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Introduction

We mean by a generalized foliation, a foliation with singular leaves in
the sense of P. Stefan and P. Dazord [D], and in the present paper
we establish a notion of a holonomy groupoid of this generalized foliation.
In order to keep similarities to the case of regular foliations, we set a
limitation on singular leaves, however our result is applicable to some
foliations of Poisson structures and to some foliations which are not
locally simple (cf. [E]). In many cases, we call a generalized foliation
simply a foliation.

According to [D], along a leaf F of a foliation 2 on a C®-manifold
M there is a unique germ Ar of transverse structure. A singular leaf F is
called tractable if F has a saturated neighborhood N in M with following
properties :

(i) N 1is isomorphic to a fibre bundle over F, nr: N—F having a
fibre V with a foliation Av which is a representative of Ar.
(ii) The structural group of the bundle is the group of isomorphisms
of Ay and the foliation of N determined by a local product of the
one leaf foliation of F and Av is the restriction 2~ of & to N.
We will show that if all singular leaf of 2 is tractable, then an (alge-
braic) holonomy groupoid G(2) of D is defined and we have

THEOREM 2.2 If each singular leaf of @ is tractable, then G(2) is
a topological groupoid.

The part of G(2) outside singular leaves is a (non-Hausdorff) C*-
manifold by the usual theory of regular foliations (see, e. g., [P], [WiD),
but G(2) itself is not a manifold in general. We take examples of the
foliations from those of symplectic leaves of Poisson structures and from
some constructions of fibre bundles. In his construction of a singular
foliation C*-algebra, A. Sheu uses the notion of holonomy of a
locally simple foliation due to C. Ehresmann [E], but there are some
foliations which are not locally simple. Our definition of holonomy can be
applied to these.

In Section 1, we explain properties of a (generalized) foliation 2. In
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Section 2, we construct the holonomy groupoid G(2) of 2 and prove
THEOREM 2. 2. In Section 3, we show examples of holonomy groupoids
from Poisson structures. The last section is devoted to constructing
examples of holonomy groupoids for generalized foliations with nontrivial
holonomy maps.

The author thanks Prof. A. Weinstein for his valuable comments on
the definition of holonomy and examples, and also thanks Prof. A. Sheu
for conversations on the singularities of a foliation.

1. Generalized foliations

Here we review basic facts about foliations with singularities from P.
Dazord’s work [D]. Let M be a paracompact Hausdorff C*-manifold and
TxM the tangent space of M at a point x&M. Let C*(M) be the algebra
of real valued C*-functions on M.

A distribution D of tangent subspaces of M is a collection of sub-
spaces :

D={D:CTxM|xE M}.

Let p(x) denote the dimension of D, and C*(D) denote the C*(M)-
module of C®-vector fields on M, the value of which belongs to Dy for
each x& M.

D is called a C*-distribution, if for each x€M one can find a finite
number of elements of C*(D),

X, oo, Xk

such that Dx is generated by {X.:(x)|1=<i/=<k} where k=k(x) depends on x
(equivalently, each element of 2 is a value of a local section). An inte-
gral manifold F of D is a connected immersed submanifold of M such
that for each xEF, '

T:F = Dx.

A C®-foliation of M (in a generalized sense) is a C*-distribution & on M
with the condition that for each point x& M, there exists an integral mani-
fold through x.

If f: M—N is a diffeomorphism of C*-manifolds M and N, and X a
C>-vector field on N, then a C*®-vector field f«xX on M is defined by

FXOW=F+XFB)))  yEN.

The integrability conditions are stated as follows in the formulation by P.
Dazord [D].



Holonomy groupoids of genevalized foliations, I 217

THEOREM 1.1 [Sus], [D]. Let D be a C=-distrubution on a wmani-
fold M. The following properties arve equivalent.

(i) For each point xE M, there exists an integral manifold through
x.

(ii) For each point xE M, there exists a unique maximal integral
manifold through x.

(iii) D is invariant by the flow of each vector field of C*(D).

