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Expansive homeomorphisms of solenoidal groups

N. AOKI and K. MORIYASU
(Received November 29, 1988)

§ 1. Introduction

Our investigation will be related to a conjugacy problem in a class of
expansive homeomorphisms of solenoidal groups. Every compact connected
finite-dimensional abelian group is called soleroidal (classical solenoid).
Thus finite-dimensional tori are solenoidal.

Let X be a metric space with metric d. A homeomorphism 7 : X—X is
called expansive if there is a constant ¢>0 such that x#y implies d(f"(x),
f"(¥))>c for some integer . Such a constant ¢ is an expansive constant of
f. A continuous surjection f: X—X is positively expansive if there is a
constant ¢>0 such that if x#y then d(f*(x), f*(y))>c¢ for some non-
negative integer » (here ¢ is called an expansive constant of f). For f:
X—X a continuous surjection, we let X;={(x): xEX and f(x)=xi41,
i€Z}. Then f: X—X is called c-expansive if there is a constant ¢ >0 such
that for (x.), (3)EX if d(x;, y:) =c for iEZ then (x,)=(y:). For compact
spaces these notions are independent of a compatible metric used. c-
expansiveness for continuous surjections is weaker than positive expansive-
ness. For homeomorphisms c-expansiveness implies expansiveness.

A sequence of points {x:: a<i<b} of a metric space X is called a
d-pseudo orbit of a continuous surjection f if d(f(x.), xi41) =<6 for iE(q,
b—1). For ¢>0 a d-pseudo orbit {x:} is called to be e-traced by a point
xE€X if d(f*(x), x:)<e for i€(a, b). Here the symbols ¢ and & are taken
as —oo<qg<ph<oo if f is bijective and as 0<a<bh<oo if f is not bijective.
We call f to have the pseudo orbit tracing property (abbrev: POTP) if for
every & >0 there is >0 such that each d-pseudo orbit of  can be e-traced
by some point of X. For compact spaces this is independent of a compatible
metric used.

We say a continuous covering map f: X—X is a c-map if f is c-
expansive and satisfies POTP. A c-map f: X—X is called special if f
satisfies the following : for every (x.), (y:)€X; with =7,

W ((x))=W*((y:))
where W*((x))={2€X : there is (z)E X such that d(x;, z-:)—0 as i
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— 00
}.

For a conjugacy problem, a problem of whether every Anosov
diffeomorphism of an infra-nil-manifold is topologically conjugate to an
algebraic hyperbolic map has been studied by Shub [12], Franks [6, 7],
Manning and etc. For continuous maps of finite-dimensional tori, the
following was proved in [3, 4, 9]:

(i) every homeomorphism with both expansiveness and POTP is
topologically conjugate to a hyperbolic toral automorphism ([9]),

(ii) every positively expansive map is topologically conjugate to an
expanding toral endomorphism ([3]),

(iii) every special c¢-map, which is neither bijective nor positively
expansive, is topologically conjugate to a hyperbolic toral endomorphism
4D,

(iv) for every c¢-map which is not special, there is a finite cover and a
c-map on which their inverse limit is topologically conjugate to a solenoidal
automorphism ([4]).

For continuous surjection f of an #-solenoidal group, the following is

known [2].

FACT 1.1. Assume that f is a local homeomorphism and 7 (0)=0
where 0 denotes the identity of X, then there is a totally disconnected
subgroup F such that

(a) X/F is an #n-torus,
and for each 1 >0 there exist

(b) a continuous map ¢y : F X X—X with diam (g,(FXX))<2A and
(c¢) a group endomorphism oy : X—X Gf f is a homeomorphism then
oy is a group automorphism)
such that

fa+ty)=fW+e x)+0,(y) EX yEF).

FACT 1.2. Let d». denote the euclidean metric of R”. Under the
assumption of Fact 1. 1, there exist a continuous homomorphism v : R"—X
and a dx-biuniformly continuous bijection f : R"™R" such that the diagram

Rﬂ f Rn
10l l ) commutes,
w(R")—Tﬂ/f(R”)

and for A >0 there are a subgroup C of finite index in Z”", a linear map & :
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R"—R" and a continuous map @;: C XR™B(0, 1), where B0, 1)={vE
R": d.(0, v) <A} such that the diagram

Or

R"™ R"
¢l l ¥ commutes and
w(R")Tw(R”)
f

fF+D=Ff W) +¢sU v)+a6,(D (vER" [€0).

FACT 1.3. Ifin addition f : R"—R" is positively expansive, then so is
&s: R"R" and f is topologically conjugate to a solenoidal group endomor-
phism oy.

Thus it will be natural to ask whether Fact 1. 3 holds for a homeomor-
phism which provides expansiveness and POTP. The purpose of this paper
is to discuss this problem.

THEOREM 1. Let f: X—X be a homeomorphism of an n-solenoidal
group with f(0)=0, and oy, 6s and f be as in Facts 1.1 and 1.2. Assume
that f is expansive and has POTP. Then f : R"—R" is expansive and has
POTP with respect to the euclidean metric. If in addition &r: R"R" is
hyperbolic and an expansive constant of f is arbitrary, then f is topologically
conjugate to a solenoidal automorphism oy.

