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§ 0. Introduction.

We are interested in a solution operator of a linear elliptic equation
(1) Lu=—f in X.

Here L is an abstract second order elliptic differential operator (with no
zero order terms) defined in a locally compact Hausdorff space X, a typi-
cal example of which is a domain in R?. Function spaces we consider are
some subspaces of C»(X), the set of bounded continuous functions. By
the Green operator we mean a solution operator of (1) although it is
rather abuse of words. As is well known, if there is a positive noncon-
stant L-harmonic function u« defined in X, i.e. Lu=0 in X, the Green
operator G exists and it operates to all f€ Co(X), the set of continuous
functions with compact support (cf. [4, 5]).

Our first goal is to construct the Green operator by an operator theo-
retical method. We construct the (pseudo) resolvent Ji=(A—L)™' and
define the Green operator by 521}551 Ji.. The meaning of the convergence

is important. In [6] the convergence is understood as uniform conver-
gence on X. However, the relation between classical Green operator G
and ours was unclear. In this paper we use different topology so that our
G is actually an extension of G. We say a sequence {f} in Cuo(X) con-
verges to f strongly if {f»} converges to f uniformly in every compact set
and {fx} is uniformly bounded on X. We give a locally convex topology
to Co(X) by this convergence and denote F instead of Cu(X). Our G is
constructed under this topology and its domain of the definition is C»(X).
A crucial step is to show that I}EQA]A:I in F', where [ is the identity oper-

ator.

Our second goal is to construct the semigroup e 4 in F with a closed
operator A=A—J3' which formally equals G™".

Our theory applies to a general second order elliptic operators
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2
L= lei,jsdaij(x)w(?a;;_i' Z?ﬂbl(x)%z

with smooth coefficients in a domain X C R¢, provided that there is a posi-
tive nonconstant L-superharmonic function. The operator L need not to
be uniformly elliptic. We impose no conditions on the behavior of @; and
b, near 0X and the space infinity. The reason why our theory applies to
such general operators is that we rather use Co(X) instead of Co(X).
Even for a:;=0; and X=R? the solution of (1) for f&CyX) may not
belong to the completion Co(X) of Co(X) unless b, is bounded. Such
operators are excluded in the theory of Hunt and Yosida [12, 13, 14].

K. Yosida got a similar result on the construction of semigroup whose
generator is the inverse of Green operator in the space Co(X). But his
thoery does not apply to general elliptic operators to which our theory
applies.

Throughout this paper, we discuss our problems in an abstract setting
of [4, 6].

§ 1. Preliminaries.

This section establishes conventions of notation, reviews some results
of [4, 6].

Let X be a connected, locally compact and o-compact Hausdorff
space, C(X) be the set of all continuous function on X, C»(X) be the set
of all bounded functions in C(X) and Co(X) be the set of all functions in
C(X) with compact support. C(D), Co(D) and C(D) are defined
analogously for any subdomain D of X. All functions are assumed to be
real valued. The norm || of any bounded function 7 on X(or D, D) is
defined by | f||=sgp |#(x)|, and the completion of Co(X) (resp. Co(D)) with

respect to the norm is denoted by Co(X) (resp. Co(D)). Let M(D) be the
set of all signed measures on D and Mo(D) be the set of pEM(D) with
compact support in the interior of D. In the space C(D) for any sub-
domain D of X, we consider the topology of uniform convergence on com-
pact subsets of D. Then the dual space C(D) of C(D) contains Mo(D).
(This statement includes the case D=X.)

Let L be a linear operator in C(X) with domain Z(L) such that
2(L)N C(D) is dense in C§(D) for any subdomain D of X, where C¢(D)
denotes the set of nonnegative functions in Co(D). We assume that any
constant function ¢ belongs to Z(L) and Lc=0. We further assume that
L is a local operator, i.e. if f€2(L) and f(x) vanishes in a neighbor-
hood of a point xe€ X, then (Lf)(x0)=0. This enables us to localize L on
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any subdomain D of X. We say f&C(D) belongs to Z(L,) if, for every
domain D’CD with compact closure D’CD, there is a function gp€ 2(L)
such that gp=7 in D’. The operator Ly is defined by (Lpf)(x)=(Lgp)(x)
for x€D’; in this way (Lpf)(x) is uniquely defined for all x£D since L is
a local operator.

