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Introduction

Let R be a manifold, and let E and F be two differential systems on R,
i. e., subbundles of the tangent bundle 7' (R) of R. Then the pair (E, F) is
called a product structure on R, if it satisfies the following conditions :

(P.1) T(R)=E+F (direct sum),

(P.2) Both E and F are completely integrable.

A manifold R equipped with a product structure (E, F) is called a
product manifold. Let R(resp.R") be a product manifold, and (E, F)
(resp. (E’, F")) its product structure. By an isomorphism of R onto R’ we
mean a diffeomorphism ¢ of R onto R’ such that the differential ¢, of ¢

sends E to E’and F to F’. Clearly the product ¥ X N of two manifolds M
and N, and hence its open submanifolds  become naturally product
manifolds in our' sense.

The main purpose of the present paper is to study the automorphism
groups Aut(Q) of product manifolds Q together with some related problems,
based on the results in our previous works [8], and our recent work
[13]. (For several years we have worked on the geometrizations of systems
of ordinary differential equations, and the results, obtained, will be publ-
ished in the near future as a series of papers under the title: On pseudo-
product structures and the geometrizations of systems of ordinary different-
ial equations, which we quote by [13])

First of all we shall explain the main theorem in the present paper.

Let © be a simple graded Lie algebra of the first kind, by which we mean
a graded Lie algebra (over R), g :§p}b », satisfying the following conditions:

1) dim 8<oo, and g is simple, 2) §_,= {0}, and h,={0} if p<—2orp=2.
(Note that dim §_,=dim §,.) If weset h=0,and m=bh_,+0, we see that the
system &={g;h, m} gives an (affine) symmetric triple, that is, it satisfies
the following conditions: 1) 8=H+m (direct sum), 2) [H, m]Cm, and
[m, m]Ch. Clearly the symmetric triple &is of simple and reducible type,
that is, g is simple, and the linear isotropy representation of § on m is
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reducible. In his paper [3], Berger classified the symmetric triples of
simple type, especially showing that any symmetric triple of simple and
reducible type can be obtained in this manner.

Now, there is naturally associated to $ a (non-compact) affine symmet-
ric homogeneous space G/H such that the symmetric triple associated with
G/H is given by & and such that G/H is standard in a suitable sense (see 2.
4). The space G/H will be called the standard affine symmetric space
associated with . It should be noticed that the space G/H is endowed with
a product structure. In fact, the subspaces )_, and b, of m naturally give
rise to invariant differential systems E and F on G/H respectively, and the
pair (E, F) gives an invariant product structure on the space. Giving
attention only to the product structure, we denote by Aut(G/H) the
automorphism group of the product manifold G/H.

These being prepared, the main theorem (Theorem 2.8) in the present
paper may be stated as follows: Assume that $ is of the classical type. If
$ is isomorphic with a definite Mobius (graded Lie) algebra, then the
automorphism group Aut(G/H) is naturally isomorphic with the diffeo-
morphism group of a sphere. Otherwise, the automorphism group Aut
(G/H) is naturally isomorphic with the group G.

Here the definite M6bius algebras mean the simple graded Lie algebras
of the first kind which play an important role in the definite conformal
geometry and which may be regarded as the symbols of definite conformal
structures. (For the precise definition, see 2. 3.)

We shall now make some remarks on the main theorem.

(1) Clearly a product structure is of infinite type and not elliptic in the
sense that the equation of local infinitesimal automorphisms of the structure
is of infinite type and not elliptic. Nevertheless the main theorem implies the
finiteness for the automorphism group Aut(G/H) of the product manifold
G/H, provided 9 is not isomorphic with a definite Mobius algebra. It
should be here recalled that the finiteness for the automorphism group of a
geometric structure (such as a Riemannian structure, a complex structure
and so on) which we have known up to now, is all based on the ellipticity for
the geometric structure.

(2) We first remark that the Killing form of the Lie algebra g naturally
gives rise to an invariant indefinite Riemannian metric ¢ on G/H, and it
satisfies the following: 1) g(E,, E,)=g(Fy, F,)={0} at each x&G/H, 2)
Both E and F are parallel with respect to the Levi-Civita connection Vv
associated with g. Thus the space G/H equipped with the product structure
(E, F) and the metric g turns out to be a space analogous to a hermitian
symmetric space of simple and non-compact type (cf. a parahermitian
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symmetric space in the sense of [5]). As an important consequence of the
main theorem we now remark that the metric g is completely determined (up
to constant factors=0) by the product structure (E, F), provided 9 is not
isomorphic with a definite Mobius algebra (cf. the K#hlerian metric of a
hermitian symmetric space of simple and non-compact type, and the
Bergmann metric of a bounded domain). In connection with this fact, see
the problem at the end of § 2.

(3) Through the proof of the main theorem we shall find an analogy
between the study of the product manifolds G/H and the study of Siegel
domains (of the first and the second kinds) due to Pyatetski-Shapiro as
developed by [10]. At the same time we shall find some essential differences
between the two studies. For example, consider the finiteness for the
automorphism groups.

(4) Finally we remark that the geometry of the product manifold G/H
is closely related to the geometry of a certain involutive system of partial
differential equations of finite type, provided & is of the second class (cf.
Remark at the end of 2.2).

Now, we proceed to the descriptions of the various sections.

§ 1 is preliminary to the subsequent sections.

After general remarks on terminologies and notations, we recall several
known facts on simple graded Lie algebras ([12]), and prove some facts
(Lemma 1. 11 and its corollaries) on simple graded Lie algebras of the first
kind. We also recall some fundamental facts (Facts A and B) in the
equivalence problems associated with simple graded Lie algebras of the first
kind ([8] and [12].

We then introduce the notion of a pseudo-product manifold ([13]),
which plays an important role in the present paper. By a pseudo-product
structure on a manifold R we mean a pair (E, F') of differential systems E
and F on R satisfying the following condtions: 1) EN F =0, the zero cross
section of T(R), 2) Both E and F are completely integrable. A manifold
R equipped with a pseudo-product structure (E, F) is called a pseudo-
product manifold. Now let R be a submanifold of a product manifold R,
and (E’, F") the product structure of R’. Then R becomes a pseudo-
product manifold simply by setting E,=FE. N T(R),and F,=F,NT(R), at
each point x of R, provided both dim E, and dim F, are constant.

Furthermore we introduce the notion of a pseudo-product FGLA, which
may be regarded as the symbol of a pseudo-product manifold at a point
([13]). Finally we introduce the notion of a pseudo-product manifold of
type €, where  is a pseudo-product FGLA of the second kind, and state some
fundamental facts (Facts C and D) in the equivalence problem for pseudo-
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product manifolds of type £, under the condition that the prolongation ® of
g is simple ([13]).

In §2, we first prove some propositions on the automorphism groups
Aut(Q) of product manifolds Q, and then state the main theorem together
with some related facts.

Let P” be the n-dimensional projective space over R, and G"(P") the
Grassmann manifold of »-dimensional projective subspaces of P”* where 1<
r<n—1. Let us consider the relation R in the product manifold P*x G"(P™)
defined by

R={(p, a)eP"XG" (P |pCa}.

As is easily seen, R is a compact submanifold of the product manifold, and
hence the complement Q of R is an open submanifold of the product manifold.
Then it can be shown that the automorphism group Aut(Q) of the product
manifold Q is naturally isomorphic with the projective transformation group
G of P" (Proposition 2.1)), indicating that the projective geometry has a
close relationship with the geometry of product manifolds.

IProposition 2. 1|, this apparently simple fact, is just the starting-point of
our study, and it is generalized (or partially generalized) in two manners :
One is from the view-point of the manifold theory (Propositions 2.5 and
2.6D ; The other is from the view-point of the Lie group theory, which is
nothing but our subject.

§ 3~§ 8 are devoted to the proof of the main theorem.

We first notice that the simple graded Lie algebras of the first kind (of
the classical type) are divided into two classes, called of the first class and
of the second class (see §5). In our notations, the simple graded Lie
algebras of the second class consists of &(#n, £; K)(k>#n=1, K=R or C or
Q), a class of Grassmann graded Lie algebras, and ©0(#n, #; K) (n odd,
n=5 K=Ror C), where Q denotes the skew field of quaternions. Thus the
standard affine symmetric spaces G/H are divided into two classes, which
just correspond to the symmetric Siegel domains of the first kind and those of
the second kind (but not of the first kind). It should be here noted that to
every simple graded Lie algebra O of the second class there is suitably
associated a simple graded Lie algebra & of the second kind such that the
underlying Lie algebras of $ and & coincide and such that & is pseudo-
product in our terminology (see §3 and §7).

Now, the proof of the main theorem is treated in different manners,
according as § is of the first class or of the second class. Let us explain our
basic idea for the proof in the case where § is of the second class. This is
to construct two connected, compact manifolds M and N on which the group
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G acts transitively and effectively, and successively to carry out the
following procedures (cf. the proofs of Propositions 2. 1, 2.5 and 2.6)) :

(1) The group G acts on the product manifold M X N through the
diagonal map of G to GXG. Then we show that the action of G on M XN
have a single open orbit Q and a single minimal dimensional orbit R. Hence
Q is an open, dense subset of M X N, and the submanifold R of M X N is in
the boundary 2 of Q.

(II) We show that G/H and Q are isomorphic as homogeneous product
manifolds, and that every automorphism ¢ of the product manifold Q is
naturally extended to a unique automorphism ¢,,, , of the product manifold
M x N. Note that ¢,,, y leaves 9Q invariant.

(III) We show that ¢,,, 5 leaves R invariant and hence the restriction
of ¢, .~ to R gives an automorphism of the pseudo-product manifold R.
From the procedures so far we see that there are natural injective
homomorphisms #,, 7, and j of G to Aut(Q), of G to Aut(R) and of Aut(Q)
to Aut(R) respectively. Thus we obtain the following commutative
diagram :

2> Aut(Q)

N L

ip ¥ Aut(R)

(IV) We apply Facts C and D to the pseudo-product manifold R, and
show that the homomorphism i, gives an isomorphism of G onto Aut(R).
Consequently we have the natural isomorphisms: Aut(Q) =G, proving the
main theorem for the given 9. ,

Let us return to the descriptions of the various sections. In §3 we
develop a general theory for the proof of the main theorem in the case where
9 is of the second class. We start from any simple graded Lie algebra & of
the second kind which is pseudo-product. Then it is shown that there are
naturally associated to ® two simple graded Lie algebras % and ¥ of the first
kind whose underlying Lie algebras coincide with that of . Our task here
is to realize our basic idea for § =%. Indeed, we consider two conditions,
(I.1) and (I.2), on ®, and show by the realization of the basic idea that
the main theorem is true for =% under these conditions. Similarly in § 4
we develop a general theory for the proof in the case where 9 is of the first
class. We start from any simple graded Lie algebra & of the first kind. As
above we consider three conditions, (I.1), (I.2) and {.3), on &, and show
by an analogous idea that the main theorem is true for § =® under these
conditions.
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In § 6 we study certain algebraic varieties of the spaces M, (C) of square
matrices over C, etc. We discuss generators of the ideals of the varieties,
and determine the linear transformations leaving the varieties invariant. In
§ 7 we apply the arguments in § 3 to the simple graded Lie algebra ¢ of the
second kind associated with each simple graded Lie algebra 9 of the second
class. Note that & is pseudo-product, and the associated % coincides with
the given . We easily verify condition (II,1), and verify condition (IL 2)
by the use of the results in § 6 and by the method of complexification, thus
completing the proof of the main theorem for $=%. Similarly in §8, we
apply the arguments in § 4 to each simple graded Lie algebra & of the first
class. Unless ® is a definite Mobius algebra, we easily verify condition (I.
1), and verify conditions (I.2) and (I.3) by the similar arguments to the
above. Thus we complete the proof of the main theorem for $=®. (The
exceptional case can be easily settled.)

Finally I thank to Dr. Yamaguchi who kindly helped me through reading
the manuscript.

§1. Preliminaries

1.1. General remarks on terminologies and notations. Throughout the
present paper, we shall always assume the differentiability of class C>.

(a) Let M be a manifold. 7 (M) denotes the tangent bundle of M.
By a differential system on M we mean a subbundle of T (M).

(b) Let E be a vector bundle over a manifold M. For eachx&M, E,
or E(x) denotes the fibre of E at x. E denotes the sheaf of germs of local
cross sections of E. For each x&M, E(x) denotes the stalk of E at x.

(c) Let » be a map of a manifold M to a manifold N. Then M is
called a fibred manifold over the base space N with projection =, if z is
surjective, and further if, for each x&M, the differential Ty of = at x is

surjective. If M is a fibred manifold over N with projection =z, the
differential system E=z,'(0)={X&EeT(M)|n,(X)=0} on M is called the

vertical tangent bundle of this fibred manifold.

(d) Let f be a function on a manifold M. For any x&M and any
integer £=0, j%(f) denotes the k-jet of f at x.

(e) Let M be a manifold, and let » be an integer with 1< »<dim M —
1. Then G"(T(M)) denotes the Grassmann bundle of #-dimensional
contact elements to M. Let w be the projection of G'(T(M)) onto M.
For each z&G"(T (M)), let C, denote the subspace of the tangent (vector)
space T (G"(T(M))), consisting of all vectors X such that the vectors w,

(X) are in the subspace z of the tangent space 7 (M )=,. Then the union
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C=UC, gives a differential system on G"(T (M)), which is called the

canonical system on G"(T(M)). Let A be an »-dimensional submanifold of
M. For each x&A, the tangent space T (A), gives a point of G'(T (M)).
This being said, A denotes the subset {T(A)|x€A} of G'(T(M)), which
is an 7-dimensional submanifold of G"(T (M)) and is called the lift of A to
G™(T(M)). Notethat A is an integral manifold of the canonical system C.

(f) The rest of the paragraph will be devoted to the definition of a
Cartan connection (cf. [8], and [12]).

Let G/G® be a homogeneous space of a Lie group G over its closed
subgroup G9. Put m=dim G/G?, and let g (resp. 4°) denote the Lie
algebra of G (resp. of G). Now let M be an m-dimensional manifold,
and let P be a principal fibre bundle over the base space M with structure
group G9. Let w be a g-valued 1-form on P. Then the pair (P, w) is
called a Cartan connection of type G/G® on M if it satisfies the following
conditions :

(C.1) Foreach z&P, the assignment X—w (X ) gives an isomorphism
of T(P), onto g,

(C.2) Riw=Ad@ Do, a=GY,
(C.3) w(A*)=A4, Acsqg.

Here, as usual, R, denotes the right translation on P corresponding to a,
and A* the vertical vector field on P corresponding to A.

Let (P, w) (resp. (P’, ")) be a Cartan connection of type G/G® on a
manifold M (resp. on M"). Let n (resp. n") be the projection of P onto M
(resp. of P’onto M"). Then a diffeomorphism ¢ of M onto M’is called an
isomorphism of (P, @) onto (P’, ®"), if there is a bundle isomorphism ¢ of
P onto P’ such that z'o¢=¢or and ¢*w’'=w. Note that ¢ is uniquely
determined by ¢, if G/G? is connected and if the action of G on G/G? is
effective.

The Lie group G may be naturally regarded as a principal fibre bundle
over the base space G/G? with structure group G?®. Let w be the
Maurer-Cartan form of G, i.e., the 8-valued 1-form on G defined by w (X;) =
X for all X €9 and z &G, where X should be identified with a left invariant
vector field on G. Then it is easy to see that the pair (G, ) gives a Cartan
connection of type G/G? on G/G©, which is called the standard Cartan
connection of type G/G.

1.2. Simple graded Lie algebras ([12]). First of all we recall the
definition of a graded Lie algebra and of a FGLA. Let K be the field R of real
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numbers or the field C of complex numbers. Let g be a Lie algebra over K,
and let (g,),-, be a family of subspaces of g, where Z denotes the additive
group of integers. Then the pair &={g, (8,)} is called a graded Lie algebra,
if it satisfies the following conditions: 1) gz%‘, g, (direct sum), 2) dim

gp<00, 3) (35 8] Gpiq-

Let ‘€={t, (g,)} be a graded Lie algebra such that g,={0} for all p=0.
(Hereafter such a graded Lie algebra will be written as T={t, (8,),<¢}.)
Then ¥ is called a fundamental graded Lie algebra or briefly a FGLA, if it
satisfies the following conditions :

(FGLA.1) dim t<oo,

(FGLA.2) g¢_,%{0}, and the Lie algebra t is generated by g_,.

Given a positive integer x4, a FGLA, 2, is called of the x-th kind, if g_,
*{0} and q,={0} for all p<—pu. It is also called non-degenerate, if the
condition “ X &g_, and [X, g_,]={0}” implies X =0.

Now, let ={g, (g,)} be a graded Lie algebra. If we set t= Zogp, we
<

see that T={t, (g,),<¢} isa (truncated) graded subalgebra of . Then® is
called a simple graded Lie algebra or briefly a SGLA, if it satisfies the
following conditions:

(SGLA.1) dim g<co, and g is simple,

(SGLA 2) %is a FGLA.

A simple graded Lie algebra & is called of the g-th kind, if the FGLA, ¥,
is of the x-th kind.

Let ® be a simple graded Lie algebra of the x-th kind.

LemMMA 1.1.  There is a unique element E in the centre of g, such that
[E, X]=pX for all X =g, and p.

The element E will be called the characteristic element of &.

Let <,> be the Killing form of the Lie algebra g.

Lemma 1.2. (1) <gp g¢>=1{0} if p+qg=0.

(2) For any integer p, the bilinear function (X, Y)—»<X, Y > on
gp,X Q_p 1S non-degenerate.

In particular it follows from this fact that dim g,=dim g_,.

LemMA 1.3. (1) The natural rvepresentation of the Lie algebra g, on g_,
is faithful.

(2) Let p=0, and X €g,. If [X, 0.,]1=1{0}, then X =0.

From this fact we know that g, may be naturally regarded as a
subalgebra of the derivation algebra Der(®) of ¥, and that & may be
naturally regarded as a graded subalgebra of the prolongation of the pair
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(% a,). (For the definition of the prolongation, see [9] or preferably [10].)
We also remark that if 4 =2, T is necessarily non-degenerate.

Examples. Let K be the field R or the field C or the skew field @ of
quaternions. Let us consider the space M,(K) of matrices of degree » over
K, being an associative algebra over R. As usual, M,(K) may be
considered as a Lie algebra over R, which we denote by gl(n, K).
Furthermore the Lie algebra gl(#, K) is reductive, and 8((»#, K) denotes its
semi-simple part. (For the details, see §5.) Now take % positive integers,
W, ..., ne, and set n=m,+...+n,, where £=2. Then every matrix X of
9=3[(#n, K) may be expressed as follows: X =(X;),<; j<» Where X,; are
n; X n;-matrices. For any integer p, define a subspace g, of g by

8,={X €8 |X,;=0if j—ixp}.

Then we easily see that &=1{g, (3,)} becomes a simple graded Lie algebra of
the (k—1)-th kind over R, which we denote by &(n, ..., n.; K).
Correspondingly the space g, will be denoted by g,(%:, ..., #n; K).

In the following we shall consider a fixed simple graded Lie algebra & of
the u-th kind over R. Let us consider the automorphism group Aut(g) of
the simple Lie algebra 8. As usual, the Lie algebra of Aut(g) may be
identified with g, so that Ad(a@) X =aX for all a=Aut(g) and X &9.

For any injeger p, define a subspace g of ¢ by §¥=31g,. Then we
izp

have [g?, g?]C g®9 and hence the family (g9®) gives a filtration in 4.
Thus we get the filtred Lie algebra F(®)={4, (4®)}. Now consider the
automorphism group Aut(®) of the graded Lie algebra &, and the
automorphism group Aut(F (®)) of the filtred Lie algebra F(&).

LEmMma 1.4. Aut(F(®)) coincides with the normalizer of the sub-
algebra g of g in Aut(g).

LemMA 1.5.  The Lie algebra of Aut(®) is 9,, and the Lie algebra of
Aut(F(®)) is g,

Clearly the graded Lie algebra associated with the filtred Lie algebra
F(®) is naturally isomorphic with the given . Hence we have a natural
homomorphism » of Aut(F(®)) onto Aut(®). Let G™ be the Lie subgroup
of Aut(8) generated by the (nilpotent) subalgebra 8™ of 4, and let exp be
the expential map of g to Aut(g).

Lemma 1.6.  The kernel of the homomorphism x is GV, and
Aut(F(®)) is a semi-dirvect product of Aut(®) and GV. Furthermore every
element a of GV may be written uniquely in the following form :
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a=exp X;...exp X,
wherve X;€8; (1<i<u).

