (p, x, E)E[0, 1] Xw XSt and |z|=>¢".
3. There exists y=0 such that

(4.30) Re [C(x, &, 2)+C'(p, x, &, 2)]< —yly,

for every p, x, &', z.

Furthermore, let  (x, &', 2) ES*(N X N) and ¢(p, x, &, 2) EHS*(N X N),
kER. Then there exists a unique matrix f(p, x, &, 2) €EHS*(N X N) such
that ’

{ (20;—p3,)f —[C+C']f=¢
f’p:1: P

PRrooOF. Put p=e% z=2ze% s=0, zER, and let F (s, z,;x, &) be the
unique smooth matrix solution of the Cauchy problem :

{ OsF—[Cx, &, 2e5)+C'(e75, x, &, 2e)|F=g(e™s, x, &, 2%
Fleo=v(x, &, 2)
Defining f(p, x, &', 2)=F(—Inp, zp;x &) and using standard energy

estimates we obtain that the following inequality holds for every & >0:

(4.32) 17 o, x, &, zIP< |y (x, &, p2)|?
l gre P ’ 2@_
+£fp<7 Hg( s b & oz lld.

(4.3D)

As a consequence, for every o CCR” M, ¢>0, we have
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(4.33) su Pl fCp, % &, 2)| <+oo.
(&) Ew xS !
pel0l]lzl<M

By taking derivatives of eq. (4.31) one can verify in the same way that
on every compact interval |z| <M we have the estimates :

(4.34) sup  p°1(03,)09%8, -+ G, < +oo,

xE)Ew XS
pes]0l],|zi<M

forevery j, kEZ., a€Z?, ¢'>0, @ CC R"and for every family 6, , ... , 6, of
smooth vector fields on S*!.

To estimate f for z—oo we fix o CCR” and take |z|>¢" so that
C'lp, x &, 2)=] for x€w, |&'=1, |z|>¢".

Let us consider z=¢" (the case z< —¢" can be handled analogously).

Put L.={(p, x, &, 2)|2=2¢, +(pz—06)=0}, J=J,U/J. On J f
satisfies the boundary problem :

(Zaz_pap)f_cf:g) in j
(435) \f'p:1:¢‘,
{f ’ z=0— @
for some smooth matrix @ (p, x, &") satisfying estimates of the form (4. 34).

In the region /. we put p=e~5, z=2z¢°% s>0, z,>¢", and arguing as
above we obtain the estimates :

(4.36) sup (1+2)7"" %[ (08,)79:9%0 ... §,f | < + 0.

In the region /. we put p=p,e~5, z=9"¢°, s>0, p,€]0, 1], and arguing
as above we obtain, for every ¢ >0, the estimate :

(4.3D) IfCo, %, &, D °<l@(pz/8", x &)|?
1 z
- [[Grayelgoz/2, x, &, Iz
e Js
As a consequence, since pz<d¢'<z’, for every ¢ >0 we obtain :
(4.38) Sblp(lJrZ)“kp&'Hf(p, x, &, 2)| <+oco.

Higher order estimates on J_, analogous to (4.36), follow by taking deriva-
tives of (4. 35).

allows to solve the transport equations (4.29);, />0, by
identifying C(x, &, 2) :IN+55(x, &,z2) and C'(p,x, &, 2)=A(p, x, &, 2)
x(x, D (x &, 2)A*(p, x, &, z) and noting that hypothesis 3. in the
Lemma is a consequence of the second basic assumption in (4. 2).

Once the symbols @j, 7=0, are constructed we take a symbol ke
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H3% (N x N) such that:
{Mp, t,ox, E)~X & (p, x, E/|E|, tIE]D

=0
h'p:IE]N- ’

(4.39)

With the above definition of % we have, for every f&C=(]-T, T|;
(RN

(4.40) FE; )=f+Rf +E(q; /),

where R is H.p.r. (Cfr. Def. 2.7) and ¢ is a suitable matrix belonging to
HS%* (N XN).

To get rid of the term £ (q;.) we observe that for every cut-off function
x the operator f=E(x(x, t|&|)q;f) is H.p.r. and therefore we are left
with the term E(p;+) with p(p, ¢, x, E) =0 —x(x, t1&|))qlp, t x, &). It
is obvious that p&HSY,(N XN) (the definition of HS? and HS} is
analogous to the definitions (3.46) and (3.47) of S? and S¥ respectively,
the only modification being the usual p-behaviour of the symbols).

We shall try to construct a matrix » €HS%,(N X N) for which

(4.41) FE(r;»)=—E(;*),

modulo some H. p. r. operator. Since HSY.,C HS%”, adding » to the matrix
h we will obtain that #FE(h+r» ;+)— identity is a H. p.r. operator and the
conclusion of the theorem follows.

To start with, we look for a matrix »&HS%,(N X N) such that

(4.42) FE(r ;o )=—Ep;)+E(p.. ),

for some symbol p.,&HS7;(N X N).
Supposing that 7| ,-, =[], and arguing as in the first part of the proof
one can show that:

(4.43) FE(r;o)=E(c;)+E(p1;*).

for some symbols p,EHS7;(N XN), ¢,&€HS%,(N X N) with
co=(Cs""i<oo=y

¢i™ (p, b x, E)=(10,—pd,) 71" (p, t, x, &)

—tLy(p, t, x, £;0.074%(p, t, %, &)
- (]Ng—i_b(o-'d)(t: x) g))r()w’o‘,) (p) t) x’ £>,

(4.44)

where :

(4.45) L,(p, t, x, &0 ={(deAs) (L, x, dxtps(p, L, %, &)), O



222 A. Bove J. E. Lewis C. Paventi

+ R OO 5 dabe, b % £, 1 % 6.

| =2

We now recall that if (x‘”(¢;s, y, ), &(t;s, vy, n)) is the integral
curve of the Hamiiltonian vector field H_,, satisfying x| .-s=y, & |es=7,
then for all o=1,...,v the map R™y—x“(t;s, v, ) is smoothly
invertible for every (¢, s)e[—T, T]x[—1T, T] and for every 5 +0 (the
existence of a T >0 for which the above property holds is guaranteed by the
hypothesis that the A,(¢, x, &) are independent of # and x for large x).

Putting

(4.46) 777, Y, ) =17 (p, £, Xt pt, v, 1), 7)), 1<0,0'<v,
and imposing that ¢, in (4.44) is equal to —p, yields the equations :

((tat—pa,,)f%""’”(p,t, v, n)—[(d;(p, £, 3, n)+DI
| 0, V(s pt, y, ), P, t Y, )

(4.47) ,
l:_i)“”‘”m t, x(t;pt, v, 7)), )
72 o1 =0  1<06, '<v,
where :
(4.48) d,(p, £y, 7)
1 )
=t 2 7@ (et v 7). §7(E 50t 3, 1)

«(35¥.)(p, t, x(t5pt v, 1), 7).
To solve (4.47) we apply the following lemma.
LEMMA 4. 4. Let ®(p, t, y, n) €HSY (N X N). For every g=HS7E(N X N),
k=0, there exists a unique ¢ €HS7T(N XN) such that :

[ (t0:—pd e —Pp=g
(4.49) o], =00

PRrOOF. Putting p=e75 t=te® s>0, | 4| <7, and using standard
energy estimates we obtain that the following inequality holds for every QC
C]—7T, T[x R*and €>0:

(4.50) lo(p, t n)l\zﬁ—i- fpl(p/mcsﬂg(ﬂ, pt/w, v, ml*du/pu,

forall (p, t, v, n)€]0,1] XxQ xR", with a suitable positive constant C. As a
consequence of (4.50), if M >0 is large enough we get :

(4.51) sup |t "A+nD oo, t 3, n)l < +oo,

pe]0,1],(tx)EQ
nER"
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for every £ >0. Estimates of the above form for higher derivative of ¢ can
be obtained by taking derivatives of eq. (4.49). This proves the Lemma.