We can derive the following fact immediately from the definition of
L, mentioned above.

LEMMA 1.1. If feo(L), then floE2(Lp) and Lf=Lof.

We notice Z(Lp) is dense in C(D) with the topology of uniform con-
vergence on compact sets. Then we define L3 as the dual operator of L.
We shall often suppress the subscript of Lp. The definition of Lp in the
present paper is slightly modified from that in the previous papers [4, 6].
But the results in [4]-[6] are still valid under the new definition.

Since 2 (L) is dense in C(X) by the assumption, the dual operator L*
of L is well-defined as a linear operator defined in a certain linear sub-
space of C(X)'. For any subdomain D of X, 2(L,) is dense in C(D) as
may be seen from the definition of Lp. Hence the dual operator L3 of Lo
is well-defined in C(D). Then we may easily prove the following lemma.

LEMMA 1.2. Assume that oEWMo(X)ND(L*) and that D be any sub-
domain of X containing the support of o. Then <f L*o0>=0 for any f
eC(X) satisfying that f=0 in D.

PROPOSITION 1.3. Let D be an arbitrary subdomain of X.
i) Assume that oEM(D)ND(L}) and define 0=0 outside D. Then o
EM(X)NZ2(L*) and L*po=L}p.
i) Assume that poEM(X)ND(L*) and that the support of o is
contained in D. Then oEM(D)NDZ(L}) and Lio=L*p.
The part i) may readily be proved from the definition of L,. The
part ii) is proved by means of Lemma 1.2.

A subdomain D of X is called a regular domain if the closure D is
compact and, for any ¢& C(dD), there exists a solution € 2(L,)NC(D)
of the boundary value problem: Lz=0 in D and u=¢ on 0D. We
assume that there exist sufficiently many regular domains, that is, for any
domains D: and D. with compact closure and satisfying D:CD,, there
exists a regular domain D such that D, CDCD,.

The operator L is assumed to satisfy the following axioms.

(a) If Lu=0 and u is nonconstant in D, then u# does not take its
maximum in the interior of D (maximum principle).
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(B) If {un} and {Lu.} are uniformly bounded on D, then a subse-
quence {un,} of {un} converges uniformly on every compact subset of D
(Harnack property).

(y) For any regular domain D, and A>0 and any f€2(Lp)NC(D),
there exists ¥ 2(Lp)N Co(D) satisfying (A—Lp)u=71.

Instead of the axiom (&) in [6], we set the following axiom (&)
which corresponds to the Weyl-Schwartz lemma for the parabolic

differential operator A_ait:

(8") If u(t, x) is bounded and measurable on (4, £) X D and satisfies
[P tatt, ), Lro>x(D+<ult, ), p>x/(D}dt=0

for any xECH(t, t2)) and any pEMo(D)N @(L*), then u(t, x) is
differentiable in ¢, u(¢, *)€ Z(Lp) for any t<(#, ) and %—=Lu€ Cl(4,
t) X D).

REMARK. If we consider the case where u(#,x) in the axiom (&)
does not depend on ¢, we may easily derive the axiom (8) in [6] from (&)
stated just above. In §1-§3 we only need to assume (&) instead of (&)
as in [4,5,6]. The assumption (¢8") is invoked from § 4.

EXAMPLE. Let X be a domain in R and let L be a second order
operator of form

2
L= 21sz',jsddij(x)%(%+ 27—1171(96)5%[‘

with 2(L)=C*X)C C(X), where a:;; and b, are smooth functions on X.
The operator L is assumed to be elliptic in the sense that {a;(x)} is a
positive definite real symmetric matrix. (We impose no assumptions on
the behavior of a;; and b, near 0X and the space infinity.) Then the oper-
ator L satisfies all assumptions (@), (8), (7), (8"). These are verified by a
standard theory of elliptic operators (see, e.g. Gilbarg and Trudinger
[1]). We below indicate the proof.