(iv) There is a Lie subalgebra 5 contained in the Lie algebra of
C*-vector fields of M such that

a) at each point x, Dx is equal to the values at x of the fields in
H

b) for each X € # with a flow germ @: and for each Y € ¥,
(@)« Y is a germ of vector field of #.

Let 2 be a C>-foliation of M. By THEOREM 1.1, (ii), for each point
xE M, there exists a unique maximal integral manifold through x, which

we call a leaf of @. Local structures of & are examined on the basis of
THEOREM 1. 1.

THEOREM 1.2 [D]. For every point m of M with a C®-foliation 9,
there is an open mneighborhood U of x and a local coordinate map  :

U—=s>WxV as follows: W and V are neighborhoods of origins in R®
and R? respectively for

p=pim), p+g=dim M,
ard + carries the foliation induced on U to the product foliation,
R? XAy,

where Av is a foliation on V with a point leaf at the origin of R? and R?
1S the ome leaf foliation.

PROOF: From the condition of THEOREM 1.1 (iv), a) it follows
that if p(m)=p>0, there exist p C>-vector fields,

{Xi1<i<p),

belonging to # such that Xi(m), ..., Xp(m) form a base of D». Let V; be
a submanifold of M through m such that

Dn® T Vo= TaM.
Let W denote a neighborhood of the origin O in R?, V a neighbor-
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hood of m in V, and ¢ a map,

v: WXV-M,
defined by
V() =9 oo i) (y),
where ¢¢) is the flow of X; for the parameter x;, x=Cx, ..., x)E W and

yE V. Since the differential map of ¢ at (0, m) is an isomorphism, one
can assume by restricting eventually W and V that ¢ is a
diffeomorphism,

v WXV—UCM,

where U is an open set of M containing m.

Let v denote the restriction of 2 to U and 9y the foliation ¢*Zy,
that is, the pullback of 2y by y. The vector fields 9/ox;, 1<i<p are
C>-vector fields of 9, which are invariant by the translation parallel to
W. Thus we have,

Zu(x, y)=R*XA(),

where A is a distribution on V' which admits an integral manifold through
any point of V. Obviously A is generated by zxX(0,y) where X are
C=-vector fields of 9y and z: W X V—V is the projection. By THEOREM
1.1, (i), A is C*-foliation on V. q.e.d.

We call U a foliation coordinate neighborhood and  a local foliation
coordinate system (or chart). Also we call a leaf of @ v a plague. Folia-
tion coordinate neighborhoods of a point form a fundamental system of
neighborhoods. 2y is the pullback of Ay by the submersion zy==n<y: U
- V.

In general, plaques other than the leaf of m are not (locally closed)
submanifolds of M. This is a difference from the regular case. From
THEOREM 1. 2, it follows that each plaque of U is diffeomorphic to the
product of the plaque of m and a leaf of Ay. In particular, p=dim 2 is
lower semi-continuous.

Let M’ be an immersed submanifold of M transverse to the foliation
2 and U an open foliation coordinate neighborhood of m& M’. The sub-
mersion zy: U—V associated with a local foliation chart 4 induces a
submersion zy of the neighborhood Mi=UNM’ of m in V and the restric-
tion | My} is the pullback zi*Av. This shows from the definition of folia-
tion that the restriction 2 - is a foliation.



Holonomy groupoids of gemeralized foliations, 1 219

COROLLARY 1.3 [D]. Let M, and M. be two submanifolds of M
passing through m and being transverse to 2 at m. If we have

dim M.=dim M,+~» (r=20),

then the foliation @ u, of M, is locally isomorphic, on a neighborhood of m,
to the product foliation R" X2 u, of R” X M.

PROOF: Let z¥: UNM—V denote the submersion induced by v :
U— V. Then we have obviously

(@O V=R X @)V,

and as in the above argument, 2, is locally a pullback z#*Ay. q.e. d.

In particular, if »=0, then 2%, and 24, are locally isomorphic. If
M’ is the image of V in the local foliation chart v, then 2 u is isomor-
phic to Av. This yields that the germ at the origin O in R?, defined by Av
depends, up to a diffeomorphism, on the point » and it is called the germ
of transverse structure of @ at m. If p(m)=0, then Av defines just the
germ of o at m.