In it seems likely that # has a fixed point, and that two the
assumptions of the second statement can be dropped. However the authors
can not follow them. For one-dimensional case we have the following :

THEOREM 2. Let X be a one-dimensional solenoidal group and f: X
— X be an expansive homeomorphism with POTP. If f has a fixed point, then
f is topologically conjugate to a solenoidal automorphism or which is found as
m Fact 1. 1.

§ 2. Topological properties derived from expansiveness and POTP.

Let Y be a metric space with metric 4 and f: Y—Y be a (bijective)
homeomorphism. If €>0and x€Y, then a local stable set Wi(x, £, d) and
a local unstable set W¥(x, f, d) are defined by

S, L d)={yeY: df ), fily))=e 120},
Wex, £ d)={y€Y: df ), f/i(y))<e 120}

The following is easily checked: if f: Y—Y has POTP, then for &>0
there is 8 >0 such that d(x, y) <&(x, yEY) implies Wi, (x, £, )N W e, £,
d)+ ¢ and if in addition f is expansive and ¢>0 is an expansive constant,
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for 0<eo<c/2 the set W& (x, £, d)NW4(y, f, d) is a single point.
Therefore, for the case when f : Y—Y has expansiveness and POTP, a
map [,]: A(&)—Y is defined by

[x, y]=WE(x,of DNWE, £, d)

where A(&)={(x, YEY XY : d(x y)<&).

Write d =d, for simplicity and assume that f: R"—R" has expansive-
ness and POTP under the metric d =d,. Then the following lemmas are well
known :

LEMMA 2.1.[8] A map [,]: A(&—R" is continuous and for x, vy, z
ER"

[x, x]=x, [[x, y], z]=[x 2], [x [y, z]1=[x 2] and
fx yD=[Ff ), F],

where the two sides of these relations are defined.

LEMMA 2.2.[8] Under the above notations, there are 0<6<&/3 and
0<p<d such that for xS R" letting

Weelx, f, D={yeW(x £, d): dlx, y)<&} c=s, u,
N(-x):[ go,c?x(x:f; d), Wgo,al(x;f; d>])

the following holds -
(a) N() is an open subset of R",
(b) diam(N (x))<26/3,
(c) [,]: Wéalx, £, dXWEs.(x, . d)—N (x) is a homeomorphism,
(d) N&) contains the ball B.(x)={yER": d(x, y)<p}.

For x&€R" we let
D*(x) is the connected component of x in W5, (x, £, d),
D*(x) is that of x in W& (x, £ d),

and define

N &) =[D*x), D*(x)].

LEMMA 2.3.  Under the above notations, for x=R"
(1) N &) is connected and open in R,

(2) diam(N (x)) <28&/3,

3 [,]: D*)XD*(x)>N (x) is a homeomorbhism,
4) N@WDB.(x).

The proof follows from LCemma 2. 2.
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LEMMA 2.4.[11] Let ¢>0 be an expansive constant of f . R"—R" and
assume that

for >0 there is m>0 such that
()| max{d(F7 (), 7)) : —m<j<m}<c
implies d(x, y)<e.

Then there exist a compatible metvic D of R", numbers &1>0, ai>0 and 0<
M <1 such that for x€R" and 1 =0

D), Filly))<aAriD(x, y) for yE Wiy, f, 5>_
DU ), AN <aAriD(x, y) for yEWh(x, f, D)

Such a metric is called a hyperbolic metric.
Hereafter it will be assume that f has the condition ().

LEMMA 2.5.[4] Let &6>0 be as in Lemma 2.4 and choose 6:>0 as in
Lemma 2.2 such that 6:<e&. Then we have

(1) if f: R™—R" is not positively expansive and f~': R"R" has the
same condition, then D°(x)+(x) for o=s, u,

(2) if f: R R" is positively expansive, then D*(x)={x} and D*(x)=
N ().

To define generalized foliations, as a space we consider a locally con-
nected metric space M. Let . be a family of subsets of M. We call ¥ is
a generalized foliation if the following holds:

(i) . is a decomposition of M,

(ii) each L€ ¥ is arcwise connected,

(iii) if x&€ M then there exist non-trivial connected subsets Dx and Kx
with DN Kx={x}, a connected open neighborhood N: of x in M, a
homeomorphism @x: DxX Kx— N such that

(a) ox(x, x)=1x,

(b)) (3, x)=y WEDY, px(x, 2)=2 ZEKy),

(¢) for each LE ¥ there exists at most countable set B C K, such that
NxﬂL:(0x<Dx><B>.

Let . be a generalized foliation of M. For fixed LE.¥, let &1 be a
family of subsets of L such that for any D& & there is an open subset O of
M such that D is a connected component in ONL. Then the topology
generated by & is called a leaf topology of L. The leaf topology has the
following properties;

(1) arcwise connected,

(2) locally connected,

(3) a countable base.
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For x&R" define a stable set W*(x, /) and an unstable set W*(x, ) by

Welx, fo={yER": d(f'(x), f'(y))—0 as i—o0},
W, fH=yeR": d(f(x), f~(y))—0 as i—oo},

Then we have the following :

LEMMA 2.6.[4] If f: R™—R" and f': R™>R" are not positively
expansive and f has the condition (*) of Lemma 2,4, then 5°={W*(x, f):
xER"} and F*={W"(x, f): xER"} are generalized foliations.

