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On the asymptotic equivalence between the Enskog and the
Boltzmann equations in the presence of an external force field

Mirostaw LACHOWICZ
(Received November 15, 1989)

Abstract. The paper deals with the asymptotic equivalence between the
Enskog and the Boltzmann equations in the presence of an external force
field, when the scale of the hard-sphere diameter in the Enskog model
tends to 0. The asymptotic equivalence is presented when a global exis-
tence theorem for the Boltzmann equation in all space holds, and for the
force field integrable in time. For example, the force field can be large in
modulus and with arbitrary direction as far as it acts for a finite, although
large, time interval.

1.) Introduction

It is well known that the Boltzmann equation in the kinetic theory of
gases [6] is valid for rarefied gases where gas particles can be considered
as point masses undergoing binary collisions. In other words, in the Bolt-
zmann model the overall dimensions of particles are neglected. In the
case of dense gases the mass-point Boltzmann model has to be replaced by
a model which can take into account the overall dimensions of particles.
An interesting class of such models is based on the original Enskog idea :
the models are reviwed and classified in [2]. The same paper also
presents the existence and uniqueness theorems for the initial-value prob-
lem.

This paper deals with the asymptotic behaviour of the solutions of the
Enskog equation in the presence of an external force field when the scale
of the particle radius tends to zero. The asymptotic equivalence between
the Enskog and the Boltzmann equations in that case is proven when a
global existence theorem for the Boltzmann equation in all space holds (.
e. when initial datum satisfies the smallness condition-see [5]), and for
the force field integrable in time.

The paper can be considered as a continuation of papers and [8],
where the asymptotic result was proved in the case without a force term
[3] and the existence and uniqueness theorem was proposed 8]
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2.) The mathematical models

Both the Boltzmann and the Enskog equations describe the evolution
of one-particle distribution functions

f;?’ f;:: [07 +OO[><R3XR3_—)[O’ +OO[ :
fo=rs(t %, v) ;5 fe=fr (4 %, v).

All variables are considered to be dimensionless, i.e. they are
obtained by referring the dimension variables to suitable characteristic
quantities (for details see [3]). Then f; and f; are the dimensionless dis-
tribution functions, tE[0, +oo[, xR and v=R? are the dimensionless
time, space, and velocity variables, respectively. Moreover, B is the
dimensionless radius of the particles. If we consider the initial value
problem with the same initial data for the hard-spheres Boltzmann equa-
tion and for the Enskog equation, we should expect two different solu-
tions. On the other hand, when B tends to zero, then the solution of the
Enskog equation should tend to that of the Boltzmann equation. The
mathematical proof of this equivalence can be regarded as an important
step in the understanding of nonlinear kinetic theory. It can also be con-
sidered as an indirect validation of the Enskog type models.

The dimensionless forms of the Boltzmann and the Enskog equations
in the pressence of (dimensionless) external force field F read

& +v-gradxz;+F-graduﬁ,=LJo;,J;>, 2.1
e+ vegradifi + Fegradde= B £ 11 7) 2.2

with initial data

ﬁ?lt=0:.ﬂ£|t=0:ﬁ)- 2.3

In Egs. (2.1) and (2.2) K#n in the Knudsen number defined by the
ratio between the mean free path and the characteristic length. Consider-
ing that we deal with Knudsen numbers fixed and larger than zero, we put
Kn=1 for simplicity in what follows.