[terating the procedure, we construct a matrix » | €HS7 (N XN),
with »_, | ,_y=[1, such that FE(r_;)=—E(p_1;*)+E(p_,;*) for a
suitable symbol p _,&HS75(N xN). Going on in this way, claim (4.41) is
proved. This completes the proof of the [Theoreml

In [I'heorem 4. 1l we have constructed a right parametrix for the system
#. The existence of a left parametrix for % will be proved following more
or less the same procedure as in [Theorem 4.1. There are, however, some
important differences which we think it is convenient to put in evidence.

First of all we define our phases. In the rest of this Chapter the
function —¢;(4 0, v, ), where ¢; is defined in (4.3), will be denoted by
@;(t, v, ), 7=1,-- v, and we will put:

(452} ¢j<p, t) y’ 77>:¢J<pt’ y) 77)) jzly"'7 V.

As in Lemma 4.1. one can prove that y;€H 3%’ and that for every
cut-off function x, ¢”7x (v, pt|n|)e*€HIY, j=1,..., v.

We have a modified version of if in we consider
q(pt, x, D,) in place of q(t, x, D,) and v is now one of the phases
defined in (4.52). As a consequence, in formulas (4.8) the coefficients
(0% g (t x, &) must be replaced by (8%%%q,)(pt, x, &) ; moreover, the
operatorse# ¢/;* defined in (4.9) depend only on the argument pt.

We now define the operators involved in the construction of the left
parametrinx. Put

ei(%(p,t,y,w +x7) ]N D
(4.53) G etym txag] — .
] ei(’lfyip,f,y,77>+X'77>]Nu

For a given matrix h(p, ¢, v, 7) EHI(N X N), we define the operator :

(4.54) F(h;f)= jo‘lf hip, t, v, g) ¥t x2lf (ot y)dp dy dy,
feC=(1-T, T[; Cy(R)HN.

The integral in (4.54) should be interpreted as an oscillatory integral
which makes sense integrating by parts with respet to y since for some
positive constant C we have:

(4.55) dy;(p, £y, n)|=Clnl,
for all (p, t, v, 7 E[0, 1]1x[—T, T]XR*<(R"\D), j=1,..., v.
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We can now state the second main result of this Chapter.
THEOREM 4. 2. Let 7 be the system (4.1) (satisfving condition (4.2)).
Then theve exists a matrix hi(p, t, y, n)EH SN XN) such that for every
feC=(\—T, T[;Cs(RDYN we have :

(4.56) F(h;7f)=1f)+Rf,

wherve R is a H. p.r. operator (cfr. Def. 2.7) and 1(s) is the Fourier
integral operator -

(4.57) 1)t 0= [[ evdomeenii, vy dy dy

Proor. Let heHI%(N X N) be a matrix satisfying the initial condi-
tion (4.14). We have:

(4.58) ECh;0/)=1)+F(=v—=1 h(p3,¥);/)+
F((=p3,=Dh; f),

where we used the notation :

Pap'ﬁllzyl D
(4.59) CRVES
D \papquNv
Using (or rather its modified version) we obtain :
(4.60) F(h;tACt, v, DOf)=F(q;f),

for some matrix g€HIF (N XN), ¢=(¢"D1<po<,, With:
(4.6 a7 p, £, v n)

— \/—_T e*l“ﬁd’(P, by tlot/ld( t‘O, y’ Dy)[ei‘pa(p’ bo) h(d, o) (109 t); 77)])
where ‘A,.(¢, v, D,) 0P denotes the transpose of the operator A,.(t, v, D,)
(which we suppose to be proper). We can write:

(4.62) q'(p, t,y, p)=v— 1A (pt, y,—d¥sp, t, ¥, 7))
h(a,a’)<p’ t.’ 9, ”>+qr(a,a")<p’ t, 9, ”>’

for a suitable symbol ¢"**"eH % (N, x N,.).
As a consequence of (4. 3) we have (p9,¥,) (pt, v, 7) =tpA,(tp, y,—d s,
o=1,-+,v. As a partial conclusion, from (4.62), (4.58), we get:
(4.63) F(h; (to,—tA(t, v, D)) =1 +F((—p3,—1Lh;f)
_F<q,af), CI,: (q/(o-,o',))ISo‘,o"Su .

Using again (the modified version of) Lemma 4.7, we obtain
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(4.64) F(h; B(t, y, DOf)=F(;f), with:
V. Ngr .,
(4.65) pi% (L p, 3, my=e” @t xm5] 5B (ot v, Dy)

[T, Lo, gl @], 1<0, o'<v,

where p$%°” is the (j, k)-entry in the block p°”, j=1,..,N,, k=1,.., N,,
and ‘B$3°° €OPH Y% denotes the transpose of the operator B .

Usmg Remark 4.1 and proceeding as in the proof of [['Theorem 4. I, we
obtain

(4.66) Fh; 7)) =10)—((p8,+Dh—q'+p; /),

modulo a H. p. r. operator.
Moreover, putting :

(4.67) wp, t, 5, 1)=03,+DLhp, t, 3 7)
+q'(p, t, v, p)+pp, Ly ),

we have w€H2Y(N X N), w~% w;, and
j=

(wo@, oy, m=wp, 3 n/lnl, tinl), BEHS'(NXN),
(4.68) | W(p, 3, 7', 2)=(p3, + D h(p, 3, 7', 2D+ ho(p, 3, 0, 2) 6y, 7', p2)

1 +hlp, 3, 7', DT, 7', p2Ix(y, p2) 6 (y, 7', p2IT(, 7', p2),
where 3, # have been defined in (4. 28), x is the same cut-off as in (4.27)
and I'* (y, ', z) are as follows:

e+iz/l,(0,y,77’)]N D
(4.69) T=(y, 7', 2) = T

el +121,(0,y, ")
e v}

A natural way to obtain (4.56) is to impose the conditions: w,=[],
ho| ,-y=1Iy and, for j=1, w;=[1, h;| ,_,=[]. These conditions lead to the
following transport equations :

(03, + Dl 0,37, )+ hi(p,3,m',2) Biwm', p2)

+h;(p,y.n ", (g, p2)x (v, p2) 0 (3,7, p2)T -, 7', pz)
=fp, v, 7', 2),

(4.70), (h iz

hj(/),y,ﬁ,;2> ’p:lz

[; 0, if j=1

where f(p ) z) is a Su1table symbol in HS’(N X N) depending on 7, ...,
B, by,..., by, and fi=
To solve equations (4. 70)J we use the following Lemma.

\
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LEMmMmA 4.5 Let C(y, ', 2)ES°(NXN) be a N XN matrix with the
Jfollowing properties :

1) Re C(y n', 2)<[, for every v, %, z.

i) Writing C=(C°") <=, in block form, for every @ CCR™ there
exists 8">0 such that C**°°(y, n', 2)=[1 for all (3, 7)CwXS"" and|z|>
d’.

Then for every feHS* (N XN), g &S* (N XN), kER, there exists a
unique h€HS* (N XN) satisfving :

[ p3,h+hC=f

(4.7D) =

Moreover, if f(p, v, n', 2) and @ (v, u’, 2) are in block diagonal form

for every (y, n)EwXS™, plz|=¢", then the same property holds for h.
PRroor. As far as existence and uniqueness of % (satisfying (4.71)) is

concerned the proof proceeds as in Lemma 4.3. By the uniqueness, in any
region yE€w, |7'|=1, p|z|>¢’, the extra diagonal blocks in % solve
equations like (4.71) with zero data, hence they vanish.

To apply in solving (4.70); we make the identification :

CO, vy =L+ 80, n, D+T0G, 7', Dx, W, 7', 2)

T, 7, 2)
(properties i), ii) are satisfied as a consequence of (4.2)).

Once the symbols 7,, 7>0, are constructed we take a symbol he
H>"%(N x N) such that:

[ 1oty m~Z 0l ko, 3 n/lnl, tin])
L}”;>:IE[N =

REMARK 4. 2 By [Lemma 4.5, all the symbols %, j>0, and % can be
chosen to be in a block diagonal form for every yEw, nER" plt||n|=0"
With the above definition of % we have, for every fec=(-17T, T[;

Cy(RHN
(4.73) Fh; ZfH=1f)+F(q;f)+Rf

where R is H.pr. (cfr. Def. 2.7), I(f) is defined as in (4.57), and qis a
suitable symbol belonging to HS%”(N X N).