LEmMA 1.7.  The natural representation of Aut(®) om g_, is faithful.
Now, let G, be an open subgroup of Aut(®). We define subgroups G©
and G of Aut(g) respectively by

GO=x"1Gy) =G GV, G=Aut(g)° Gy,
where Aut(g)° stands for the connected component of the identity of Aut(g).

REMARK. The groups G and G will be called associated with the pair
(®, Go). In the special case where G,=Aut(®), the groups G,, G® and G
will be called associated with ®. In our previous paper [12], we exclusively
considered the groups G,, G'(=G?) and G associated with &, on the basis
of which the theory was developed. However, as is easily observed, all the
results in that paper hold good even in our generalized or modified situation.
Let us consider the homogeneous space G/G©.

LEmMA 1.8.  G/G® is connected and compact, and the action of G on
G/GO9 is effective.

We have 3 =t+ 3@ (direct sum). This being said, we define a represen-
tation p of G on t by

pla)X=Ad(a) X (mod ¢@) for all eeG® and X &t,

which may be naturally regarded as the linear isotropy representation of G©
on the tangent space T(G/G®),(=t), o being the origin of G/G®. Let G*

be the Lie subgroup of G generated by the (abelian) ideal g of g®.

LEMMA 1.9.  The kernel of the homomorphism p coincides with G*.

Finally we recall some definitions in the equivalence problem associated
with the simple graded Lie algebra ®. A Cartan connection (P, @) of type
G/G9 on a manifold M is called a connection of type & on M, and this
connection is called normal, if the curvature K =3 K*satisfies the following

4
conditions: 1) K*=0 for p<0,2) a*K*=0 for p=0 (see page 47 in [12]).
Clearly the standard connection (G, w) of type G/G® is a normal connec-
tion of type ®, which is called the standard connection of type ®.

1.3. Some facts on simple graded Lie algebras of the first kind. Let
® be a simple graded Lie algebra of the first kind. Let G, be an open
subgroup of Aut(®) such that Aut(g)°NAut(®)C G,. Let G and G be the
groups associated with the pair (&, Gy) : GO=G,+G, and G=Aut(9)%G,,
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where G, stands for the group GY, i.e, the Lie subgroup of Aut(g)°
generated by the abelian subalgebra g, of g. Similarly let G_, be the Lie
subgroup of Aut(g)° generated by the abelian subalgebra gq_, of g. Let us
consider the subset of G :

S:le'Go'Gl.

LEMMA 1.10.  Every element a of S can be written uniquely in the
following form :

a=exp X_,*beexp X,
where X ,&9_,, bEG, and X, €9,.

Proor. Let X_,eq_,, bEG, and X,<=8,. To prove the lemma, it
suffices to prove that the condition “exp X_,=b-exp X,” implies that X_,=
X,=0, and b=e¢, the identity of G. Accordingly assume that exp X_,=b-
exp X,. Then we have Ad(exp X_,)E=Ad(b-exp X,)E, where E is the
characteristic element of G. We have Ad(exp X_)E=E+X_,, and Ad(b-
exp X;))E=F—Ad(b)X,, whence X ;=—Ad(b)X,. Therefore we obtain
X_;=X,=0, and hence b6=e¢. Thus the lemma follows.

Let a=S and Y,=4q,. The notations being as in Lemma 1. 10, we have

Ad(a) Y,=Ad(exp X_)Ad(b) Vi=Ad(b) Y, (mod g_,+go).

Now, for any a=G, we define an endomorphism &(a) of g, by
Ad(a) Y,=¢(a) Yi(mod g_,+4g,) for all Y, &4,
and set
S'={aeG|§(a) EGL(8,)},

where GL(8,) denotes the general linear group of g,. We have SCS’, as
we have just seen.

LemMma 1.11. S=8S".

Proor. Take any a<S’, and set £=¢6(a). Since E&GL(4g,), there is
X, €4, such that

Ad(@)E=—-¢&X, (mod g_,+go).

Put a'=a-exp(—X,). Then we have Ad(d)E=Ad(e)(E+X,)=—EX,+
€¢X, (mod g_,+4,), and hence Ad(¢)E =0 (mod 9_,+ g,). Therefore there
is X, €4, such that

Ad(aH)E=X, (mod g_,).
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We assert that X,=E. Indeed, let Y,=g,. Then we have [E, Y,]=1Y,
and hence [Ad(@)E, Ad(a)Y,]=Ad(@)Y,. Wehave Ad(a)Y,=Ad(a) ¥,
=¢Y, (mod g_,+8,). From these facts it follows that [X,, {Y,]=¢Yi=[E,
€Y,]. Since £g,=g,, and since the natural representation of g, on g, is
faithful (cf. Lemmas .2 and L. 7), it follows that X,=FE, proving our
assertion.

Therefore we have Ad(¢)E=E (mod 8_,), and hence there is X_,&49_,
such that

Ad(@HE=E+X_,.

If we put b=exp(—X_,)+a’, we easily have Ad(b)E =E, which means that
beAut(®)NG=G,. We have thus shown that a=a’-exp X, =
exp X_,*b+exp X, €S, and hence S'CS, proving the lemma.

CorROLLARY 1. S is an open, dense subset of G.
Let z be the projection of G onto G/G®. We define a map ¢ of g_; to
G/G® by

t(X)=n(exp X) for all Xeg_,.

Then we see from Lemma 1. 10 that ¢ is an (open) imbedding. Clearly we
have S=#z"'(¢(g_,)). Therefore from we get

COROLLARY 2. The image 1 (8_,) of 8-, by ¢ is an open, dense subset of
G/G(O).

1.4. G,-structures ([8] and [12]). Let ® be a simple graded Lie
algebra of the first kind, and let G,, G and G be the associated groups.
Let us consider the homogeneous space G/G, and let p be the associated
linear isotropy representation of the group G on the space g_,(=t). We
denote by G, the image of G by the homomorphism p of G to GL(g-.),
which is called the linear isotropy group associated with G/G®. Since
G©=G,+G,, and since the kernel of p coincides with GV=G, (Lemma 1.9,
we see that p gives an isomorphism of G, onto Go.

G, being a Lie subgroup of GL(g_,), we have the notion of a Go-
structure, which we shall clarify from now on.

For this purpose, we first recall the definition of the frame bundle. Put
m=dim G/G®=dim g_,, and let M be an m-dimensional manifold. For
each x&M, we denote by F (M), the set of all isomorphisms z of g_, to the

tangent space T(M),, and put F(M)=UF(M),. Then F(M) becomes

naturally a principal fibre bundle over the base space M with structure group
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GL(g_,), which is called the frame bundle of M. Let M (resp. M") be an
m-dimensional manifold, and F(M) (resp. F(M")) its frame bundle.

Then a diffeomorphism ¢ of M onto M’ naturally induces a bundle isomor-
phism ¢ of F (M) onto F(M"):

$(2) X=¢,(z°x), zEF(M), XEg_,.

Let M be an m-dimensional manifold. Then a reduction @ of the frame
bundle F (M) to the group G, (or a G,-subbundle of F(M)) is called a G,-
structure on M. Let Q (resp. Q) be a G,-structure on a manifold M (resp.
on M"). By an isomorphism of @ onto @ we mean a diffeomorphism ¢ of
M onto M’ such that the bundle isomorphism ¢ sends @ to Q'

We now show that to the homogeneous space G/G© there is naturally
associated a G,-structure on it. Consider the frame bundle F(G/ G®) of
G/G©. Let z, be the point of F(G/G®) given by

2 X =nm,(Xe), XEG.,,

where z is the projection of G onto G/G©®. For each a=G, let 7, denote the
transformation of G/G® induced by . Then the group G acts on F(G/G®)
through the correspondence a—7,, and let @ be the G-orbit through the point
2€F(G/G®). As is easily verified, we have

7.(z) =2°p(a), acGO.

Using this fact, we easily show that Q is a G,-structure on G/G©.
Here, we recall the following

Lemma 1.12  (cf. [6], III, and [8]). ® is the prolongation of (9_,,
80) Cor precisely of (T, 8,)) if and only if & is isomorphic with none of the
simple graded Lie algebras 8(1, n; K) of the first kind, wheve n=1 and K =
R or C.

Now we have the notion of a normal connection of type &, being a
connection of type G/G°. In the following we assume that & is the prolong-
ation of (g_i, go).

Fact A (Theorem 2.7 in [12]). To every Go-structure Q on a manifold
M there 1s associated a normal conmection (P, @) of type & on M in an
invariant manner.

In connection with this fact, see also [8]. Let Q (resp. @) be a G,-
structure on a manifold M (resp. on M"), and let (P, ) (resp. (P’, @)
be the associated normal connection of type & on M (resp. on M”"). Then
the invariance means that a diffeomorphism ¢ of M onto M’ is an isomor-
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phism of Q onto @', if and only if it is an isomorphism of (Z, @) onto
(P, @). Therefore it follows that the automorphism group Aut(&) of the
G,-structure @ coincides with the automorphism group Aut(P, @) of the
connection (P, @), and further that Aut(Q) becomes naturally a Lie group
of dimension at most dim 4.

Let us now consider the G,-structure Q associated with G/G®. The
following fact also follows from Theorem 2.7 cited above.

Fact B.  The standard conmection of type®, (G, ), may be naturally
vegarded as the normal comnection of type & associated with the Go-structure
Q.

Therefore we have Aut(Q)=Aut(G, @), from which we can easily
derive the following

LemMma 1.13.  The natural homomorphism, a—1., of G to Aut(Q)
gives an isomorphism (onto).

1.5. Pseudo-product manifolds, and the symbol algebras ([13] and
cf. [9]). Let R’ be a product manifold, and (E’, F") its product structure.
Let R be a submanifold of R’. For each x&R, we define subspaces E, and
F, of T(R), respectively by

Ex:E;cm T<R), Fx:F;cﬂ T<R>x,
and set E=U E,and F=U F,. We now assume the following regularity

condtion : Both dim E, and dim F, are constant. Then we see that £ and F
give differential systems on R and that the pair (E, F) satisfies the
following conditions :

(PP.1) ENF=0, the zero cross section of T (R),

(PP.2) Both E and F are completely integrable.

Now, let R be a manifold, and let E and F be differential systems on it.
Then the pair (E, F) is called a pseudo-product structure on R, if it satisfies
conditions (PP.1) and (PP.2). A manifold R equipped with a pseudo-
product structure (E, F) is called a pseudo-product manifold. Let R (resp.
R” be a pseudo-product manifold, and (E, F) (resp. (E’, F")) its pseudo-
product structure. By an isomorphism of R onto R’ we mean a diffeo-
morphism ¢ of R onto R’such that the differential ¢, of ¢ sends E to E”and
F to F".

As we have seen above, a submanifold R of a product manifold R’
becomes naturally a pseudo-product manifold, provided R satisfies the
regularity condition. Conversely it is shown that any pseudo-product
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manifold R can be locally realized as a submanifold of a product manifold.
More precisely, let x be any point of R. Then there are a product manifold
R’ and an imbedding ¢ of a neighborhood of x to R’ such that the pseudo-
product structure (E, F) of R, restricted to the neighborhood, is induced
from the product structure (E’, F") of R’ by the imbedding ¢, and such that
2dim R=dim R’+rank E+rank F. Note that such a pair (R, ¢) is unique
in a suitable sense.

Let R be a pseudo-product manifold, and (E, F) its pseudo-product
structure. Set D=FE+F, which is a differential system on R by (PP.1).
The sheaf T'(R) of germs of local cross sections of the tangent bundle 7 (R)
is naturally a sheaf of Lie algebras, and the sheaf D of germs of local cross
sections of the differential system D is a subsheaf of 7(R). Now assume
the following conditions :

(+.1) D is regular ir the sense of [9] and the derived system of D
coincides with 7°(R), or in other words,

T(R)(x)=[D(), Dx)]+D(x) at each xR,
(.2) TR)Y2D=0.

Let x&R. For any negative integer p we define a vector space g,(x) as
follows :

gp(x)={0} if p<—2,
32(0)=TR)x) /D), g_,(x)=D (),

and set t(x)= Z‘,O 3p(x)=6_,(x)+g_,(x). We now define a bracket opera-
<

tion [ , ] in t(x) by the requirement that [g_,(x), g_,(x)]=
[8-2(x), g..(x)]={0}, and

[ X, YVi]=w(X, Y], for all X, YeD),

where w denotes the projection of T(R) onto T (R)/D. Then we easily see
that [ , ] is well defined, and that t(x) becomes a Lie algebra with respect
to this bracket operation. We also see that T (x)={t(x), (8p(x)) peo}
becomes a FGLA of the second kind, which is called the symbol algebra of
the differential system D at the point x ([9]).

Now, E(x) and F(x) are subspaces of g_,(x)=D(x). Then the
system £(x) ={T(x) ; E(x), F(x)} will be called the symbol algebra of the
pseudo-product manifold R at the point x. Clearly we have g (x)=E(x)+
F(x) (direct sum), and by condtion (PP.2) we have [E(x), E(x)]=
[F(x), F(x)]={0}.
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1.6. Pseudo-product FGLA’s, and pseudo-product manifolds of type 2
([13] and cf. [9]). Let T={t, (8,)p<0} be a FGLA over K, where K =R or
C, and let ¢ and { be subspaces of g_,. Then the system 8={%; ¢, f} is
called a pseudo-product FGLA, if it satisfies the following conditions :

(PPF.1) g_,=e+f(direct sum),

(PPF.2) [e,e]=[f,f]=1{0}. :

Let 2={T; ¢, §} and ¥'={T; ¢/, i’} be two pseudo-product FGLA’s. By
an isomorphism of € onto £’ we mean an isomorphism ¢ of T onto ¥’ such that
¢ sends e to ¢’ and | to f".

Let 2={%: ¢, f} be a pseudo-product FGLA. Then ¢ is called of the
u-th kind (resp. non-degenerate), if T is of the u-th kind (resp. non-
degenerate). Furthermore let g, be the derivation algebra Der(2) of ¥:
Der(®) ={ X €Der(%)|XeCe, XiCf}. Then the prolongation & of (%, g,)
is called the prolongation of €.

LemMma 1.14.  Let & be the prolongation of &. If L is non-degenerate,
then the underlying Lie algebra § of & is finite dimensional.

Let R be a pseudo-product manifold satisfying conditions (x. 1) and
(x.2). Let us consider the symbol algebra £(x) of R at each point xER,
which is a pseudo-product FGLA of the second kind. Now let & be a fixed
pseudo-product FGLA of the second kind over R. Then we say that the
pseudo-product manifold R is of type £, if 2(x) is isomorphic with ¢ at each
point x.

Hereafter we assume that € is non-degenerate and that the prolongation
& of & is simple. Then the automorphism group Aut(®) of & may be
naturally identified with an open subgroup of the automorphism group
Aut(®) of . Set G,=Aut(2), and let G® and G be the groups associated
with the pair (®, Go).

Now, we have the notion of a normal connection of type &, being a
Cartan connection of type G/G©.

Fact C. To every pseudo-product manifold R of type L there is assoc-
jated a conmection (P, @) of type & on R in an invariant manner.

As before it follows from this fact that the automorphism group Aut(R)
of the pseudo-product manifold R coincides with the automorphism group
Aut(P, @) of the connection (P, ), and that Aut(R) becomes naturally a
Lie group of dimension at most dim §.

We shall now show that the homogeneous space G/G® becomes
naturally a pseudo-product manifold of type ¢. Let us consider the
subspaces a@=¢+a® and $@=f+g® of g. Then we can easily verify the
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following: 1) Ad(Ga®=a® and Ad(GBO =50, 2) a®@N 6@ =g@© 3)
Both a© and 6© are subalgebras of g. By 1) we see that a® and b©
naturally induce invariant differential systems E and F on G/G“ respec-
tively, and by 2) and 3) that the pair (E, F) gives an invariant pseudo-
product structure on G/G©. Since g_.= [g-1, 6..], it follows easily that the
pseudo-product manifold G/G®, thus obtained, satisfies conditions (x. D
and (=.2). Moreover it is not difficult to verify that the symbol algebra 2 (o)
of G/G at the origin o is isomorphic with the given pseudo-product FGLA,
Q, indicating that G/G is of type £.

Fact D.  The standard connection (G, @) of type & may be naturally
regarded as the mormal connection of type ® associated with the pseudo-
product manifold G/G® of type £.

Therefore the automorphism group Aut(G/G) of the pseudo-product
manifold G/G© coincides with the automorphism group Aut(G, @) of the
connection (G, ). For a€G let 7, denote the transformation of G/G@
induced by a. Then we have the following

LEmMa 1.15.  The natural homomorphism, a—ta., of G to Aut(G/G?)
gives an isomorphism (onto).

REMARK. Let (P, @) be the normal connection of type ® associated
with a pseudo-product manifold R of type £. We shall explain how the
connection is related to the pseudo-product structure (E, F) of R. Set &=

{g,(a,}, and set e =g*; and {=87,. According to the decomposition =2
»

g, the connection form is decomposed as follows: @ =2} wp, and
»

according to the decomposition §_,=8%,+8Z,, the g_,-valued 1-form w_, as
follows: w_, =@’ +w>,. Let z be the projection of P onto R. Then the
differential system = »'(E) on P is defined by the equations : @_,=w,=0,
and the differential system = 3'(F) on P by the equations: w_,=w =0.
Note that these conditions together with the normality condition characterize
the connection (P, ).

§2. The automorphism groups of product manifolds

2.1. The projective geometry. Let (n, 7) be a pair of integers with
1<r<n—1. Let P" be the n-dimensional projective space over R, and
G7(P™ the Grassmann manifold of r-dimensional projective subspaces of P".
Let us consider the relation R=R, , in the product manifold P*X G"(P")
defined by
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R={(p, @) EP"XG(P"|pCa},

where “ pC a ” means that the point p lies on the projective subspace a. It
is easy to see that R is a compact submanifold of the product manifold. Let
(1=, , be the complement of R, being an open submanifold of the product
manifold. We remark that dim G"(P)=(r+1)(n—7r) and dim R, ,=n+
r(n—r).

Let G be the projective transformation group of P”. The group G
naturally acts on the manifold G"(P"), and hence it acts on the product
manifold P*X G"(P") through the diagonal map of G to GX G :

a*(p, a)=C(ap, aa), a<G, (p, a) P }XG"(P").

We remark that the actions of G on both P”and G"(P”) are transitive, and
that R and Q are G-orbits.

Let us consider the automorphism group Aut(Q) of the product manifold
Q. Then we have a natural injective homomorphism 7 of G to Aut(Q) : For
a<€G, i(a) is the transformation of Q induced by a.

We shall prove the following

ProrosITION 2.1.  The homomorphism i gives an isomorphism of G onto
Aut(Q).

Let p” (resp. p”) be the projection of Q to P” (resp. of Q to G"(P"®)),
and let (Eg,, Fg) be the product structure of Q. Then we can easily prove
the following

LemMMA 2.2.  Q is a fibved manifold over the base space P" (resp. over
GT(P™) with projection p’ (resp. with p”). Furthermore its fibves are all
connected, and its vertical tangent bundle is given by Fo (rvesp. by Eg).

Therefore we see that each fibre of the fibred manifold is a maximal
connected integral manifold of F; (resp. of Ej), and vice versa. Hence
it follows that every ¢ &Aut(Q) naturally induces a diffeomorphism ¢’
(resp. ¢”) of P" (resp. of G'(P™): p'ogp=¢’op’ (resp. p o =¢" op").

Thus we have the product transformation ¢’x ¢” of P*X G"(P"), being
an automorphism of the product manifold. Clearly the restriction of ¢’xX ¢”
to Q coincides with the given ¢, and hence ¢’ X ¢” leaves the boundary 9Q =
R of Q invariant. This clearly means the following: Let p&€P” and e« €
G’(P™. Then pCa, if and only if ¢'(p)C ¢”(a). Conseguently we know
that ¢’ naturally induces a transformation on the »-dimensional projective
subspaces, and hence a transformation on the projective lines. Therefore it
follows from a fundamental theorem in the projective geometry that ¢’ is a
projective transformation. Hence there is ¢ &G such that ¢’(p) =ap for all
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pePr. Clearly we have ¢”(a)=aa for all acsG"(PY). We have thus
shown that ¢ (w) =aw for all weEQ, thatis, ¢ = i(a), proving the proposi-
tion.

As we have mentioned in Introduction, [Proposition 2.7 is just the star-
ting-point of our study, which will be generalized in two-manners: One is
from the view-point of the manifold theory, and the other from the view-
point of the Lie group theory.