The Boltzmann and the Enskog collision operators read :

Jh, ) (x v)= A oo 1 DA (x, )
—A(x, v)(x, 0} (0 —v) 5|, dndy,

and
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Es(hifo 006 0= [ (Y03 BY( w-fix+B, oD (5 0)
-Y "(h; B n)-f(x—Dbn, v)fK, v))
|(v,— v) m|dnduv,
where
St={neR*: |n|=1},
y|+=max {0, y}
and Y* are the pair correlation functions.
v, v, are the precollisional (dimensionless) velocities and v’, v{-the post-

collisional velocities.
On the external force field F the following hypothesis is needed

HYPOTHESIS 2. 1.
The external force term F=F (¢, x, v) is such that

1.) gg}glm(OF(-, x, v)|eL,(0, + o)

vER?
where m(t)=1+t¢

2.) For all (¢, x, v)E[0, +oo[ X R®X R® there exists a unique solution
X, V=X x v), V(U x v),
(X, VHe(C°(J0, +oo[ X R*X R?))?

of the following initial-value problem

dX

—dt :V; X|t=0:x (2.48')
LE—FU X V) Vim0 2.4b)

The solution is such that for all

(t, x, v)E[0, +oo[ X R®*X R® there exist x*€R® and v*€R?® such
that X (¢ ;x*, v¥=x; V(¢;x* v*)=0.

Now we can introduce the following operators
U=Dfx v)=r(X&=x v), V&x v)) (2.5a)

and the integral form (“mild form”) of Egs. (2.1) and (2.2) with initial
data (2.3)
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S®=UWh+ [ Ut=9] G5, f)()ds

fE<t>:U<t>fo+[ Ut—)Es(fs; fo, £)(s)ds.

Denote f*(H)=U(—t)f (1.
Now let us define
he(y)=exp(Ly?, >0

and

me(y)=(1+3772, k>3.
We need the following Banach spaces

B, ={fEL.(R*XR?®:
ess sup(f (x, v)|hs (|x)ma(0])) < + o0}

veERS3

equipped with the norm

[fllee. 2. =ess sup (If (x, 0)|oC(xma(lv]) ;

Cer={fEC(R*XR?):
ey 7 (Uf Cx, )| he(|x)) me(|v])) < + o0}

vERS3

equipped with the norm

Il s=sup (If (5 0)|hs (2D mulloD) ;

VERS3
Zer={f*€L.(]0, +o[ X R*X R?) :
ess»soupllf" () |loo, &, e < + 00}

equipped with the norm

IILfllloo,y,FeSS»soup I * (E)||eo, 2,

and

C < ={f"€C([0, +oo[ X R®X R®) :
ggglV*(tDIIy.K + oo}

equipped with the norm

”lf“lf.k:%g%)”f#<t>”Y,k-

(2.6)

2.7
(2.5b)

(2.8a)

(2.8b)
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In the end of this Section we propose the hypothesis on the factors
Y*. They are correction terms due to the overall dimensions of the gas
particles and become infinite when the local density approaches a critical
value corresponding to the condensation density. Thus the Enskog
description can be justified only for moderate dense gases. The set of
distribution functions corresponding to moderate densities can be defined
as follows

g*={f: ess sup/[f(t, x, v)|dv < s}
20

xER?

where %5 is a given constant such that 5 increases to co as B decreases
to 0.

Using the representation (3.8) from we can show that there
exists a constant ¢, (depending on %, and on the force term F) such that
the set

I24=VEF s fllle 2 1< 0 #5)

is a subset of 9*N%< . To be sure that a function in %, is permis-
sible in the Enskog description we will guarantee that it is in the set 9% ,.
Now we can formulate the relevant properties of the factors Y=*.

HYPOTHESIS 2. 2.

1.) Y*(0;B)=1 for all b&[0,1]

2.) vbe[0,1], V/EDL . NE 2k, VRES?:
Y*(f;B)(, », n)EC([0, +o[ X R?).

3.) VBe[0,1], VA, LEDE .-

esst>soup| Y*(h; B)—-Y*(f2; B)|<

XER3
nes?

7 (B) esst>soupr7‘1 —f,|dv,

XERS3

where 7 is a bounded function of B&[0, 1] such
that #7(b) — 0 as b — 0.

The proposed hypothesis is physically consistent with a large class of
the Enskog-type models (Standard Enskog Theory as well as Revised Ens-
kog Theory-see [2]).

