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Twisted linear actions on complex Grassmannians

Dedicated to Professor Haruo Suzuki on his 60th birthday

Hiroshi OIKE
(Received August 21, 1989, Revised August 23, 1991)

0. Introduction

In this paper, we shall study twisted linear actions of noncompact Lie
groups on complex Grassmannians as the sequel to [3] The first example
of twisted linear actions on spheres was given by F. Uchida (cf. [5], [6])
and later the author (cf. [3]) gave such an example over complex (or
quaternionic) projective spaces. It seems interesting to examine twisted
linear actions on simply connected compact irreducible symmetric spaces
of rank greater than one as well. The paper is organized as follows;
some preliminary facts are collected to describe complex Grassmannians
for our use in Section 1, the twisted linear actions are dealt with in Sec-
tion 2 and 3.

One of the main results is that any twisted linear actions of compact
Lie groups on complex Grassmannians are equivalent to the linear actions
(cf. Theorem 2.2). On the contrary we emphasize that, as well as on the
complex projective spaces, there are uncountably many topologically ine-
quivalent twisted linear C“-actions of the noncompact Lie group SL(%, C)
on the complex Grassmannian Gne,n of all m-dimensional linear subspaces
in the nk-dimensional complex Enclidean space C™, where n>mk and k
>1 (cf. [Theorem 3.3). For complex Grassmannians, the author could not
obtain the results corresponding to [Theorem 3.3 and 3.5 of [3] For
quaternionic Grassmannians, our methods can not be used, since the
quaternion field is noncommutative. The author does not know how twist-
ed linear actions of Lie groups on quaternionic Grassmannians are defined.

The author wishes to thank Professor Fuichi Uchida and Professor
Shin-ichi Watanabe for valuable suggestions and comments. He also
wishes to express his thanks to the referee for the kind advice.

1. A description of complex Grassmannian

1.1. Let M(n, m; C) be the set of all complex matrices of type # X
m and put M.(C)=M(n,n; C). For X, YEM(n, m; C), we define their
hermitian inner product by <X, Y>=trace(X*Y) and the norm of X by
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| X|=v<X, X>. Then C"=M(n,1; C) is the n-dimensional complex Eu-
clidean space. Set Ci=C"—{0.}, Co=C—{0}=GL(1, C), where 0, is the
zero vector of C". We say that XEM,(C) satisfies the condition (T) if

—%—(X + X*) is a positive definite hermitian matrix. It is easy to see that

the condition (7') is equivalent to the following :
(7T %IIexp(tX)zlbO for each z€C?, tER.

If X satisfies (7”), then
tligrrgollexp(tX)z||=+OO and tliggollexp(tX)z||=0

for each 2& C§ and hence there exists a unique real valued C*®-function r
on C¢ such that

lexp(r(2)X)z|=1 for z€ C4}.
The following lemma is proved in [5, Lemma 2. 2].

LEMMA 1.1. For X € M.F), assume that all the eigenvalues of X
have positive real parts, where F=R, C or H. Then there exists P &

GL(n, F) such that P*XP satisfies the condition (T).
1. 2. For positive integers #n. £ such that #n> £k, set

An, B)={a=(a, -, ) EZ*| 1S << ar=n).

By introducing the lexicographic order in A(#, k), identify A(#n, k) with
the orderd set {1,-::, N} of positive integers 1<m <N, where

_(n
N=(;)
throughout Section 1 and 2. We define complex analytic mappings A* :
GL(n, C—GL(N, C), ux  M(n, k; C)—C" by

(A*A)as=det(Ale, B), (xZ)«=det(Z(a)),

where A=(a»,))EGL(n, C), Z=(2,)EM(n, k; C); a=(a,, an), B=(B,
v B)E Am, k) (A*A)as, (uxZ)e are the (a, 8)-component of A*AE
GL(N, C), the a-th component of u.ZEC”, respectively, and A(e, 8)=
(@ay, 85), Z(@)=(Zar;)EMi(C) are square submatrices of A, Z, respective-
ly. Moreover we define a C-linear mapping Ax : M.(C)—Mx(C) by
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'éxahﬂi (e=R)

ai:fzﬁj

(AeX)a6= (=1 %as, (1, -+, @i-1, @it ", Qn)

, :(,81, o, Bi-1, Biv1, =, B

‘0 otherwise,

where X=(x5.0)EM.(C): a=(a1,", ar), B=(B1,"*, Bx)E A(n, k) and
(A1:X) e is the (@, B)-component of A.X € My(C). There is the following
lemma.