§3. The structure of solenoidal groups.

The results of solenoidal groups that suffice for our needs are preparated
in this section and no new results are discussed here.

Let X be an n-solenoidal group and G be the dual group of X. The rank
of G is n (rank(G)=n) and G is torsion free. Thus there is a finite
sequence ®={ei, e,"*, ex} such that rank(G/gp®)=0. Here gp0 is the smal-
lest subgroup generated by ®. This implies that each 0+ £E G is expressed
as a§ = e+ + anen for some integers a+0 and (a---, @)+ (0,---,0). Since
(a/a, -, an/a) is uniquely determined, an isomorphism @ : G—R" is defined
by (&) =(a/a,, ar/a). Identify & with (@/a, ", an/a). Then ® is the
canonical basis of Z” so that gp@=Z"CGC Q"CR". Fort=(4, -, t,)ER"
define a map ¢ : R"—X by v ()&=tm/a+ -+ twan/a (addition mod 1) for
E=(a/a,, ax/a)EG. Then ¢ (t)EX and ¢: R"—X is continuous. But
¥~ ¢ (R")—R" is not continuous even if v is one to one.

FACT 3.1. Y (R™) isdensein X. If X isa torus then ¢(R™)=X.

FACT 3. 2. Let F={x€X : £(x)=0for £Egp®}. Then the follow-
ing holds:

(i) F is totally disconnected and ¢ {¢(R®) NF}=2",

(i) X=y¢(R")+F,

(iii) there is a small closed neighborhood U of 0 in R” such that y(U)
NF={0}, ¢y(U)+F is a closed neighborhood of 0 in X and the direct
product U X F is homeomorphic to ¥ (U)+F, in which case we write
r(U)+F=v(U)PF.

As an easy corollary of Fact 3.2 we have the following :

FACT 3.3.  Let U be an open neighborhood of 0 in R”. If diam(U) is
small enough, then

(i) ¢: U=y U) is bijective,

(ii) (U)X ¢(Z™) is open in ¥ (R™).

FACT 3.4. Let U be as in Fact 3.3. Assume that ¥ : Ry (R")
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is bijective. If F'(¢) is an open subgroup of F contained in an open set with
radius d, then

(i) CW=y H{F®Ny(RM} is a subgroup of Z*,

(ii) Z"/C(6) isfinite (i.e. C(&) is a subgroup of finite index in Z™).

FACT 3.5. The following holds :

(i) ¥ (Z™ is closed under the relative topology of y¥(R™),
(ii) ¥ (Z™ is dense in F,

(ili) X=+v¢(R™) + F; for each open subgroup Fo of F.

FACT 3.6.[2] If X contains no torus subgroup, then ¢ : R"—y(R™)
is bijective.

FacCT 3.7. If V is the maximal torus subgroup of X, then there
exists a solenoidal group S without tori such that X splits into a direct sum
X=SaV.

Let s=dim(S), then S is expressed as S=yn(R°*)+F by Fact 3.2, and
by Fact 3.6, ¥n: R*—y1(R®) is bijective. Thus a homomorphism y: R°*X
V=9 (R*)DYV is defined by

v, )=y () +x ((s, )ER’X V).

Obviously v is bijective and continuous.

Let d denote the translation invariant metric for X and ds denote the
euclidean metric for R°. For ¢>0 put

U, 8)={veR*®: ds(v, 0) <6},

VQO,O=xeV: dx 0)<d},

F,0)={xF: d(x 0)<¢}.
Since F is totally disconnected and F (0, ) is symmetric, F (0, ) contains
an open subgroup of F. Therefore, to avoid complication we promise that
every closed neighborhood F (0, ¢) of 0 itself is an open subgroup of F.

By Fact 3. 2 we can find a >0 such that ¢, (U0, a0)) N F (0, a) ={0} and
W (0, a0) =y (U0, a0) )YPF (0, a) PV (0, o) is an open neighborhood of 0
in X.

Hereafter we fix the number ao>0 and define a function x by

x(x) =max{ds(vs, 0), d(vv, 0), d(vr, 0}
for x=vy1(vs) +vr+tvE W (0, @0). For x, yEX put

x(x—y) for for x—yE W 0, av)

o, y) = [ ao otherwise G.D.

Then d is uniformly equivalent to the original metric d for X and a transla-
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tion invariant metric for X. If in particular v, v’€U (0, &) then we have
o (v), Y (v)) =ds(v, V).

For the direct product space R°X V we define a metric d, by

di((v, x), (@', x))=max{ds(v, v"), d(x, x)} (3.2)
for (v, x), (W, xDER*XV. If (v, x), (v, x))<ao then we have
(Yo, x), v@', x))=d((v, x), @, x)). (3.3)

For simplicity we write

K=¢yR°XV)=h(RHDV

KO, )= (U0, )PV, a) O<a<m). 3.4
If in particular x, ¥’ €K (0, a) then we have
d(x, x)=di (7 (), ¥ (X)), (3.5)

Let f: X—X be a (bijective) homeomorphism. Then for 0<e<ao
there is >0 such that

KW, O+x)CKQ, e)+f(x) (xEX). (3.6)
FACT 3.8.[1] If f(0)EK then f(K)=K.