92.2. Generic submanifolds of product manifolds ([13]). As in the
preceding paragraph, let (%, ) be a pair of integers with1<7r<n—1. Let
R be a pseudo-product manifold, and (E, F) its pseudo-product structure.
Set D=E+F, and, for each point xER, let y. be the torsion of the
differential system D at x. Recall that yx is the anti-symmetric bilinear map
of D, XD, to T(R)/D, defined by

ve( Xy Yo =w(X, Y] forall X, YEDX),

where @ denotes the projection of T (R) onto T (R)/D.

Now, the pseudo-product manifold R is called a projective system of
type (u, 7), if it satisfies the following conditions :

(PRS.1) dim R=n+7(n—r), rank E=7 and rank F=r(n—r),

(PRS.2) D is non-degenerate, i.e., the torsion vy, of D at each point x
is non-degenerate.

Let 8={T; ¢,f} be a pseudo-product FGLA, and set T={t, (3,)p<o}-
Then € is called a projective FGLA of type (n, 7), if it satisfies the following
conditions :

(PRF.1) € is of the second kind, and dim § ,=#n—7, dim ¢ =m and
dim f=r(n—7),

(PRF.2) £ is non-degenerate.

It is easy to see that there is a unique projective FGLA of type (n, ) up
to isomorphism.

LeMMA 2.3. Let R be a pseudo-product manifold, and let £ be a
projective FGLA of type (n, v). Then R is a projective system of type (n, 7)),
if and only if it is of type L.

Let R be a submanifold of the product M X N of two manifolds M and
N. Assume that dim M =#, dim N=(+1)(n—7r) and dim R=n+7r(n—
7). Let (E’, F") be the product structure of M X N, and, for each point x&
R, set E,.=E'NT(R), and F=F N T(R),. Then we easily have

dim E, =7, dim F,=r(n—r).

This being remarked, we say that R is generically embedded in the product
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manifold M X N, if it satisfies the following conditions :

1) dim E,=7 and dim F,=r(n—7r) at each point x. Hence (E, F)
gives a pseudo-product structure on R.

2) The differential system D=FE + F is non-degenerate.

It is clear that, if R is generically embedded in M X N, then R becomes
a projective system of type (#, 7).

Let us now consider a systemB8={R; M, N} of connected manifolds M,
N and a submanifold R of M X N. Let Q be the complement of R in M x N.
Let ps (resp. p&) be the projection of R to M (resp. of R to N), and
similarly let ps; (resp. p§) be the projection of Q to M (resp. of Q to N).
Now assume the following conditions on the system B:

i) dim M=n, dim N=(r+1)(n—7) and dim R=n+7r(n—7r),

ii) R is generically embedded in the product manifoldM X N, and is
closed in it,

iii) The projections pf and p% are both surjective, and their fibres are
all connected,

iv) If r=n—1, the fibres of the projections pf} and p? are all
connected.

For example, the system ¥={R,,; P*, G"(P"} satisfies conditions i)
~1Vv).

We see from conditions i) and ii) that R becomes a projective system of
type (n, ), and from ii) that Q becomes an open submanifold of the
product manifold M X N. Let (Eq, Fg) be the product structure of Q, and
similarly let (E,, F,) be the pseudoproduct structure of R.

We easily have the following

LEmMA 2.4. (1) Q is a fibved manifold over the base space M (resp.
over N) whth projection py (resp. with p%). Furthermore its fibves are all
connected, and its vertical tangent bundle is given by Fo (vesp. by E).

(2) R is a fibved manifold over the base space M (vesp. over N) with
projection py; (vesp. with pX). Furthermove its fibres are all connected, and
its vertical tangent bundle is given by F,, (vesp. by Ej).

In particular we see from this lemma that both R and Q become
connected.

Now, consider the automorphism group Aut(Q) of the product manifold

Q as well as the automorphism group Aut(R) of the pseudo-product
manifold R.

As before it follows from (1) of that every ¢ cAut(Q)
naturally induces a diffeomorphism ¢, (resp. ¢,) of M (resp. of N).
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Thus we have the product transformation ¢,,, y=¢, X by of M XN ; The
restriction of ¢,,, 5 to Q coincides with the given ¢, and hence ¢,,, , leaves
R invariant. Let ¢ denote the restriction of ¢,,,, to K. Then we see that
the assignment ¢— ¢, gives an injective homomorphism A of Aut(Q) to
Aut(R).

Similarly it follows from (2) of that every yEAut(R)
naturally induces a diffeomorphism +,, (resp. ¥) of M (resp. of N).
Thus we have the product transformation v,,, y =¥, X ¥n ; The restriction
of ¥, «n to R coincides with the given ¢, and hence v,,., leaves
invariant. Let v denote the restriction of ¢,,, 5 to Q. Then we see that
the assignment ¢¥— 1y, gives an injective homomorphism A’ of Aut(R) to
Aut(Q).

Clearly we have A’°A=1 and AcA’=1. Thus we have proved the
following

PRrROPOSITION 2.5.  The homomorphism A gives an isomorphism of
Aut(Q) onto Aut(R).

Let € be a projective FGLA of type (%, ), and & its prolongation.
Then it can be shown that ® is isomorphic with the simple graded Lie algebra
&, », n-r ; R) of the second kind. Moreover we know from Lemma 2.3
that the pseudo-product manifold R, being a projective system of type (%,
r), is of type €. Therefore, by virtue of Fact C, there is associated to the
pseudo-product manifold R a normal connection (P, @) of type® on it in an
invariant manner. In particular it follows that Aut(R) becomes naturally a
Lie group and dim Aut(R) <dim 3((n+1, R) =n?+2n.

Consequently we have the following

ProprosiTiON 2.6  Aut(R) as well as Aut(Q) becomes naturally a Lie

group of dimension at most n*+2n, so that A gives a Lie group isomorphism
of Aut(Q) onto Aut(R).

REMARK. Let P be as above. Let us consider the Grassmann bundle
G"(T(M)) and the canonical system C on it. Let @ be the projection of
G™(T(M)) onto M. Then it can be shown that there is a unique
(open) immersion ¢ of R into G'(T(M)) such that wo¢ =pf and such
that D=¢ ,'(C), where D=E,+ F, as before. For simplicity let us
assume that ¢ is an (open) imbedding, and identify R with an open
submanifold of G"(T (M)).

Now let A be an r-dimensional submanifold of M. Then we say that A
is a solutien of the pair #=(R, E,), if the lift A of A to G'(T(M)) is an
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integral manifold of E,. In this way #° can be regarded as a differential
equation. We can easily show that the equation #°is locally represented by
an involutive system of partial differential equations of the second order of
the following form:

2

9y
oxiox’

a

B
=F5( @00, 2 )], 154 jsr 1sasa—r
ox*

In the special case where »=1, this system simply means a system of
ordinary differential equations of the second order :

d?y« 1 n-1
A :F"‘( Xy, o, ¥y %3;— e % ) lsas=n—L

By an automorphism of the equation .22 we mean a diffeomorphism ¢ of
M which naturally induces a transformation on the solutions of #°. Then we
remark that the automorphism group Aut(R) of the pseudo-product
manifold R is naturally isomorphic with the automorphism group Aut(#) of
the equation 2.

2.3. Affine symmetric triples, and simple graded Lie algebras of the
first kind. This paragraph is preliminary to the subsequent paragraph. Let
g be a finite dimensional Lie algebra over R. Let} be a subalgebra of g, and
m a subspace *{0} of g. Then the system &={g; b, m} is called an
(affine) symmetric triple, if it satisfies the following conditions :

(AST.1) g=bH+m(direct sum),

(AST.2) [b, m]Cm, and [m, m]Ch.

Let S={g; b, m} and &={g% §’, m’} be two symmetric triples. By an
isomorphism of & onto @ we mean a Lie algebra isomorphism ¢ of g onto g’
which sends b to §” and m to m".

Let&={g; b, n] be a symmetric triple. Then &is called of simple type,
if the Lie algebra g is simple, and it is also called of reducible type, if the
linear isotropy representation p of § on m is reducible. (Recall that p is
defined by p(X)Y =[X, Y] for all X&h and Y em.)

In his paper [3], Berger classified the symmetric triples of simple type
up to isomorphism.

Now, let 9={g, (§,)} be a simple graded Lie algebra of the first kind.
We know that $*={g, (§_,)} is also a simple graded Lie algebra of the first
kind, and is isomorphic with § (cf. Lemma 1.5 in [12]). Furthermore if
we set
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bh=9,, and m=§H_,+9,,

we see that the system ©={g ; §, m} gives a symmetric triple of simple and
reducible type, which will be called associated with . Conversely we have
the following lemma, which was first proved by Berger |3].

LemMMma 2.7(cf. Lemma 2, Appendix, in [11]). Any symmetric triple©
of simple and reducible type is associated with a simple graded Lie algebra $
of the first kind. Furthermore, such a 9 is unique in the following sense :
If © is associated with another simple graded Lie algebra 9’ of the first kind,
then =9 or ' =9H*.

Accordingly we have known that there is a natural one-to-one corre-
spondence between the symmetric triples of simple and reducible type, and
the simple graded Lie algebras of the first kind up to the respective isomor-
phisms.

We shall now exhibit some examples of simple graded Lie algebras of the
first kind.

(1) The Grassmann graded Lie algebras: &(n, k; K), where k=zn=
1, and K=R or C or Q.

(2) The Mobius graded Lie algebras. Let (u, ) be a pair of integers
with 027 <xn. We define a diagonal matrix of degree »n, T, ,, by

T, = —11 (—1 7 times),
1
and define a symmetric matrix of degree n+2, T, ., by
0 0 1
Thr= ( 0 T., O
1 0 0

We then dfine a subalgebra g of gl(n+2, R) by
g={X €gl(n+2, B |'XT, .+ T..X =0},

which is isomorphic with the Lie algebra 2o(r+1, n—7+1). If we put n,=
n;=1 and n,=n, every matrix X €gl(n+2, R) can be expressed as follows:
X =(X;)1<i j<3, where X, are n; X n;-matrices. Then the subalgebra g is
defined by the equations:

X31=0, tX32+ Tn,er:O, X11+X33:0,
thzTn,r+X22Tn.r:0y tX12+ Tn,ere.:O, X13:0-
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For any integer p we now define a subspace g, of g by g,=9N g8,(, %,
1; R={Xe€9|X,;=0 if j—ixp}. Then we see that &=1{g, (g,)} is a
graded subalgebra of &(1,#,1; R). If »r=0, n=1 or 1=2r<n, n=3, &
turns out to be a simple graded Lie algebra of the first kind, which will be
called the Mobius graded Lie algebra of degree » and of index », and will be
denoted by M ,(»). In particular, M,(n) will be called the definite M6bius
graded Lie algebra of degree n. Note that®(1,1; R)=M,(1), &(1,1; C) =
Mo(2) and G(1,1; @) =M, (4).

By using the matrix 7, ,, we define a subalgebra g of gl(#+2, C) and
their subspaces g, in the same manner as above. Then we see that =14,
(g,)} is a graded subalgebra of &(1, »,1; C). If n=x2, & turns out to be a
simple graded Lie algebraof the first kind, which will be called the M&bius
graded Lie algebra of degree »n over C, and will be denoted by M(#n, C).
Note that M1, C) =M, (2).

2.4. The standard affine symmetric spaces, and the main theorem.
Let $={g, (,)} be a simple graded Lie algebra of the first kind, and &={9 ;
h, m} the associated symmetric triple. We define subgroups H and G of
Aut(g) respectively by

H=Aut(9), G=Aut(9)°-H.

We also consider the subalgebra H*=0+1,, of g, and denote by H* the
normalizer of 0% in Aut(g). The groups H, H* and G, thus obtained, are
nothing but the groups associated with . (Note that H¥*=Aut(F(9))=H«
exp 0, (Lemmas 1.4 and 1.6).) We know that the homogeneous space
G/H? is connected and compact, and that the action of G on G/H* is
effective.

Let us now consider the homogeneous space G/H. It is easy to see that
G/H 1is connected and non-compact, and that the action of G on G/H is
effective. We show that G/H becomes naturally an affine symmetric space.
Indeed, let @ be the involutive automorphism of the Lie algebra g associated
with the symmetric triple &:

a(X)=Xif X&b, and a(X)=—-X if XEm.

Clearly we have a+G+a=G. We define an involutive automorphism 6 of the
Lie group G by 6(a) = aaa for all a=G, and a subgroup G, of G by Gy={a
=G|6(a)=a}. Then we easily have GSC HC G, where Gj denotes the
connected component of the identity of G,. Thus we have seen that G/H
becomes an affine symmetric space, and its infinitesimal structure is given by
the symmetric triple &.
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We next show that the space G/H is endowed with a product structure.
Indeed, we have g="0+m(direct sum), Ad(H)b_,=b_, and Ad(H)bH,=",.
Thus the subspaces Y_, and b, of m naturally give rise to invariant differenti-
al systems E and F on G/H respectively. Since m=b_,+b,(direct sum),
and since both §_, and b, are abelian subalgebrat of 8, we see that (£, F)
gives an invariant product structure on G/H.

Giving attention only to the product structure, we denote by Aut(G/H )
the automorphism group of the product manifold G/H. Then we have a
natural injective homomorphism 7 of G to Aut(G/H): For a€G, i(a) is
the transformation of G/H induced by a. Now (/H becomes naturally a
fibred manifold over the base space G/H*. As is easily observed, its fibres
are all connected, and its vertical tangent bundle is given by F. Therefore
every ¢ €Aut(G/H) naturally induces a diffeomorphism ¢* of G/H*, and
the assignment ¢— ¢* gives a homomorphism j of Aut(G/H) to Diff (G/H*),
the diffeomorphism group of G/H*.

We are now in a position to state the main theorem in the present paper,
which completely determines the automorphism group Aut(G/H).

THEOREM 2.8.  Assume that 9 is of the classical type. If 9 is iso- |
morphic with a definite Mobius (graded Lie) algebra, then the homomor-
phism j gives an isomorphism of Aut(G/H) onto Diff (G/H*). Otherwise,
the homomorphism i gives an isomorphism of G onto Aut(G/H).

This theorem will be proved in § 3~§ 8.

We note that, if $=WM,(#n), the definite Mobius algebra of degree #,
then G/H?" is diffeomorphic with the n-dimensional sphere S™. ‘

We also note that partially generalizes [Proposition 2. 1. In
fact, consider the product manifold Q,, .-, being an open submanifold of the
product manifold P*"X G"'(P"). (Note that G"'(P" is the dual spéce of
P") Recall that the projective transformation group G of P”naturally acts

on P*XG™'(P", and Q, ., is an open G-orbit. Let (z, ..., z,) be the
homogeneous coordinate system of P*. Let p, be the point of P" given by
z,=...=2,=0, and «, the hyperplane of P" given by z,=0. Let H be the

isotropy group of G at the point (, ) €Qnn:. Then Q,,, may be
represented by the homogeneous space G/H. Moreover we can show that
G/H is the standard affine symmetric space associated with D=6(1, »; R),
and that G/H and Q, .., coincides as product manifolds. We have thus
confirmed our claim.

2.5. Some remarks on the standard affine symmetric spaces, and a
problem. Let G/H be the standard affine symmetric space associated with
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a simple graded Lie algebra $ of the first kind. Let <, > be the Killing
form of the Lie algebra 8. By we know that <b_,, §_,>=
<H1, ,>=1{0}, and the bilinear function (X, Y)—<X, Y> on §_;Xb, is
non-degenerate. In particular, it follows that the restriction <, >|m of
{, > to m is non-degenerate. Clearly we have (Ad(a)X, Ad(a) Y)>=
(X, Y) forallacH and X, Y &m. Therefore {(, >|m naturally gives rise
to an invariant indefinite Riemannian metric ¢ on G/H. Let ¥ be the
Levi-Civita connection associated with the metric g. Then it it easy to verify
that g satisfies the following conditions :

1) g(E., E,)=9g(F,, Fy)={0} at each point x&G/H,

2) Both E and F are parallel with respect to V.

Accordingly, the space G/H equipped with the product structure (E, F)
and the metric g turns out to be a space analogous to a hermitian symmetric
space of simple and non-compact type.

Remark. Clearly the product structure (FE, F') satisfies rank £ =rank
F, which means that (E, F) is a paracomplex structure in the sense of [5].
Furthermore the conditions 1) and 2) above mean that the metric g together
with the paracomplex structure (FE, F') is a parakihlerian metric again in
the sense of [5].

From the discussions above we see that G/H becomes naturally an
oriented manifold, which is even a symplectic manifold. Let @ be the
volume element on G/H associated with the metric and the orientation. Let
(x%, ...x™ y', ..., y™ be a coordinate system of G/H which is positive with
respect to the orientation and which is compatible with the product structure,
i.e., such that x? and y‘ are first integrals of F and E respectively. Then the
volume element w can be expressed as follows:

@=Jdx'N\ ... Ndx"Ndy'N\ ... Ndy™,

where f is a positive function on the coordinate neighborhood. Now, we
remark that, in terms of the function f, the metric g can be expressed as
follows :

2
g=152 08 ] l?ag S iy,

Clearly, invariant volume elements on G/H uniquely exist up to
non-zero constant factors. Thus we know from [Theorem 2. § combined with
the remark above that the metric g is completely determined by the product
structure (E, F) (up to non-zero constant factors), provided § is not
isomorphic with a definite Mobius algebra.
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Finally we propose a problem in connection with [Proposition 2. § and the
observation above.

Let B={R; M, N} be a system satisfying conditions i )~iyv) with »=
n—1. (Notethat dim M =dim N =#, and dim R=2xn—1.) Let us consider
the product manifold Q, the complement of R in M XN , which is a
paracomplex manifold. Assume that R, and hence M and N are compact.

PROBLEM.  Is there associated to the pavacomplex manifold Q a volume
element @ on it in an invaviant manner so that w induces a parakihlevian
metric g (in the same fashion as above) ?  Move weakly, is theve associated to
Q any geometric structure ov any geometric object om it in an invarviant
manner ?

Consider the following conditions on the system B (cf. Remark at the
end of 2.2):

a) The natural (open) immersion of R to G*'(T(M)) is a diffeo-
morphism,

b) The natural (open) immersion of R to G*'(T(N)) is a diffeo-
morphism.

It is known that these conditions considerably restrict the topology of M

and of N (see [13]). Consequently we mention that they can be important
additional conditions for the problem.

§3. Some studies on simple graded Lie algebras of the second kind

3.1. Pseudo-product SGLA’s of the second kind, and the associated
SGLA'’s of the first kind. Following [13], we first introduce the notion for a
simple graded Lie algebra (or briefly a SGLA) of being pseudo-product.

Let &={g,(g,)} be a SGLA of the u-th kind, where x=2. Let us

consider the truncated graded subalgebra T={t, (3,),-,} of &, where t:p2<‘,0

g,. We recall that g, may be regarded as a subalgebra of the derivation
algebra Der(%) of the FGLA, ¢, and that & may be regarded as a graded
subalgebra of the prolongation of the pair (¥, g,). We also recall that T is
non-degenerate.

Now, & is called pseudo-product, if there are given subspaces ¢ and | of
g_, satisfying the following conditions :

1D 8={T; ¢, [} is a pseudo-product FGLA,

2) g0 is a subalgebra of the derivation algebra Der(2) of &, i.e,
[80, ¢e]Ce and [g,, f]F.

LEmMA 3.1 ([13]). If © is pseudo-product, them it is the prolongation
of the pseudo-product FGLA, Q.
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Outline of the proof (cf. the proof of Lemma 3.4 in [1I]). Let G=
{§,(3,)} be the prolongation of ¢ or of the pair (2, §,), where §,=
Der(9). Since 8,C§,, we see that ®& is a graded subalgebra of @.
Moreover, since ¢ or T is non-degenerate, we know from [Lemma 1. 14 that §
is finite dimensional. Since g is simple, it follows from these facts that the

radical of d vanishes, i.e., § is semi-simple. It is now easy to show that ¢=
.

Hereafter we shall consider a fixed pseudo-product SGLA, &, of the
second kind over R. We preserve the notations as above.

Wehavet=¢_,+q_,=3d_,+¢+f. Then we define an endomorphism J of
the vector space t as follows:

JX=0if X€a,; JX=Xif Xce; JX=—X if X &f.
Clearly J is in the centre of 9,=Der(®). By we can easily prove
the following

LEMMA 3.2.  If p is even, then [J, 0,]=1{0}. If p is odd, then
[/, [J. X]1]1=X for all X €g,.

REMARK. Let & be a SGLA of the second kind. As is easily seen, © is
pseudo-product, if and only if there is given an element / in the centre of g,
such that [/, 9_,]={0} and [/, [J, X]]=X for all X &q_,.