LEMMA 1.2. 1) A* is a matrix rvepresentation of the Lie group
GL(n, C).

i) u(AZg)=(NA) uZ)detgE CY for ASGL(n, C), Z<
M(n, k; C) and g=GL(E, C).

i) For Z, WeM(n, k; C) such that Z*Z, W*WeGL(k, C), if
there is a certain element €€ Cy such that W =(uxZ)&, then theve exists
some matrix g GL(k, C) such that W =2Zg and {=detg.

i) pnZ paWy=det(Z*W) for Z, W € M(n, k; C).

V)  Ae is the differential representation of A%, i. e.,

exp(04:X)=A*(exp(6X))E GL(N, C)

for 0€R, X< M,(C).

vi) AP ' XP)=(*P)' M. X)A*P < MNx(C) for X< MA.(C), PE
GL(n, C).

vii) (A M)=(A*A)*€ GL(N, C), WX *)=(AX)*E€ MN(C) for AE
GL(n, C), XEM(C).

vi) If XEM.C) is a positive definite hermitian matrix, then AX E
Mn(C) s also a positive definite heymitian matrix.

PROOF. i) and ii) are proved in [4,pp.97-98]. iii) and iv) are
proved in [4, pp. 258-259 and pp. 78-80], respectively. Now consider v).
We have only to show

AkX:<7%Ak(exp 0X))6=0:<—d%—/1k(1n + 9X)>H.

Hence it needs to be proved that

(WX )as=(-ZL-det(n+ 6X)(a, B))

0=0

for a'=(a'1,"', ak), B:(ﬁl,'”, Bk)e A(n, k), where Xz(xp,q)EMn(C)y
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(AX)a,s is the (a, B8)-component of AXEMy(C) and (I,+6X)(a, B)=
(8ais,+ O%ais;) EMR(C). The following equality holds :

(-4 det(n+ 0X)(a, B)),_ =tr(“(AlUn(a, A X(a, B))

o=

where the (7, 7)-component of A(Zx.(a, B)EM.(C) is the (i, j)-cofactor of
I(a, B)=(80s)EM(C)1=4, j<k) and X(a, B)=(Xas,) EM(C)1<1, j<
k). Then it is easily shown that

tr(“(AZx(a, 8))) X(a, B))=(AxX)a.s

for @, SEA(n, k). Thus v) has been proved. vi) follows immediately
from i) and v). vii) follows directly from the definitions of A* and A..
vii) is easily shown by the definition of As, vi) and vii). g.e.d.

1.3. Set
Vie={ZEM(n, k; C)\Z*Z=GL(k, C)},
Vir={ZEM(n, k; C)\Z*Z=L)},
Wi =11V n,2), Wae=tx( V1)
Then
te 't Var—Wain, tte - Var— W

are principal fibrations whose structure groups are SL(k, C), SU(k),
respectively. It follows from iv) of Lemma 1.2 that

a.D Wi CCY, Wow=S*"1N Wi,

where S*'={z&C"| |z|=1}. For X&M.(C), we define a real analytic
right Co-action ax: Wy X Co— W,,» by