To get rid of the term F(q; +) one proceed as in the proof of
4.1, determining a matrix r€HS}, (N XN)CHS% (N X N), which is
block diagonal, satisfying F(r; # f)=—F((1—x(y, ptinl)q; ), modulo
a H.p.r. operator.

This completes the proof of [Theorem 4.2.

(4.72)
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We explicitly remark that the F.i.o. defined by (4.57) can be supposed
to be invertible, i.e. there exists a continuous operator
[7:C=(]—-T, T[; Cs(RMHN-C>(—T, T[xRH"
such that I/-'*—id and /' —id map C=(]—7T, T[; € (R")" into
C=(1—T, T[xRM".
As a consequence of (4.56) we have:

(4.74) [DF(h; 7 )=f+2f NfEC(]-T, T[; C3(RDY,
where . # maps C*(1—7T, T[; & RD"—>C>(]—T, T[xRM".
5. Existence and Uniqueness. Propagation of Singularities.

In this Chapter we shall prove the existence and uniqueness result stated
in the Introduction, as well as some propagation results for the WF of a
(regular distribution) solution of a Fuchsian hyperbolic Cauchy problem.

As a preliminary step we analyze how the parametrices constructed in
Chapter 4 propagate the WF.

Let us consider a system % of the form (4.1) (satisfying hypotheses
(4.2)).

By & we denote either the right parametrix E, constructed in
4.1, or the operator I'oF, constructed in [[heorem 4.2 (cfr. (4.74)).

By ®::T*R*\0—~T* R"\0 we denote the flow out of the Hamiltonian
vector field H,=0,:1,0x—0x1;20;, j=1,..., v. We have the following
result.

THEOREM 5.1 The operator & has the following properties -
1. & can be extended as a continuous opevator from C=(1—T, TI;
g' RN into C=(1=T, T[; 2"(R")”.
2. ¢:2,(]-T, T[XRY>2,(]—T, T[XRHYN(Cfr. Def. 2.3).
3. For every feg,(1—T, T[XRD" we have:
a) oWF(gf)CoWF(f) (Cfr. Def. 2.3).

b) WEC&f) ] 1+0
C{(t x, =, &)|t+0, (t, x, 7, &) eWF () U

Ut x 4t % &), &)13s FE0, 1] 3G, )
ET*R™0, (s, 3. 4;(s, 3 ), HEWE(), (x, &)
=@ )1 U U % At 5 §), §) (10, 3 )

ET*R"\0, (v, p)edWEF (), (x, &) =05y, 7).
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For a vector-valued distribution g= (g, , ..., gn) we have put
N N
OWF (g)= LiJ18WF(gr), WF(g) = U WF(g,).

Proor.  We will prove the in the case & =1"'oF and we leave
to the reader to supply the modifications required in the other case.
We begin by considering scalar operators of the form:

[Kf(t’ x>:folffei[mww’y’”]k(p, t, v, n) fpt, y) dp dy dn,

|t o= [[eretsmatt, 5 ) 7 pdy dn
where @ (¢, v, 7)=@(t, 0, y, ) is any of the phases defined in (4.3) and
entering in the expression of the operator F (Cfr. 4.54)), k€HS?"' and a&
STH((RXR™ XRM.
Property 1. for the operators (5.1) is straightforward.
Denoting by ®‘ the flow out associated with the phase ¢ we claim that :

5. D

i) K: &(]-T, T[XRY—>2,(]-T, T XR"
i) OWF (Kf YCOWF (f), ¥fee&,
iii) WF(Kf) | 140

Clt 2 0, )3, €10, 1], 30, P ET R,

(s, 3, ACs, 3, ), mEeWF (), (v, p)=2(x, &)U
(L, ox, T, E)tF0, TER, A, ) ET*R™\0,
Gy, t+A 3 ), mEWF(), (v, 7)=0(x, &)U
oy, 0, E)E+0, (v, $)EWF(f) =AUAUA,,
for every f& &.

iv) I &(]-T, T|XRH>2,(]-T, T| XR"
v) OWF(If YCoOWF (f), Vfe g,
vi) WF<If>"t¢0 CA, Vfcg,.

Let us show that the claims i)-vi) imply the (for &=1"1F).
Property 2. is a consequence of i) and iv).

Property 3. a) follows from ii) and v). To prove b) we recall that the
F.i.o. I and hence /' have diagonal form. Writing fe&,(]— T, T[ xRHD"

in block form f=(f)s_1 ., rE€&,(]—T, T[XR"Y, and taking into
account we have, for =1, ..., v:

(5. 2) UECh; ),
v 1 " e ’ ) _
=215 [ ] BT oty e oty ) dp dy

1 ) -
=15 [ [ oo e o, ) ikt ) do dy dy
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+ 2 ] /f/ [x7—o, ptyn)]eZ(¢6(ptyﬂ) Py ptyrﬂ)h(dd)(p, t 9, 77)

o'rl:o'

fr(pt, ¥) dp dy dy.

By Remark 4.2, the matrix % has been choosen to be in a block diagonal
form for any yEwCCR", n€R"and p|t||7|=¢" (68>0, depending on w).
Therefore there exists a cut-off function x (3, z) for which 2“°"(p, ¢, y, n)
=x, ptIn DR (p, t, 3, n) for every p, t, v, » and oc+0o".

By we conclude that ¢!9s =% > e HSWI(N, X N,), for c+
o’. As a consequence, it will be enough to study the WF for a scalar
composition /'K with the notation (5.1). From vi) we get

(5. 3) WFEU )]0 CHU 3, 42 3, n), )| t+0, TER,
Ax, E)eT*R™"\0, (¢, x, 7, &) EWF(f),
O, n)=0(x, &)].

From (5.3) and iii) the conclusion follows.

We now prove claims i) - vi). With no loss of generality we can
suppose that the amplitudes % and « vanish for|#|<1.

It is obvious that the distribution kernel of K, still denoted by K, has

support in the set { (4, x), (s, y)l%e[@, 1], x, ¥, €R" and we remark that

in the interior of this set the function x+z—@(s, ¥, %) is a non-degenerate
phase function. Application of Theorem 2.5.14 of Hérmander[11] yields:

5. D WF' (KON, x 7, &), (s, 3 7/, 7))
e(T*RY"X T*R*" \Ol%e]o, 1[}
Cillt, % 0, 7, (s, 3, @'s(s, 3, 7)., dvp(s, 3, 7)) |57 *0,
+e€10, 1[, x=d,p(s, 3, 7)) =],

Putting ®*(y, ) =((s; 3, 7), &(s; v 7)), we recall that @(s, x(s;
Y, ), m)=yen, (dp) (s, x(s; 3, 7), n)=£&(s; v ) and d,@(s, x, 7)=
y(s; x, n), where y(s; x, #») denotes the inverse of the mapping y—x(s ; »,
n) (see, e.g. Chazarain-Piriou [10]). Using these remarks we obtain:

6.5 J={{t x5 0, 8, (s, 3 A(s, v 7)), 77))1—6]0 1, (&

=0°(x, ‘f)/
Now we claim that :
(5. 6) (tx, 7,0,y 7 0OHEWF(K), t+0=7r=17".

Consider a point Po=((t, %, 7, 0), (t, w, 7, 0)) with £+0 and 7,+
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7o, we want to prove that P& WF'(K). Choose f, g€C%(]—T, T[XR"
with support close to (4, x) and (4, ) respectively (and disjoint from
t=0). Then

<K(f<s, y)ei(s-;'+y-§'>>, g(t, x>e—z’(tr+x.g)>
(5. 7) :-[Oi[ein<pt, y) g(t x) k(/-), t, v, 77) dp dt dx dy d_ﬂ
:H<T’ T,’ g’ g,>;

where
Vv=x-n—8 —@pt, y, P)+y&'+tlpr'—1).

