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Stably solitary foliations

By Atsushi SaTo
(Received December 28, 1984)

§1. Introduction and the statement of results.

Let ¢ be the 1-dimensional foliation of S® determined by the Hopf
fibration p: S*—>S% Asis easily verified, ¢ admits no transverse foliations
of codimension one. But there exists a small perturbation ¢’ of ¢ which is
transverse to the Reeb foliation of S®. Thus it is in general unstable under
the small perturbation that a foliation admits no transverse foliations.

For codimension one foliations of 3-manifolds, there are various inves-

tigations of the transverse foliations ([9], [5], [6], and [7].
In [8], Tamura showed that for every closed oriented 3-manifold, there
exists a codimension one foliation which admits transverse 2-plane fields and
admits no transverse foliations of codimension one. We say such a foliation
solitary. In this paper we consider the foliations which satisfy the solitarity
stably under the perturbation. More precisely we prove

THEOREM 1. Let M be a closed oriented 3-manifold and let Fol?(M)
denote the space of codimension one C? foliations of M with the C?*-topology
(see [2)and [1]). Then there exist a foliation % and a neighborhood N of
F in Fol2(M) such that every element &N is solitary.

REMARK 1. For every closed oriented 3-manifold and for every
homotopy class 7z, Yano() constructed a 1-dimensional foliation
consisting in z which admits no transverse foliations stably under the
perturbation.

The author wishes to thank Professor I. Tamura for helpful suggestion
and encouragement.

§2. Proof of Theorem 1.

is proved from the following two theorems.
THeEOREM 2(Tamura [8]). Let ™ be the codimension one C* foliation
of the solid torus S*xX D? as below. Then for n+0, 5™ is solitary.
THEOREM 3. Let 7 be the foliation of S*X D? as below and let K =
(S'XD?" be the compact codimension 0 submanifold of S'X D? as below.
Then there exists a neighbovhood N of " in Fol?(S'X D?) such that for
every element 5 EN, theve 1s a compact codimension 0 saturated submanifold
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K’ such that the vestriction 'K’ is C° isotopic to ¥ | K.
THE CONSTRUCTION OF % .
Let h,: S'x D>—S'x D? be the C= diffeomorphism defined by
h, (2™ ye¥™) = (2, ye’ ) 0<x<1, 0<y<1, 0<r=1.
k
Let S(k)=D?*— U Int D? be the k-punctured 2-disc.
=1

We have a decomposition of the solid torus as follows:
S'x D2=h,(S'X=2)U h,(S'X DH U h,(S*X D3).
Let ., be the C=foliation of S'x (k) obtained by the turbulization of the
product foliation {{¢}xZ(k);t €S'} along the boundary S'x22(k). Let
FW={h,(L); LE%,,}. Then the union of # ¢ and two Reeb components
Fp of h,(S'xD? and h,(S'x D% determines a codimension one C*
foliation of S'x D?, which is denoted by #®. Consider the decomposition of
Stx D?:
Six D?*=(S'x2(1))'U (S'x D?)’, where
(S1x D?»'=(S'%xZ(2))"U (S'x D?)”U (S*x D%)"(see Figure 1).

(S'x(2))  (S'XD})”

(S'xD3)”

Sl

Fm for nw =1

Figure 1.
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Let %" be the foliation of S* X D? consisting of foliations .#,, of (S'XZ(1))’,
Frp of (STXZ(2))", # of (S x D?)” as above, and the Reeb component
5. of (S'xD3". Furthermore we can impose the following conditions :
(a) Each compact leaf of . has an expanding holonomy along the leaf
loop which is homotopic to the core circle S*x{0}of Stx D>,
(b) For the compact leaf 9(S'xD?), the above holonomy map is
C>-tangent to the identity.
(¢) For the other compact leaves, the above holonomy maps are
hyperbolic.

Proor oF TEOREM 1 FrROM THEOREMS 2 AND 3.

For each closed oriented 3-manifold M, take a transversely oriented (Ol
foliation .#, of codimension one with a Reeb component and with a
transverse 2-plane field, and replace the Reeb component by the foliation . #
of Theorem 2. Since the perturbation keeps the topological type of # ™| K
by Theorem 3, the perturbed foliation .#"is also solitary again by Theorem
2.