ax(uZ, §)=exp<(log|§|><AkX))<ukz>%,

where Z€ V,...'. It needs to be checked that ax(uxZ, £)E Wi... - For some
matrix g€ GL(k, C) such that detg=¢/|¢|, it follows from ii) and v) of
Lemma 1.2 that ax(uZ, £)=ulexp((logl¢|)X)Zg)E W,... Now, for the
above matrix X€ M,(C), assume that all the eigenvalues of X have posi-
tive real parts. Then by Lemma 1. 1|, there exists PEGL(n, C) such that
Xo=P'XP satisfies the condition (7°). By vii) of Lemma 1.2, one sees
easily that A.X, satisfies also the condition (7°). For this matrix X, we
define C“-diffeomorphisms ®..x,, Vix,: C0——C{ and a real analytic
mapping ®x,: Vir—— Vi (unless £=1, this is not a homeomorphism) by
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®x0(2) = (exp((loglz)(AX0))2/ 2],
W rexolw) =(exp(r(w)AXo)) we ™",

CI)XO(Z):(exp((—%—log(det(Z*Z)))Xo))Z(Z*Z)‘”2.

Then it is verified directly from their definitions that ®ix,=W¥ix,. More-
over, it is noted that

(1. 2) Ur°Pxo =D ax,° L.

This follows from ii) , iv) and v) of Lemma 1. 2. Hence one has that
®ixoWin)CWnw It is easily proved that W’ neDOWixo Wnr). There-
fore ®i.x,, Vi.x, are C®-diffeomorphisms of W’,. and it is also true that
Diixe=Tixo 0N W'y s

For the above matrices P and X, let us define a C“-diffeomorphism
Fi.x of Ct and a real analytic mapping Fx of V'y: by

F/lkX =Lp °® . x0, Fx=Lp °q)Xo,

where Liup(2)=(A*P)z for z&CV and Lx(Z)=PZ for ZE V’4.. The map-
pings Fi.x and Fx depend on a choice of P. By (1. 2) and that moLr=
Lxpopy, it is also true that

(1.3 U Fx=Fixo .

Hence Fix is a C®-diffeomorphism of Wiy, and it holds that Filx =Wi.x.°
Lurpy-r on Wy .. We have the commutative diagram :

Wi . X Co A Wow
1.4 FuxX1 Fiux
ax L
W, X Cy > W, k.

We denote the orbit space of the action ax by G.x.

If we choose the identity matrix as X, then the orbit G»% is the usual
complex Grassmannian G of all £-dimensional linear subspaces of C”.
In fact, the Co-action ax: Wy X Co— W, is extended to a real analytic
right Co-action ax: C{X Co— C¢. If the matrix X is the identity matrix
I, then ax=ay, is the usual right Co-action on C{. Hence its orbit space
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is the usual (V—1)-dimensional complex projective space Pv_i(C). Then
the orbit space G7'x of ai,: Wi X Co— W, is an image of the Pliicker
embedding of the usual complex Grassmannian G into Pv-1(C) (cf. [1,
pp. 209-211]). Thus G7x may be identified with Gh,s.

Let [z]x=[uxZ]x denote the ax-orbit through z=u.Z<E W, ., where Z
€ Vi and 7nx denote the canonical projection of W', onto G#. Then
there is the commutative diagram :

F/lkX
Wik > W,k
(1 5) T Tx
‘ Fox )
G x > Gin, e,

where 7=, Fi.x is a homeomorphism defined by Fux([zsZ])=
Fox(lawx(:Z)]x and [(Z]=[sZ]:1n for ZE Vs, Now we introduce a
C“-manifold structure to Gx induced from the usual C“-manifold struc-
ture of Gn,. by the homeomorphism Fix : Gni— G¥» and regard G as
a C“-manifold with this structure. Then local expressions of Fi.x :
G..— G, are identity mappings of open sets in the A(%—k)-dimen-
sional complex Euclidean space C*(»*). Hence the homeomorphism Fix
G..— Grr is a C“-diffeomorphism. It follows from the commutative
diagram (1.5) that nx=Fuxcr°Fik. Thus 7x is a C“-mapping. Since
7. Wir——Ga, is a principal fibration induced from the Hopf fibration 7 :
C?— Py_1(C) by the Pliicker embedding, 7x: Wa.,—— Gx. is also a prin-
cipal fibration whose structure group is Co=GL(1, C).