2. Holonomy groupoids

Let M be a manifold with a C*-foliation 2. Since every point of the
leaf F' of m& M is attained starting from m by a product of flows tangent
to 7, germs of transverse structures at all points of F are isomorphic,
and therefore there is a unique germ Ar of transverse structure. It is
called the germ of transverse structure of the leaf F.

A leaf F is called regular if its germ of transverse structure is trivial,
and it is called singular otherwise. A leaf is regular if and only if it has
a neighborhood on which @ induces a regular foliation, or equivalently, p
is constant. A point is called regular if it belongs to a regular leaf. We
say that a singular leaf F is tractable if F has a saturated neighborhood
N in M with following properties :

(i) N is isomorphic to a fibre bundle over F, zr: N—F having a
fibre V' with a foliation Ay which is a representative of Ar.
(ii) The structural group of the bundle is the group of isomorphisms
of Ay and the foliation of N determined by a local product of one
leaf foliation of F and Av is the restriction 2~ of @ to N.
In the following, we consider a foliation @ whose singular leaves are all
tractable.

EXAMPLE 2.1: We mention some simple examples of foliations with
tractable singular leaves.
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(1) Let R? denote a p-dimensional coordinate space. The set of all
concentric spheres S?7' with radii » around the origin O makes a folia-
tion. Its only singular leaf is the origin, which is obviously tractable.
We denote this foliation by ..

(2) We denote the one leaf foliation of R? by the same symbol and
the point foliation of R* by {R*}. The product foliation . X R?X{R*} has
the set of singular leaves {O} X R?X{R*}.

A tractable singular leaf F of a foliation 2 has a saturated neighbor-
hood which is isomorphic to a bundle with a fibre which is a foliated
manifold V. We take the associated V' /Av-bundle. Then any continuous
curve of F obviously determines an isomorphism from the leaf space of
the source point to that of the target point. Hence one can define the
holonomy map with respect to the germ of V /Ay, associated with a curve
on F by that isomorphism. By the elementary theory of fibre bundles this
map is determined up to homotopy of the curves fixing end points. Under
the assumption that each singular leaf of C®-foliation @ is tractable, one
can construct a holonomy groupoid G(2) by quite a similar way to the
regular case.

For a leaf L of 2, let

A:[0,1]—-L

be a continuous curve with end points A(0)=x and A(1)=y. Let Va
denote a sufficiently small manifold of dimension dim M-—dim L trans-
verse to L at mEL and H%y: Vi/Av.— Vy/Av, the holonomy map germ
associated with A, which depends only on the homotopy class A relative to
{0, 1}.

Let x: [0,1]—L be another curve with ¢ (0)=x and x(1)=y, and x
its inverse curve. We define a relation A ~u by the equation,

This is an equivalence relation ; the equivalence class of A is denoted by

[1].
Let G(2) be the set of triples,

g=(x 9 [1D),

where x, y€L, L is a leaf of 2, and A1 : [0,1]—L is a continuous curve
with A(0)=x and A(Q)=y. Themaps s, r: G(2)—M are defined by

s(h, y, [AD)=x, r((xy [2A]D)=y
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and are called source and target map respectively. G(@) is a groupoid
over M by the usual composition and inverse operations obtained from
those of curves:

(3,2, [MD(x, 9, [2DD=(x, 2, [0 22]),
(x5 [AD'=0, 5 [27]D),

where 17! is the inverse curve of A.

We will introduce a topology in G(2) by defining fundamental sys-
tems of neighborhoods of points. For a point belonging to a regular leaf,
its neighborhoods are the same as in the case of a regular foliation: For
g=(x, v [1]), there exists a sequence of foliation coordinate neighbor-
hoods {U:|0<i<Fk} and a partition of [0,1], 0=#<--<#f+1=1 such that if
U:NU;# ¢ then U;U U; is contained in a foliation coordinate neighborhood
and A ([#, t;+1]) CU; for all 0<i<k+1. We call the sequence {U:|0=<i<Fk}
a chain subordinated to A. A neighborhood of ¢ is the set U, of (x', y,
[v]) such that x¥€ U, y'€ U and {U:/0<i<Fk} is a chain subordinated to
V.