Since|dyp (s, v, n)|=clnlfor all (s, y, n)E[—T, T]XR*XR"\0,
taking into account that z,# 7, we can find a conic neighborhood T' of
((70, 0), (75, 0)) in R***"and choose the support of g(¢, x) f(s, v) so close
to (4, %, %, ) in such a way that the following relations hold :

lsing(m—E! +1&'—dyp(s, v, )|)=const.|7]

yER

5. 8)
Tl =const. (| 7|+ |7+ 18] +]8D),

for ((z, &), (¢, &)l and (¢, «x, s, y)esupp (gf).
We first integrate by parts in (5.7) using the operator
L= 3 601"+ I8~ dw ot 3 mI2]
‘((ﬂj_";'})ax,"*"(";:}“ay,(ﬂ) ay)’
and then integrate by parts with respect to ¢ using the operator
(/=1 (pr'—7))'9,. As a consequence, we obtain that H(z, 7/, & &)=
0((lz|+ |7|D" ™), on T, for every N>0, and this proves that P,&

WF'(K).
The next claim is:
(5. 9 (t, x, 7, &), (L y, v, ENEWF'(K), t+0,/&|+]&|>0=

x=dp(t, v, 1), §=n, &=do(t, v, 7), T'=1+i(t vy n).
Consider a point Po=((4, %, 70, &), (f, Yo, 75, £5)) with £,+0 and|&,]
+1&0] >0. We can find: an open covering Q,UQ, of S**, a neighborhood
UxV of (%, ), a positive small ¢ and a conic neighborhood T' of
((70, &), (7§, &) in R**" such that:
x—d,p(s, v, P*0, (x, Y EUXV,|s—1|<e, n/|n|EQ,
&l +1&'|=const. ([&]+[&|+]z]+|7]), in T

7 S ’ S 7
( «5,«5,1—77 )i( 7, dyp (s, y, 77),7%(8, v |,

(5.10) J
k(x, WEUXV |t—hI<e |s—hI<en/|n| €Q((z, £).(7), ED)ET,
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Consider (5.7) with supp (F/)C{(s, y)||s—t|<e, yEV ], supp (¢)C

{(Lollt—t|<e, x€U; and ((7, &), (¢, &))ET and write H(z, 7/, & &)
=H,+ H,, with

(5.11) Hi(z, 7', § &)

= ffe xj( )f<pl y) gt x) klp, 1, v, 7)
sdp do dx a’y d77.

where x,, x. is a smooth partition of the unity related to the covering
Q,UQ,.

Now, in H, we first integrate by parts using the operator

1 n
=T % d,p(pt, 3, n)|7?(x,— 3,9 (pt, ¥ 7)),
and then integrate by parts using the operator— (| &2+ | &’|2)'(A,+A,). It

is easily seen that H,(z, 7/, & &)=0((| &|+] &)™), on T, for every
N=>0.

In H, we integrate by parts using the operator
1

A | 3 v 0.+ (G- Bt 3 1)3)

+y(o(r—pilpt, 3 7)) —1)3, ]

where y7'=|n—&1*+ &' —dyp(pt, 3, 7|+ |p('—@pt, y, 7)) —7|*
As a consequence, we get H,(z, 7/, & &)=0((|&|+ &)™), on T,
for every N >0 and claim (5.9) follows.

As a partial conclusion, from (5.9), (5.6), (5.5) and (5.4) we get:
WE (KONt %7 ), (53,7, §)E(T R T R\ 0 | =

€10, 111 5,0, 8), (s, ¢, Als, ¥, €] 5 €10, 1, (x', £)

=@%(x, &)U x, 1, &), (Lx,v+A(Lx, &), D) t+0,
1€ R, (X, §)=0(x, &)}U{((t, x,7,0), (£, x,7,0))] t+0,
7+0).

We now prove the claim ii). Precisely, let fe &,(]—7, T[xR"® and
suppose that (x, &) &T*R"\oWF (f); we have to show that (x, &)<
oWF(Kf). By the hypothesis we can find a proper pdo B(x, D,)&E
OPS°( R™) with symbol 6(x, &) supported in a conic neighborhood U XT of
(%, &), b=1 on some U’'XT"CCUXT, such that B(x,D,) feC=([—e,e];
C3C R™), for some e<]0, T.

Possibly, by multiplying f by a cut-off function x(¢) supported in]—
e[, we can suppose that B(x, DoxfeC>(]—1T, T[; C3(RM).

(5.1D
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We have BKxf =KBxf+[B, K]xf, with KBxyFC=(1—-T, T[ XR™.

By we can write BKy = K’, with K’ defined as K with an
amplitude £’ (p, t, x, v, n)=0b(x, n) x(pt) k(p, t, v, n), modulo a H.p.r.
operator. On the other hand, by the same Lemma, we can write KBy = K",
with K” defined as K with an amplitude
k' (p, t, y, 9)=e2@>"'B(y, D)) [e ®*" T x(pt) k(p, t,*,n)]EHST,
where 'B is the transpose of the operator B.

We now observe that is possible to find a conic neighborhood U, XT';
CC U'XT of (x, &) such that for some 6<]0, e[we have (y, dyp(s, ¥,
7)) €U'XT" for all (y, )€U, X, and|s|<d. As a consequence, the
amplitude of [B, K] x has zero asymptotic expansion for all (x, y, n) &
U’'x U, xT,, and for all p, £. Take now B(x, D,)=OPS°(R™ with symbol
supported in U, xT,CC U, xT",, b=1 in a conical neighborhood of (x, &)
contained in U, xT',. Using once more, the operator B [B, K|
x has an amplitude with zero asymptotic expansion for (x, y, #) ER"XU, X
(R™\0), and for all p, t. Choose £C5(U,), £=1 in U, and write

BB, K1xf=B[B,_Klx(&)+BB Klx((1-&F.

Since the amplitude of B[ B, K]x¢& has zero asymptotic expansion for
(x, v, 7) ER"XR"X(R™\0) (and for all p, t), we get B[B, K] x(&)&C”
(]=T, T[XR™. On the other hand, if ¢ is small enough, we can suppose
that|x—d,@(pt, », 7)|=C>0 on the support of the amplitude of the

operator E[ B Klx(1—¢). Integrating by parts using the operator
\/%—T ZIHx—d,,w(pt, v, )72 (x—0,9(pt, ¥, 7))9,,
we can easily conclude that B[B K] x((1—&f)cC>()—T, T[xXR™.
This proves claim ii).
Claim v ) is proved arguing as above and we omit the details.
Claim iv) and vi) follow from Theorem 2.5.14 of Hormander by
remarking that I f| ;.o =1 | 140 )-
Therefore we are left with the proof of i) and iii).
Let us prove that for every fe #,(]—7T, T[ XR"™ and for every x <
Cy(]—T, T[), x(t)=1 near t=0, we have:

(5.12) WE (Kxf| 120 )CH{(t %, 7, E)]7=0;.

Fix a point (4, %, 7, &), L+0, 7,+0 and take &(¢), & () eCH(R),
& &=¢, supported near f=1{, with support disjoint from #=0 and such that
Ex =0 Let ox), @ x)eCF5(R"Y, w, w=w, supported near x, and
consider :

(5.13) (Kyf, e 7708 e() o()>=1(1,8),
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with (7, &) in a cone|z|=const.|&].
We can write:

(5.14) I(z, g>:f+°°e~itfg<t>ft<g<t, s, 1), @w(x)e *¢ ds dt,
where :
(515> g(t, s, X): fei[x-nw(s,y,n)]#x<s>wl<x>k( _‘;;’ t’ Y, 7 ) .

f(s, y) dy dn.
Note that for every &>0 the amplitude in (5.15) satisfies uniform
estimates of the type

(5.16 0] 03 95 07| (G(/Dx @@ @r|[ 3, 6 30 )]
<Const. (1+|7[)™ I

Since f€C=(]-T, T[; & (R™), for some 6 €R we have f€C(] T,
T[; H°(R™). Hence, from the continuity properties of F. i. 0’s and from
(5.16), the following inequalities follow :

(5.17) sup | A+ [n|D°"™|2ig(t s, n)|%dy

[tHI=Th

<const. ls]‘elffgjﬂ f‘(1+!77|2)”lf(t, n)|? dny,

for every s&|—T, T[, 0<T,<T, ¢>0, j=0.