2. Twisted linear actions on complex Grassmannians

2.1. Let G be a Lie group, p: G—GL(%n, C) a matrix representa-
tion and X a square C-matrix of degree # whose all eigenvalues have
positive real parts. We call (o, X) a TC-pair of degree n, if p(g)X=
Xo(g) for each g G. For TC-pair (p, X) of degree #, define a C*-map-
ping £: GX Gaxr— Gxx by

5(9, [,Ukz]x) = [#k(P(g)Z)]X,
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where Z€ V',.. It is easily seen that £ is a real analytic G-action on
G¥.. We call £=E&,.x) a twisted linear action G on Gnr determined by
TC-pair (o, X) and we say that & is associated to the matrix representa-
tion p. Moreover a real analytic G-action &°: G X Gpr—— Gn, is defined
by

£y, [ Z)=[Fix(A*(0(9)) Fax(11:2))]
:[\I’AkXo(Ak(P—lao(g)P)(DKkXo(/lkZ))]
=[Waxo( a( P 0(9) POxo(2)))],

where ZE Vi, PEGL(n, C) and Xo=P'XP satisfies the condition (7).
The the following diagram is commutative :

EO
G X Gn,k — Gn,k
(2.1 1X Fa,,x FAkX
E N
GX G¥r Gri(,k-

We call also &°=E&%,.x) a twisted linear action of G on G, determined by
the TC-pair (o, X) and we say that &° is associated to the matrix repre-
sentation p.

2.2. For a given Lie group G, we introduce an equivalence relation
on TC-pairs. Let (o, X) and (0, Y) be TC-pairs of degree n. Note
that o, 6: G——GL(n, C) are matrix representations and X, Y are square
C-matrices of degree » whose all eigenvalues have positive real parts.
We say that (o, X) is algebraically equivalent to (o, Y), if there exist A€
GL(n, C), a positive real number ¢ and a real number d satisfying

(2.2) Y=cAXA'+J/—1dL, o(g)=Ap(g)A™"

for each element gEG. We say that (p, X) is C”-equivalent to (o, Y), if
there exists a C’-diffeomorphism f: Gar——Grr (r=0, 1, 2, --+,0, ®)
such that the following diagram is commutative :
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E(p,X)
G X G,{k > G}i{k
2.3) 1Xf 7
! o, v) g
G X Gn}:k - Gn}:k-

We call f a G-equivariant C'-diffeomorphism. The following results are
proved similarly as in [3, Lemma 1.2, Theorem 1. 4].

LEMMA 2. 1. If (o, X) is algebraically equivalent to (0, V), then (p,
X) is C¥-equivalent to (o, Y).

THEOREM 2. 2. Let G be a compact Lie group and o: G—
GL(n, C) a matrix representation. Then any TC-pair (o, X) is C“-equiv-
alent to (o, I,). In other words, any twisted linear action of G on Gu.nx
associated to o is equivariantly C*-diffeomorphic to the linear action of G
on G, associated to p.

3. Example

In this section, We shall study twisted linear actions of G=SL(#n, C)
on the complex Grassmannian Gn,» (n>mk and k£>1) associated to a
representation o= 0,&1I:, that is, o(A)=AR®I, for each element A=G.

3.1. For AEM.(C), BEM.(C), let ARB stand for the Kronecker
product which has the form

AR B= EMn(C).

We obtain the following lemma.

LEMMA 3. 1. Let K be a square C-matrvix of degree nk. Then the
commutativity K(ARL)=(AQIL.)K holds for each ASSL(n, C) if and
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only if K=L,QK, where K is a certain square C-matrix of degree k. It
is noted that all the eigenvalues of L QK have positive real parts if and
only if all the eigenvalues of K have positive real parits.

By this lemma, for KEM.(C) whose all eigenvalues have positive
real parts, (0.®I, K) is a TC-pair if and only if K=I,QK for K€
M.(C) whose all eigenvalues have positive real parts. Furthermore
TC-pairs (0.®I, ;®K) and (0,®I, [QL) are algebraically equivalent
if and only if there exist X&GL(k, C), a positive real number ¢ and a
real number d satisfying L=cXKX '+ /—1dl..