Let a=(u, v,{1]) be a point of G(2) such that A([0,1]) is
contained in a singular leaf F, which is, of course, tractable by our
assumption. Let {U40<i<k} be a sequence of open sets in F, which is a
chain subordinated to A for one leaf foliation. Let Av be a representative
of Ar in a transverse submanifold V of dimension, dim M —dim F in M.
We note that z7'(UD=U;XV and the sequence {z7(UD|0<i<PE} is a
chain subordinated to A for & in a generalized sense. We define a neigh-
borhood of @ in G(2) by the set U.: of («/, v/, [v]) such that #' €
27 (Up), v'Exr'(Uw and {z7'(UD|0<i<k} is a chain subordinated to v.

THEOREM 2.2 If 2 is a C=-foliation of M and each singular leaf
of @ is tractable, then G(@) is a topological groupoid.

PROOF: For a regular leaf, holonomy maps are defined without any
restriction to them, but for a singular leaf, holonomy maps are not defined
in general. In fact, we can not define a notion of germs of leaf spaces of
transverse structures in a usual way for points of a singular leaf of a folia-
tion which is not locally simple (see EXAMPLE 4.1). For a tractable sin-
gular leaf F, there is a neighborhood N of F, isomorphic to a bundle
with a fibre V which has a saturated foliation Ay. The germ of a leaf
space of the transverse structure Ar is defined to be the germ of V' /Ay and
holonomy maps for F are defined by the flat structure of the associated
V' /Av-bundle.

Let Usy,i and Us,,i, be neighborhoods of ai= (i, v, [A1]) and @= (e,
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v2, [A2]) in G(2). Let {U.,:|0<i<h)} and {U.:/0<i<k} be chains subor-
dinated to A1 and A: in the definitions of Us,,a, and U.,,i, respectively. If
b=(x, v [u]) is a point of Us,uN Us,,i, one can define a chain {W[0<i<
k} subordinated to x such that W: is an open set of M contained in some
Uh,;, and in some U,j,.

The neighborhood Us of b obtained from the chain {Wi|0<i<A} is
contained in U,y and Uz,.,. Thus the family @ ={U,.} satisfies condi-
tions of a fundamental system of neighborhoods and defines a topology of
G(2).

It is obvious that the source and target maps 7, s: G(2)—>M=G(2)
are continuous with respect to this topology of G(2). The continuity of
the groupoid multiplication map,

G?( @) ={(a, @) EG(P) X G(D|r(a)=5(a)}>G(2)

defined by (a1, @) — ai*a follows from the construction of a chain of coor-
dinate neighborhoods subordinated to a composite curves. The continuity
of the map to the inverse element,

G(2)-G(2), a—a
is checked more easily. qg.e.d.
3. Examples from Poisson structures

Important examples of generalized foliations are those of symplectic
leaves in Poisson manifolds. Let M be a C*-manifold and C*(M) an
algebra of real valued C*-function on M. A Poisson structure on M is
defined as a Lie algebra structure {,} on C*(M) satisfying the Leibnitz
identity,

{f9, W=r{g, W}+{f, .

The manifold M equipped with such a structure is called a Poisson mani-
fold.
For £ g€ C*(M, R), we have

{f. g}=A(df, d9),

where A is the Poisson tensor field. Let 7*M denote the cotangent bun-
dle of M. For x&€M and a=T%*M, we define #a <= TxM by the relation,

<p, fa> :Ax<a’, ﬁ)

for all g T%*M. This correspondence determines a vector bundle mor-
phism,



Holonomy groupoids of generalized foliations, I 223

#: T*M—-TM.

The subset D=#(T*M) is a C=-distribution and according to A. Kirillov
[K1], D defines a C~-foliation 2 and each leaf of @ with its Poisson
structure is a symplectic immersed submanifold. (See,e. g., C. M. Marle
[M]D

Let G be a Lie group with Lie algebra g and g* the dual of g. For f, g
eC~(@* R), we set

I, o) =<x, [df (x), dg(x)]>.