Now, let E be the characteristic element of . Using E and /, we define
elements Ey and Ey in the centre of g, respectively by

Ey=g(E~]), Ey=5(E+]),

and, for any integer p, define subspaces a, and b, of g respectively by
p={XEG|[Ey, X]=0X}, 0,={X EQ|[Ey, X]=pX].

Then we assert that both 9(={4q, (g,)} and $={49, (b,)} are SGLA’s of the
first kind. Indeed, let € be 1 or —1. We define subspaces ¢¢ and 8, of g,
respectively by

gt={Xeq. |/ X=X}, a.={Xe8.I[] X]=—X}.
(Note that g*,=¢ and 4-,=1.) By we easily have the following :

a_1=0_+8%, =821+ 8o+ 81, a,=87+8,;
b_,=q_2+871, bo=8%,+8,+87, 6:=971+3G..

Hence we obtain 4=3 a,=2>) b,, proving our assertion.
) )
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Lemma 3.3. (1) Both 8%+ 871 and o-,+ a7 are abelian subalgebras of

@2 [8-2,87]1=0", [g-2c8:]=8"., g2.=[g%, gc],
where € is 1 or —1.

The proof of this fact is left to the readers as an exercise (cf. Lemma 3.
lin [11].

Set Go=Aut(®), which may be regarded as an open subgroup of
Aut(®). Let G and G be the groups associated with the pair (&, G,) :

GO = GO.G(I)’ G:Aut<g>0'G0’

where G is the Lie subgroup of Aut(g)° generated by the nilpotent
subalgebra ¢’=g,4+g,. We know that the Lie algebra of G, and G are g,
and 99=g,43,+ 9, respectively. We also know that G/G? is connected
and compact, and that the action of G on G/G@ is effective.

We define subgroups A, and B, of G respectively by

Ao=GNAut), B=GNAut(®),

which are open subgroups of Aut(9) and Aut(®) respectively. Clearly we
have

Go={aeG|Ad(a)E=E, Ad(a)]J =]},
Av={aEG|Ad(@)Ey=Ey}, By={acsG|Ad(a) Eg=Ey},

whence
Ao N Bo = Go .

In particular, it follows that
G=Aut(9)°A,=Aut(8)°5,.
We now define subgroups A® and B of G respectively by
A®=A,+A,, BO=B,;+B,,

where A, and B, are the Lie subgroups of Aut(8)° generated respectively by
the abelian subalgebras a, and b, of . Then we see from the remark above
that A® and G are the groups associated with the pair (9, 4,), and similarly
B©® and G are the groups associated with the pair (8, B,). We know that
the Lie algebras of A, and A® are a, and a®=aqa,+a, respectively, and
similarly the Lie algebras of B, and B are b, and 6”=p,+ b, respectively.
We also know that both G/A©® and G/B© are connected and compact, and
that the action of G on both G/A® and G/B© are effective.

LEmMa 3. 4. A9ONBO=GO,
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ProoF. We have G,=A,N B,CA®NB®. Since §PC 3@=a@Nb®, we
have GPC AN B©. Hence it follows that GOC A®N B@. Conversely we
show that AN B9CG,. Let acA®NB®. Then we have Ad(@)a@=a®
and Ad(2)b@=15 whence Ad(a)9@=g®. Consequently we see from
Lemma 1.4 that aSAut(®)+G®. Now, we have Ad(@)Ey=Ey (mod ay)
and Ad(@)Eg=E4 (mod b,), whence

Ad(a)J =] (mod g®).

Since ac=Aut(®)-G®, it can be written as follows: d:b-c, where b&
Aut(®) and ceG®. Then we have

Ad(a)J =Ad(b)] (mod g).

Therefore it follows that Ad(s)J =], i.e., b&G,. Thus we obtain a€G?,
and hence A@N BOcC G, proving the lemma.

3.2. The action of the group G on the product manifold G/A® X
G/B©. Set M=G/A® and N =G/B®. Then the group G naturally acts
on the product manifold M X N :

a*(p, @) =(ap, aq), a<G, (p, @) EM XN.

Let us consider the natural imbeddings ¢,, and ¢, of a_, and b_, into M
and N respectively :

Ly (X)=m,(exp X), XEa_;
in(Y)=nylexp V), Y Eb,

where x,, and =, denote the projections of G onto M and N respectively (see
1.3). Then the product map ¢ =t¢, Xty gives an imbedding of a_, Xb_, into
M x N. We know from to Lemma 1. 11 that the images ¢, (a_,)
and ¢y (b_,) of a_, and b_, by ¢,, and ¢, are open, dense subsets of M and N
respectively. Consequently it follows that the image ¢ (a-, Xb_1) =1ty (a_) X
tn(6_,) of a_;Xb_, by ¢ is an open, dense subset of M X N.

We have a_;=q_,+g%, and b_,=8_,+687,. Thus every point w of a_, X
b_, may be expressed as follows: w=(+y u+v), where x&g_,,
yeat,, ueg_, and vEg-,. Hereafter the point w will be also expressed as
(x, v, u, v). By the letters x, y, etc. let us now mean the functions w—x,
w—y, etc. Then the system of functions, (x, y, #. v), may be considered as a
coordinate system of a_, Xb_,, which will be called the canonical coordinate
system of a_; X b_,.
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Let T be the Lie subgroup of G generated by the nilpotent subalgebra t=
g-2+8_; of g, which is “dual” to the subgroup GV of G.

LemMa 3.5 (1) Let X, Y,€0., and X\, Y. €9_,. Then
exp(X_at X_)+exp( Yo+ V) mexp(Xopt Voo [ X, Yo ]+X 4 Y,

(2) Let X ,€8.,, X, €08 and X-,€9-,. Then
eXp(X_g-FXf]+X:1>:eXD(X_2+—;—[X:1, Xi]]"’Xt])'eXp X:l:

exp(X_2+%[th, X+ XZ)exp XH,.

Proor. (1) Let X ,, Y ,&g.,. Then we can find unique elements
Z_,and Z_, of g_, and g_, respectively such that exp X_,;sexp Y. ,=exp(Z ,+
Z_)(cf. Lemma 1.6), whence

Ad(exp X_)Ad(exp Y.)E=Ad(exp(Z,+Z))E.

It follows easily that Z_zzé[X_l, Y.]and Z,=X ,+ Y_,.

Hence we obtain
eXp X_1°eXp Y_lzexp(%[Xq, Y_l] +X_.1+ Y_1>.

Since exp g-, is in the centre of T, (1) follows immediately from this
equality.

(2) can be easily obtained from (1), proving the lemma.

Now, we notice that the product T+G, of T and G, gives a (closed)
subgroup of G, which is “dual” to the subgroup G of G. Being a
subgroup of G, the group T +G, acts on the product manifold M x N.

LemMA 3.6 The group T G, leaves the subset ¢(a_,Xb_,) of M XN
invariant.

Therefore the group T +G, acts on the product manifold a_, X6 _, in such
a way that the imbedding ¢ : a_, Xb_,—M X N becomes equivariant :

tCaw)=ac(w), a€TG,, w&a_, Xb_,.
The following lemma clarifies the action of TG, on a_, Xb_,.

LemMma 3.7.  For any a€T+G, and (x, v, u, v) Ea_,Xb_,, set a~(x, v,
w,v)=0,y,u,v). Express a as follows: a=exp(X_ ,+X*+X-,)+b,
where X ,€q.,, Xt €9y, X2,€EqZ, and bEG,. Then the vectors x', ',
etc. are described as follows :
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¢=Ad(B)x+ (X1, Ad(D)y] + Koot [ X7, X1],
y=Ad(B)y+ X+,
W= Ad(D u+ [ X, Ad(D)o]+ Xoat [ X%, X1,
v'=Ad(Dv+X,.

We shall prove Lemmas B.6 and 3.7 together. For any a7 +G, and
(x, v, u, v)Ea_, Xb_,, we have

asi(x, y, u, v) =(my(asexpx+y)), my(a-exp(u+v))).

Let us define x, ¥/, etc. to be the right-hand sides of the equalities in Lemma
3.7. Using Lemma 3.5, we calculate a+exp(x+y). Then we have

acexp(x+y) =exp(X ,+ X+, + X)) b-exp(x+y)
—exp(X_,+ X+ X)) -exp(Ad(b)x+Ad(b)y)- b
=exp(x’+y)sexp XI;*b.

Similarly, calculating a-exp(#+v), we obtain
asexp(u+v)=exp(u'+v)exp X +b.

We have thus shown that aec(x, v, u, v)=0(x", ¥y, u, v, proving the
lemmas.
We define a map ® of a_, Xb_, to §_, by

d(w)=u—x+[v, y] for all w=(, y, u, v)EA_ Xb_,.

Clearly a_, xb_, is a fibred mnifold over the base space g, with projection ®.
By Lemma 3.7 we have the following two lemmas.

LEMMA 3.8. The group T freely acts on a_,Xb_,, and, for any we
a X6y, w and (0,0,®(w), 0) belong to the same T-orbit.

LEMMA 3.9. ®(aw)=Ad(0)®w), a€T+G,, wEa_,Xb_,, where b
stands for the G,-component of a.

Let us now consider the natural representation of G, on §_,, and denote
by G, the image p_.(Gy) of G, by p_.. In what follows, T +G, will be exclu-
sively considered as a transformation group on a_; Xb-;.

In view of Lemmas 3.8 and we obtain the following

LemMma 3.10. If Viisa G,-orbit, then the inverse image @ '(V1) of Vi
by ® is a T+Gy-orbit, and the assignment Vi—® (V) gives a one-to-one
correspondence between the G,-orbits and the T +Gy-orbits.

LEMMA 3.11. Let V, be any Gy-orbit. If XEVi, and if t is a non-
zero real number, then tX V.
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Proor. Let A and u be any non-zero real numbers. Define a linear
transformation a=a(A, ) of t as follows:

aX =X if X€8_,; aX=2X if XE85,; aX=puX if X&ga:,.

Then we easily see that « is an automorphism of the pseudo-product FGLA,
g i.e, acAut(®)=G,. Thus the lemma follows.

Hereafter we shall identify the vector spaces a-; and b_, with open,
dense subsets of the manifolds M and N by the imbeddings ¢,, and ¢, respec-

tively, so that the vector space a_, X b_; will be identified with an open, dense
subset of the product manifold M X N by the imbedding ¢.

Let X =g. Let X be the vector field on M XN induced from the one-
parameter group of transformations of M XN : ¢.(w)=(exp tX)ew, we
M x N. Denote by &y the Lie derivation with respect to X. Furthermore,

2
express X as follows: X = 3! X,, where X,&4,, and, for e=1 or -1,
p=-2
express X, as follows: X,=X!+X_, where X{eg? and X, 4..

LEMMA 3.12. Let (x, v, u, v) be the canonical coordinate system of
a1 Xb_,. Then the Lie derivatives dyx, Oxy, etc. of the functions x, 3, elc.
are described as follows :

b= X oot [ X, 2]+ [X 70 3145 [ X211 451 [ X)),
b= X +[X4 K]+ 1K 3]+ (5 [ Xdl 450y [ X701,

Suu= KXot [ Xo, ul 41X, 0140, [0 X111 451w [u X1,

bw=X+[ X5, u]+[ %, 0] 4w, [0 X]] 410 (v X111,

Proor . Let (x, y u, v) beanypointof a_,xb_,. Puta(?)=exp iX,
and, assuming that a(#)+(x, y, », v)Ea_; Xb_;, put
a(t)e(x, 3, u, V)=, y(O), ult), v(D),
which clearly means the following two equalities :

, (a(t)sexp(x+y)) =my, (expx () +y())),
my (a(t)sexp(u+v)) =ny(exp(u(t)+ v(t))).

Now, the first equality means that there are unique elements 5(¢) and Y (¢)
of A, and a, respectively such that

a(t)-exp(x+y)=expx(t)+y(#))-b(t)+exp Y (1),
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whence

Ad(a(t))Ad(exp(x+y))E,=Ad(exp(x () +y(¢)))Ad(b(t))Ad(exp Y
(t)E,.
Clearly we have

x(O=x, y(0) =y 2’0 =0dxx, y'(0)=0dyy, b(0)=¢, Y (0)=0,
where x’(0), etc. denote the derivatives of x(¢), etc. at t=0. Therefore,
differentiating the equality above with respect to the variable ¢ at t=0, we
obtain

ad(X)Ad(exp(x+y))E?I=ad(é‘Xx+ dxy)E +Ad(exp(x+y))ad(Y'(0)E,,
whence
()\Xx+($Xy:X—2+Xt1+[X:1+X0+X11L, x+y]
+%[x+y, [x+y, XT1+X:]].
From this equality combined with we can easily obtain the ex-
pressions for dyx and dyy. Similarly we obtain the expressions for dxu and
Jx0.
Consider the map @ of a_, Xb_, to §_,, which may be regarded as a g_,-

valued function on a_, X6_,. Interms of the canonical coordinate system (x,
¥ u, v) of a_;Xb_;, the function ® may be expressed as follows :

Sd=u—x+[v, y].

LemMma 3.13.  For any X €3 there is a 9,-valued function Fyona X
b_, such that

0yP=[F,, ®].
Proor. We have

Ox®=dxyu—dxx+[dx0, y]+[v, oy].

Using Lemma 3. 12, we calculate the right-hand side. Then we obtain
OxP=[Fy, @]+ Gy,
where F and G, are respectively given by

Fy=Xo—[v, XT]—[y X1] —%[q’, Xo]—[x—[v ], X:]-[[v, Xz], ¥],

Ge=gll23, [[e3], X1~ (v 5], [5 %11, ).
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We assert that G, =0. Indeed, take any elements Y and Z of g4,. Then
we have

Oy, 1@ =—8,0,0+8,0,9.
Clearly we have G =G,=0, and hence
0,0=[F,, @], 6,0=[F, @].
Therefore it follows that
Oy, 1)@= [ =0+ + [ Fy, F], @].

Since 4,=[8;,4:] by Lemma 3.3, we have therefore shown that, for any X
€4,, there is a g,-valued function F’y on a_,; X b_, such that §,®=[F",, ®].

Consequently we get
[Fy, @)+ G=[F'y, @], X E3,.

Here, we note that G, is a function of the variables y and » only. Hence,
putting ®=0, i.e., #=x—[v, y] in the equality above, we obtain G, =0 for
all X €g,. Therefore we have G, =G, =0 for all X &g, proving our asser-
tion.

LEmMA 3.14. Let Qf be any T +Gy-orbit, and let Q, be the G-orbit
containing Q7. Then dim Q,=dim Q;.

Proor. By Lemma 3.10 we know that there is a unique G,-orbit V,
such that Q;=®'(V;). Now, take any point w of Q. By [Lemma 3.13 we
have CI)*(X',,,):(é‘X(D)(w):[FX(w), ®(w)] for all X=g. We have

T@Q)w={X,1XE8} and T (VDoww =[80, 2(w)]. Therefore it follows
that

D,.(TQ)WTT (VDocw-

Since a_; X b_, is a fibred manifold over the base space g_, whth projection ®,
we have

Ker &,,CT(QD,CT QD) w,

D, (TQDW) =T (VDaow-

From these facts it follows immediately that 7(Q,),=T Q7). Hence we
obtain dim Q; =dim 7, proving the lemma.

LEmMMA 3.15.  For any point weEM XN, there is an element a of G
such that awea_, X b_,. In other words, any G-orbit Q, intersects the subset
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a_; Xb_, of MXN.

Proor. Put w=(p, q). Then there is a&G such that ap=o0,, and
hence aw = (o,, aq), where o,, denotes the origin of M =G/A®. Thus we
may assume that w is of the form (o,, ¢). Since 0,,&a_,, and since a_, is
an open set of M, there is a neighborhood U of e such that U-o, Ca_,.
Since b_, is a dense subset of N, we have U+qNb_,x¢. Therefore we can
find ¢ =G such that a0, Ea_, and ag<b_,, and hence aw = (ao,,, ag) €a_, X
b_,, which proves the lemma.

3.3. Condition (II.1). From now on we assume the following con-
dition :

(II.1) There is an element g of G such that g?=e¢ and such that
Ad(¢)E=—F and Ad(¢)J =]/.

Clearly this condition implies that Ad(¢g)Egy=—FEg. Let A, and B_, be

the Lie subgroups of G generated by the abelian subalgebras q¢_, and b_, of
g respectively. Then we easily have the following

LemMma 3. 16. (D Ad(Q) 8_2=4,, AdQI)g =497, Ad(Q) 4-,=4971,
Ad(g)go=19,.

(2) Ad(Q) b_i=ay, Ad(Q) bo =0y, Ad(g>bl =a_;.

3) gBg=A,, gB%=A_,+Ay, gA99=B.,*B,.

In particular it follows from this fact that dim g+, =dim g-,=dim g8f=
dim g7 and dim a_;=dim a,=dim b_,=dim b6,.

We shall study open orbits under the action of G on M X N.

Let o,, and o, be the origins of M =G/A® and N =G/B® respectively.
Let Qy be the G-orbit through the point (o,, goy). Clearly the isotropy
group of G at (o, goy) is given by A9NgB®g. By Lemmas and 3. 16
we have APNgBYg=A,+A,NA_,-A,=A,. Hence Qy may be represented
by the homogeneous space G/A4,. We have dim G/A,=dim(a_,+a;) =dim
(M X N), meaning that Qg is an open orbit. Similarly, let Qg be the G-orbit
through the point (go,,, 05). As above it is shown that the isotropy group of
G at (goy, oy) is given by gA®gN B@=RB,, and hence Qg may be repre-
sented by the homogeneous space G/B,. It is also shown that Q4 is an open
orbit.

We want to show that Qy is dense in M X N. For this purpose we define
amap w of GXG to M XN by

@ (a, b) =(my (@), my(bg)) = (ao,, bgoy),
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where (g, b)€GXG. Clearly G X G is a fibred manifold over the base space
M x N with projection w. We also define a map # of GXG to G by

n(a, b)=>b"'a for all (a H)EGXCG.

Clearly G X G is a fibred manifold over the base space G with projection 7.
Moreover we consider the subset of G :

S:A_l’Ao’Al.

In view of the fact that gB®g=A_,+A,, we can easily verify the fol-
lowing

LemMa 3.17. @' Q) =27""(S).

By to Lemma 1. 11 we know that S is dense in G. It follows
that w1(Qy) =#"'(S) is dense in G X G, and in turn that Qy is dense in M X
N. Consequently we find that Qy is a single open G-orbit. Especially we
have Qg=0Qy.

We have therefore proved the following

LeMMA 3.18.  The action of G on M XN has a single open orbit Q.
Furthermore, 1) (0,, goy) EQ, and the isotropy group of G at (oy, gon) 1S
given by Ao; 2) (goy, on) EQ, and the isotropy group of G at (goy, oy) 1S

given by B,. Hence Q may be represented by the homogeneous space G/A, or
G/B,.

ReEMARK. The open G-orbit Q is not contained in the open, dense subset
a_,X6_, of MxN. Indeed, suppose that (o,, goy)Ea_1Xb_y, i. €, goy €
6_,. Clearly this means that gEB.,*B,*B;. On the other hand, we have
Ad(g)b,=a_,Cb_,+bo by Lemma 3.16. Therefore it follows from Lemma 1.
11 that g& B_,+B,*B,, which is a contradiction.

We know from Lemmas and 3.18 that the intersection Q'=QN
(a_,Xb_,) is the union of all open T «G,-orbits, and from Lemma 3. 10 that
Q' may be expressed as follows: Q'=®'(V), where V is the union of all
open G,-orbits. Therefore it follows that the boundary oQ of Qin M XN is
the union of all singular G-orbits, that the boundary 9’Q" of Q"in a_, Xb-, is
the union of all singular T «G,-orbits, and that the boundary @V of V in g_,
is the union of all singular G, orbits. Clearly we have

aQﬂ (C(_l X 5_1) - a’Q’:¢_1<a V)
Let p,, (resp. py) be the projection of Q to M (resp. of Q to N).

LEMMA 3.19. Q is a fibved manifold over the base space M (resp. over
N) with projection p,, (resp. with py), and its fibres are all connected.
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Proor. Clearly both the maps p,, and p, are G-equivariant,and we
have p,,((oy, gon)) =0, and py((go,, 0x)) =0y By Lemma 3. 18 we know
that the isotropy group of G at (o,, goy) (resp. at (go,, 0,)) is A, (resp.
By), and hence Q may be represented by the homogeneous space G/A, (resp.
G/B,). Furthermore we know that G/A, (resp. G/B,) is naturally a fibred
manifold over the base space G/A® (resp. over G/B®), and its fibres are
all connected (see 2.4). Now the lemma follows from these facts.