3. 2 Let K be a square C-matrix of degree £ whose all eigenvalues
have positive real parts. Denote by {x the twisted linear SL(n, C)-action
on the complex Grassmannian Gfk,m determined by the TC-pair (0.1,
LK), where K=I,9K. From now on, assume that #>mk and k>1.
We define a matrix J¥nEM(n, m; C) by

Jiw=\In | (i=1k)

where 0.€ M(m(i—1), m: C) and O/ M(n—mi, m; C) are zero
matrices. Moreover we set

(1)
n,m
Zo= : 1€ Vaem.
(k)
n,m

With respect to the twisted linear action k, let (K) denote the isotropy
group at the point

[/lmZO]KE Gfk,m

and O(K) denote the orbit through this point. Define an injective
homomorphism ¢« : GL(m, C)— GL(mk, C) by

dx(g)=h®exp(§K),

where %=|detg|™"'"g, (9=—7lzlog|detg|. Then the following lemma is

obtained.

LEMMA 3.2. Suppose that n>mk>m. Then
i) the isotropy group I(K) is written in the form
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I(K)=1[ weeereenns s €SL(n, C); g=GL(m, C);

i) the orbit O(K) is equal to
{{un((ARIL) Z0)kE G, JJAESL(n, C)} ;
iii) the orbit O(K) is an open dense subset of Gfk,m.
3.3. The purpose of this section is to prove the following theorem.

THEOREM 3.3.  Assume that n>mk>m. Then two of TC-pairs in
the form (0.QIx, [,QK) algebraically equivalent if and only if they arve
C’-equivalent.

REMARK. This theorem implies that if, for any positive real number
¢ and any real number d, the matrix cK+v—1dl. is not similar to L,
then &k is not C°-equivalent to ¢, where K, LEM.(C) whose all
eigenvalues have positive real parts. Therefore there are uncountably
many topologically inequivalent C“-actions of the noncompact Lie group
SL(n, C) on the complex Grassmannian Gnen (n>mk>m).

First we prepare two lemmas for the proof.

LEMMA 3.4. For KEM.(C) whose all eigenvalues have positive real
parts, the homomorphism ¢x; GL(m, C)— GL(mk, C) defined in Subsec-
tion 3.2 is an into-homeomorphism.

PROOF. Set
H(m)={9€ GL(m, C); |detg|=1}.

Then H(m) is a closed subgroup of GL(m, C). Define an isomorphism ¢
of a Lie group H(m)XR onto GL(m, C) by ¢n(h, 8)=c°h. Moreover
define an injective homomorphism ¢« ; H(m)X R—— H(mk)X R by

bx(h, 0)=(hQexp(8'M), ab),

where a=%(Re(trK)), M=K—al,. Then it is easy to see that ¢x is an

into-homeomorphism and the following diagram is commutative ;
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-~

H(m)XR bk H(mk)XR
¢m ¢mk
i i |
GL(m, C) GL(mk, C),

Hence ¢« is an into-homeomorphism. q.e. d.
Set

al(m, C)={XEM(C)|trX=0}.

We regard 8l(m, C) as a real Lie algebra. For each element A€3((m, C),
define an automorphism 74 of 8l(m, C) by ta(X)=AXA™', where X<E3(m,
C). Moreover define two automorphisms 7, x of 8l(m, C) by y(X)=—"X,
2(X)=X, where X<38l(m, C). Then it is easy to see that these automor-
phisms satisfy the following relations:

YOLA= (a0 Y, XOLA=LAX, YoX=x°7, Y"=x'=1,

where A€ SL(m, C). Denote by Ar(8((m, C)) the group of all automor-

phisms of 8l(m, C). Shin-ichi Watanabe pointed out the following fact to
the author.