FACT 3.9. For 0< 10< ao/3 there exist 8y>0, a continuous injective
homomorphism oy: F(0, 8,)—F (0, ) and a continuous map ¢y: F(0,
dr) X X—K (0, Ao) such that

fQ+y)=f&)+er, x)+or()

for all x€X and all yEF (0, ¢y).

Since C(e)=v¢1'(F (0, &) Ny1(R*)) is of finite index by Fact 3.4, we
have o ($1(C (7)) Ty (C (o)) whenever f(0)EK. For, since f(K)=K
by Fact 3.8 and y2(C (7)) T (C (X)) CK, for yEy1(C(6y)) we have

FO)=f0+3y)=F0)+@,@, 0)+o:(y)

and so o= —@;(, 0O—fO)EK. Since or(y)EF(0, Ao), conse-
quently or(y)EF 0, A) NK =F (0, 20) N{h(R)DP V}=y:1(C (L)) because
F 0, 20NV ={0}.

In the rest of this section, we prepare some lemmas under the assumption
fOHeK.

Since ¢ : R°X V-4 (R°)DPV is bijective, we have the commutative
diagram
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-~

R? X V- / R°XV
v | v
WRODV——p RIDY.

Then the following is easily checked.
FACT 3.10. f is di-biuniformly continuous.

FACT 3.11. Let & : C(8r)—C(Lo) be defined by & =i coroyh.
Then &5 is a homomorphism and 6:(C (dy)) is of finite index.

Obviously & is a homomorphism and &;(C(dy)) is a subgroup of Z°.
To see that & (C(dy)) is of finite index, we use (3.6), then there is ¢>0
such that £ (K0, $))CK (0, 10))+f(0). Let 6,>0 and ¢8>0 be numbers
such that 0<d6,<d and W (0, &)+ ) Cf (W (0, dr)). Then we have

Y (U0, 60))+F 0, 6))+£(0)
Cf (U, 6:))+F 0, 67))
Cf (Y (U, )+ (F (0, 6), (U0, 7))+ 07 (F (0, 67))
CYr (U0, 20)) + 1 (0)+ ¢ (U0, 20)) + 07 (F (0, 65))
=y (U0, 240)) + 07 (F (0, 6-)) +1 (0
C¥ (U0, 220)+ F 0, 20+ (0)

from which
FQ, ) Cor(FQ, 6r)) CF 0, A).

Since C(8) and C(Ao) are of finite index, so is 65(C (dy)).

By Fact 3.11 the extension of & is an automorphism of R° which is
denoted by the same symbol.

Define @y : (C(d5)) X (R*X V)— U0, 20)) X V (0, X)) by

& (L )=y oD, v @) ((, vECH) X(R*XV)).
Then @y is continuous and by Fact 3.9 we have
Fw+D=F)+¢ U )+ WER XV, IEC(6N).

Let t=dim(V) and m: R*—V be the natural projection. Then a cover-
ing projection 7z : R*X R*—>R*XV is defined by z(p, ¢) =(p, m(g)) for p&
R° and ¢=R?, and by we can find a translation invariant complete
metric d for R®X R® satisfying the conditions for some a1>0

(i) dp, D<ea (p, GER*XR?) implies di(z(p), =(@)=d(p, D,

(ii) for pER*XR' and GER*XV with di(x(p), @) <a there is a
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unique g€z "'(¢) such that di(z(p), ¢)=d (p, 7), (3.8)
(iii)  4ll the covering transformations are d-isometries.

Note that 4 is uniformly equivalent to dn». Let p €ER*X R* satisfy d (0, p) =

di(0, 7(0)) where 0 denotes the zero point in R®X R*. Then there is a lift f:

R°XR*—R°X R’ of f such that f (0)=p, f is bijective and @-biuniformly

continuous and

R X Rf—f—»Rs X R?
n'l 1 /4 commutes.
R X V- 7 R:XV

Note that the group of all the covering transformations of R*X R! is
isomorphic to Z* because # is the identity on R*x{0}. For the simplicity we
identify such two groups.

Then there is a group automorphism o%: Z‘—Z"* such that
F+2)=0, o{2))+ 7 () (vER°*XR!, z€Z?).

Let G5 be the extension of ¢ and define an automorphism &;: R X Rt— RS X
R’ by

G5 (s, v) = (7 (vs), 6Xv)) (v:sER®, v, ERY).
We define a continuous map @s: (C(d5) X Z*) X (R*XR)—D(, Ao) by

@ (s, 1), v)=¢; (s, #(v)) (LeC(o), LEZ', vER*XRY),
where D (0, 1) ={vER*XR*: d(0, v)<As). Then we have

fFtD=FW+a U 0)+6) UEC(6)XZY, vERXRY.
Then the following holds.

FACT 3.12.[1] &: R*XR'>R°*XR* induces a solenoidal automor-
phism.

$4. Expansiveness and POTP on solenoidal groups.