Point 3 is formulated in a way more general than in where
7 (B)=0(B) is assumed in order to obtain the 0(B)-rate of convergence
of fztofgasb — 0.
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3.) The existence theorems for the Boltzmann
and the Enskog equations

In the following theorem has been proposed :

THEOREM 3. 1.
Let >0, k>3 and Hypothesis 2.1 be satisfied. Then the following in-
equality holds

sy, Flleo, 2, e < cal|lAillo, 2, k2 [Ifell|co, <, 2 G.D
for all 1, LE By v, where

w5 D= [ UU=9] G, £)()ds

and ¢, 1S a positive constant. Moreover if the initial datum f, is such that

Vfolleo 2. e < 2, (3.2

where c;<(4c)7", then the problem (2.6) has a unique solution fz in %«
and

Vfsllleo, . e < 2| folloo, <. & (3.3)
REMARK 3. 1.
By (3.3) it follows that if B>( is so small that
czs%% (3. 4)
then
fsED 2 - (3.5)

Note that in Theorem 3.1 has been proved under a slightly more
general assumption than Hypothesis 2.1 (see Hypothesis F in [5]).
The corresponding theorem for the Enskog equation has been

proposed in :

THEOREM 3. 2.
Let be]0,1], >0 and k>3 be fixed Let Hypotheses 2.1 and 2.2 be
satisfied. Then the following inequalities hold

.re(fi s fo, fo) —e(fa s 1, Jllleo, £, <
< a7 (B —Lollleo, 2. 22 [sllleo, 2. #2 |l o, 2. 2 (3.6)

Jor all /i, hED % 45 fsy KE B ok
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and

176 Ch s for Fllen, 2.4 <
<aQ+c 7 B|Allle, 2.6

for all fEDY ., fi, i€,
where

Vallleo, . #°]

Villleo, 2. & 3.7

Lelfiifo D= [ UG=9Es(his i, £)($)ds

and c; 1S a positive constant.
Moveover, if the initial datum f, is such that

folleo, 2, e< s (3.8)

where

. c
¢; <min{cs, cz, -Oéﬁ}

and

¢s=(13¢;°max (1, CSUP 7 (B))™!

then the problem (2.7) has a unique solution fz in 9% , and

[[fellleo, 2 e <20 follon, 2. - (3.9

The aim of the present paper is to prove the following theorem on the
asymptotic equivalence :

THEOREM 3. 3.
Let >0, k>4 and initial datum fo& C<,r satisfy the smallness condition
(3.2). Let Hypothesis 2.1 and 2.2 be satisfied. If B> is sufficiently small
then the problem (2.7) has a unique solution fz in €y,» and fED ¢ v,
where &' and k' are numbers such that 0<¥'< ¥ and 0<k'<k. More-
over

1 —Jalll -, 4——0 as B — 0, (3.10)

where f5 is the solution of the problem (2.6) and is given by Theorem 3.1.

Theorem 3.3 refers to the solution to the Enskog equation under the
smallness assumption guaranteeing the existence of a solution to the Boltz-
mann equation in the case when the scale of the radius of particles is
below a critical value. Moreover, it shows that the Enskog equation is a
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small perturbation of the Boltzmann equation with the perturbation
parameter characterized by a well defined physical meaning.

4.) Proof of Theorem 3.3

We propose the following lemmas

LEMMA 4. 1.
If fE€EF 4 NDL , for >0 and k>4 then
Ay, [)ECs s 4. D
and
A LIEC 2 (4.2)
PROOF.

First of all note that from (3.1) and (3.7) it follows that if fEZ NI,
then

A g([,[)EB 2+

and

Ke(f L )EF wn.