We shall finally study minimal dimensional orbits under the action of G
on M X N.

LEmMMA 3.20.  The action of G on M XN has a single minimal dimen-
sional orbit R. Furthermore, (o,, 0y) ER, and the isotropy group of G at
(op On) 15 given by G©. Hence R may be represented by the homogeneous
space G/GO.

ProoF. Let R be the G-orbit through the point (o,, 0,). Clearly the
isotropy group of G at (o,, 0y) is given by AN B®. By Lemma 3.4 we
have AN B®=G©., Hence R may be represented by the homogeneous
space G/G©. Now, consider the subset ®(0) of a_, X6_,, which isthe T+
Go-orbit through the zero of the vector space or the point (o,, 0y). We
assert that ®°'(0) is a single minimal dimensional T G,-orbit. Indeed, let
V, be any G,-orbit. Clearly we have dim ®'(V;)=dim ®(0). Suppose
that dim @ '(V,) =dim ®'(0). Then we have dim V;=0. Since the natural
representation of g, on g_, is irreducible (Lemma 5, Appendix in [11]), this
means that V,={0}, proving our assertion. Therefore it follows from
Lemmas and 3. 15 that R is a single minimal dimensional G-orbit. We
have thus proved the lemma.

From the proof above we know that RN (a_, xb0_,)=®71(0).

3.4. Condition (II.2). Let us consider the single open orbit Q under
the action of G on M X N (Lemma 3.18). We know that the isotropy group
of G at the point (o, goy)€Q is APNgB%g=A,, and hence Q may be
represented by the homogeneous space G/4,. Now, let G/A, be the stan-
dard affine symmetric space associated with 9(. Recall that the groups 4,
and G are defined respectively as follows: A,=Aut(¥) and G=Aut(g)°% A,.
Clearly we have G=G+A4, and A,=A4,NG. Hence G/A,=G/A,. Thus we
have the following identifications :

We claim that the product structure (E,, Fg) of Q as an open submanifold
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of M XN coincides with the invariant product structure of G/A, which is
induced from the abelian subalgebras a_, and a, of g. In fact, this can be
easily verified by using the following fact:

(a_;+a)NAd(@bP=0a_,, (a,+a)Na¥=a,.

Let us now consider the single minimal dimensional orbit R under the

action of G on M X N (Lemma 3.20). We know that the isotropy group of
G at the point (o, 0y) ER is AN B®=G?, and hence R may be repre-

sented by the homogeneous space G/G®. We claim that the pseudo-product
structure (E,, F,) of R as a submanifold of M XN coincides with the
invariant pseudo-product structure of G/G@ which is induced from the
subalgebras a©® and 6 of g. In fact, this can be easily verified by using the
followin facts:

tNe@=ga%, tNa®=gz,.

We shall study the automorphism group Aut(Q) of the product manifold
Q via the automorphism group Aut(R) of the pseudo-product manifold R.

First of all we have natural injective homomorphisms ¢, and i, of G to
Aut(Q) and of G to Aut(R) respectively :

iog(a)=aq, ix(a)=a, a<qG,

where ag and a, are respectively the transformations of Q and R induced by
a.

Next we see from Lemma 3. 19 that every ¢ €Aut(Q) naturally induces
diffeomorphisms ¢,, and ¢, of M and N respectively: p, °d =, °p,, and
pPn °P =d¢n °pn. Thus we have the product transformation ¢, y=dy X én
of M X N. Clearly the restriction of ¢,,, 5 to Q coincides with the given ¢,
and the assignment ¢—¢,, ., » gives an injective homomorphism of Aut(Q) to
Aut(M x N), the automorphism group of the product manifold M X N.

Let ¢ =Aut(Q). Then it is clear that ¢, leaves the domain Q
invariant, from which follows that ¢,,,, leaves the boundary 2Q of Q
invariant as well. We want to show that ¢,,, , furhter leaves the submani-
fold R (C¢Q) invariant.

Here, we prepare some notations and terminologies for our later
arguments. Let U be a finite dimensional vector space over B. Then P(U)
denotes the algebra of (complex valued) polynomial functions on U. For
any non-negative integer m, P(U),, denotes the subspace of P(U) consist-
ing of all polynomial functions of degree m and the zero polynomial function:
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P(U)= 20 P(U)n, (direct sum). Now, let W be an algebraic variety over

R of U. By the (complexified) ideal /(W) of the variety W we mean the
ideal of P(U) consisting of all polynomial functions which vanish on W.
The ideal I(W) is said to be homogeneous, if /(W)= 2210 I(W), with

I(W)p=I(W)NP(U)n. Note that I(W) is homogeneous, if and only if
tXeW for all X&eW and t€R. When I(W) is homogeneous, [(W)
denotes the smallest non-negative integer ! such that 7(W),x{0}.

Now, consider the union 8V of all singular G,-orbits, which is a proper
algebraic variety over R of g_,. By [Lemma 3.11 we see that the ideal
I(aV) of the variety 9V is homogeneous. Note that the integer [(3V) is
positive.

From now on we assume the following condition :

(II.2) Forevery XeoV-{0} thereis a polynomial function f I (aV)
such that 74 ' () %0, where /=[(3V).

We shall prove the following

LEmMmA 3.21.  For every ¢ €Aut(Q), ¢, .~ leaves R invariant.
For this purpose we first prove the following

LEmMA 3.22.  Let f be a C* function defined on a neighborhood of 0 in
Q-2. If f vanishes on a neighborhood of 0 in 8V, then j5'(f)=0.

Proor. For any non-negative integer s, we define a polynomial
function f®€P(a_,)s by

fOX)= j;qu)t:o for all X =g_,.

Since tX €0V for all X €0V and t<R, it follows that f©(X)=0 for all X
€aV, i.e, fP<=I(0V)s. Hence we obtain f*9=0 for all s</—1, meaning
that 75'(f)=0. This proves the lemma.

As we have remarked, a_, X b_, is a fibred menifold over the base space
g_, with projection ®. Therefore the next lemma follows immediately from
Lemma 3. 22 and condition (II.2).

LemMma 3.23. (1) Let f be a C function defined on a neighborhood of
0=00,0) i a-1Xb-,. It f vanishes on a neighborhood of 0 in ®'(dV),
then j§5'(f)=0.

(2) For every wed®'(0V)—®7'(0) there is a polynomial function f €
1(3V) such that j5;*(fo®) =0.

Put 0=C(o,, 05), which may be identified with the zero of a_, X b_;.
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LEMMA 3.24. Let ¢ €Aut(Q). If ¢,,.y(0)Ea_1Xb-1, then ¢, n(0)
ER.

Proor. We first recall that ¢,., leaves the boundary oQ of Q
invariant. Therefore, putting w=¢,, . »(0), we have wEaQN (a_1 Xb_1)
=@ (dV). Suppose that wEP1(0). By (2) of Lemma 3.23 there is a
polynomial function f €I (8V) such that j5,'(fo®) +0. Since ¢,,, y maps a
neighborhood of 0 in®'(8V) onto a neighborhood of w in®~'(aV), we see
that the function f o®o¢,, . » vanishes on a neighborhood of 0 in®~'(aV). It
follows from (1) of Lemma 3.23 that ji'(f o®c¢,, . ») =0, whence j5'(fP)
=0. This is a contradiction. Consequently we have shown that w &®7'(0)
C R, proving the lemma.

Now, Lemma 3.21 can be derived from Lemma 3.24 in the following
manner : Let ¢ €Aut(Q) and weR. We take a =G such that w=ao0, and
then take =G such that b+¢,,, y(w)Ea_; Xb_, (Lemma 3.15). If we put
v=bgedeag, it is clear that Yy €Aut(Q), ¥, y(0) Ea_1Xb_;, and
S n(W)=b"teyp,, n(0). Therefore it follows from Lemma 3.24 that
by« n(w)ER, proving Lemma 3. 21,

ReMARK. The proof above of Lemma 3. 21 does not use the property
that ¢,,. v is a product transformation. Accordingly we have obtained the
stronger result: Let ¢ be a diffeomorphism of M X N. If ¥ leaves Q)
invariant, then it leaves the submanifold R invariant as well.

For ¢ €Aut(Q) we denote by ¢ the restriction of ¢, 5 to R, which is
an automorphism of the pseudo-product manifold R by Lemma 3.21. Then
we see that the assignment ¢—¢, gives an injective homomorphism ; of
Aut(Q) to Aut(R), where the injectivity follows from the fact that the
projections of R to M and N are both surjective.

In this way we have obtained the following commutative diagram:

lo
G —Aut(Q))
e\, i

Aut(R).

Here the homomorphisms i,, i, and j are all injective.
By Lemma 1.15 we know that the homomorphism i, gives an isomor-

phism of G onto Aut(R). If follows immediately that the homomorphism j
gives an isomorphism of Aut(Q) onto Aut(R), and in turn the homomor-
phism i, an isomorphism of G onto Aut(Q2).
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LEmMA 3.25.  Ao=Aut®), and B,=Aut(B).

Proor. Consider the standard affine symmetric space G/A4, associated
with %. Since Q= G/ A4, as product manifolds, and since the homomorphism
iq gives an isomorphism of G onto Aut(Q), it follows that G=G. Hence we
obtain A,=GN Aut() =Aut(9). Furthermore it follows by Lemma 3. 16
that By=gA,g=gAut(A)g=Aut(B), proving the lemma.

From this fact we find that G/A4, and G/B, are the standard affine
symmetric spaces associated with 2 and B respectively.

We have thereby proved the following

ProposITION 3.26.  Let ® be a pseudo-product SGLA of the second kind
over R. Assume that © satisfies conditions (11.1) and (11.2). Then Q=G/A,
is the standard affine symmetric space associated with N, and the homomor-
phism 1o gives an isomorphism of G onto Aut(Q).

§4. Some studies on simple graded Lie algebras of the first kind

4.1. The action of the group G on the product manifold G/G©x G/G©.
As is easily observed, most of the results in the previous section, especially
Lemmas B. 5~3. 24 there, hold true, even in the degenerate case when g_,=
g,=1{0}. (Suppose this, which indeed makes sense. Then the graded Lie
algebra & may be naturally regarded as a SGLA of the first kind, so that %=
B=@. It follows that A,=B,=G,, A=B9P=G9 and hence G/A,=
G/By=G/Gy, G/A9=G/BO=G/G?.)

In the present section, we study a SGLA of the first kind, which just
corresponds to the study of this degenerate case. The counterparts of the
relevant lemmas in that section will be stated without proof in principle.

Let &=1{g, (g,)} be a simple graded Lie algebra of the first kind. Let G,,
G and G be the groups associated with & :

Go :Aut((Sj), G(O): Go‘ Gl ’ G:AUt<g)0° GO,

where G, denotes the Lie subgroup of Aut(8)° generated by the abelian
subalgebra g, of 4.

Set M=G/G®. Then the group G naturally acts on the product
manifold M X M

a*(p, @) =C(ap, aq), a€G, (p, ) EM X M.
Let us consider the natural imbedding ¢,, of g_, into M :

ty(X)=mn,(exp X), X9,
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where =, denotes the projection of G onto M. Then the product map ¢ =
Ly Xty gives an imbedding of 4_, X g_, into M X M. We know that the image
ty(8-1) of 8_, by, isanopen, dense subset of M. It follows that the image
t(8_,X8_,) of 8_,Xg_, by ¢ is an open, dense subset of M X M as well.

Let G-, be the Lie subgroup of G generated by the abelian subalgebra g _,
of 8. Then the product G_,+G, of G-, and G, gives a (closed) subgroup of
G, which acts on M XM as a subgroup of G. Then it is shown that the
group G_;+G, leaves the subset ¢ (9, X g_,) of M XM invariant. Therefore
the group G_,+Gy actson 4., X §_, in such a way that the imbedding ¢ becomes
equivariant :

tCaw)=ac(w), a€G_,+Gy, weEag_, X q_,.

For any e G.+G, and (x, u)Eg_,x38_y, set a-(x, u)=(x', u).
Express a as follows: a=exp X+b where X<g_, and b=G,. Then we
have

2=Adb)x+ X, ' =Ad(Du+X.
We define a map ® of §_,xg_, to g_; by
O®(w)=u—=x for all w=(x, u)=9_,xq_,.

Let p_, be the natural representation of G, on §_,, which is faithful (Lemmal
1.7). Then we denote by G, the image of G, by p-1, which is nothing but the
linear isotropy group associated with the homogeneous space M =G/G®.
Hereafter G_,+G, willl be exclusively considered as a transformation group
on §_,X4_;.

LemMma 4.1.  If Vi is a Go-orbit, then the inverse image ®(V,) of Vi
by @ is a G_1*Gy-ovbit, and the assignment Vi—® (V) gives a one-to-one
correspondence between the Gy-orbits and the G_,+G,-orbits.

LEMMA 4.2.  Let V, be any Go-orbit. If X EV, and if tis a non-zero
real number, then tX V.

Proor. Let A be any non-zero real number. Then we define a linear
transformation a=a(1) of § by

aX =1*X for all X €9, and all p.

It is easy to see that « is an automorphism of ®, i.e., a€Aut(®)=G,.
Accordingly the lemma follows.

In what follows (until the end of 4. 3), we shall identify g_, with an open,
dense subset of M by the imbedding ¢,,, so that g_, x g_, will be identified
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with an open, dense subset of M X M by the imbedding «.

LeMMA 4.3.  Let Q) be any G_,+Gy-ovbit, and let Q, be the G-orbit
containg Qi. Then dim Q,=dim Q.

LemMMA 4.4.  Any G-orbit, Q., intersects the subset 31X 8_, of M X M.

4. 2. Condition (I1.1). Let E be the characteristic element of G.
From now on we assume the following condition :

(I. 1) There is an element g of G such that ¢>=e¢ and such that
Ad(¢)E=—FE.

Clearly this condition implies the following :

Ad(g)9—1:91, g‘Go'g:Go, g-G(""g:G-x'Go.
Let o,, be the origin of M =G/GY.

LEMMA 4.5.  The action of G on M XM has a single open orbit Q.
Furthermore, (0y, goy,), (goy, 04) EQ, and the isotropy groups of G at these
points are both given by G,. Hence Q may be represented in two ways by the
homogeneous space G/Gs.

We know from Lemmas and that the intersection Q'=QN (g_, X
g_,) is the union of all open G-,«G,-orbits, and from that Q' may
be expressed as follows: Q'=®~'(V), where V is the union of all open Go-
orbits. Therefore it follows that the boundary 9Q of Q in M X M is the
union of all singular G-orbits, that the boundary 9'Q" of Q" in g_, X g_, is the
union of all singular G_,-G,-orbits, and that the boundary @V of V ing_, is
the union of all singular G,-orbits. We have

aﬂﬂ (g_lx 9_1>:a’Q':(D—1(aV>.
Let p,, , and p,, , be the two kinds of projections of ( to M :
pM'1<w>'—_p’ pM,Z(u)):q’ w”—_(px (DEQ-

LEMMA 4.6. Q is a fibred wmanifold over the base space M with
projection py 07 py. ., and its fibres ave all connected.

LEMMA 4.7. The action of G on MXM has a single minimal
dimensional orbit, which is given by the diagonal R of M X M.
Clearly we have RN (8-, X 8_)=®7(0).

4. 3. Condition (I.2). Let us consider the single open orbit Q under
the action of G on M x M (Lemma 4.5). We know that the isotropy group
of G at the point (o,, go,) €Q is G,, and hence Q may be represented by the
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homogeneous space G/G,. We note that G/G, is just the standard affine
symmetric space associated with . We also note that the product structure
(Eq, Fo) of Q as an open submanifold of M X M coincides with the invariant
product structure of G/G,.

We shall study the automorphism group Aut(Q) of the product manifold
Q.

First of all we have a natural injective homomorphism 7, of G to Aut(Q):
iQ(ﬂ) =dadq, QEG’

where agq is the transformation of Q induced by a.

Next we see from that every ¢ €Aut(Q) naturally induces
diffeomorphisms ¢,, , and ¢, , of M : py ;0 =y °py ; (1=1,2). Thuswe
have the product transformation ¢,,, ,, =@, ;X @, , of M x M. Clearly the
restriction of ¢, ., to Q is the given ¢, and the assignmet ¢—¢,,. ,, gives
an injective homomorphism of Aut(Q) to Aut(M x M), the automorphism
group of the product manifold M X M.

Now, let us consider the union 8V of all singular G,-orbits, which is a
proper algebraic variety of 9_,. Note that the (complexified) ideal 7 (aV)
of the variety oV is homogeneous (Lemma 4.2), and that the integer
[(0V) is positive.

From now on we assume the following condition :

(I.2) Forevery X0V —{0} there is a polynomial function f€I(aV)
such that j4 1(f) %0, where [=1(3V).

LeMMA 4.8.  For every ¢ €Aut(Q),d,, ., leaves the diagonal R of M X
M invariant.

Therefore it follows that ¢, ,=¢, ,. Denote this by ¢,. Then we
have

Duxm=Du X by,

and see that the assignment ¢—¢,, gives an injective homomorphism ; of
Aut(Q) to Diff(M), the diffeomorphism group of M.

ProrosITION 4.9.  Assume that oV ={0}. Then the homomorphism j
gies an isomorphism of Aut(Q) ownto Diff(M).

Proor. We have aQN (3, X3 ) =@ (@V)=0 1 (0)=RN(g_1Xg_1),
from which follows that 9Q =R (cf. Lemmas . 4). It is now clear that the
proposition is true.
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4. 4. Condition (I.3). We define a subgroup GL(8V) of GL(9-,)
by

GL(@V)={aeGL( Dl]a(dV)=0V}.

We have identified g _, with an open, dense subset of M by the imbedding
t,, which we call off from now on.

Let ¢ €Aut(Q). We define an open set U (¢) of g_, by the requirement
that

by (U@ =1, 8-DNdu (ey,(8-D).
Clearly we have
G (e (U (@))) =y (s (3-0) Nty (8-1) =14, (U (@7
This being said, we then define a diffeomorphism ¢’,, of U(¢) onto U(¢$™")
by the requirement that
Bl =Ly °P ur-
Now, let XU (¢). We define a linear transformation 9 (¢, X) of 9_,
by
5(8, X) Y =lim —(¢', (X +1Y) =, (X)), Y.,

which may be identified with the differential of ¢, at X.

LemMma 4.10. 9(¢, X)eGL(BV).

Proor. Take any Y €0V, and let t R be such that X +tY U ().
By we have tY €0V, meaning that (X, X +tY)ed (V).
Since ¢, (8Q) =09Q, and since 90N (8, X3 = (@' (AV)), it follows
that (¢",(X), ¢’y (X +tY)ED(BV), that is, ¢’y (X +1Y)—¢ (XD E
oV. Therefore, again by we have

S (XY= (XN EBY (t=0),

It follows immediately that 8(¢, X) Y €2V, and hence 9(¢, X)(@V)CaV.
Similarly we obtain a(¢7', Z)(@V)CaV, where Z=¢',(X). Since
9(¢', Z)oa(¢, X)=1, we have thereby shown that a(¢, X)(@V)=09V,
which proves the lemma.

Let us now consider the G,-structure Q associated with the homogeneous
space M =G/G®, which is a G,-subbundle of F (M), the frame bundle of M
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(see 1.4). Recall that every diffeomorphism ¢ of M naturally gives rise to
a bundle automorphism ¢ of F(M), and that, by definition, ¢ is an
automorphism of @, if $(Q)=Q.

Our task from now on is to study Aut(Q) via Aut(Q), the automor-
phism group of the G,-structure Q.

First of all we have a natural injective homomorphism iy of G to Aut(Q):

(@) =a, a<G,

where g, is the transformation of M induced by a.

Clearly we have G,CGL(8V). Hereafter we assume the following
condition :
(1.3 GL(dV)=G,.

Lemma 4.11.  If ¢ €Aut(Q), then ¢,,SAut(Q).

Proor.  Consider the point z, of Q (see 1.4). Then we have: For any
z€Q there is a &G such that z=a,,(z,), and in turn there is =G such that

bedylasoy)=0y If we put y=bgeea,, we see that ¢, (0,,)= 0y, and
V1 (2)=06y,($,,(2)). Therefore to prove the lemma, it suffices to show that
é 1 (20) EQ under the condition that ¢ m(0y) =04. Accordingly assume this

condition. Then we may consider the linear transformation a=09(¢,0) of
91, because 0 of 8_, isin U(¢). By Lemma 4. 10 and condition (I1.3) we
have a€GL(0V)=G,. For any Y €4_, we clearly have

¢y (my(exp tY))=m,(exp ¢/, (tY)),

provided |¢| is sufficiently small. Since ¢’,,(tY)=1taY + O(#?), it follows
that (¢,,),(z*Y)=2,(aY). Hence we obtain @4 (20) = 20a = Q, proving
the lemma.