As
a consequence of the choice of & and g, for every N€Z,.,(—iy)"I (7,&)
is a linear combination of integrals of the form :

(5.18) I ;(z, £>:f+°°e_itr§(k)<t>'/;t<ajt.g(t’ 5 1), @(x)e 6

— 00

ds dt, k+j=N.
From (5. 17) we obtain, by Parseval identity :

Lr, ©)1= [T16%11 [<aatt s, m), oE+n)

ds|dt<const. (14 |n|?)!™ °<const. (1+7z)!” 7!,
As a consequence, for every N €Z, we obtain I (z, &)=0 (| z|!" =)
on the cones |7|=>const. |&|. This proves (5.12).
Since the operator K (1—x) maps 2, into &, as a consequence of (5.
11) and the above quoted result of Hormander, claim i) is proved.
To prove claim iii) let (¢ x, 0,&) be a point T*(]— 7T, T[XR" with
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t#0, £+0. Supposethat (x, &)EWF (f) and, for every s+0, %E]O, 1[,

we have (s, 3, A(s, ¥, 7), D EWF (), (3, 5)=®%(x, &). We can find a
cut-off function x(#)€C%(]—7, T[) and a proper operator B(y, D,) &
OPS°(R™ whose symbol b6(y, ) is supported in a conic neighborhood
UXT of (x, &) and b(y, #)=1 on some UXI'DDU, xI')2(x, &), such
that Byf€C=(]— 1T, T[xXR".

Therefore KBxf € C*(]—T, T[xR" ; moreover, K(I—B)xf € C
(=T, T[x V) for some neighborhood V of x(this is proved as in the last
part of the proof of claim ii )). As a consequence, we get that (¢ x, 0, &) &
WF (Kxf).

From the hypotheses on f and from (5.11), application of Hérmander’s
yields (4, %0, &) WF(K(1—x)f) and hence (¢« 0,&)¢&
WF(Kf). To conclude, let (¢, x, 7, &) be a point with t+0, z+0, &+0,
and suppose that (f, y, 7+A (¢ y, 7), 7DE WF(f), (v, n)=0x, &).
From (5.12) we get (¢, x, 7, &) & WF(Kxf).

A further application of Hérmander’s and (5. 11) yields (¢ x,
7,§) €WF(K({—x)f). This concludes the proof of claim iii) and hence
of the [Theorem

We can now prove the following result.

THEOREM 5.2. Let M be a n-dimensional C* compact manifold without
boundary and let PEF},_,(RXM) be a differential operator satisfying the
Fuchs condition (1.3). Then for every fE@(RXM) and for every g,€ 9’
(M), 7=0,1,..., m—k—1 there exists a unique distribution u €D, (RX M)
satisfying the Cauchy problem :

(Pu=f, in RxM

(5.19) laéu}t:o:gj, m M, j=0,1,..., m—k—1.

Moreover, denoting by A;(t, x, &), j=1,..., m, the hyperbolic roots of P and
by ®; the Hamiltonian flow in T*M\0 associated to A,;, j=1,..., m, the
following inclusions hold :

a) SWFGCOWF(HU™ U WF().

b) WFGO | 1m0 Clt % 7 &) 1%0, (hx, 7, &) EWF()| U
U165 A% &), 8135510, 11, 3G, HET MY,
s 3 468 3 m), MEWF (), (x, £)=07°(y, 7}V
U1 2 A0 % &), ©)1t#0, 30, DET M,

m—k—1

v, m)edWF(HU U, WFQ, (x &)=, ).
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PrOOF.  Suppose that the holds in the case £=wm and let us
prove it in the case 2<m. We observe that theLe exists an operator R :
D' (M)—> I,(RXM) such that Rv|.,=v and WF(Rv)=0WF (Rv)=WF
(v), forevery ve2’'(M). Since the property of being a regular distribution
is invariant under change of coordinates involving only the <spatial
variables>>, we can reduce ourselves to the case M =an open subset of R"
Let x€C%(R), x=1 near t=0, and for every ve &' (R" put:

(5.20) Ru(t, x)= fe“'*f x(tA+E(D"™(E) de.

Since x (t(14&|H)?) &S, applfivcation of [lTTheorem 2.1 implies that R
maps &'(R" into Z;(RXR"™ and WF (Rv)=0oWF (Rv)C WF (v).
v, j=0 57
0. >0 so that WF (v)C WF(Rv).
By glueing together operators of the form (5.20) we can construct the

< extension > operator R with the properties listed above.
m—k—1 4J
Now put v(¢t, x)= 2] }t—, (Rg,;)(t, x). Since 9} v|.,=g,;, Wecan write
o T

=
u=v+t™*w for a uniquely defined wea . (RXM).

Using property i) of the class F2_, , we get P(t"™*w)=Pw=f— Py for
a well defined differential operator PEF"(R X M) satisfying F. c. Let we
D (RX M) be the unique solution of the equation Pw=f—Pv ; then u=v+
t™*w is the unique solution of the Cauchy problem (5.19). Moreover, since

~ m—k—1
WEF (Pv)yc oWF (Pv)U ‘UO WF (g,), properties a) and b) hold in case k<
iz

Furthermore, 97 Rv|,.—o= {

m provided they are satisfied when k= m.

From now on we shall consider the case k=m (no Cauchy data is given
at t=01).

Let us prove that for every x &M there exists a distribution u€ 9,
(]—d, [ X U") defined on some open cylinder]—d, ¢[ x U>(0, %) such
that Pu=f in this cylinder. Let (U, @) beachartof M, ¢ : U=V ={ye&
R |y| <1}, (%)=0 and denote by P, €FI(RXx V) the transformed
operator. Weobservethat I, (@ (x);& =1I(x; &), forevery x&U and ¢
C. Let 6C5(R) with 8(s)=1, |s|<1/4, 8(s)=0for|s|>1/2 and with the
notation of (1.4), put P, (¢, v, 13;, D,)= f‘, mZJ 1R A (02 |y ]®)

j=0 h=0
t, 0(t*+ |y vy, Dy) ()" Then P,,eFJ(RXxR" with P,,=P, on some
open cylinder] —d, ¢[ X V'=(0, 0). We observe that the coefficients of P,
do not depend on t and y for |y[=1/2; moreover, P,, satisfies F. c. and the
roots & (y), ..., E»(¥) of the indicial equation Ip,, (v ; &) =0 are independent
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of y for |y|=1/2.

Given fe2(RxX M), denote by f,€Z;(RX V) the push-forward of f
via ¢. Take w&C3(V), @=1 on V' and put g ,({, ¥ =w(y) f,.(¢ ¥).
We try to solve the equation P, u,=g,.

For sake of simplicity in the following we write P, ,=FP g¢,=g,
u,=u. Let p&Z, be a positive integer to be specified later on. From the
property iii) of the classes F7 we know that for every j=>0, 0] u|.o=

3 LY, (5, D)) (87 g|wo), for some differential operators L} , ; of order
r=0
j—r(Lf;=1/L,(y: 7). Put:
b=1 S
<521> UPCtJ y>:2 2 ]_Y RL}D-r,j (8§glt:o).

j=0 »=0
It is easy to check that u#—v,=t’w and g—P(v,) =t"h, for well
determined distributions w, €2 ;(Rx R"). By property ii) of the classes
o we know that P(t*w)=1?P(t, y, to,+p, D, w, so that we are left with
the equation P(¢, y, t3,+p, Dy)w=he &,(RXR".
We now apply the reduction to a singular system performed in Chapter

1, taking as L in (1.15) the operator t8,+p—1t Z(t, y, D,)—y, where

1
NESY
Z(t, y, n) is any of the hyperbolic roots of P and yEC\Z.

The equation P(t, v, to,+p, D,) w=h is transformed into a N XN

system . w = h, where .# has the form (1.12), N:MZJFD—, h=1(0,...,0, A,

0,...,0) and the principal symbol of B(0, y, D,) has the eigenvalues &(y)
—p, y+m—j3)—p, j=1,..., m. We now choose p&Z, such that

(5.22) Re 00 (B)(t, 3, m=—1y,

for all (¢, y, )E RXR"X(R"\0) (since the «coefficients of P are
independent of (¢, y) for |y|>1/2, the same property is verified by the
matrices A(t, y, D,) and B(t, y, D,)).