As before let X be an #-solenoidal group and f : X—X be a (bijective)
homeomorphism. If f is expansive and has POTP, then the following
propositions are established.

PROPOSITION 4.1. Let K beas in (3.4). If f(K)=K, then a lift f :
R™R" of f is expansive and has POTP (under the euclidean metric).

PROPOSITION 4.2.[4]  There exist a continuous function D°: U{W?°
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(x, FOXW(x, f): xER™"—R (o=s, u) and constants a&>0,0<1,<1 such
that for 1 =0

D*(f (0, FION<ariD (& p) GEWS(y, ),
D*(f (), f ') <@wAiD*(x, v) eWw, 1),

and for any &>0 there exists >0 such that if D°(x, y)<& (yEW(x, f))
then dn(x, y) <& (c=s, u).

[Proposition 4. 1] shows the first statement of our [Theorem 1. For the
second statement [Proposition 4.2 is prepared. For the proof of
4.1 we need the following five lemmas.

LEMMA 4.3. Let f: REXV—RXV be as in Fact 3.10. Then 7 is
expansive.

Let dy and di be metrics for X and R*X V respectively defined by (3. 1)
and (3.2). Let 0<c<a be an expansive constant of f under do. To see
expansiveness of 7, if d(f'(v), Fi(v))<cfori€Z (v, ER*X V). Then
by (3.3), for i€Z

a(F (), Fr))=d(yofi(v), Yofi(v?))
=do(flop(v), floyp(v))<c,

from which ¢(») =4 (") and so v=1v’ (since ¥ is bijective).

LEMMA 4.4. £ has a hyperbolic metric D which is uniformly equivalent
to dl.

By (3.3) it is easily checked that 7 has the condition (*) of Lemma 2.
4.

LEMMA 4.5.  Under the assumption of Proposition 4.1, there exists a»>
0 such that for 0<e<ay

YWy, £, d))=W Iy, £ d) N{K O, a/2) + ¢ ()
for vER*XV and o=s, u.

For the proof use (3.6). Then we can find a»>0 such that f (K (0, az) +
2)CKQ, a/2)+f(x) and f' (K0, a) +2)CK (0, a0o/2) +f'(x) for x€X.
(3.3) ensures that for 0<e < ay,

YW, £ d))CLS (WER Xv, =5, u)

where L= WI(y(v), £, d) N{K (0, ao/2) +¢(v)}. If yELS, then do(fi(y),
froyp(v))<e for i=20 and yEK (0, a0/2) +¢(v). This implies yEK (0, ) +
¥ (v). Since e <ar, we have f(y)EK 0, a/2)+f°¥(v) and hence f(y)E
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K0, e)+foy(v) since do(f (y), fop(v))<e. Repeating in this process,
we have f'(W)E K, e)+f ey (v) for 20 and by (3.5), di(¢ e fi(y),
v loflop())<e for i=0. Thus ¢ '(»)EWAv, £ d) and so yEY(W§
(U,f, dl))-

LEMMA 4.6. Let a2>0 be as in Lemma 4.5. Then f: RSX V—R°X
V' has POTP if and only if for 0<e<a» there is >0 such that for each
x€K ye K, &) +x implies W, £, do) N Wix, £, do) N{K (0, o) +x}+ .

If 7: R°X V—R*XV has POTP, then for 0<e&<a there is 6>0 such
that di(v, w)<8(v, w ER*X V) implies W (v, £ dON W ¥w, £ di)+ ¢.
Since y€K (0, ) +x(x€K) implies that (¢ (), v 1)) =d(, x) <o
(by (8.3)), we have g+ (W (¢ '(y), £ dD)N YWy '), £ d))=W?$
, £, do) N{K (0, a@o/2)) +y}N W ¥x, £, do) N{K (0, @0o/2) +x}=W (y, £, do) N
W éx, f, do) N{K (0, ao) +x}.

The converse follows from the facts that f has canonical coordinates
(by Lemma 4.5.) and a hyperbolic metric D and R*X V is the complete
metric space under D.

LEMMA 4.7. f: R*XV—R°XV has POTP.
As before let ¢>0 be an expansive constant of /. Then for 0<&<c¢/2

there is &%>0, 0<d8 <& and 0<p < ¢ such that all the statements of
2.2 hold. We define the sets Ax, Bx and Cyx as

Ay is the connected component of x in W%, (x, £, db),
B: is that of x in Wi,5(x, £, db),
Cx is that of x in N (x).

By Lemma 2.2.(¢) we have [, Jlaxxsx: AxXBx—Cx is a homeomorphism
and AxC W &.5.(x, f,do)C W 4, f,do)=W %, £, do) N{K (0, @0) + F (0,
ao) +x}. Thus we have A.C W(x, £, d) N{K (0, as) +x} since Ax is con-
nected and x€Ax. Similarly BxC W &,(x, f, do) N{K (0, a0) +x}. Since B,(x)
CN (x) by Lemma 2.2(d), we have K0, p) +xC Cx and then for y€K
(0, p) +x there are 2E€Ax and 2E Bx with y=[z1, 2] ; i.e. {y}=W (2, f, db)
N Wz, f, d)NCx. Thus 2€ Wy, f, do) and since 2K (0, av) +x, we
have 2€ W£,(y, 1, do) N{K (0, av) +x}. implies that 7 has POTP.