By [Lemma 4. 11 we see that the homomorphism j, ¢—¢ »» maps Aut(Q)

to Aut(®). In this way we have obtained the following commutative
diagram :

lo
G—Aut(Q)
i |
Aut(Q).
Here the homomorphisms i,, 7,, and j are all injective.

Let us consider the definite Mobius algebra of degree 1, M,(1), which
satisfies conditions (I.1)~(I.3) as well as the condition that 8V ={0!.
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LEMMA 4.12.  If & is not isomorphic withMe(1), then & is the prolonga-
tion of the pair (8_., 8o).

Proor. Suppose that & is not the prolongation of the pair (8_1,90).
By Lemma 1. 12, this means that 8=0(1, = ; K), where n=1, and K=R or
C. As is easily verified, (1, n; K) does not satisfy condition (I.1) if >
1, and (1,1; C) satisfies conditions (L. 1) and (1.2), but does not satisfy
condition (I.3), because @V ={0}. Therefore we have G=®&(1,1: R=
Mo(1), which proves the lemma.

Assume the condition in Lemma 4.12. By Lemmas and we
know that the homomorphism i,, gives an isomorphism of G onto Aut(@).

It follows that the homomorphism j gives an isomorphism of Aut(Q2) onto
Aut(Q), and in turn the homomorphism i, an isomorphism of G onto
Aut(Q).

We have thereby proved the following

ProPOSITION 4.13. Let ® be a simple graded Lie algebra of the first
kind. Assume that ®& satisfies conditions (1.1)~(.3), and that & is not
isomorphic with Mo(1). Then Q=G/Go is the standard affine symmetric
space associated with &, and the homomorphism iqg gives an isomorphism of G
onto Aut(Q).

§5. Simple graded Lie algebras of the first and the second classes

5.1. Spaces of matrices. Let @ be the skew field of quaternions. Let
x be any element of Q, which may be expressed as follows: x=x%+xe +
X0, + X505 With %, %, %, xER. Here the elements e, e and e¢; which are
usually denoted by 7, j and k respectively, satisfy the well known relations.
Then we define elements %, % and x* of Q respectively as follows:

by = o+ X161 — Xa€2+ Xa€3, X=Xo— X161+ X262 — Xz€s,
X* ==Xy — X161 — Xp€2— X3€3..

It should be noted that 7 is not the ordinary conjugate of the quaternion x,
but is x*. We have the natural inclusions: RCC cQ. If xeC, we have
ty—x and 7=x*, the latter being the ordinary conjugate of the complex
number x. If xER, we have x=x=x"=x.

Let K be one of the fields: R, C and Q. As before M,(K) denotes the
space of matrices of degree n over K. Let X=(x;) be any matrix of
M,(K). Then we define matrices ‘X, X and X * respectively as follows:
X =(Y,) with y,;="'%;, X=(%,) and X*=‘X.

Let us now give representations of @ and M,(Q) by matrices over C.
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For this purpose we define a matrix of degree 2n, I, by

L. 0 0 1

[(n) =

0 A -1 0

and define a subspace over R, M,, of M,,(C) by
Mn: { Y EMZn(C) l I(n) Y = I_/vl(n) } .
As is well known, there is a unique isomorphism g of @ onto M, as division
algebras over R such that (1)*( 10 ) (e)—( /-1 0
& V=10 1) 2% =0 0 —/=T)
ﬂ<€2>—_—( _(1) (1)) and ﬂ(es):( /0_—1 v 0—1 ) Clearly we have u(*x)=
tw(x) u(@=u(x) and ;ﬁ(x*) =u (x)* where x Q.

Every matrix Y €M, can be expressed as follows: Y =(Y;;), where Y;;
eM,. Consequently we see that the isomorphism ux of @ onto M, naturally
gives rise to an isomorphism of M,(Q) onto M, as associative algebras over
R, which we denote by the same letter x. Clearly we have u (‘X)) ="u(X),
u(XD)=pu(X) and u(X*)=u(X)*, where X eM,(@Q).

For X eM,(Q), det® X) denotes the determinant of x(X), and

Tr%X) the trace of u(X):
det®(X) =det(u (X)), TréX)=Tr(u(X)).

Note that both det®(X) and Tr9(X) are real numbers.
Now, the space M,(K) naturally becomes a Lie algebra over R, which

we denote by al(n, K). We define an ideal 8{(n, K) of gl(n, K) by
3l(n, K)={X egl(n, K)| Tr*(X) =0},

which is a simple Lie algebra. Here Tr¥(X) stands for Tr(X) if K=Ror
C. We denote by GL(n, K) the general linear group of degree » over K,
and by SL(n, K) the special linear group of degree »n over K :

GL(n, K)={AcM,(K)|detk(A) =0},
SL(n, K)={AEM,(K)|detf (A)=1},
where det®(A) stands for det(4) if K=R or C.
Furthermore we define subspaces S,(K), S,(K) and H,(K) of M,(K)
respectively as follows:
Sn(K)={KeM,(K)|'X =X},

SH(E)={XeM,(K)|'X ==X},
Hy(K)={XeM,(K)|X*=-X|.
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Note that the product group GL(n, K) X GL(n, K) naturally acts on the
space M,(K), and the group GL(%n, K) on each of the spaces S,(K), Sn(K)
and H,(K).

REMARK.  We have M;(C)=u(M.(Q)+/ —1u(M,(Q)) and
p(M,(@)N /=1 u(M.(Q)=1{0}). Moreover we have S;,(C)=
#(Sn(@)+ V=1 u(S(Q) and S5.(C)=p (SH@)+/ —1u(SKQ).
Accordingly we find that the complexifications of M,(Q), S,(Q) and S,L(Q)
(or of #(Mx(Q)), 1 (S,(Q)) and u(S,(Q))) may be regarded as M,,(C),
$:2(C) and S3,(C) respectively.

5.2. The graded Lie algebrat&O(n, n; K) and ©p(n, K). For any
positive integer » we define matrices of degree 2%, /, and I,,, respectively by

O ln _ 0 172
]"*(1,, 0)’["_(~1,, O)’
where 1, denotes the unit matrix of degree n. Let K be one of the fields: R,
C and Q. Then we define subalgebras so(n, n; K), 3u(n, n; K) and
ep(n, K) of 3l(2n, K) respectively as follows :

so(n, n; K)={Xe&32n, K)|'XJ,+],X =0},
du(n, n; K)={Xe&3l@2n, K)| X*J,+/].X =0},
ep(n, K)={Xe3(2n, K)|'XI,+1,X=0}.

Note that these Lie algebras are all simple except for so(l,1; R)=
su(l,1; R), ¢0(1,1; C), 30(1,1; @), %0(2,2; R) and 30(2,2; C).

Every element X of 3((2n, K) can be expressed as follows: X =
(Xij1si j<2» Where X,; are n X n-matrices. Then 8o(%, n; K) is defined by
the equations

Xon+ X =0, X+ Xp.=0, X2+ X,,=0,
su(n, n; K) by the equations

XH+Xn=0, XH+Xe=0, X+ X,,=0,
and 3p(n, K) by the equations

X — X0 =0, "X+ X5.=0, 'X,,— X;,=0.

Now, let g be one of the Lie algebras: 8o(n, n; K), 3u(n, n; K) and
3p(n, K). For any integer p we define a subspace g, of g by g,=9N g,(%,
n; K)={Xeg|X;;=0if j—ixp}. Then we see that &={g, (g,)} becomes
a graded subalgebra of (%, »n; K), which will be denoted bygO(#n, #; K)
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or Gll(n, n; K) or ©p(n, K), according as § is so(n, n; K) or
du(n, n; K) or ep(n, K).

ReMARK. If ® is simple, its characteristic element E is expressed as
follows: E:%( 10" _? ) Furthermore, according as® is&9(n, n; K)
or Gll(n, n; K) or ©p(n, K), the subspace g., of ¢ may be naturally
regarded as S,(K) or H,(K) or S,(K).

5.3. Simple graded Lie algebras of the first and the second classes.
Hereafter a SGLA of the first kind will always mean that of the classical
type. For the classification of SGLA’s of the first kind over R, we refer to
Kobayashi-Nagano [3], I, though it was first done by Berger [3]

A SGLA, &, of the first kind over R is called of the second class, if it is
isomorphic with one of the SGLA’s of the first kind in the following table
(TaBLE 1). Otherwise, ® is called of the first class.

TABLE 1
Sn, k; B &(n, k; C) S(n, k; Q
(k>n=1) (k>n=1) (k>n=1)
eOn, n; R &0(n, n; C)
(n odd, n=5) (n odd, n=5)
Here is a table of the SGLA’s of the first class.
TABLE 2
&(n, n;, B &(n, n; C) &(n, n; Q@
(n=3) (n=3) (n=2)
euln, n; C)
(n=3)
_E())ﬁr<z>1 M(n, C)
1;_27’517, nozr.'ﬂ (n23)
&O(n, n; R &0(n, n; C) &0(n, n; Q
(n even, n=6) (n even, n=6) (n=3)
Gv(n, B Gp(n, C) ev(n, Q)
(n=3) (nz3) (n=2)

REMARK 1. GUn, n; R)=c0(n, n; R). &l(n, n; Q) =Cyn(n, Q)
cf. [3], D. &1, 1; BH=6U(,1; O)=en(d, R =M,(1). 6(1,1; )=
Gp(1,C)=M(1,C). &, 1; Q=M. ©12,2; BH=M,1). ©(2,2; )=
M4, C). GUR2,2; CO)=M@),50(2,2; =M (6). 0@, 3; =
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&, 3; R). ©9@,3; O)=3(1,3; C). 60(4,4; RY=M;(6). 60(4,4; C)
=M6,C). ©p(L, Q) =M,(3). Gp(2, R) =M, (3). Sp(2,C)=M(3, ).
REMARK 2 (cf. Remark in 5.1). The complexifications of &(#, k; Q)

(k=zn), ©0(n, n; @ and Sp(xn, Q) may be regarded as &(2xn, 2k: C),
©0(2n, 2n; C) and Sp(2n, C) respectively.

§6. Relevant algebraic varieties of the spaces M,(C), S,(C) and S,(C)

6.1. Preliminaries. Let U be a finite dimensional vector space
over C. Given vectors Xi,..., X, of U, %(Xi, ..., X.) benotes the
subspace of U spanned (over C) by X, ..., X,. GL .(U) denotes the

general linear group of U (as a vector space over C).
P.(U) denotes the algebra of polynomial functions on U (as a vector

space over C). For any non-negative integer wm, P c(U)n denotes the
subspace of P .(U) consisting of all polynomial functions of degree m and
the zero polynomial function: P, (U)= 3 P, (U), (direct sum).

m =0

Let W be an algebraic variety over C of U. I,(W) denotes the ideal
of the variety W, that is, the ideal of P ,(U) consisting of all polynomial
functions which vanish on W. GL _.(W) denotes the subgroup of GL .(U)
defined by

GL.(W)={AeGL . (U)|AW =W .

Now, let U be one of the spaces: M,(K), S,(K), S;(K) and H ,(K),
where K =R or C or Q. For any integer 0<» <#, we define subsets V,(U)
and W,(U) of U respectively as follows:

V.(U)={Xe&U|rank(X) =7},
W, (U)={Xe&U|rank(X)<r},

where rank(X) stands for the rank of the matrix X. (Note that rank(X)

:.;_rank@()()) if X EM,(Q).)

Clearly we have W,(U)= V,(U)U...U V(U). Weremark that,if U is
S»(R) or S,(C), then V,(U)=¢ for any odd integer 0<7r<#n. We also
remark that, if U is M,(C) or S,(C) or S;(C), then W,(U) is an algebraic
variety over C of U, and its ideal I, (W,(U)) is homogeneous :

[WUD= 2 L (We(UD)m with I (Wo(UD) n=1 (W(UDNP(U)m.

In the present section we study the algebraic varieties: W,_,(M,(C)),
Wi o (M, (C)), Wni(Sn(C)), W,o(S,(C)), and W,_.(S,(C)) (n even). In
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the subsequent sections the results here will be applied to the study of the
algebraic varieties over R, W, ,(M,(R)), W,..,(M,(@)), W, .(S:.(R)) (n
even), W,_.(S:(@)), etc., through the method of complexification.

6.2. The varieties W,_,(M,(C)) and W,_,(M,(C)). For any integer
0<r<wn, set V,=V,.(M,(C)) and W,= W,(M,(C)). Asis well known, V,,
.V, are all the orbits under the natural action of GL(#n, C) X GL(n, C)
on M,(C). In particular V, is a single open orbit, and hence W,_,= V,U...
U V,_, is the union of singular orbits. Clearly the function det(X) on

M,(C) is a homogeneous polynomial function of degree », and W,_, is the
zeros of det(X).

LemMa 6.1 (cf. [4DY  The ideal I, (W,-) of Way is genervated by
det(X).

LEMMA 6.2. Let 0<7<n, and let X&EV,. Then

77" (det) =0, and j% 7 (det) x0.

Proor. Clearly we may assume that X is of the form: ( &’ % ) . Let

X()(|t|<e) be any (C® curve of M,(C) such that X(0)=X. Then

X (t) may be expressed as ég% g%g , where A(t)eM,(C). Since

A(0)=1,and B(0)=C(0)=D(0)=0, it follows that
det(X ())=¢t*"det(D'(0))+O0(™™")

where D’(0) denotes the derivative of D(¢) at t=0. Accordingly the
lemma follows.

LemMMaA 6.3. Let F be an endomorphism of M,(C) as a vector space
over C. Then the following statements (1)~ (3) are mutually equivalent :

(1) FeGL.(W,».

(2) det(F(X)=c det(X), X € M,(C), where ¢ 15 a mnon-zero
constant.

(3) FeGL (M.(C)), and F(V)=V, 0=r=n).

Proor. (3)==(1) is clear.
(D==(2). We have det (F(X))&l ,(Wn-1)n. Therefore it follows

from that det(F(X))=c¢ det(X) for some ¢. Clearly we have
c=0.

1) This lemma and also Lemmas and below can be given elementary proofs, which are
left to the readers as exercises.
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(2)==(3). We first show that F€GL_ (M,(C)). Let X M,(C) and

YeV,. We have det(F(Y))=c det(Y)x0, and det(FAY+X))=
c det(AY +X) for all A C. Consequently it follows that

det(A1,+F(Y)'F(X))=det(11,+ Y 'X),

whence Tr(F(Y)'F(X))=Tr(Y'X). Now, assume that F(X)=0,
implying that Tr(Y'X)=0. Since V,'=V,, and since V, is open and
dense in M,(C), we see that Tr(ZX)=0 for all Z&M,(C), whence X =0.
We have thus shown that F€GL,(M,(C)). We next show that F(V,)=V,
(0=r=n). We prove this by induction on the integer ». Accordingly
assume that F(Vy)=V; (0<s<r—1) for some integer 1<»<#n—1. Take
any X &V,. Suppose that F(X)&V,, for some integer » +1<7'<%n. By
we have j% %, (det) 0, whence j% " (detoF) 0. SincedetoF =
¢ det, it follows from that 7% 7' (det)=0. This is a contradic-
tion, because n—r»'<n—r—1. Therefore we have F(X)&V,, and hence
F(V)C V,. Similarly we have F'(V,)C V,. We have thus shown that
F(V,)=V,, completing the proof of Lemma 6.3.
By the use of we shall prove the following

LEMMA 6.4.  The group GL,(W,-,) consists of qll transformations F of
M,(C) of the following form :

F(X)=AXB™" or F(X)=A'XB™', XeM,(C),

where A, BEGL(n, C).

Clearly the transformations of the form above form a subgroup ¥ of
GL,.(Wnr-1).

Let {e;}1<i j<» be the canonical basis of M,(C): The (i, j)-component
of e; is 1, and the other components of e;; are all zero. Clearly we have ¢,
€ Vi. Let T;; be the (holomorphic) tangent space to the submanifold V, of
M,(C) atthe point ¢;;, which may be naturally regarded as a subspace of the
vector space M,(C). Then we easily have

Ej:~%<ei1, ey Ein, €15,y ..., enj>.

Let us now show that GL,(W,_-,)C¥. Clearly it suffices to deal with the
case where n=2. Let FEGL ,(W,.,). Our task from now on is to show
that there are A, BEGL(#n, C) such that either AF(X)B=X for all X or
AF'(X)B=X for all X, where F’ is an element of GL,(W,-,) defined by
F'(X)=4F(X)). By we have F(V)=V, and F(V,)=
V.. Hence it follows that F'(¢;;) € V), and that F(T;;)=T;;, if F(e;) =e;;.
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Since F(e) €V, we can find A, BEGL(n, C) such that AF (e,))B=
¢,;. Thus we may assume that F'(e;;)=e.

Therefore we have F(T,)=T,. Since exE€T =% (e, ..., €n, €2,
.., en), it follows that F(en) e % (e, ..., €in, €, ..., em). Since
rank(F (e;,)) =rank(e,) =1, we easily see that either F(e,) € %(en, ...,
em) or F(en)E% (e, ..., an). Clearly we may assume that F(e;) €
S%(en, ..., em), by replacing F with F’ if necessary. This being said, we
can find AeGL(n, C) such that AF (e;,)=e; and AF (e;) =e¢,. Thus we
may assume that F'(e;) =e, and F (e:) =ea.

Therefore we have F (TuN T) =F(Ty)NF(Ty)=TuNT». Since Ty,
N Tu=%(en, ..., em), it follows that F(en)EZ (en, ..., en)(3=i<n).
Consequently we can find A€GL(#», C) such that AF (e;)=e,; (1si<n).
Thus we may assume that F(e;)=eq (1=i<n).

LEMMA 6.5. F(ej)e%(en, ..., em)(1Zi=n 2575 n).

Proor. Take any integers 1<i<#n and 2<j<un.We have F(T;)=
Ta, Tu=% (en, ..., €mn, €, ..., em) and rank(F(e;))=1. From these
facts it follows that either F(e;) €% (en, ..., emn) or F(e;) E% (e, ...,
¢n). Suppose that F(e;) €% (e, ..., em). Fix aninteger £ such that 1<
k<n and k=i Then we have rank(F (e, +e;;)) =rank(e,+e;)=2. On
the other hand, we have F (ex+e;;) —em+ F(e;) €% (en, ..., em), Whence
rank(F (em+e;;))=1. This is a contradiction. We have thereby shown
that F(e;;) €% (en, ..., en), proving Lemma 6. 5.

In particular, by Lemma 6.5 we have F(e;;)) €% (e, ..., ) 2Sj=n).
This being said, we can find BEGL(n, C) such that F(e;)B=e, and
F(e,)B=e; (1=i,j<%n). In this way we may eventually assume that
F(en)=en and F(e;) =e; (1=, j=n).

In the same manner as in the proof of Lemma 6. 5, we can therefore show
that F(e;,)EZ(ey;, ..., en) (2<i<n, 1<j<n). From this fact combined
with Lemma 6.5, we easily obtain F (e;;)) €% (e;;) (2<i, j=n). Now, take
any integers 2<i, j<un. If we put M,=%(eu, ea, e, e;), we have
F(M,)=M,, and we have a natural isomorphism, say X—X’, of M, onto
M,(C). Since rank(F(X))=rank(X) for all X €M,, we have
rank(F (X)) =rank(X"). By (applied for n=2), we therefore
see that det(F (X)) =det(X", from which follows easily that F(e;;) =e;;.
We have thereby shown that F(X)=X for all X eM,(C), completing the
proof of Lemma 6. 4.

We shall now study the variety W,,=V,U...U V,_.. Let X be any
matrix of M,(C), and let (i, j) be any pair of integers 1<i, j=n. We
denote by A;;(X) the (i, j)-minor of X : A;;(X)=det(X ), where X ,)
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is the matrix of degree »—1 which is obtained from X by extracting the ¢-th
row and the j-th column. Clearly the function A;(X) on M,(C) is a
homogeneous polynomial function of degree n—1, and W,_, is the common
zeros of the polynomial functions A;;(X).

Lemma 6.6 (cf. [4]D? The ideal 1, (W,_,) of Wi, is generated by
A;(X).

LEmMMmA 6.7. Let 0r=<n—2, and let XEV,.
(D jgf—742<Aij>:O for any (3, 7).
2 jx 77N AD =0 for some (i, j).

ProorF. The notations being as in the proof of Lemma 6.2, we have

A X)) =t""Ay, ;- (D'O)+ 0™ if r+1=4, j<n+1,
=0(t™") otherwise.

Gonsequently the lemma follows.