Let now U(t, y, D,), U7'(t, y, D,) be proper operators of order zero
such that UU*—id, U'U —id are partially regularizing and

(5.23) U='t, y D) At y, D) UL, vy, D)=
l1<t) y’ Dy) D
—/=1 (v DY)
1
—— Z(t, 3, D) I,_,,

- M(L y; Dy) .
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Then U (¢, y, D,) w satisfies the system :
(5.24) (to, Iy—t > (t, v, D))—F(t, v, DOOUw=U"1h+n,

with #EC*(R, xR and % =U"'BU.

We shall continue to denote the system (5.24) by U w.

Let now Q(¢, y, D,) €0P3°° be the decoupling operator constructed in
Chapter 3 and denote by Q'(¢, v, D,) €OPS%0 a parametrix of Q(Q and Q!
are supposed to be proper operators).

As follows from [Theorem 3.1, the vector Q! U~! w satisfies the system

(5.25) FQIU w=td,—t #(t, y, D)—F(t y D)) Q' U™ w
QU h+h,

for some " €C>(R: X R»".

Since by (5.22) the matrix % satisfies the hypotheses (4.2), using the
right parametrix F constructed in [Theorem 4.1 we obtain that the vector
EQ' U h satisfies the system (5.25) modulo C=.

Taking the last component of the vector UQ EQ' U 'h we obtain a
function u,(t, v) €2 ,(RX R"™ which satisfies :

(526) PV,0<t) y; tat) Dy>[vp+tpu;)]:gv+g;),

for some g, €C*(RXR"). Using the results of Tahara ([20], Theorem 3.
1) we finally get a distribution »,€27(RxR" such that P,, u,=g, in
R. X R" Pulling-back u, to the manifold M we obtain a distribution # <
9,(]—¢, o[ xU") which satisfies the original equation P«=#f on some open
cynder |—d, 6 X U'C RX M, containing the point (0, x,).

The next step consists in showing that if u€2,(]—46, §[ xU") and ve
7,(]—6, o[ xU") are two local solutions constructed as above, and if U’'N
U”+ ¢, there is a neighborhood Z of {0} xX(U'NU”) in RXx(U'NU")
such that u|,=v]|, .

To prove this claim, let x&U’'N U” and use a chart (Q, ¢) of M with
QCUNU", :Q=V={yER"|y|<1}, (%) =0.

We push-forward P, # and v onto RX V. We deform P and cut-off the
image of #— v as above, obtaining a distribution w& &,(RX R" satisfying
P,,(t y to,, D) w=0 on some open cylinder |—7, T[XV'CRXYV,
containing the point (0, 0). Using the same procedure described above we
find we2,(RXR"" which has the property that é’wEC‘”(]~T', T x
V7)Y for some open cylinder | — 7", T'[x V"C]-T,T[xV’. Wenow use
the left parametrix constructed in [Theorem 4.2 and the propagation results of
I'heorem 5.1 to conclude that weC*(]—T", T”[ X V"") for some smaller
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cylinder.

Hence we can conclude that weC=(|—-T", T"[x V") and P, ,w=0on
this cylinder. By the local uniqueness Theorem 1.3.b) we obtain that u=v
on some open cylinder |—d6(%), (D[ XQT]—4, 6] XQ, containing (0,%).

It follows that we can find a finite open covering .LrJlUJ-:M of M and
d

distribution u,€2,(]—4d, &[ X U;), for some §>0, such that:

i) Pu,=f in ]-6, [ xU,, j=1,...,7r; i) whenever U;N U;*¢,
there is a neighborhood &, of {0 x(U,NU,;) in RX(U,NU;) for which
u; | 0,,,:uj| .

Let |&<Ce(U)|j=1,..., 7 be a partition of unity and put u(t, x)=

$j¢j<x>u,.<t, ©), (1 x)E]—6 [ XM Then ue @y(]—6 6[xM) and

Pu=f on some cylinder |—d", [ XMO<IF<4d).

To get a solution defined on Rx M it is enough to solve the classdcal
Cauchy problem P u.=f, in [67/2, +oo[ X M (resp.] —oo, —d87/2] X M) with
a;ui | t:id’/zza]t.u| imxazy J=0, 1, ..., m—1

This proves the existence result.

Now if uco,.(Rx M) satisfies Pu=0 in RX M, using the same
arguments as above we conclude that for every x &M there is an open
cylinder |—6(x), d(x)[ X U>2(0, %) on which #=0. As a consequence,
#=0 on some cylinder |—4¢, [ X M. By standard uniqueness results for
strictly hyperbolic operators, we conclude that #=0 in RXM. The
propagation results a) and b) follow from [Theorem 5.1 taking into account
that for the truncated Taylor expansions v, of (5.21) we have WF(Z)p)Z
OWF (v,)CoWF (g). Details are left to the reader.

Local existence and uniqueness results can be proved using the same
tecnique as in the proof of [Theorem 5.2.

In the remainder of this Chpater we shall analyze how the propagation
relations of [Theorem 5.1 can be improved.

We recall that one of the major shortcomings of our calculus in the
classes OPS™* is that operators in these classes do not preserve distributions
whose wave front set is disjoint from the conormal bundle of the initial
hypersurface t=0. This is the main reason which forced us to work in the
classes of regular distributions 2,(Rx M). From our discussion we cannot
deduce that if ther. h.s.fin (5.19) has the property WF (/) NN*M =¢ (N *
M being the conormal bundle of {0;xM) then the same property holds for
the solution u€9.(RxM). However, this property should be true as
suggested by the results of Tahara ([19], Theorem 2.1.3) in the analytic-
hyperfunction framework.
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Now we shall prove that in fact it holds true even in the C>-category as
a consequence of the following general result.

THEOREM 5. 3. Let Pzi‘, APt x, D, , D) be a differential operator

of ovder m(the P,_; being of order m—7j and 1<k<m) defined in R, < R:
with smooth coefficients.
Put -
(N ={(t x, 7, £)ET*(RXRH\0|t=0, £=0, +7>0
I N*=N*UN*.
Suppose that :

(5.27) On(Pn) | 5 F0.
Then, for every ucC>(R,; 2'(R™) we have :
(5.28) WF(u)NN*=WF(Pu) N N*.

Proor. We shall prove that if p,&N*\WF (Pu) then p,&€ WF (0).

To be definite, suppose p,=(0, x,, 1, 0)EN* (the case P ENZ* can be
handled analogously). Let T be a closed conic neighborhood of p, for which
'NN*=¢ and WF(Pu)NT'=¢. Take x(t, x, D, D,)EOPS?, to be a
proper operator whose symbol is supported in I and is identically 1 in some
open conic neighborhood I'" of p,, I'CCI. By (whose proof is
postponed) we have yucC>(R,; 2'(R"). We claim that WF(Pxu)N
N*=¢. Obviously WF(Pxu)NN*C WF(x)NN*=¢ ; moreover, Pyu=
xPu+[P, x]luand WF(x)CT, while WF([P, xDCI'\I. Since WF (Pu)
NI'=¢ we easily obtain that WF (3 Pu)y N N*=¢ and WF ([P, x]Ju)NN*=
é.

In conclusion, putting v = y#, we can suppose from the beginning that
we have a distribution v with the following properties :

(5.29) veEC*(R,; Z'(R"), WF(w)NN*CN*, WF(Py)NN*=4¢,

and we want to show that WF(v)N N*=é.