Thus, it remains to prove that % ;(f ) and .« 2(f ;f, f) are continuous.
Let us study & (£ f). We have

L3S =8 -5 1),

S5 x, v)=

Lo 76 X x 00, VDf (s XG5 0, Ve

|(oi—=V (n, x, v)+n|, dndv.ds
where Vi=vi—n-(n-(,—V (s, x 0))), V'=V(s % v)+n(n(0,— V(s x,
v)))

and

K« v):fotﬁ F(s, X(s, 2, 0), v1)e

3xS2

S X% 0), Vs, x 0)|(i— V(s x, v))*n|,dndv,ds

Both terms &%, «5 can be treated in the same way. Thus let us
focus our attention on the term .«'}.
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a5 ENHGn = [ [ £ X V(=8 Xs 5 0), VO)-
S, (X, V)(=s X(s, % 0v), V) |(,—=V (s %, v))n|, dndvds

The integrand can be estimated by
N, e ma AVED sz (VD[ = V (s, x, v)) 7l
Note that (V)2 +(V)2=v2+ V2(s, x, v) (cf. (1.10b) in [6]) and

conste

met (VYD (VD <A+d+ Vs 2 0))7%.
Thus the integrand is estimated by

COl’lSt'HLfl“z_g, k® mzil(hhl)-

Because of £>4 the dominatd convergence the theorem orem can be
applied to conclude that «5(f, f) is continuous. In the same way, using
Hypothesis 2.2, the continuity of &« ;(f ; f, /) follows.

This ends the proof.

Note that an analogous result has been proved for the Boltzmann
equation (the Enskog equation) with the force term equal to zero in the

paper [9] ([10D.

We propose now the following lemma

LEMMA 4. 2.
If fEZ o for >0 and k>4 then

0 1 f)— U 1) ||, &

tends to 0 as B — 0, where &’ and k' are numbers such that (< ¥’ <%
and V< k' <k.

PRrOOF.
We have

50 ; £ )= f) e w=
=suplh (D] [ UC=EQ; £ )=T D)o 5 v)ds

1ER?
veER?

4

Again, as in Lemma 4.1, it is enough to consider the “gain” parts of
g and &5, i.e. % and 4. Thus we have to estimate the term
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t
Sﬁzstgglhy/(lxl)mkr(lvl) l /Raxsz {f(s, X(s, x, v)+bn, V7)—

1ER?
vER?

F(s, X(s,x,0), VID}ef(s, X(s, % 0), V) |(y—V (s, % v))enl.
t
dndvldsl:stg]glhyf(lxl)mkf(lvb fo fRaxsz G (X, VD(—=s X (s, x,
e

v)+Bn, VID—f*(s, (X, V(=5 X (s, % 0), VO)}f*(s, (X, V)
(—=s, X(s,x,0), V) e|(u—=V (s, %, v))en|, dndvds|.

Denote by

Rt bosx o) =he(QxDmyoDe [ [ Ifs (X, )

(=8, X(s, % 0)+Bn, V) —f*(s, (X, V)(=s, X (s, %, v), V)|
f*(s, (X, V)(=s, X (s, %, v), V)||(0, =V (s, x, v))en|, dnrndvds.

Thus
M<sup N(T, 0;x v)+sup N, T ;x v)+sup N 0;x v)+
’; 2:1 izST; xteslg3
: ’z} gr; lv| =7
sup N(Z 0; %, v) (4. 3)
t>0
b

By (3.1) and (3.7) we have

ho(|x
sup (4 0; 1, v) <conste|[lF 15, ¢ supZ LD — const-l[IF 1L -
t>0 x| =7 hy(lxl)
e
h‘}l-y'(ﬁ)

In the same way

Stl.zlg) N, 0;x v)<conste|||f|||%, s mzte ()

xER?
lo|27

Thus the fourth and third terms in the right-hand side of (4. 3) can be
made as small as we want by increasing nand 7. Next, by the same
estimations as in the proof of Lemma 3.4 in [8], we have

sup R(t, T ; x, v) <const-||lf|Il%.,.
t>

<n

<7

H

sup(m (o) [ [z Qo+ne(neC&— o).

