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Abstract

In the present paper we prove a Trotter-Kato type convergence theo-
rems for semi-groups of linear operators of class (1, 4). Our results
genaralize those of I. Miyadera [5]

§0. Introduction

The present paper deals with the problem of convergence of semi-
groups of linear operators, that is, determining wether or not a given
sequence of semi-groups converge in some sense to a semi-group. This
problem was investigated by many authors in the case of a sequence of C,
semi-groups 7T,(¢) satisfying the condition

| T.(OI< Me®!, nEN,

where M and w are independent of n(cf. [1], [3], [4], [6], [8]). Miyadera
[5] also treated the problem under somewhat more general conditions and
for a more general class (1, A) of semi-groups.

Employing a more general procedure of taking limits of sequences of
operators (namely the limit inferior), we prove a generalization of the
results of Miyadera (Theorem 2 and [Corollary 1 below). Therefore
under rather mild conditions, convergence is established where it is pos-
sible that the limit does not exist in the sense of [5], [8]. We also note
that convergence of C, semi-groups holds under weaker conditions than
the one mentioned above (see and the remarks below).

§1. Preliminaries

In what follows, (X, |.|) is a Banach space, L(X) the space of
bounded linear operators on X. For an arbitrary linear operator A from
X to itself, D(A), R(A) and G(A) denote the domain, range, and the
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graph of A, respectively. Occasionally we follow the practice of identify-
ing an operator by its graph. We also denote the resolvent set of A by

0(A) and the resolvent operator by R(A1: A)=QAI—A)~".
Let (X, |I.l.), #=1, 2,... be a sequence of Banach spaces and let P, :
X—X,, nEN be continuous linear maps such that for each x in X

lim| Pl = 2]

In this case the Banach-Steinhause theorem shows that there exists a con-
stant ¢ >0 such that

| Pl < c ]| e)

A sequence (x,), x, in X, is said to converge to an element x in X ,
written in

limx,=x, <= lim|Px—x.],=0.

We also consider séldﬁences of operators (A4,), A,: X,—X,, and the
limit of the sequence (A,), denoted by lim A,(cf. [8]), is an operator on
X whose domain consists of all x in X for which there exists a corre-
sponding element y such that PxED(A,) and limA,Px=y. A more gen-
eral procedure of forming limits of sequences of operators is that of limit
inferior denoted by liminf A, or as we shall denote it by A, it is defined
(see also [4]) as follows:

liminf A,={(x, y)EX XX : there exists a sequence (x,), x,=D(A4,)
such that, limx,=x and limA,x,=y}.

Considering liminf A, as a function on X it is, in general, multivalued
and is an extension of the operator lim A,. The following set will also be
useful in our investigation ;

D'={x € X : there exists a sequence (x,), 2, D(A,) such that
limx,=x and sup,|lA x| <o}.

Next we review few facts about semi-groups of linear operators, for
further details and information (refer to and [9]). A semi-group of
linear operators on X is a mapping T (¢) : (0,00)—>L(X) satisfying T (¢+
s)=T@)T(s), for all ¢t s>0. It will be assumed here that 7 (¢) is
strongly continuous on (0,0). The infinitesimal operator of T (¢) is
defined as usual by

Apx=limh (T (h)—1Dx
h—0+
whenever the limit exists. In general, A, is an unbounded operator which

need not even be closed. If the closure A, exists, then it is called the
infinitesimal generator (i.g.) of T (¢#). The type of T (¢), denoted by w,
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is given by ;

w=liminf ¢ log 1T ].

If T(#) is strongly continuous at ¢=0, then it is called a C, semi-
group. In this case, there exists constants M >0, o such that |7 ()|<
Me“*, t=0, and A, is closed (cf [2]). In the abscence of continuity at
the origin we consider a more general class of semi-groups known as class
(1, A) (cf [2]), which we now define

DEFINITION. A strongly continuous semi-group 7 (#), >0 is said to
be of class (1, A) iff the following conditions are satisfied :

(a) [T ®Bldr<oo,

(b) limbw/l‘/o‘me_“T(t)x dt=zx, ReA>w, xEX.

It follows from (a) that the integral in (b) exists and defines a bounded
linear operator R(A) on X. Moreover the closure A, exists and R(A;
Ap)=R(A), for ReA>w. Finally we note that every C, semi-group is of
class (1, A) but that the converse is not true in general as indicated by
the examples in [2], [7].

§2. Convergence of Semi-groups.

In what follows, the notation {7 (¢ A), >0} will be used to mean a
semi-group 7 (¢) with i.g. A. For conditions(*) and (**) below, we refer

to [5].