This gives a Poisson structure on g*, which was defined by S. Lie and F.
A. Berezin. Each leaf of the C*-foliation of g* associated with this Pois-

son structure is a coadjoint orbit of G. (See, e.g., [K2], [Ko], [M] and
[So]>

We will examine our holonomy groupoids of foliations of g* by coad-
joint orbits of G for some Lie groups mentioned in A. Weinstein [We].
It is noted that the holonomy groupoid of the foliation outside singular
leaves is a (non-Hausdorff) manifold.

Let {X:|1<i<wu} be a basis of g with »=dim g and x, ..., 2. the li-
near functions corresponding to these basis elements.

EXAMPLE 3.1: G=SO@3). One can take a basis {Xi, Xz, X5} of the
Lie algebra g=280(3) such that Poisson brackets of x; are given by

(o, t=x, {w 6l=x, (B u)=%x.

The manifold M is 80(3)*=R? Leaves of 2 are coadjoint orbits of
SO(3) in 80(3)* which are concentric spheres :

w+g+x=c>0, cER.

The origin 0=(0,0,0)=R? is the only singular leaf which is obviously
tractable and all holonomy maps are trivial.

The holonomy groupoid G(2) of the foliation 2 is described as fol-
lows: The holonomy groupoid of the regular part of & is

S$2x SEx (RA{OD
and hence G(2) is the cone over S*X S?,
C(SEXSH=(S*X S*XR.)/(S*X S*X{0}).

EXAMPLE 3.2: G=SL(2,R). One can take a basis {Xi, Xz, X3} of
the Lie algebra g=28((2, R) such that Poisson brackets of x; are given by
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{0, e}=—m, {w wl=xn {6 =1

The manifold M is 8((2, R)*=R3. Leaves of 9 are coadjoint orbits of
SL(2,R) in 8((2, R)* which are the origin, one sheet hyperboloids, two
sheet hyperboloids and circular cones :

{0,0,00},
et — = c+0, cER,
X12+X22_X32:0, x3+0.

The origin 0=(0,0,0) is the only singular leaf, which is obviously trac-
table, and all holonomy maps are trivial.

The holonomy groupoid G(2) of the foliation 2 is described as fol-
lows: The holonomy groupoid of the régular part of 2 is the disjoint
union with an appropriate topology,

(SIXRXS'XRXR)U(B*XB*XR")U(B2XB*XR")
US'XR*XS'XRDHU(S'XR XS'XR),

where B ? is the open 2-disk and R*=R.\{0}. The holonomy groupoid
G(2) is the disjoint union with an appropriate topology,

(SIXRXS'XRXR)U(B*XB*XRYHU(B?XB?XR")
UE'XR*XS'XRHUS'XR XS XR) U+,

where * is the only element of G(2) obtained from the leaf O.
4. Various examples

First of all, we mention one more example of a generalized foliation
with trivial holonomy maps, which is not locally simple.

EXAMPLE 4.1: Let S, be a circle in R?:
A Ca®+ %2 —2x) + =0

The set {S,.|A, uER} defines a generalized foliation 2 of R? with Do={0}.
9 has the only singular leaf {O}.

A foliation of a manifold M is locally simple by definition (see [E]),
if each point x of M has an open neighborhood V such that for the funda-
mental system of open neighborhoods U of x in V, the maps of the leaf
spaces U of U to the leaf space V of V, induced by inclusion maps, are
homeomorphisms onto open sets of V. In our foliation 2, it is obvious
that the origin OER*=M does not satisfy the condition of local simplic-
ity. In fact, any funndamental system of neighborhoods of O contains
open sets U, V such that U& V and the map U—V is not injective.
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The holonomy groupoid G(Z|ga0) of the regular part of 2 is
diffeomorphic to the manifold

((S™\{gh x (S"\{gh x (S"\{g, =g} U ((S"\{g, — ¢}
X (S"\{g, —gh X{—ghHS'xS'x S,

where S' is the unit circle and ¢=(0,1)€S*. In the quotient space Q=
(S'XS'XSH/((S*XS" X {ghH U {g}x{g} xS), we denote the point [{g}X
{g}x{q}] by *. Then G(2) is the disjoint union

G(Z|rop) U *

and * is the element represented by the point leaf {O}.