We are in a position to prove [Proposition 4.1. Applying Lemma 4.3,
we see that £ : R"—R" is expansive under the metric d. To see POTP, let
d and &a>0 as in (3.8). Then we can find & >0 such that

d(p, @) <e (p, gER™ implies ~ ~
max{d (f (), 7 (@), d(F'®), F (@)} <a/3.
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Choose ¢>0 small enough and let {p:} be a 8-pseudo orbit of . If yi==(p:)
(where 7 : R™R°*X V is-the projection), then {y:} is a é-pseudo orbit of 7.
Since f has POTP, there is zER*X V such that di(f'(2), y)<e¢ for all i.

The fact that di(z, w) <e& ensures the existence of @< B, () such that
7(q) =z where Bas,(p0) ={pER": d (o, p)<a}. Then we have d(f (g,
p:)) <e for all ¢ (this is shown by induction on 7).

If d_cfi_1<QO>,pi—1>££ for i21, then d_(fi(qo), f_<pi—1>>3a/1/3. Since
d(f (i), p) <0<an/3, we have d (f ‘(q), p:)<a and so

J(fZ(CIo), Pi>:d1(7t°fi(CI0), ﬂ(pi)>:d1(]:;i°7l'<q0>, Vi)
=di(fi(2), y)<e (1=0).

Similarly the same conclusion is proved for i<(0. Furthermore expansive-
ness and POTP are independent of a uniformly equivalent metric. Thus the
proof of [Proposition 4. 1 is completed.

§ 5. The existence of semi-conjugacy maps.

Assume that f(0)=0. As we saw in Fact 3.9 and 3. 12 for A,>0 there
exist dy>0, continuous maps @s: (C(dy) XZ*) X R"—B(0, o) and ¢@s-:: (C
(8) X Z") X R"—B(0, 10), and an automorphism &y : R"—R” such that

fF+D=Ff W +¢U v)+6(]) and
F i o+D=Ff"W)+@r v)+57 (D (5.1)
(IeC(op)XZ', vER™.

Thus we have

|65 — 7 |er=sup{d.(&s(v), f (v)): vER"}
=M <>, (5.2)

If ,: R"™R" is hyperbolic, then &; is expansive under the metric d»
and its expansive constant is arbitrary. This fact derives easily that for
every M >0 there is x>0 such that each M-pseudo orbit {x:} of G, is dOu-
traced by some point x (.e. d,(:(x), x.) <du for 7). Using this fact, we
have

LEMMA 5.1.[4] If 6,: R™™R" is hyperbolic, then there exists a contin-

uous survjection h: R"—R" such that
(i) &roh= }70]7
(ii) du(h(w), v)<6u for vER™
LEMMA 5.2.  The following holds :
(1) h: R"™R"is dn-uniformly continuous,
2) hv+D=I1+h(v) for vER" and 1<{0} X Z",
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(3)  for As>0 small there is &>0, and a continuous map 7 : C(d5) X
R B0, A3) such that

ho+D=1+h(v)+7( v) (IeC(&), vER™M).

(1) and (2) follow from [4]. To check (3), let M and du be as above.
Then we can find N >0 such that for v, wER", d.(65(v), Fw))<28u+ As
(l7/]<N) implies d»(v, w)<e. Since f : X—X is do-biuniformly continuous,
for small 0<213<2s/2 such that d(x, y) <13 (x, y€X) implies max do(f*

(x), f'(y))<2s. By Fact 3.9, there exists dv>0 such that for |j/|<N there
exist a continuous map ¢,: F (0, ov) X X—K (0, As) and a homomorphism
g;: FQ0, ov)—F (0, A3) so that

Fila+n) =) +@;(@, 2)+6,H) (5.3)

forx€X and yEF (0, ov). Thus there exist a continuous map @;: (C (dv) X
Z')X(R°XR")—B(0, 23) and an automorphism &;: R"—R" which satisfy
Fi+D=Ff"W)+¢;(, v)+6&;(]) for IEC(Sy)XZ!, vER*XR!. Then
we have >0 such that 6;ic(ss)xi0y= GFices)xi0r for [/|<N. Indeed, choose &>
0 such that &(0,x) <& (x€F(0, ¢r)) implies &0, o%(x))<dw for |j|<N.
Let /€C(¢), then we have

FnD) =0+ (D)= (D, 0)+or (¢ (D)
and since dy(ar(¢n (D), 0) <y,

(D) =f Cpr(n (D), 0+ arn (D))
=f(pr(n (D, )+ @ (ar (D)), @r (Y (D), 0)+ o2 (Yn (D)

By the choice of A3 we have

fCor(n (D), 0)) +@r (o) n (D)), @r(n (D), 0))EK (0, A3)

and

2D =g(a (D), 1)+ a($n (D) EK (0, 2)DF (0, 1)

from which
g (D=0 yn (D).