THEOREM 1.  For each n in N, let {T (¢t;A,), t>0} be a semi-group
of linear operators on X, of class (1, A). Let there exist constants M,
K>0 and w=0 such that

L e T ADlde<M, neN *

and
IAR(A; A, <K, A=>w, nEN. (*x)

Further, assume that D° and R(AI—A) are dense in X, for some A> w.
Then A is a densely defined single valued operator on X with p(A)2
(w, ) and such that

limAR(4; Dx=x x€X (2)

and moveover, for each A> w
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Lim|R(A; A») Pix— PR (A; Al =0, xEX. 3)

PROOF. Let A>w be as in the hypothesis and let x€R (4] — A,
then it is easy to verify that there exists a unique element y& X such that

LiInHR (Al ; A, Pux— Pyl ,=0. (4)

Hence we obtain a map J (&) : R(AI —A)— X defined by J(A)x=y. Also
(») implies

IR(A; A<M, nEN, Red> w. )

Combining (4), (5) and the assumption that R(AI —A) is dense, we con-

clude by continuity that /(4) may be extended to all of X and further-
more

lim|R (A ; A,)*Px—P,J (A)*x|,=0, KEN, xEX. (6)

n—oo

where J(A)* is defined inductively on £. Now each A>w for which (4)
holds, yields an operator J(A) which satisfies (6). The following argu-
ment shows that J (1) exists for all A>w. Let A be the set of all numbers
A>w for which J(A) is defined. We note in view of lemma 4.1 of that
the representation

RA:A)= 20(/1—/10) “R(Jo: A 0

is valid for w<A<2A—w. Using (6) and (7) one can verify that A is
both open and closed in (w, ) and since HEA, we find that A= (w, o).
Next we verify that /(A) is Abel summable, i.e.,

IAiEnAj WDx=zx x€X.

Let xD°, and (x,) a sequence, x,€ D(A,) such that limx,=x and
”Anxn“nsb. Then

1P, AT (D x— )< PaCAT (D x) — AR (A5 A Poxl
+|AR (A A Pux— AR (A A %l
—HMR(A ; An>xn_xn”n+”xn—an”n

and the 3rd term on the right hand side is dominated by
IRCA; A Al = At AR (A5 A) Ani,

< 1Al (H1ARG; AL
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g%(HK).

Passing to the limit as #—c°0 and then as A—0, we obtain limi-«AJ (A)x=
x. Since D° is dense in X, the conclusion follows by the Banach-
Steinhaus argument.

To show that A is single valued, assume that (0, y»EA and let x,E
D(A,), nE€ N be such that limx,=0 and limA,x,=y. Put y,=
(A —ADx,(A>w). Then limp-w|y,+ Pwl,.=0, hence

Lim|R(A; A Pyln<lim|R(A; A Py + R(A; Ayl »
+lim| R (A5 An)yalln=0.

From this and (6) we find that /(1)y =0 for all A>w, which implies y=0.
It remains to show that J(D)=R(A; A), for A>w. Let x€X and y=
J(Dx. Then, as before, lims-«|R(A; A,) Pux—Pwl,=0 and with y,=R(A;
ADP,x we find that limy,=y and limA,y,=Ay—x. Therefore yED(A)
and Ay=Ay—x, which yields x=QI—A)J(Dx. Similarly, one verifies
that J (D (AU —A)x=x, for x€D(A)
We shall use the following notation for convenience ;

H(w)={A:ReA> v},
S(w)=p(A)NH(w).

PROPOSITION 1. Suppose that {T (t;A,) ; t>0} satisfies (*) and (**)
such that D° and R(AI—A) are dense in X for some Av>w, them the
following assertions hold :

(a) For each AS(w)

R(A: A)=liminf R(A; A,) €))
and
IRA; Al<M ©)

(b) H(w)Spd),

(c) RQ;A)=liminf R(1;A,)* (K=1), A€H (w),

(d) For each zED(A?) there exists a sequence (z,), z,=D (A% such
that
limz,=z, limA,z,=Az and limA2z,= A%z, in particular lim inf A2D A2

Proor. (a) Let A€S(w) and let x€X, yD(A) be such that x=
Ay—/fy. Then, by definition, there exists y,€D(A,), nEN sucj that
limy,=y and limA,y,=Ay. Put x,=Ay,—A.».. Then, clearly limx,=x
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and imR(1; A,)x,=R(A; A)x, while (9) follows from (8) and (5).
N(b) Let xiD(A), y=Ax and let x,D(A4,), nEN be such that
limx,=x and limA,x,=Ax. Then, by (5)

”xn" <K IMOxn - Anxn" n.
Passing to the limit, we get
lxll < M| Aox— Ax|

and since by assumption R(AJ—A) is dense, we find that AWES(w).
Now, let A,—A4, where A,€S(w) and A€ H (w). Using (9), we find that
for each x€ X,

IA—ADR e ; Dx—x|=[(A=A) R(An; A x| < M|A—Aallx,

showing that R(AI—A) is dense in X. Replacing A in the preceding
argument by A, we have that A€S(w). Thus S(w) is a nonvoid closed
and open subset of H (w), hence is equal to it.