To prove this claim we shall deeply rely on some constructions
performed in B.L.P. [6]. Using Lemma 3.3 [6] we can write f=Py=
Qnt v+ Qut* v+ -+ + Qv for some differential operators Q,.; of order
m—j, j=0,---,k Since 6,(Qn) =0cn(P,), (5.27) implies the existence of a
classical proper pdo @' such that Q;'@,— id is regularizing in a conical
neighborhood of N*. As a consequence v satisfies the equation :

(5.30) 0+ Qu @nat* 0+ ...+ Qu Qu-rv =g,
for some g with WF (¢)\ N*=¢, which we write g€2/,. .
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We now reduce eq. (5.30) to a system putting (cfr. formula (3.68) of
[6D:

(531> vj:Ai(kij)t jvlv, ]Zly Ty k’

where A= OPS}, is an invertible pdo whose (full) symbol is equal to 7 in a
conic neighborhood of N*. Denoting by v the vector (v,, ..., v,) we obtain
a system

(5.32) (tod,— A(t, x, D, Do)v=g&(Fy-)"

for some A€ OPS%(kxk). By the vector vEeC>(R,;; Z'(R™)*
and we have WEF(v)NN*CN?*.

Using Lemmas 2.6-2.8 and Propositions 2.3, 2.4 of [6] we get that there
exist :

i) Two matrices E, E'€0OPS},(kxk) which are elliptic on some
neighborhood ]—¢, o[ X UXT (={(z, &)|r>C[&[}) of po=(0, %, 1, 0.

i) A kxkmatrix C(x, D,, D) €0PS},(kx k) which is independent of
t and in block triangular form C=(C;);j-, ..., . Moreover:

a) Cy=[]for i>].

B Cuy(x, D, D)=C;(x) for a smooth matrix Cj(x) satisfying
xseu%“ Ci;(x) | =M < 400,
such that (t8,l,—A(t x, D;, DO))E —E’(t3,1,—C(x, D,, D,)) is a pdo of
order —co on a smaller neighborhood |—¢", 8'[ X U'XT' ., of po.

Denote by E-'(resp. E~") a parametrix of E(resp. E") such that
EE-'—id, E'E— id (resp. E’E'—id, E''E’'—id) are of order —co on a
possibly smaller neighborhood ]—¢", 8"[ X U"” XTI .. of p .

Take a proper pdo x€OPS!,, elliptic near p, and with symbol
supported in ]—¢”, 8" [x U”"XT'.,. Putting w=E"'xv, we have:

(5.33) (t8L,—C(x, Di, DO)w=hE(F 0"

By we have weC*(R,; 2’ (R")* and WF(w)NN*CNZX.
Writing w and % in block form we obtain the equations:

{ (ta,— C,,(x)w,=h,
. (tat_Cu—l,uf1<x>>wufl_Cu—l,v<x) Df s Dx>wu:hv71

.................................................................................

(tat_-CU(x))wl—é?jcl,j(x; D,, D, wj:hl .

(5.34)

Let us consider the first equation in (5.34) and put for simplicity
C,,(x)=C(x). By Proposition 2.5 of [6] there exists two matrices A. €
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OPSY,(kx k), B. €OPSY;'(kx k), for every ¢>0, such that: 1) There
exist operators Az'€OPSY, , Bc'€OPSY with AcAd —id, BcB¢'— id
smoothing near N*; furthermore, A. and B, are of order —co near N*; 2)
A .(to,—C(x)B.—1 is of order —co near N* .

As a consequence, by putting ¥, = Bc'w, , we obtain the equation

(5.35) W (L D) =g,(t, 1) E(TL D"

can be applied vyielding ¥, €C*(R,; 2 (R")* and
WF(,)NN*CN?T.

Since @,and v, have traces of all order at =0, from (5.35) we obtain
@,(0, x)=0, hence we can write ¢,(¢, x)=lw,(l, x) for a well defined
distribution w,E(2S,.)" (cfr. Hanges [12]).

It follows that all distribution solutions of eq. (5.35) are of the form
v, (t, X)) =w,(t x)+7,(x)® ¢ for some y,€2'(RM*. Since ¢, and w, are
C> in t, we conclude that y,=0.

Thus ¥, =w,&(ZF/,.)* and the same is true for w, .

The second eq. is (5.34) is now of the form (t0,—C,_1,_1(x))w,_ =
(hy_1+C,_1,(x, D,, Dow,)&(2/y)*". We can argue as above and
conclude that WF (w, )N N*=¢. Proceeding in this way we finally obtain
that WF(w)NN*=¢. Since w=FE 'y v and x is elliptic near p,, we
conclude that p,& WF (v) and hence p,E WF (v) because vy =A"%*"" v and A
is elliptic near N *.

To complete the proof of the above we need the following
lemma.

LEmMma 5.1 Let a(t, x, 7, &) be a smooth function such that for some m

SR and for every j, kEZ,, a, BEZT, KCCR,XR?, €>0, there exists a
constant C >0 for which :

(5.36) 1980204 alt, x, 7, &)| < CA+|z|+ & 17,

for every (t, x)EK, (r, ) ERXR".

Denote by A=a(t, x, D,, D,) the pdo associated to the symbol a. Then A
maps C*(R.; & (R™) into C(R¢; 9'(R™).

ProOF. Without loss of generality we can suppose that a satisfies
estimates (5.36) uniformly in (#, x) ER'*". Denote by ™ this class and
by OP. ™ the class of the corresponding operators.

We can suppose that ucC=(R,; &' (RM)N & (R, X R} so that by a well
known characterization (see e.g. Treves [23]), we know that for every &
eZ. there is a 0,€R such that ue H*(R,, H*(R™).

Let #?+%, p g<R, denote the class of all smooth functions b(t, , x, &)
which, for every e >0, satisfy estimates of the form:
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(St}lgl 2050594 b(t, v;x, &) |SCA+|zDPre A+ &|)are18,

By OP.#7~%* we denote the class of the corresponding pdo’s.

Obviously (1+|D,|®)”?2€0P.#?% (1+ | D,|»?*0OP.#°% : moreover,
we have the inclusions & C g™ m (>0), F™C F0% (1 <0).

Let us suppose a(t, x, 7, &) €™ with m>0. We claim that A maps
continuously H*(R,; H*(R"™) into H*™V(R,; H* " V(R"), so that the
Lemma follows.

To prove this claim it is enough to show that the operator

B — (1 _f_ |Dt’2>(—(m+l)*k)/2<1 __I__ ‘ DX‘ 2)(~(m+1)+o‘k}/2
.A(1+ ‘ th2>_k/2(1+ ' Dx‘ 2)*0’;2
maps continuously L?(R, X R" into itself.

It can be verified that B€OP.¥'*'*. Denoting by b(t, 7;x &) a
symbol of B, from well known results we have :

(5.37) 1870%6(t, 7, %, D)l 1oy 2w <cOnst. (1+[z|)7%,

for every j, k&Z.. From (5.37) the conclusion follows.

ReMARKS 5.1. 1) The result of the Lemma applies obviously to the
vector valued situation.

2) The operators A., B. (as well as their parametrices A, B)

considered in [Theorem 5.3 actually belong OP % Y*tand OP%M+VL+
respectively as a consequence of their symbol structure explained in [6],
pag. 90.

COROLLARY. Under the same hypotheses of Theovem 5.2, denoting by
N*M the conormal bundle of t=0 in R, X M, we have WF(u)\N*M = WF
IONN*M, where uc 2. (RX M) is the solution of the Cauchy problem
(5.19).

PRrROOF. It is a trivial consequence of [Theorem 5.3 since for P€F7_,
(RX M), having the form (1.1), we have o,,(P,) | y., %0.

In the next result we show that singularities of the initial data g, in
Cauchy problem (5.19) give rise to singularities of the solution # (a fact
which is not a priori obvious). Precisely we have the following theorem.

THEOREM 5. 4. Let the hypotheses of Theorem 5.2 be satisfied and denote
A;(Ex, &), 7=1,..., m the hyperbolic roots of P.

Let x, be a point of M such that :

1) WEONz (0, %)=¢(z: T*RXM)\0>RXM being the cano-
nical projection).

m—k—1
i) for some &, (%, &) & .UO WF (g;).
iz
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Then there exists a 111, ..., m|for which:
<5 . 38> (0’ xO) A’j<0y xO, ‘50) ’ §0> = WF(“):

wheve u € ,(RX M) is the solution of the Cauchy problem (5.19).