x|<n
vl
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m;1<|€1—n'<n(§1_0)>‘>°|51_U
ht(|x—s(&—v)|)dndé ds} <

t
<const- [[fIIl%.+sup [ [ 16— ol (||x|—sl& — vl dgids

<n
<n

i

Changing the variables &§— %-774— v, where w& [0, + o[ and €57,

we obtain

o 3
AR esup [ " no il w | dwds

supMN(¢t, T ; x, v) <const. J

t>T
<n ’x

i

<const[|IF[It. s |

<n
<rn

<7 v

o

S
st

Thus su? N(t T ;x, v) can be made small enough by choosing T
t=>
W=

sufficiently large.
In the end note that the first term in the right-hand side of the inequal-
ity (4.3) i.e. sup N(T, 0;x, v) tends to 0 as B —— ( by uniform continu-

x|€n
VIET

ity (cf. Lemma 4.1). This ends the proof.

The methods of the proof of [Theorem 3.1 and Lemma 4.1 can be used
to state

REMARK 4. 1.
Let the initial datum f, satisfy (3.2) and additionally & C <. Then the
problem (2.6) has a unique solution fz in ¢« and

Wfalll# e < (2¢) (4. 4)

An approach similar to that of Ref. can be applied to derive an
equation for the difference between the solutions of the Enskog and Boltz-
mann equations corresponding to the same initial datum. More precisely,
we look for a solution to the problem (2.7) in the form

fe=rfstg (4.5)

where fz is a solution of the problem (2.6) and by Remark 4.1 it is
assumed to be given.
The equation for g reads

9= s 9] (4.6)
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where

Culgl=v(stg;fs+g fit9)—s(s, f5)

LEMMA 4. 3.
Let >0, k>4; € F o+ satisfy (4.4) and fo+9gEFC , v NDE , for &
and k' such that 0\ < ' <%, 0<k'<k. Then

112 slglllle w<0dlllgllle. v +alllgll o+
+cs 77 (B)=(lllglllz. e+ lllgllle, o +lllglll. #)+ 7 (B) 4.7

where 0<5<1, ¢ is a positive constant, 5 is a bounded function of b &
[0,1] such that »(B) tends to 0 as B —0. Moreover if fz+g, f3+¢g<
Do wNE 41 then

€ slg1]—Zalglllle v <{6+allglll« e +llgll+ &) +
+ 67 (B)l|lgllle e+ lgelll 2. )2} [l g — @2l . (4. 8)

where c; i1s a constant.

PROOF.
First of all note that if g and f are continuous then also ¢;[g¢] is continu-
ous.

In addition

Chalgl=50; 1, 9 +:00;9 fo)+:0; g, g)+
+( (s t+9; /e, 9)—%0; fz, 9))+
+(Ae(fs+g;9 f3)— 0,9 f))+
+(Aefst+g;9 90— 20;9 9)

+(Aes+9g; /e, f5)— 60 fa, o))+

+ 500 ; f5, f5) — 5[z, f5))

Now by (3.6), (3.7) and by Lemma 4.2 we obtain (4.7). In the
same way (4.8) follows.

Now by (4.7) we can conclude that for all e=]o0, 12_06[ we can
1

choose B,>0 such that for all B&]0, B,] :

€ alg)llle v<e

provided that |||g|||¢,»<e. Then by (4.8) it follows that for sufficiently
small b the operator ¢ is contracting.

Thus there exists a unique solution g in ¢, » of the problem (4.6).
Moreover fz+g= 2% , and the ¢4 r-norm of g can be made as small as
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we want by decreasing B> (.
Eq. (4.6) is equivalent to Eq. (2.7) provided that f; is the solution of

the problem (2.6). Thus by Remark 4.1 the proof of [Theorem 3.3 is com-
pleted.
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