(c) follows from (a) and (b) by induction

(d) Let z&D(A? and let x€X be such that z=R(A; A)%. Put y=
R(A: A)x, %,=Pyx, =Rk ; A, and 2,=R(A; Ay.. Using (a) we
find that

limy, =R (A : A)x=y and limz,=R(A; A)y=2 Thus

iM(Aoz,— Anzn) =limy,=y = Az — Az, which implies

limA,z,=Az. Similarly

lim Aoy, — A, =limx, = x = Ay — Ay implies

limA,y,=Ay. Hence

ImA,Qoz,— Anz,) =A(Az—Az) and limAzz,= A2z
We now state the main result

THEOREM 2. For each n in N let {T(t;A,),t>0} be a semi-group

of class (1, A) on X, such that conditions (x) and (**) ave satisfied.
Then the following assertions arve equivalent :

(i) There exists a semi-group T (t) of class (1, A) defined on X such
that for each x in X and x, in X,, n=1, 2, 3, ...

limx,=x=Iim7T (¢ ADx, =T (Dx, t>0 10)

uniformly on compact subsets of (0, 0),
(ii) D° and R(AI—A), for some A>w are dense in X.
In either case A is the i.g. of T(¢).

Proor. (i)=—=(ii)
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Assume that there exists a semi-group 7'(£) of class (1, A) satisfying
with i.g. A and let x€X, x,€X,, (#=1) be such that limy,=x.
Then for sufficiently large A :

im|R(A; A xn—P.R(A; Axl,

n—oo

<lim [ e | T(t; A an— P T (D]t =0.

Fix a large A and let x€D(A). Then there exists y&X such that Ax—
Ax=y. Letting y,=Py and x,=R(1;A,)y,, we have that limx,=x,
limA ,x,=lim(Ax,— y,) =Ax—y=Ax and so ACA. Since T(#) is of class
(1, A), R(AI—A) and D(A) are both dense in X, hence the same is true
for R(AI—A) and D°. Now it follows from this and (3) that A=A.

(i )==(1)

From and Proposition 1 A is a closed operator whose
resolvent R(A;A) is bounded in the half plane H (w). Therefore, in
view of a lemma of Hille and Phillips (cf. [2]) there exists y>w such
that

c 5= Ao L [T AN A2, dA

Yt D=2ttt [ THRG; DAY, an
defines for each z&€D (A?) a continuous function on t>0 with Y (0:z)=z.
Similarly, since each T (¢; A,) is of class (1, A) with H(w) S p(A4,),

: - LT e ar
T Apw=w+thw+ [ 7RG AAw G, we D

[AZ]. (12)

Now let zED(A?) and let (z,) be a sequence as given by Proposition
1-(d), replacing w by z, in (12) and passing to the limit as n—0, we find
that the Ist and 2nd terms in the right hand side of (12) tend to those in
the right hand side of [11). To see that the integral in (12) also con-
verges to the integral in [11), we note firstly by [Proposition ] that

imR(A; A)A%z,=R(A; A) A%z

and secondly that there exist positive constants M, a independent of #
such that the integrand in (12) is dominated in norm by aMe/|A]?, and
this is integrable over the line y. In conclusion we find that

Im7T (t;ADz,=Y (t;2), t=0, zED (4. (13)
Furthermore, using Theorem 7.7.4 of and we have
1Y (t; 2| <(CM2e"/ 1Dz, t>0, zED (A2, (14
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where C, is a constant. Therefore since D(A?) is dense in X, Y (¢;2)
has a unique bounded extension 7°(#) on X which satisfies (14).
It is readily verified that

imT(¢t: A)Pz=T )z zEX, ' 15)

uniformly on compact subsets of (0, ) and that 7°(¢#) has the semi-group
property. To verify that it is of class (1, A), we note from

I T (OI<liminf,| T (¢; A, that
[0 we“‘"llT(t)lIdtSIimninf ﬂ T T A ldt< M.

Thus the integral
R(A)x:'[oe’“T(t)x dt

exists for all x€X, ReA>w, and as before
limy-|R(A; A) Px—P,R(Dxl,=0.

Hence R()=R(X; A), in particular recalling (2), we see that T(¢) is of
the class (1, A) and A is the i.g. of T(¢).

COROLLARY 1. Suppose that the hypotheses of Theorem 2 arve fullfilled.
Then the following are equivalent :
(i) There exists a semi-group T (t) of class (1, A) defined on X such
that for each x in X and x, in X,, n=1, 2, 3, ...,

limy,=x=Im7T (¢; A)x,=T (Hx, +>0,

uniformly on compact subsets of (0, 0),
(i)  There exists a densely defined operator A such that ACliminf A,
and such that R(AI —A) is dense for some 2> w.

In either case the closure A is the i.g. of T(t).

COROLLARY 2. If for each n in N, T(t;A,) is a C, semi-group sat-

isfying conditions (*) and (x*), then the conclusion of Theorem 2 and or
Cor 1 holds.

REMARKS
1. Replacing A by lim A, in |Corollary 1, one obtains the results of
which also extends the results of on this point.

2. We note, in that the limit semi-group need not be of class
Co. In fact if it is a C, semi-group, then



A note on the convergence of linear semi-groups of class (1, A) 521

I Tt Al < Me®, t=0,

where M and w are independent of #.
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