In the rest of this section we prove [Theorem 3. For it, we use the

following theorem due to Hirsch([2]) (For our purpose, minor modifications
are carried out).

THEOREM 4(Theorem 1.1 of [2]).

Let M be a closed 3-manifold and let Fol> (M) be the space of C? foliations
of M of codimension one with the C* topology (defined in [2]). Let L bea
toral leaf of a codimension one foliation 5 and let acm(L, x) for some
base point x, L. Assume the linear holonomy along a is non-trivial (and
thus hyperbolic). Then there exists &>0 with the following properties :

If 0<e<e,, then there exists a neighborhood Nt CFol2(M) of & such that for
every F'EN, there are a compact leaf L'EF " and a C2-diffeomorphism h : L
L satisfying d(x, h(x))<e, where d 1is the induced distance by a
Riemannian metric on M. Morveover L’ is unique.

Proor OF THEOREM 3.

StEP 1. We will prove the small perturbation keeps the topological type
of the Reeb component .| (S'xD%"”. Let L denote the compact leaf o
(S'x D2)” and take a small collar neighborhood C: L X[ —e, e]—>S'x D?of
L such that C(Lx{0)=L, C(Lx[0, e]DC(S*xD", and C(LX{t}) is
transverse to .# ™ for each t&[—e, €] —1{0}.

Let N=(S'xD?)"—C(Lx[0, €]) andlet P:S'XD*>N be a product
structure such that (i) for each tES', P({t}xD? is a leaf of ™ N and
(ii) for each x&D? P(S'X{x}) is transverse to F M| N.

Let % be a small C? perturbation of #™. By Theorem 4, there exists
a compact leaf L’ of ¥'in C(LX[—e¢, €]) near L. Let a’be a loop in L’
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homotopic to the core circle of S'x D2 Then the linear holonomy along a’
is also non-trivial. Consider #'|N. We may assume C(L X {e}) and the
circles P(S'X{x}), x&D? are transverse to ..

Then we see | N is a product foliation by 2-discs. From this .¥'| 9N
is a trivial foliation by circles. This implies the holonomy group of L’is of
rank I and thus .#”| T is a Reeb component with hyperbolic holonomy, where
T denotes the closure of the connected component of S'X D?— L’ containing
N. A Cisotopy from T to (S'xD2)” is easily constructed. We see also
F'|(S§'x D% " has two Reeb components near (%,(S*XD%))” and (h,(S*X
D))”.

STEP 2. We will prove the perturbation keeps the topological type of
F(h,(S'x2(2))”. Let ¥ denote a small perturbation of #™. Let L,=
o(h,(S*xD?»)”and let L,=9(h,(S'xD%)”. Let L;be the compact leaf of
#'corresponding to L;(i=1, 2) and let 7'} be the solid torus bounded by L:.
By a lemma of Kopell([2]), for each non-compact leaf L’ of . outside both
T{and T; and spiraling to L{ and L;, the intersection of L" and a collar of
L;is a circle. Thus by the bundle structure argument as in Step 1, we see L’
is diffeomorphic to the open 2-punctured 2-disc. This shows Step 2.

By a similar argument as above, we see that for .#' there exists a
compact codimension 0 submanifold K’ near K =(S5'x D?)’ such that $'| K"’
is C° isotopic to # ™| K. This completes the proof of [Theorem 3.

REMARK 2. For a transverse pair (¢ &) of codimension one
foliations of a 3-manifold, we say ( .% ¢) unraisable to a total foliation if
there exists no codimension one foliation % such that ( % ¢ Z#)forms a
total foliation. Every closed oriented 3-manifold admits such a pair(see
[7]D. For such a pair, we can consider the stability as in the case of the
solitary foliations. For example, let M be the total space of the S*'-bundle
over the 2-torus T =IR*Z* with non-trivial Euler class, and let z : M—T?
be the projection. Let ( 57,' <) be the transverse pair of codimension one
foliations of T2 such that each leaf of # (resp. @) is a circle parallel to the
x-axis (resp. the y-axis) of 7'2. Then the induced pair (z*.% #*%) is
unraisable to a total foliation(by Milnor and Wood [10]). We can
verify this pair does not satisfy the stability in the sense above. We now
pose the following

PROBLEM. Find a stable unraisable pair.
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