PROOF. The proof is based on the following fact. If « €C~(R,;
'(M)) and if for some x, € M we have (0,x%; +1,0) € N*M\WEF(u),
then (x,, &) <oWF (u) iff (0,x, 7, &) € WF (u) for some r€R.

Suppose this fact already proved and suppose that (0, x, ; 1,00, %, &, &)
& WF (u) for every j. From Duistermaat-Hormander [11] it follows that
10, %, 7, &) | TER N WF(u)=¢. On the other hand, by hypothesis i) and
the Corollary we know that z1(0, x) N\ WF () N N*M = ¢ so that we should

m—k—1
have (x, &)EoWF (u). Since 9WF (u)D _UO WF (g;) we get a contra-
P2

diction.

To conclude we only have to prove the above mentioned property of
oWF (u).

Precisely, we have to prove that if (0,x, 7, &) WF («) for all 7R
then (xy, &) FEOWF (u).

With no loss of generality, suppose|&|=1 and denote by y. the
projections along the meridians of the upper and lower semisphere in R™"
(with the northern and southern pole cut-off) onto the equator S ! given by
7=0.

(1, 7)

Ry (r, 7)
gr-1

Our hypothesis can be rewritten as WE ()N (0, %, 7, ) |(7, ) [y
EUyoHUd, HU=1, 00] =4¢.

We can find a neighborhood U Xw of (%, &) in M XS""', ad>0and a
neighborhoodw. of (+1, 0) in S”, such that
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(5.39) WFEON{tx, o, eT*RXM\0| |t <8 xeU,
(r, mE[yIM@Uy (@ Uw.Uw ]} =4¢.

Take a symbol x (¢ x, 7, £) €S?, whose support is contained into] — ¢, o
XUX (w,;U®-) and such that x (¢, x, D, D) usC™>.

Let B(x, Do) €OPSS,(M) be a proper operator elliptic near (x, &),
with symbol supported in U Xw. Now, for|¢| <& we have WF (B I—x))u
Cl{lt x|t <d xeU (z, p)Eyi (@) Uy (w)!so that B(—yx) ue
C=for|t| <d. Since ByucC=, we conclude that Bu=Byu+B(l—x)ucsC"
(]—6, 6[ X M) and hence (x, &) EIWF (u).

REMARK 5.2. It is worth noting that as a consequence of (5.38) and of
['heorem 3.1 the singularities of the Cauchy data g, O<j<m—Fk—1,
propagate at least along a half bicharacteristic of 7—2,(¢, x, &), for some
1=1,..., m.

What we propose to do in the sequel is to give sufficient conditions which
ensure propagation along a whole bicharacteristic of z—2,(¢, x, &) and (or)
branching of singularities along at least two bicharacteristics related to two
different factors 7—21,(¢ «x, &).

As the proof deeply relies on [Theorem 3.1 of [6], we prepare some
notation.

Suppose we are given a differential operator PeF™ ,(RXxM). For

1
V=T
so that the roots of the equation ¢,,(P,) (¢, 1, 7, &) are given by 7= A, (L x, &),
=1, ..., m.

For every (x, £)&S*M we put p;(x, &) =(0,x 1,00, x, &), &) and
denote by y;(x, &) the bicharacteristic of z—21,(¢, x, &) issued from pi(x, &).
We also put y5(x, &)=v;(x, £)N{+t>0,. We now define the microlocal
polynomials :

(5.40) Li(x, &5 8)=(D:6,,(P)) (p;(x, E))E+06, 1(Pr 1) (pi(x, &),
i=1,...,m, E<C.

convenience, we assume P given by (1.1) with 9, replaced by D,= O,

We have the following result on branching of singularities.

THEOREM 5. 5. Let P(t, x, D), DoEF?E (RXM) and let ue o (Rx
M) be such that Pu=fcC*(RXM) and o] mo=g;€’(M), j=0, ...,
m—Fk—1.

Let (x, £)&S*M and suppose 1,(0, x, &) < A,(0, x, &) << A,00, %, &).
Then :

1. Suppose that p,(x, &) & WF (u) (resp. pw(x, &) EWF (1)) and I(x, &;

§)#0, VEEZ,6> — (k—1) (resp. L,(x, &;E)+0, VEEZ, ¢>—(k—1)).
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Furthermore, suppose that for every j, 1<j<m, either y5(x, &) N WF
(w=¢ or yi(x, &N WF(u)=¢.
Then we have :

(5.41D) nx, EUyn(x, E)CWF (u).

')’m(X, 5)

7 (x,€), 1<j<m

rn(x, &)

t<o t>0

2. In the case m>2, and k=1, let p;(x, &) EWF (u) for some j, 1<;<
m

Then :
a) If I[(x, &;8)+0, VEEZ, E< —1, then either vi(x, &) or y;(x, &)
is contained in WF (u). Moveover, if only one half of the bicharacteristic y;

(x, &) 1s included in WF (u) then both p; (x, &) and p;.,(x, &) belong to
WF (u).

B If L(x & ;6 +0, VEEZ, then cither yi(x, &) or vy3;(x, &) is
inchluded in WF (u) and either p,_(x, &) or p;..(x, &) belongs to WF (u).
Proor of point 1. To be definite suppose p,(x, &) eWF(u). By
Theorem 5.4 we know that (0,x, +1,0)& WF () so that by well known
results on propagation we have (0,x, 7, &) WF () for all z<A,(0,x, &)
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and all 7>21,(0,x, &). By the hypothesis on ,(x, &; &) and the fact that p,
(x, &) € WF (u), applying [Theorem 3.1 of [6], we obtain that p,(x, §) €
WF (u). Since either yi(x, &)NWF(u)=¢ or yz(x, &N WF(u)=¢, by
the same we get p;(x, &) EWF (u). Proceeding in this way we
obtain that p,(x, &) € WF («) so that (5.34) follows by the same quoted
Theorem|

To prove point 2. we simply apply [Theorem 3.1 of [6](with »=k=1).

REMARK 5. 3. In [Theorem 5.5 the hypothesis f€C*(RXx M) can be

replaced, for a fixed x&M, by the condition WF(f )Nz, x)=4¢,
x: T*(RxM)\0 »Rx M being the projection onto the base.

Statements 1. and 2. hold provided we replace everywhere the bichara-
cteristics by small arcs of them.

Examples

1. The Euler-Poisson-Darboux operator.
Let P=t(Di~ X DD+a(t 0D+ XA DDAy 0, tER x€
i= j=

R” with «, B, and y smooth functions.

Suppose that #=2,(RXR" satisfies the Cauchy problem Pu=0,
ul0=8€Z'(R").

The hyperbolic roots are 1,(&)=—|&], X,(&)=|&land L(x, §;8) =
2i€—a (0, x)—<BC0, x), &/1 &>, Lx, &; 6 =—L(x, —§;6). As a
consequence of [Theorem 5.0 if Vé€Z,[(x, &;&)+0 and L(x, &;8)+0 V
(x, &) eWF(g), we obtain:

WF (u)D U (n(x, U y(x, &).
(x, &) eWF(g)

On the other hand, supposing in addition that I,(x; &) =&+ ia (0, x) *0,
VEER and Vx, from Theorems 5.2, we obtain :

WFE ()| o= U n(x, U, &) is0,

(x, HEWF (@

‘)’1(X, £)

7’2(X, E)

t<0[t>0
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2. Let P=tD,(D,—DJ)+a(t x)D, tER, x =R, with a a smooth
function.
Suppose that =2, (RXR) satisfies the Cauchy problem Pu=0, Ul o1
=9€2'(R). Supposing [,(x; &) =E&+1ia (0, x) +0, V&&Z, and Vx, we have
u(t, x)=1,®¢g(x) so that:

WFEFu)={(x0,8 | &) EWF(g)).

The hyperbolic roots are 1,(&)=0, 1,(&) =& and [,(x, &;86)=0.

7’2(&5)
7
/
/
7/
/7
Ve
/
Ve
7
/
/ (x, &)
N\X,
—l}— -
x /
Ve
7/
/
/
Ve
//
#
/
/
/
/ t<0|t>0
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