LEMMA 3.5. Each element of Ar(8I(m, C)) (m=2) is equal to one
of

la, 7°ta, X°ta, Y°X°lA

for some element ASSL(m, C).
The author learned its proof from him. We refer to for detail.

PROOF OF THEOREM 3.3. Since the only-if part follows immediately
from Lemma 2.1, we have only to show the if part. For K, LEM.(C)
whose all eigenvalues have positive real parts, assume that 7: G ffk,m——>
G~L,, is an SL(n, C)-equivariant homeomorphism between twisted linear
actions ¢k and &, where n>mk>m. Since f maps the orbit O(K) onto
the orbit O(L), the isotropy subgroup I(K) is conjugate to the isotropy
subgroup I(L) by some element T, namely I(L)=TI(K)T™"' in SL(n, C).
Then it is easily shown that
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C E

T_<O D)
for some matrices C&€GL(mk, C), DEGL(n-mk, C) and EE
M(mk, n—mk; C). Now we assign to each matrix g (€GL(m, C)) a
matrix ¢ (EGL(m, C)) such that C¢x(g)C'=®.(¢"), where C is the
above one. This correspondence defines a homomorphism g of GL(m, C)
onto itself. Moreover ¢ must be a homeomorphism of GL(m, C) be
Lemma 3.4. Therefore ¢ is an automorphism of the Lie group GL(m, C).
Each element g€GL(m, C) is written in the form g=exp(X+zln),
where X<€sl(m, C), z=x+/—1yeC (x,yER). It holds that g(expY)=
exp(dq(Y)) for each matrix Y&<glm, C)=Mn(C), where dg is the
differential of the automorphism ¢ and an automorphism of the real Lie
algebra gl(m, C)=M.(C). It is well known that 38l(m, C)=[3l(m, C),
8l(m, C)]. Thus it is easy to see that dg(8l(m, C))C3l(m, C). On the
other hand, it is easily shown that dg maps the center of gl(m, C)=Mn(C)
into itself. Hence there exist some element 7€ Ar(8l(m, C)) and a certain
automorphism @ of the real Lie algebra C such that (dg)(X+zl»)=7n(X)
+ @(2)I» for each matrix X&3sl(m, C), each element z& C. Therefore it

is obtained that

qlexp(X +zIn))=exp(7(X)+ @(2)I)

for each matrix X<8l(m, C), each element z&C. Hence it follows from
the definition of ¢ that

C(px(exp(X +zI»)) C'=prlexp(n(X) + @(2)In))

for each matrix X<38l(m, C), each element z€C.
Since @ is a linear bijection of the 2-dimensional real vector space C,
it is given by the form

a(2)=ax+cy+v/—1(bx+dy)

(z=x++/—1yEC; x, yER), where a, b, ¢, d=R satisfy that ad — bc=+0.
Hence we obtain that
Clexp(X +V—1yI»)Qexp(x’K))
=(exp(7(X)+V/—1(bx+ dy)In)Rexp((ax+cy)‘L))C

for each matrix Xe&€s8l(m, C), arbitrary element x, yER. By
differentiating both sides of this equality, it is obtained that

C(X®I:)+xC(In®'K)+/—1yC=(9(X)®I:)C
+x(In@®(a'L+/—1bI:)C+ y(In®(c’L+V—1dI.))C
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for each matrix X€38l(m, C), arbitrary element x, yER.
Thus the equality :

3. 1)  CUnQRK)=InQ(a'L+V—1bI))C
holds and it follows that
3.2)  C(XQL)=(n(X)®I.)C

for each matrix X€3l(m, C). Moreover it is also seen that ¢=0 and d=
1.

By Lemma 3.5, the equality (3.2) holds for each matrix X&€3a((m, C)
if and only if there exist matrices A€ SL(m, C), BEGL(k, C) such that 7
=¢4 and C=AQB. Hence we obtain

L=<%>tB"1KtB+J_—1<—%)Ik

from (3.1). Therefore 7TC-pairs (02®I., [{QK) and 0.QIx, [,QL) are
algebraically equivalent. q.e.d.
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