Since Grirexi0r= Grrx0y and G is an extension of ¥1'earoyn, the conclusion is
obtained. Repeating in this fashion, we obtain the conclusion for |j|<N.
By (5.3) we have
F+D=6D+Ff(w)+¢;(I v) for vER" 1€ C(s), and since
{F7()}, {f’(v+1D)} are M-pseudo orbits of &, we can find points w, w’'E
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R” satisfying d.(f7(v), 6Xw)) <8, du(F'(0+1D), 6 w))<om h(v)=w’
and 2#(v+1)=w. Put @=w—1, then we have

dn(65w"), 67()) ~ _

<dn(GFHw"), f ) +da(f' (), F )+ &1 v)

+d(fP () +@;(L v), ¢ (w—1))
<20m+2s

and hence dn.(w’, W) <e. Since @ —w’ depends on v and /, letting 7(I, v)=
w—w’, amap 7: C(d) XR">B(0, 13) is defined and so

ho+D=w=w+I=w+7( v)+I
=h(w)+I1+7( v)

from which the continuity of # is obtained.
§6. Proof of Theorem.

Since f: X—X is expansive and has POTP and f(0)=0, f : R*>R"
satisfies one of the following cases:

(1) f and f ! are not positively expansive,

(2) one of £ and f ! is positively expansive.

From now on we give the proof of the case (1). Since &;: R™—R" is
hyperbolic, R” splits into the direct sum R*=L$(0)®L*(0) of &,-invariant
subspaces L°(0) and L*(0) where L®(0) is the sum of eigenspaces of &;
which correspond to eigenvalues whose absolute value is smaller than one
and L*(0) is that of eigenvalues whose absolute value is greater than one.
Let L7(x) (6=s, #) denote the translation of L°(0) to x. For ¢=s, « the
family €°={L°(x): x€R"} is a generalized foliation of R". Let.#° and
% be as in [Lemma 2.6 Since 2: R">R" is a dn-uniformly continuous
surjection and 6o k= hef holds (by §5), we have h(5°)=2° (¢=s, u),
and since an expansive constant of f is arbitrary, % is injective and %! is
continuous. Since f is expansive and has POTP (by Fact 3.8 and Proposi-

tion 4.1), we can choose positive numbers &, ¢ and p as in Lemma 2.2.
Then the following holds.

LEMMA 6.1. Aa(Wo(x, f)=L°Ch(x)) for xER" and o= U
Assume that there exists x€R” such that 2 (W*®(x, f))E LS(h(x)),
then there exists a subset ACR” such that ygA h(We(y, F=LCh(x))

since % is surjective. By the continuity of %7, yLEJA W$(y, ) is connected in

R", and so there exist y, y2& A with W*(y,, f)FW:(y,, f) and z:€
We(n, ) and z,€ Wy, ) with d»(z1, 22)< &o. Since W “(z1, /)N
We(a, f) and W*(a, fONW*(z, f) are one point sets, #(W*(z, )N
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W, f)=L*(h(zO)NLCh(z))=L*ChzO)NLs(h(x))=h
(W21, FONW?(2, £)) andso W*(z, )N W*(z, )+ ¢ which is a con-
tradiction.

By Lemma 6. 1, the following is easily checked.

LEMMA 6.2. Let x, yYER". Then W*(x, FONWE(y, f) is the set of
one point.

By the definition of d, f satisfies the condition (*) of LCemma 2. 4.
Thus f has a hyperbolic metric D which is uniformly equivalent to d», and
% and 7 are generalized foliations. By [Proposition 4. 2 there is a continu-
ous function

D?: U{Wx, FOXW(x, f): xER"—R (c=s, u).

LEMMA 6.3. For any &>0 there exists 0:>0 such that if d.(x, y) <6,
(YEW(x, f)) then D°(x, y)<e&s (c=s, u).

Since f : X—X is expansive, by there is a metric D for X
such that the following holds:

(i) D is uniformly equivalent to d and

(ii) there are x>0, @’=1 and 0<A’<1 such that for x€X

D7), fFN<a’A”D(x, y) (yeWilx, £ D))
DU ~), f7WN<a'r”D(x, y) WeW¥x, £ D))

for all 7 =0.

We can assume that there exists » >0 such that »<# and if D(x, y)<
r(x, yER™) then D¢y (x), v+(3))=D(x y). As [Proposition 4.2, we can
construct a continuous function

D?: U{DI)NK (x, a)) X (DI NK (x, a0))) : xEX}-R

such that if v€D{(u) (u, vER™ then D°(y(u), ¥ (»))=D%(u, v) and if
Y@ EDIYW)NK (Y(w), aw) then D°(y(w), v(w))=D(u, v) (c=s,
u). Here DJ(u) and D{(x) denote the connected component of x in W %(u,
f, D) and that of x in W(x, £ D). It is easily checked that for any & >0
there exists ¢3>0 such that D(x, y) <0:(yEDI(x) N K (x, a)) implies D°(x,
y)<e&. Choose p>d>0 such that d,(%, v) <& implies D (u, v) <¢% Since
an expansive constant of f is arbitrary, for every «€R", B,(u) N W (u, F)
is connected and so dn(u, V) <&(WEW(u, f)) implies vE W (u, f, D).
Thus D(y(u), v(v))<6% and v (W)EDI(Y(u))NK (Y (u), ao), and then
D°(u, v)=D°(¢y(w), v(v)) <es.