Lemma 6.8.  If FEGL,(Wys), then F(V)=V, (0Sr=n—2).

We can prove this fact by using Lemmas and b. 7, and by reasoning
in the same manner as in the proof of Lemma 6. 3.

Here, we recall that the proof of uses only the fact that every
FeGL (W,.,) satisfies F(V))=V, and F(V,)=1V,. In view of
6. 8 we therefore obtain

LEMMA 6.9.  Assume that n=4. Then the group GL (Wy_,) consists of
all transformations F of M,(C) of the following form :

F(X)=AXB'or F(X)=A'XB™, XeM,(O),
where A, B&GL(n, C).

6.3. The varieties W,_,(S,(C)) and W,_.(S,(C)). For any integer
0s7r=un, set V,=V,(5.,(C)) and W,=W,(S,(C)). As is well known,
Vo, ..., V, are all the orbits under the natural action of GL(#%, C) on S,(C).
In particular V, is a single open orbit, and hence W,_,= V,U...U V,_; is the
union of singular orbits. Clearly W,_, is the zeros of the polynomial function
det(X ), restricted to S,(C).

2) We shall only use the fact that IC( Wi2)m=10} for 0<m<n—2, and IC( Wi-2) n—1 is spanned

by A;;(X), which can be given an elementary proof. The same remark holds for Lemma 6.
13 below.
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LemMmA 6.10 (cf. [1]).  The ideal I ,(W,o) of Wiy is generated by
det(X).

LEMMA 6.11. Let F be an endomorphism of S,(C) as a vector space
over C. Then the following statements (1)~ (3) are mutually equivalent.

(D FeGL (W,-».

(2) det(F(X))=cdet(X), X&S,(C), where c is a non-zero constant.

B) FeGL (S5.(C)), and F(Vo)=V, 0<r=n).

The proof of this fact is quite similar to that of Lemma 6. 3. (Note that
Lemma 6. 2 holds true in our present situation.)

By the use of Lemma 6. 11 we shall prove the following

LEMMA 6.12.  The group GL ,(W,_,) consists of all transformations F
of Sx(C) of the following form :

F(X)=AX'A, X&S5,00),

where A€GL(n, C).

Clearly the transformations of the form above form a subgroup ¥ of
GL.(W,_1).

Using the canonical basis {e;} of M,(C), we put &;;=¢;; and &;;= e;;+ e;;
(i%7). Then we have &;S,(C) for all ¢, j, and ¢;(1<i<j<n) form a
basis of S,(C). Clearly we have e;;€V,. If we denote by T;; the tangent
space to V, at &,;;, we have

T.i=% (ear, ..., &n).

Now, let i=xj. Clearly we have ¢;EV,. If we denote by T}; the tangent
space to V; at ¢;;, we have

ﬂj:%(eil,---, €iny, €51y ..., Sjn>.

Let us now show that GL.(W,-,)C¥. Clearly it suffices to deal with the
case where n=2. Let FEGL .(W,_,). By [Lemma 6. 11 we have F(V,)=
Vi and F(V,)=1V,. Hence it follows that F(e;;)EV,, F(ey)eV, if i,
and that F(Ty;)=T;; if F(e;;) =¢y;.

Since F(e;;) €V, we can find A=GL(n, C) such that AF (&,,)!A=¢,,.
Thus we may assume that F (&) =&1:.

We have F(Ty,)=T,, and T,,=%(en,..., &1n), whence F(e,,)E
% (e, ..., &) (2=<i<n). This being said, we can find A€GL(#», C) such
that AF (e,,)!A=¢;; (1£i<#n). Thus we may assume that F (&;)=¢,; (1<
1=n).

Take any integer 2<i<un. Then we have F(T\,))=T;, ;T ;=
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G (en, ..., €n, €i1,-..., €in), and rank(F(e;))=1. From these facts it
follows that F (&;;) €% (en, €11, €:1). If we put ;=% (eu, €14, €::), We have
F(S,)=S,, and we have a natural isomorphism, say X—X’, of S; onto

S, (C). As before we then obtain det(F (X)) =c det (X") for all X €S5;,
from which follows that F (&;;) =¢;.

Let us consider the case where n=3. Take any integers 2<i<j<un.
Then we have F (TN T;)=TuN Ty, e;E€TuN T;;=% (eu, €55, €5), Whence
F (&) €% (eus, €55, €i5).  If we put S=F (ey, €55, €15), We have F(S5,)=3S,
and we have a natural isomorphism, say X—X’, of S; onto S,(C). As
before we then obtain det(F (X)) =c¢ det(X") for all X &S,, from which
follows that F (e;;) €% (e;;). Furthermore, if we put S;=.% (en, €1, €55, €145
€1, €:;), we have F(S5)=S;, and we have a natural isomorphism, say X—
X', of S; onto $;(C). As before we then obtain det(F (X)) =c det(X") for'
all X €S,, from which follows that F (e;;) =¢;;. We have thus shown that
F(X)=X for all X&8S,(C), completing the proof of Lemma 6. 12|

We shall now consider the variety W, ,=V,U...U V., which is the
common zeros of the polynomial functions A;;(X), restricted to S,(C).

Lemma 6.13 (cf. [1]). The ideal I.(Wn—z) of Wn_, is gemerated by
A;(XD).

LemMmA 6.14.  Assume that n=4. Then the group GL (W,r_,) consists
of all transformations F of S,(C) of the following form :

F(X)=AX'A, X&S5,(0),

where A=cGL(n, C).

The proof of this fact is quite similar to that of Lemma 6.9. (Note that
Lemmas and hold true in our present situation.)

6.4. The varieties W,_,(S,(C))(n even). Set m:—g—. For any

integer 0<r<m, set Vo= V2,(S;,(C)) and W,,= W,,(5,(C)). As is well
known, V,, V,, ..., Van are all the orbits under the action of GL(#n, C) on
S,(C). In particular V., is a single open orbit, and hence Wyin_1y= VoU V,
U...U Vamy is the union of singular orbits.

Let {e, ..., e.} be the canonical basis of C”. For any matrix X = (x;;)
of S,(C), we define a 2-vector wy, on C" by

1
@y =—=2) Xie:/\ej,
27

and define a complex number det’}(X ) by
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wX/\.../\coX:det“lf(X)el/\.../\en (wy m times).
As is well known, we have

(detT(X))?=det(X), det?(AX'A) =det(A)detT(X),
where A€GL(n, C).

Clearly the function det%(X ) on S,(C) is a homogeneous polynomial

function of degree m, and Wj,._, is the zeros of det'é‘(X ).

LEmMMmA 6.15 (cf. [2]).  The ideal I ,(Wym-1) Of Wom—yy is generated
by det7(X).

LEMMA 6.16. Let 0<v=<m, and let X EV,,. Then

im T (det?) =0, and 7 (det?) %0.

0
Let X(¢) (Jt|<e) be any curve of S;(C) such that X(0)=X. Then X (¢)

may be expressed as ég% g%g , where A(t)&S5,(C). Since A(0)=

I», and B(0)=C(0)=D(0)=0, it follows that

Proor. Clearly we may assume that X is of the form: ( L 00 )

detZ(X (1)) =t™" detT(D'(0)) + O(¢™ ).
Accordingly the lemma follows.

LEMMA 6.17.  Let F be an endomorphism of S,(C) as a vector space

over C. Then the following statements (1)~ (3) are mutually equivalent -
(D FEGL (Wymyy).

(2) detT(F(X))=c det?(X), X ES.(C). where ¢ is a nonzero cons-
tant.

3) FeGL(S:(0)), and F(Vy)=Vor, 0=r=m).

This fact can be proved in the same manner as in the proof of Lemma 6.
3, based on Lemmas and b6.16. Note that (2) implies det(F(X))=
c? det(X).

By the use of Lemma 6. 17, we shall prove the following

Lemma 6.18.  Assume that n=2m=6. Then the group GL .(Wym-1))
consists of all transformations F of S;(C) of the following form :

F(X)=AX'A, X&5,00),
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where AcGL(n, C).

Clearly the transformations of the form above form a subgroup ¥ of
GLe(Wam-).

Using the canonical basis {e;;} of M,(C), we put &;=e¢;;—e¢;;. Then
we have ¢,;€S,(C), and e;; (1=i<j<n) form a basis of S,,(C). Now, let
1x7J. Clearly we have ¢;;&V,. If we denote by T;; the tangent space to V,
at &;;, we have

ﬂj:$<eilv"'a Einy Ej1y.evy 8.7'71)-

Let us now show that GL ,(Wym-1,))C¥. Let FEGL ,(Wym-1)). By

Lemma 6.17 we have F(V,)=V, and F(V,)=V,. Hence it follows that
F(e;)eV, if ixj, and that F(T;;)=T;; if ixj and if F(e;;) =¢;; or more
generally F (e;;) €% (&i5).

Since F (&) €V,, we can find A€GL(n, C) such that AF (e,,)!A=¢,,.
Thus we may assume that F(&;;) =¢€;,.

We have F(Ty)=T., and &€ Ti:=% (&12,..., €1n, €23, ..., E2n),
whence F(e;3)E % (€12, ..., &1n, €23,..., €n). Define a 2X(n—2)-matrix
(2) by Few=3 3 zuey (mod en). Since Flew)=es and
rank(F (e;5)) =2, we see that the rank of the matrix (z;;) is 1. This being
said, we can find A€GL(n, C) such that AF (e;5)!A=¢€;, and AF (e3)'A=¢,3.
Thus we may assume that F (&) =&, and F (&13) = €33.

LEmMMA 6. 19. F (&) € F (ers, €13, €23), and  F (&1;,) € % (€12, ..., €1n)
(4<7<n).

Proor. Take any integer 4<;7<#n. We have F(Ti,N Tis)= TN T1s,
and &, £1jET12ﬂ 7‘13:% (€12, ..., &€1n, €23), Whence F (&z), F(€1j>€$<512,
.., €1n, €23). Since rank(F (e)) =2, it follows that either F (e,3) €% (&1,
oy €1n) OF F(&33) €% (&40, €13, €23). Similarly, since rank(F(e,))=2, it
follows that either F(e;) €% (e, ..., €1n) O F(e,;) € % (€1, €13, €23).
Now, suppose that F'(e) E % (e, ..., €1n). Since rank(F (e;;+&x))=
rank(e,;+&,3) =4, we then see that F(e,,) € % (e1,, €13, €23). Hence we
obtain F (% (e, ..., &n))C % (&12, €13, €23). Clearly this is a contradiction,
if n=28. If n=6, we have F (% (e, €15, €16)) = % (€12, €13, €23), and hence
e12=F (&) €% (e, €15, €16), Which is a contradiction. Consequently we
have shown that F'(e;3) € %(e1,, €13, €23). Moreover, we easily see that
F (&) € % (e, ..., &1n) (4<j<m), because rank(F (e;;+¢&3)) =4.

In view of [Lemma 6.19 we can find AeGL(n, C) such that
AF (e;)!A=¢€; (2£j<m), and AF (e;3)'A=¢535. Thus we may assume
that F (e ) =¢€,; 2=j=<mn), and F (&) =é&33.
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Take any integer 4<j<#n. Then we have F(T,;N T1.N Tos) = T1,N Tr2N
T3 , and &€ TN TN Tos= i (&1z, €13, &2;), whence F(82j)€%<812, &13,
&;). Since rank(F(e;;))=2, it follows that F(e,;) €% (e, ¢,;). This
being said, we can find A€GL(#%, C) such that AF (e;,)!A=¢,; (2<i<n),
AF (e23)'A=¢2, and AF (&;;)'A€ %(&y;) (4<j<m). In this way we may
eventually assume that F(e;)=¢; 2=<i<n), F(ep)=¢&s and F(e,)E
%’(821') 4 §j§ n).

Take any integers 3<i<j<un. Then we have F(T:;N T,,N Tr:N Ty;) =
T.:N Th;N T:N Ty;, and e €T:N TN TN To= % (&5, €12), whence F (&)
&% (&i;, €12). Since rank(F (e,;;)) =2, it follows that F(e;;) € % (e;)).

We have thus shown that F(e;) € %(e;;) 2<i<j<n). Fix such
integers 7 and ;. If we put Si= % (e1s, €1:, €15, €21, €25, €1;), We have F(S)) =
S:, and we have a natural isomorphism, say X—X"’, of S; onto S;(C). As
before we then obtain rank(F (X)) =rank(X") for all X€S;. By Lemma

6.17 (applied for n=4) we therefore see that det'lT(F(X)’):c det'lT(X’),
from which follows that F'(e;;) =¢;;. We have thereby shown that F(X)=
X for all X €S,(C), completing the proof of Lemma 6. 18.

§7. Proof of Theorem 2.8: The case where 9 is a simple graded
Lie algebra of the second class.

At the outset we prepare some notations for our later arguments. Let
m, ..., W be positive integers, and put n=m,+...+n,. Every matrix A4 of
GL(n, K) may be expressed as follows: A= (Ai1<i j<n Where A;; are n; X
n;-matrices. Then Gy(m, ..., n.; K) denotes the subgroup of GL(%, K)
defined by

Go(my, ..., my; K)={AEGL(n, K)|A;=0if ixj}.
Given a Lie group L, C(L) denotes the centre of L.

7.1. The case where 9=0(n, k;K) (k>n=1, K=R or C or Q.
Set m=k—n, and let us consider the simple graded Lie algebra &=
&(n, m, n; K) of the second kind. Let ®={g; (g,)}. If we put m=n=n
and n,=m, every matrix X of g=38((2n+m, K) may be expressed as
follows: X =(X};)1<; j=3, where X,; are n;Xn;-matrices. Then we recall
that the subspaces g, of § are defined by g,={X €q|X,;=0if j—ixp’.

Now, define subspaces ¢ and | of g_; respectively as follows :

GZ{XEQ_lngzz()}, T:{Xeg—llXZIZO}-

It is easy to see that @ is pseudo-product with respect to the subspaces ¢ and
fof g_,. We shall apply the arguments in § 3 to the pseudo-product SGLA,
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®, of the second class.
We easily see that the elements E and J in the centre of g, are given

respectively by
1, 0 0 al, 0 0
0 0 0 ) , J= ( 0 pB1, O ) ,

0 0 -1, 0 0 al,

E=

where a=—m/Cun+m), and B=2n/2n+m). It follows that A=
&(n, m+n:K)=9, and B=&(n+m, n; K).

Let us now verify that ¢ satisfies condition (II.1) and (IL.2). Set L=
GL(2n+m, K), and define a subgroup L, of L by

Lo=Gy(n, m, n; K)={A€L|AEL"'=E, AJA7'=]}.

Furthermore set G'=L/C(L), and G¢=L,/C(L), which may be naturally
identified with subgroups of Aut(8) and Aut(Q) respectively.

LemMma 7.1 (1) If K=R or Q, then Go=Gs and G=G'.

(2) If K=C, then G;and G’ are open, normal subgroups of Gy and G
vespectively, and Go=GiU7+G§, and G=G'Ur+G’, where v denotes the
conjugation of $=8(2n+m, C); 7(X)=X, X 8.

Now, define an element g of G’ by

0 0 1,
g=|0 1, 0 (mod C(L)).
1, 0 O

Then we easily see that ¢?=e¢, Ad(g)E=—F and Ad(¢g)J =/, showing that®
satisfies condition (II.1).

LEMMA 7.2. The space 9_, may be naturally identified with M,(K),
and the subgroup G, of GL(8_5) consists of all transformations F of M,(K)
of the following form :

D If K=Ror Q F(X)=AXB™,

2 If K=C, F(X)=AXB™" or F(X)=AXB™,
where A, BEGL(n, K), and X EM.(K).

For any integer 0<7=<un, set V,=V,(M,(K)). Then we see from
that V,, ..., V, are all the G,-orbits, and especially V, is a
single open orbit. Therefore we have V=1V,, and o9V =V,U...U Vp.

If K=R or C, it is clear that 8V is the zeros of the polynomial function
det(X) on M,(K). For any pair (i, j) of integers 1=i, j<2n, we now
define a function X;;(X) on M,(Q) by



On affine symmetric spaces and the automorphism groups of product manifolds 339

X;(X)=8;u(X)), XeM.(Q),
which is a homogeneous polynomial function of degree 2#—1. Since rank

XD :% rank(u (X)), we then see that, if K=Q, oV is the common zeros

of the polynomial functions X;;(X). Note that 8V is also the zeros of the
polynomial function det®(X) on M,(Q).
Now, consider the (complexified) dieal 1(aV) of the variety 9V.

LemMA 7.3. (1) If K=R, then 1(3V) is generated by det(X).
(2) If K=C, then 1(3V) is generated by det(X) and det(X).
(3 If K=Q, then 1(3V) is generated by X;;(X).

Proor. (1) Take any polynomial function f(X) of I(8V), which
may be naturally regarded as a polynomial function of P.(M,(C)). Put

V= Vet (M,(€)), and Wy, = Wy, (M,(C)). Since V,_, is a real part of

V-1, we see that f(X) isin I,(W,.,). Therefore it follows from Lemma
6.1 that f (X) is in the ideal of P,(M,(C)) generated by det(X), and hence
f(X) isin the ideal of P(M,(R)) generated by det(X).

(2) Take any polynomial function f(X) of I(3V). We first remark
that there is a unique polynomial function f(X, Y) of P.(M,(C)XM,(C))
such that f(X, X)=f(X). Since {(X, X)|X EV,.,} is a real part of
Vo X V,_y, it follows that (X, V) is in I.(6V xaV). Using Lemma 6.
1 twice, we therefore see that f(X, Y) is in the ideal of P (M,(C)x
M,(C)) generated by det(X) and det(Y), and hence f(X) is in the ideal
of P(M,(C)) generated by det(X) and det(X).

(3) Take any polynomial function f(X) of I(3V). We know that
u(M,(Q)) is a real part of M,,(C) (see Remark in 5.1). Hence there is a
unique polynomial function A(Y) of P.(M,,(C)) such that f(X)=
Fu(X)). Put Vo= Vona(Men(C)), and Wino= Win (M, (C)). Since
u(Vay) is a real part of V,, ,, it follows that F(Y) is in I.( Wiyn2). By
we therefore see that 7(Y) is in the ideal of P.(M,,(C))
generated by A;;(Y), and hence f(X) is in the ideal of P(M,.(Q))

generated by X,;(X).

We have thus proved Lemma 7. 3.

We see from that [(8V)=nif K=RorC and [(3V)=2n—
1 if K=@Q, and therefore from that ® satisfies condtion (IL 2).
Consequently we know by [Proposition 3. 26 that Q=G/A, is the standard
affine symmetric space associated with =9, and that Aut(Q) is naturally
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isomorphic with G, proving Theorem 2. 3 for 9.

7.9. The case where 9=60(n+1,n+1;K) (n even, n=4, K=R or
C). We defin a matrix J,., of degree 2n+2 by

0 0 1,
jn+1:(0 ]1 0 )>
1, 0 0

where ]1:( (1) (1) ) as before. We then define a subalgebra g of

gl(2n+2, K) by
g={X €gl2n+2, K)|'X w1+ o X =0},

which is isomorphic with the simple Lie algebra so(#z+1, n+l :K). If we
put 7, =n=n and n, =2, every matrix X of gl(2n+2, K) may be expressed
as follows: X =(X;)1<; ;<3 where X; are ;X n;-matrices. Then 8 is
defined by the equations

tX31+X31_—’0, tX32+f1X21———0, tX11+X33:0,
tX2J1+]1X22:0, tX12+]1X23:0y tX13+X13:0-

Here, we remark that the equation for Xz, means X is of the form: aT;

with e €K, where TI:( -1 ?)

For any integer p, we now define a subspace g, of § by g,= g0 gp(n, 2,
n:K)={Xeg|X;=0 if j—ixp}. Then we see that &=1{g,(gp)} is a
graded subalgebra of ®(#, 2, »; K), which is even a simple graded Lie
algebra of the second kind. Note that the characteristic element E of & is
represented by the same matrix as in the preceding paragraph.

Moreover let us define an element J of g by

0 0 0
]
0 0 0

It is easy to see that J is in the centre of go, and that [J, 9-2]=1{0} and
[/, [J, X]]=X for all X&g_,, showing that & is pseudo-product (see
Remark in 3.1). We shall apply the arguments in § 3 to the pseudo-product
SGLA, ®, of the second kind.