Examples in Section 3 obtained from foliations of coadjoint orbits of
Lie groups in the dual of its Lie algebra, have all trivial holonomy maps.
However, some generalized foliations with nontrivial holonomy maps are
constructed as follows:

EXAMPLE 4.2: Let 2 be the foliation of EXAMPLE 3.2 and E an
R’-bundle associated with the nontrivial Z.-bundle over S', where the
nontrivial element of Z: acts on R?® as a symmetry with respect to xx-
plane. Let Z: denote the foliation of E obtained from 2 by taking a
local product with R. The zero-section F=S' of E is a singular leaf.
The associated R’/2-bundle over F is flat, that is, it has the discrete
structural group Z. and hence the holonomy group of F is Z, from the
definition of holonomy maps in Section 2. Thus F has a nontrivial
holonomy map.

Let a, 8 be generators of the first and the second factor of Z?Z=
m(S'XSY. We define a homomorphism #: m(S'XSH—Z; by

h(a)=h(B)=1€ZL

Let K be the set of continuous curves y: [0,1]—>S" and K the space of
equivalence classes in K by the holonomy of curves, fixing end points. K
is regarded as the quotient space of R? by the %7'(0)-action, which is
diffeomorphic to a torus. Since Z. is a group of diffeomorphisms of R?
preserving the foliation 2, it acts on the manifold G(Z|gs0)) and hence
m(S'XSH=Z? acts on G(Z|pnop) through the homomorphism 4. The

holonomy groupoid of the regular part 2|z is the bundle associated with
the covering map R*—>R?/%7'(0) =K :

G(D|e\r) = G(D|gsvi0y) X -1 R?
= G(D|rooy) XK.
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The holonomy groupoid G(Z¢) is of the form of disjoint union
G(9|pr) UK

which is homeomorphic to G(2) X K.
A similar construction is made with the foliation 2 of EXAMPLE 3.1
and a holonomy groupoid of a locally nonsimple foliation is obtained.

EXAMPLE 4.3: Let 2 be the same foliations of R® as in EXAMPLE 3. 1
and 3.2. We define a C*-diffeomorphism f : R*——R? by
f(xl, Xz, X3) :e(xb X2, x3>.

where ¢>1. We identify points of R*x{0} in R*X[0,1] to points of R®X
{1} by the diffeomorphism

Ca, 22, 23, 00— (f Ca, 22, 1), 1).

Since f preserves the foliation &, one obtains a foliation s on S=
R*X S' from 2 by taking a local product with the one leaf foliation of R.
The identification image Fs of {0} %[0, 1] is the only singular leaf of &s.
The associated R*/2-bundle over Fs is flat and its holonomy group is Z
which is again nontrivial.

We define a homomorphism %s: m(S'XSH—Z by

hsCa) =—hs(B) =1€Z

and an equivalence relation in K by making use of %s in a similar way to
that of EXAMPLE 4.2. We denote the resulting quotient space by Ks
which is diffeomorphic to an open cylinder.

Since Z is a group of diffeomorphisms of R® preserving the foliation
9, it acts on the manifold G(Z |gso;) and hence #:(S1XS1)=Z? acts on
G(D|rs\oy) through the homomorphism 4s, the holonomy groupoid of the
regular part 2 |s\rs is the bundle associated with the covering map R*—
R¥/ns'(0)=Ks :

G(Dsls\rs) = G( Do) X nzi0R?
=G (D |gs\i0) X K.

The holonomy groupoid G(Zs) is of the form of disjoint union
G(.@S'S\Fs) UES

which is homeomorphic to G(2) X K.
A similar construction is made with the foliation 2 of EXAMPLE 4.1
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and a holonomy groupoid of locally non-simple foliation is obtained.
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