LEMMA 6. 4. For any Mi>0 there exists M1>0 such that if dn(u, v) <
My, WeW(u, £)) then D°(u, v)<M} (o=s, u).
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Let & and ¢ be as in and fix uSR". Since d.(h*(v), v) <
ou for vER", we have

BM1(u> N Ws(u, j’?)CE_I(ES(u)) ﬂBMH-SM(E(%))ﬂBM1+28M<u>.

k
Since Bu,+26,(#) is compact, there exists a sequence {u:}%1C R" such that L_J1

1534(u+ui)DBMx+st(u), and hence D(u, v)<kes for vEBu,(u) N W*(u,
f.

PROPOSITION 6.5. &' is dp-uniformly continuous.

Since f : R"—R" is expansive, if we established the following :

for € >0 there is N >0 such that d,(f?(x), f?(y)) <36y for [j/|<N
implies dr(x, y)<e, 6.1)

then by the continuity of &, we can find ¢ >0 such that d» (x, y) <¢ implies
dn(o"jr(x), 63(y)) <oy for |//|<N. By the facts that # 'e5,=f k' and
dn(h™ ' (x), x) <ou(xER™), we have

dn(fPoh™ (%), 65 x))+dn(fPo ™ (y), &:(y)) <20u,
and so
dn(fPoh™ (%), floh ™ (9))<36u for |j|<N,

from which d,(h'(x), h™'(y))<e. Therefore 27" is dy-uniformly continu-
ous.

From now on we give the proof of (6.1). Since d.(%(x), x) <6y for
*ER" and Groh=hof, Wo(x, f)CBus,(L°(h(x)) for xER", and hence
there exists M;>0 such that

if d.(x, y)<36n (x, yER™ then max{d.(x, W*(x, f)N W ¥(y,
), dly, Welx, FONW*(y, FOI< M. (6.2)

By [Proposition 4. 2, for & >0 there exists ¢’>0 such that D°(x, y) <&’ implies
dn(x, y)<e/2, by there exists M1>0 such that d.(x, y) <M, (yE
W(x, f)) implies D?(x, y)<M; (¢=s, ). Let @ and A, be as in Proposi-
tion 4.2 and choose N >0 such that a:1:¥ Mi< e’ Suppose d.(f ‘(x),
Fi(y))<38n for |i|<N, then for |{|<N there exists zzER" such that W?*
(fi), )N WE(F “(y), f)={z:} (by Lemma 6.2), and it is clear that
fi(a)=2z for |i|<N. By (6.2) we have dn(f¥(y), zv) <M, and hence D*
(fY(y), an) < M7 and so D(y, 20) <@A¥Mi<e’ from which dr(y, 20) <e/2.
Similary we have d»(x, 20) <e&/2 and so dn(x, y)<e.

Let 2 : R™—R" be as above and defineamap /: REX VoR*X V by A=
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mo homs! where m=mexp. Since % is dp-biuniformly continuous and 4 is
uniformly equivalent to d», % is d-biuniformly continuous. Moreover we
have the following :

(1) &roh=hof and

2 d(h(w), v)<oufor vER XV
where 6r=me°6soms' and ou is a positive number such that d.(x, v)<du
implies d (x, y) <% Defineamap : yw(RODBV oy (RPV by h=+yh
o4, then & is bijective since so is .

LEMMA 6.6. h: 7n(RODV-y(RHDV and its inverse are both
do- uniformly continuous.

As the proof of Lemma 5. 2(iii), for any A:>0 there exist &>0 and a
continuous map # : C(6s) X (RSX V)— B(0, A3) such that Z(v+1D=1+
h(o)+7( v) (IEC(&), vER’X V). Since % is di-uniformly continuous,
so is 7. And there exists &=>¢%>0 such that di(x, y) <6} implies d(%(x),
A(y))<2s. If do(x, y) <03 then there exist /, ’EC(&%) and v, VERXV
such that v (v+=x, (@' +!)=y and d:1(v, v’)< 3. Then A(v+1)—
Fo+D=U—-1)+ ) =)+ G v) =50, v)), di(h(v), Fi(v) <
A; and &(FU, v), #(I’, v'))<221s. Since do(y (D), v (")) <26, we have
do(h(x), h(y)) <323+28<51; and so % is do-uniformly continuous.

The do-uniformly continuity of 27! is obtained in this fashion.

ensures the existence of a homeomorphism of X which is
denoted by the same symbol, and %°f =ar°k holds. Therefore the case (1)
was concluded.

The, conclusion of the case (2) follows from Fact 1.3 and therefore
was proved.

The proof of is done as follows. Since dim(X)=1 by the
assumption, one of the maps 7 : R—R and f ': R— R must be positively
expansive. For, assume that both f and f ! are not positively expansive.
Then we have that D*(x) #{x} and D*(x) #{x} bel[Lemma 2.5 Since D’(x)
is connected, D*(x) contains an open interval I. Take y&I and then D*(y)
contains an open interval /. Thus y&INJCD*(x)ND*(y). But D*(x)N
D*(y) is the set of one point, thus a contradiction.

Therefore the conclusion follows from Fact 1. 3.
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