We assert that A=9. Indeed, the characteristic elements Ey and E of
0

9( and 9 respectively are represented by the same matrix 1 1"6‘ 1.
n+

2
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Now, define a matrix P of degree n+1by P= ( (1) é" ) . and a matrix P of

tP 0
Jueiand PEyP'=Es. Hence it follows that PXP'eso(n+1,n+1; K) for
all X g, and that the assignment X —PXP" gives an isomorphism of ¥
onto 9, proving our assertion.
Let us now verify that & satisfies conditions (II.1) and (IL 2). Define a
subgroup L of GL(2n+2, K) by

L={AcGL2n+2, K)|det(A) =¢, ‘AJu1A=eJn with e=1or —1},

degree 2n+2 by P=| g7 B ). Then we see that PluP=| p ) =

and a subgroup L, of L by
Le=LNGyn 2,n;K)={A€L|AEA'=E, AJA™'=]}.

Set G’=L/C(L), and Gy=L,/C (L), which may be naturally identified with
subgroups of Aut(8) and Aut(®) respectively.

LemMa 7.4. (1) If K=R, then Go=G¢ and G=G".

(2) If K=C, then G;and G’ are open, normal subgroups of Go and G
respectively, and Go=GiUt*Gg and G=G'U1+G/,
where T is the conjugation of 9.

Clearly the matrix

0 0 1,
(o Lo )
1, O 0

is in the group L, and hence it defines an element g of G’. Then we see that
® satisfies condition (II.1) with respect to the element g.

LEMMA 7.5. The space 8-, may be naturally identified with S,(K),
and the group G, consists of all transformations F of Si(K) of the following
form -

1) If K=R, F(X)=eAX'A,

2) If K=C, F(X)=AX'A or F(X)=AX'A,
where AcGL(n, K), e=1o0r —1, and X E€S,(K).

Set n=2m. For any integer 0<7<m, set V,,= V,.(Sx(K)). Then we
see from [Lemma 7.5 that Vi, Vi, ..., Vaimare all the G,-orbits, and especial-
ly Vun is a single open orbit. Therefore we have V = V,n, and 0V = VU 1,

U...U Vemy. Clearly 8V is the zeros of the polynomial function det‘é(X )
on S,(K).
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LeMMA 7.6. (1) If K=R, then I(3V) is generated by detT(X).

() If K=C, then I(3V) is generated by det™(X) and det™(X).

This fact follows from Lemma 6.15 (cf. the proofs of (1) and (2) of
Lemma 7. 3).

We see from that /(8V)=m, and therefore from Lemma 6.
16 that & satisfies condition (II.2). Since =9, we have thus proved
Theorem 2. 8 for 9.

§8. Proof of Theorem 2.8: The case where $ is a simple graded
Lie algebra of the first class

Let ® be one of the simple graded Lie algebras of the first class in TABLE
2. The main aim of the present section is to apply the arguments in § 4 to @,
and is to prove the following

ProposiTioN 8.1. (1) If © is a definite Mobius algebra, then ® satisfies
conditions (1.1), (1.2) and the condition that 9V ={0}.

(2) Otherwise, & satisfies conditions (I.1)~(13).

Consider the standard affine symmetric space Q= G/G, associated with
®. By Propositions and we therefore have the following : If ®is a
definite Mobius algebra, then Aut(Q) is naturally isomorphic with Diff(M) ;
Otherwise, Aut(Q) is naturally isomorphic with G. Thus [Proposition 8. ]
combined with the results in the preceding section accomplishes the proof of

Theorem 2. 8|

8.1. Thecase where$=8(n, n; K) (n=23if K=RorC; n=2if K=
Q. Set L=GL(2n, K), and define its subgroup L, by

Lo=Go(n, n; K)={A€L|AEA'=E}.

Set G'=L/C(L), and G¢=L,/C (L), which may be naturally identified with
subgroups of Aut(3) and Aut(®) respectively.
Now, define an element g of G’ by

g=J» (mod C(L)),

and an automorphism 6 of the Lie algebra g=38((2%, K) by
6(X)=Ad@(—'X), Xe&q.

It is easy to see that §cAut(®).

LemMMmA 8.2, Ggand G’ are open, normal subgroups of G, and G respec-
tively, and
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(1) If K=R or Q, then Go=GU0+Gsand G=G'U0-G".

() If K=C, then Go=Gi{UB+GiUT+GoU b0r+Gs, and G=G'UG-G'U
7+G'U 0r+G’, where T denotes the conjugation of 8=381(2n, C).

Note that §’=72=(67)*=e.

Clearly the element g of G’ satisfies g¢*=¢ and Ad(¢) E=—E, showing
that & satisfies condition (I.1).

LEMMA 8.3. The space 8-, may be naturally identified with M,(K),
and the subgroup G, of GL(8_,) consists of all transformations F of M, (K)
of the following form :

D If K=Ror Q, F(X)=AXB™' or F(X)=A'XB™,

2 If K=C, F(X)=AXB™ or F(X)=A'XB™" or F(X)=AXB™ or
F(X)=AX*B™,
where A, BEGL(n, K), and X eM,(K).

For any integer 0<7 <, set V,= V,.(M(K)). As before we see from
Lemma 8.3 that V=1V,, and aV=V,U...U V,.,. Clearly
holds true in our present situation. Accordingly we know that & satisfies
condition (1.2).

We shall now show that ® satisfies condition (I.3). Take any element
F of GL(38V). Our task from now on is to show that F eb.

The case where &=6&(n, n;R). By we have

LemMA 8.4. det(F(X)=c¢ det(X), XeM.(B),
where ¢ is a constant.
Since M,(R) is a real part of M,(C), there is a unique FEGL (M,(C))

such that F(X)=F(X). By Lemma 8.4 we then have
det(F(Y)=c det(Y), YEM,(O).

Therefore it follows from Lemmas 6.3 and that there are A, B&
GL(n, C) such that either F(Y)=AYB™ or F(Y)=A'YB™. For our
purpose it clearly suffices to deal with the case where F(Y)=AYB™'. Put
A,=Re A, A,=Im A, B=Re B and B,=Im B. Then there is teR such
that det(A, +tA,) %0 and det(B,+tB,) 0.  Since F(X)B,=A,X and
F(X)B=A4,X, it follows that F(X)(B+tB,)=(A.+ tA,) X, and hence
F(X)=(A+1tA)X (B+1B)™. This implies that F €G,.
The case where ®=&(n, »;C). By we have

LemMMa 8.5. det(F(X))=a det(X)+b det(X), X eM,.(C),
wherve a and b are constants.

Lemma 8.6.  Either F or For is in GL,(Mn(C)), where 7 denotes the
conjugation of M,(C).



344 N. Tanaka

Proor. We first notice that there are unique endomorphisms F; and F,
of M,(C) as a vector space over C such that F(X)=F (X)+ F,(X). Since
(X, X XEM(0))} is a real part of M,(C)x M,(C), it follows from
Lemma 8.5 that

det(Fi(X)+F,(Y))=a det(X)+b det(Y), X, YeEM, ().

Clearly we have either a0 0 or 6x0. For our purpose it clearly suffices to
show that FieGL .(M,(C)), and F,=0, assuming that ¢=0. Accordingly
assume this condition. By the equality above we have det(F(X))=
a det(X). Consequently we see from that F,eGL_ (M.(C)),
and Fi(V,)=V,. Now, let X&V,, and YeM,(C). We have
det(Fi(X))=a det(X), and det(Fi(AX)+ F,(Y))=a det(AX)+ b det(Y)
for all A =C. 1t follows that

det(A1,+ Fi(X)'Fo,(Y))=1"+a'b det(X'Y),

whence Tr(F,(X)'F,(Y))=0. Since V;}=1V,, and V, is open and dense
in M,(C), we therefore see that Tr(ZF,(Y))=0 for all Y, ZeM,(C),
whence F,=0. We have thus prove Lemma 8. 6.

By Lemmas 8.5 and 8.6 we have: If FEGL_.(M,(C)), then
det(F(X))=a det(X); If FereGL.(M,(C)), then det(F(X))=b det(X).
Therefore we see from Lemmas and that F eG,.

The case where & =G (n, #;Q). By we have

Lemma 8.7. x,(F(X)) :kZ‘,lc?}xk,(X), X EM,(Q), where c* are con-

stants.

Since u(M,(Q)) is a real part of M,,(C), there is a unique Fe
GL_.(M,,(C)) such that F(/l(X)):ﬂ<F<X)). Since X;(X)=A,;u(X)),
it follows from Lemma 8. 7 that

Ay(F(Y)) =2 ciAw(Y), Y EMu(C).

Putting Wan-o= Wan_s(Men(C)), we therefore obtain E(Wyn p)C Wyns.
Considering the inverse F~! of F, we similarly obtain Wi,.C F W;,_,).
Hence F(Win-2) = Wyn—y or FEEGL (W;,-,). By we can thereby
find A, BEGL(2n, C) such that either F{Y)=AYB or F(Y)=A!YB".
Consequently it follows that F &G, (cf. the case where =6 (%, # 'R)).

We have thus shown that GL(8V)=G,, meaning that & satisfies condi-
tion (1. 3).
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8.2. The case where =6 (n, n;C) (n=3). Define a subgroup L of
GL(2n,C) by

L={AceGL2n, C)|A*,A=¢], with e=1 or —1},
and its subgroup L, by

Set G'=L/C(L), and G4=Lo,/C (L), which may be naturally identified with
subgroups of Aut(g) and Aut(®) respectively.
As before define an element g of G’ by

g=J. (mod C(L)),
and an automorphism é of the Lie algebra g=3u(#n, n;C) by
0(X)=X=Ad(g)(—X), Xe&9.

LemMma 8.8. G} and G’ are open, normal subgroups of G, and G respec-
tively, and Go,=G¢U 0+Gg and G=G'U 0-G".

Then we see that & satisfies condition (I.1) with respect to the element
g of G

LeEMMA 8.9.  The space 8-, may be naturally identified with H (C),
and the group G, consists of all transformations F of H ,(C) of the following
form -

F(X)=eAXA* or F(X)=eAXA*,

where AcGL(n, C), e=1or —1, and X €H ,(C).

For any integer 0<7=<wu, set V,=V,(H,(C)). Then we see from
that each V, is the union of all G,-orbits of the same dimension,
and especially V, is the union of all open orbits. Therefore we have V =V,
and 9V =V,U...U V... Clearly a8V isthe zeros of the polynomial function
det(X) on H,(C).

LemMa 8.10. I(3V) is generated by det(X).

Clearly H,(C) is a real part of M,(C), and correspondingly V-, is a
real part of V,.,= V,..(M.(C)). Accordingly Lemma 8. 10 follows from
(cf. the proof of (1) of [Lemma 7.3).

We see from Lemma 8. 10 that /(8V) =#, and therefore from Lemma 6.
2 that & satisfies condition (I. 2).

Let us now show that @ satisfies condition (I.3). Take any element F
of GL(3V). By Lemma 8. 10 we have
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LEMmA 8.11. det(F(X))=c det(X), X €H ,(C),
wherve ¢ 1S a constant. )
Since H ,(C) is a real part of M,(C), there is a unique FeGL, (M, (C))

such that £(X)=F(X). By Lemma 8.11 we then have
det(F(Y))=c det(Y), Y eM,(C).

Therefore it follows from Lemmas [6. 3 and that there are A, B&
GL(n,C) such that either F{Y)=AYB or F(Y)=A!'YB. For our purpose,
it clearly suffices to deal with the case where F(Y)=AYB. If X €H /,(C), we.
have X*=—-X and F(X)*=—F(X), whence B*XA*= AXB. From this
fact it follows that B=21A* with some A =R. Hence we obtain F(X)=
AAXA*, implying that FeG,.

8.3. The case where $=60(n, n; K) (n even, n=6 if K=R or C;
nz23 if K=@Q). Define a subgroup L of SL(2xn, K) by

L={A&€SL(2n, K)|'AJ,A=¢], with e=1 or —1},
and its subgroup L, by
Lo=LNGy(n, n; K).

Set G'=L/C(L), and G4=L,/C(L), which may be naturally identified with
subgroups of Aut(g) and Aut(®) respectively.

LemMa 8.12. (1) If K=R or Q, then G,=G} and G=G".

(2) If K=C, then G and G’ are open, normal subgroups of G, and G
respectively, and Go=GiUtG{ and G=G'U7r+G’, where v denotes the
conjugation of q=30(n, n;C).

As before define an element g of G’ by

g=J. (mod C(L)).
Then we see that & satisfies condition (I.1) with respect to the element g.

LemMMA 8.13.  The space §_, may be naturally identified with SL,(K),
and the group G, consitst of all transformations F of Sy(K) of the following
form :

) If K=Ror Q, F(X)=e¢AX*A,

2) If K=C, F(X)=AX'A or F(X)=AX4,
wheve A€GL(n, K), e=1 or —1, and X ES,(K).

We shall show that ® satisfies condition (I.2). We first consider the
case where K=R or C. Set n=2m. For any integer 0<r»<wm, set V,,=

Vor(SA(K)). As before we see from [Lemma 8. 13 that V=1,,, and 9V =




On affine symmetric spaces and the automorphism groups of product manifolds 347

VoU V2U...U Vom-y. Clearly holds true in our present situa-
tion. Accordingly we know that & satisfies condition (I.2).

We next consider the case where K=Q. For any integer 0<7» <, set
V.= V.(SL(Q)). Then we see from Lemma 8.13 and Remark below that
each V, is the union of all G,-orbits of the same dimension, and especially V
is the union of all open orbits. Therefore we have V' =1V,, and oV = LU
U V.

ReMARK (cf. Sylvester’s law of inertia). For every matrix X &S Q)
there is a matrix A=GL(n, C) such that the matrix AX‘A may be
represented by a diagonal matrix whose diagonal vector is of the form:
(—es, ..., —@,@,..., €,0,..., 0). Furthermore the multiplicity of —e,
as well as e, does not depend on the choice of A, and hence is uniquely
determined by X.

We know that ¢ (S,(Q)) is a real part of S;,(C) (see Remark in 5. 1.

This being said, we define a function X (X) on S(@) by

XX =detT(1 (X)), X €SiQ),

which is a homogeneous polynomial function of degree n. Clearly 9V is the
zeros of X (X).

LEMMA 8.14. 1(8V) is generated by X (X).

This fact follows from Lemma 6.15 (cf. the proof of (1) or (3) of
Lemma 7.3). Note that u(V,_,) is a real part of Vann= Van-1(S:.(C)).

We see from Lemma 8. 14 that /(8V) =#, and therefore from Lemma 6.
16 that ® satisfies condition (I.2).

We shall now show that @ satisfies condition (I.3). Take any element
F of GL(dV).

The case where &=&0(n, n; R). By we have

Levma 8.15. detZ(F(X)) =c det?(X), X ESi(R),
where ¢ s a constant.
Since SL(R) is a real part of S,(C), there is a unique FEGLC(S,’,(C))

such that A X)=F(X). By [Lemma 8.15 we then have

detT(F(Y)) =c detz(Y), Y €S;(C).

Therefore we see from Lemmas 6. 17 and 6. 18 that there is A€GL(», C)
such that F{Y)=AY'A. Consequently it follows that there are A, B
GL(n, R) such that F(X)=A,XB, (cf. the case of &(n, n; R)), and in turn
it follows that B,=A!4, with some A €R (cf. the case of Gll(xn, n;C)).
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Hence we obtain F(X)=214,X4,, implying that F €G,.
The case where &=Q(», n;C). By we have

LemMMA 8.16.  detZ(F(X))=a detT(X)+b det?(X), X €Si(O),
where a and b are constants.

By virtue of Lemmas 6. 17 and it can be shown that either F or
For is in GL.(S5,(C)), where 7 denotes the conjugation of S;(C) (cf.

Lemma 8.6). (Note that [Lemma 8. 16/ implies det(F (X)) =a? det(X)+
2ab detT(X )det%()?) + &% det(X).) Consequently it follows from Lemmas

6.17 and 6. 18 that F G,.
The case where =60(%, #;Q). By Lemma 8.14 we have

LEmmAa 8.17. X(F(X))=c x(X), X&ES,(Q), where ¢ is a constant.

Since x(S,(Q)) is a real part of S;,(C), there is a unique Fe
GL.(S5,(C)) such that F(u(X))=u(F(X)). Since x(X):det%(,u (X)),
it follows from [Lemma 8. 17| that

detz(F(Y))=c detz(Y), Y €S,,(C).

Therefore we see from Lemmas 6. 17 and 6. 18 that there is Ac€GL(2#n, C)
such that F(Y)=AY'A. As above, it follows that there are A, B,
GL(n, @ suchthat F(X)=AcXB,, and in turn it follows that B,= A ‘4, with
some A €R. Hence we obtain FG,.

8.4. The case where &=6p(n, K) (=3 if K=RorC; n=22if K=
@). The discussions from now on are similar to the cases of &(#, n ; K) and
G0(n, n; K).

Define a subgroup L cf GL(2n, K) by

L={AeGL2n, K)|'ALA=¢l, with e=1 or —1},
and its subgroup L, by
Li=LNG(m, n; K).

Set G'=L/C(L), and G¢=L,/C(L), which may be naturally identified with
subgroups of Aut(g) and Aut(®) respectively.

We notice that Lemmas and hold true in our present situation,
where 3o (%, #;C) and S;(K) sholuld be of course replaced by &p(#n, C) and
Sn(K) respectively.

Now, define an element g of G’ by
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g=1, (mod C(L)).

Then we see that ¢ satisfies condition (I.1) with respect to the element g.

We shall show that @& satisfies condition (I.2) and (I.3). For any
integer 0<7<w#, set V,=V,(S,(K)). If K=C, weseethat V,,..., V,are
all the G,-orbits, and especially V, is a single open orbit. If K=Ror Q, we
see that each V, is the union of all G,-orbits of the same dimension, and
especially V,, is the union of all open orbits. In any cases we therefore have
V=V, and oV =V,U...U V.

Furthermore if K =R or C, 8V is the zeros of the polynomial function
det(X) on S,(K); If K=@Q, 8V is the common zeros of the polynomial
functions X;;(X) on S,(Q), which is also the zeros of the polynomial func-
tion det?(X) on S,(@Q).

Here, we notice that holds true in addition. (This fact
follows from Lemmas and 6. 13, together with the fact that S,(R) and
£ (S,(@)) are real parts of S,(C) and S:,(C) respectively.) We also recall
that there is an anlogous fact concerning the polynomial function det(X) on
S.(C), which corresponds to Lemma 6. 2. Accordingly we find that
[(dV)=nif K=R or C and [(8V)=2n—1 if K=Q, and that @ satisfies
condition (I.2).

Finally we can show that & satisfies condition (I.3), by the use of
Lemmasb. 11], and 6. 14 combined with the fact corresponding to Lemma
7.3.

8.5. Thecase where®=0,(n) (r=0,n=lorl=<2r<mn, n=3) or@=
Mn, C) (n=3). We first consider the case where &=M,(n). Define a
subgroup L of GL(n+2, R) by

L={AeGLn+2,R)|'AT, , A=¢T, , with e=1 or —1},
and its subgroup L, by
Li=LNG(1,n 1;R).

LEMMA 8.18.  The groups Go and G may be naturally identified with the
factor groups Lo/C (L) and L/C(L) respectively.
Now, define an element g of G by

g=Tn, (mod C(L)).
Then we see that & satisfies condition (I.1).

LEmMMA 8.19.  The space 3_-, may be naturally identified with R", and
the group G, comsists of all transformations F of R" of the following form :
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F(x)=Ax, x&R",

where AGL(n, R), and ‘AT, ,A=AT, , with some A ER.
Let us define a quadratic form ¢g(x) on R" by

g(x)=2 ex? x=(x0, ..., x)ER"
i=1

where ¢;=—1if 1<7/<7 and ¢;=1 otherwise. Let us also define subsets 1,
Vi and V, of R" respectively as follows :

Vo={0}, Vi={x]|xx0, ¢g(x)=0}, Vo={x|q(x)x0}.

The case where »=0: Clearly we have V;=¢, and we see from Lemma
8.19 that V; is an open G,-orbit. Hence V=1V, and 8V = V,={0}. Clearly
G satisfies conditicn (I.2).

The case where »=1: We see from Lemma 8.19 that V,, V;, V;areall
the G,-orbits, and especially V, is a single open orbit. Hence V =V, and
oV =V,U V;. Moreover it is easy to see that & satisfies conditions (l. 2)
and (1. 3).

It remains to consider the case where &=9M(#», C). However this case
can be similarly dealt with to the case of an indefinite M6bius algebra, and
it is shown that ® satisfies conditions (I.1)~(1.3). We only remark the
following

LemMMA 8.20.  The space Q- may be naturally identified with C", and
the group G, comsists of all transformations F of C" of the following form :

F(x)=Ax or F(x)=Ax, x&C™",

wherve A€GL(n, C), and ‘AA=211, with some A &C.
We have thereby completed the proof of [Proposition 8. 1.
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