The condition (@) is nothing but a usual maximum principle. The
condition (B) follows from usual Harnack principle and (8”) follows from
hypo-ellipticity of parabolic operators. It remains to prove (7). We first
note 2(Lp)=CHD)C C(D). Let A be the set of A=0 such that for any fE
C¥D)NC(D) there exists #E CAD)N Co(D) satisfying (A—Lp)u=f in D.

We first claim that A is open in [0.c0). Suppose that AEA. Then




Abstract elliptic operator and its associated semigroup in a locally convex space 229

there is vECAD)N Co(D) such that (b—L)v=f. It follows from the
strong maximum principle that

(*) lol < ClIfI

with C independent of f, where denotes the supremum norm in C(D)
(see [1]). Let S denote the operator defined by v=Sf. The estimate (*)
guarantees that

Ms

W= 0(—;15)’”f

converges in C(D) for sufficiently small g Since S can be extended on
C(D) by (*) we see

u=Swe CO(D).

Applying ¢+A—L to u yields
(u+A—L)u=fin D

in distribution sense. By an interior regularity theory of elliptic operator
we see uS CHD) since f€CHD). We thus conclude A+ ¢EA for small .

We next claim that A€ A if there is a monotone increasing sequence
{A;}CA converging to . We may assume f =0 by adding a constant. Let
u; be a function such that

(Ai—L)u;=7%, u;€C*D)N Co(D).

By the maximum principle #%;=>0 on D. Since 4;51=4; it follows from the
maximum principle and %;=0 that #;«+1<wu; on D. We now apply the
Harnack principle (8) to observe that «; converges to a continuous func-
tion # uniformly in every compact subset of D. Since 0<#<u; and uE
CoD), we extend u by zero on oD and conclude that the extended func-
tion (still denoted u) belongs to Co(D)CC(D). Since u;+1<u;, by Dini’s
theorem u; converges to % uniformly on D. It is again easy to see that

(A—L)u=fin D

in distribution sense. So we recover ¥ < C* D) and conclude that AEA.

To show A=[0, o) it now suffices to prove that 0€A. Let QCX be a
smoothly bounded domain with DCQ, QC X so that L is uniformly elliptic
in Q. By the maximum principle we observe that Lv=0 in Q with v=0
on 0Q has no nontrivial solution. Since L is uniformly elliptic on Q and Q
is a smoothly bounded domain, the uniqueness of solution implies the
solvability of
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(k%) LU=—fin Q and U=0 on 0Q;

(cf. [1]). In particular for F€C(Q) there is a solution UE CYQ) of (*%).
If floeCYD) then the regularity theory implies Ul|p,€ C*D), where flp
denotes the restriction on D. For given f€C(D)NCHD) we extend f to
a function (still denoted by f) in C(Q). Let U be a solution of (#*%) with
this f. Since D is a regular domain there is a function wE C¥(D)N C(D)
such that Lw=0in D and w=—U on dD. If we set u=U|p+ w we easily
observe that « is in C3D)N Co(D) and satisfies Lu=—7F in D. In other
words we conclude that 0£A and (y) is now verified.

In this paper we always assume that the space X admits a positive
nonconstant L-superharmonic function.

For any A>0 and any regular domain D, we can define the operator

J?=A—=L)" of 2(L)NCo(D) into Co(D) with norm é%. Then we can

define a bounded and positive linear operator /i of Co(X)N 2(L) into
Cs(X) in such a way that J.f =})iTn)1{ J2f (pointwise convergence on X), and

we have ll]a||£~1—; accordingly J; can be extended to a bounded and posi-

tive linear operator of Co(X) into Cs(X) such that

(1.1) |/Af(x)|s%|| 7l on X for any f€ Co(X).
Hence there exists a measure pf in X such that (X )S% and

(Juf)(x)= [( f(¥)doX(y) for any f& Co(X).

For any f€ Cy(X), we define

1.2 UNCO= [ f(3)doi(y).

Then the family of operators {/i}s»0 in C»(X) satisfies the resolvent equa-
tion ; namely, for any f€ Cs(X),

(1. 3) ]lf_]#f:(/{_/l)]/\]/‘f-

We notice
(1. 4) J{A—L)u=u for any u€Co(X)NZ(L).

In [4], the author proved the existence of the Green operator G from
Co(X) to C(X) associated with L such that #=Gf belongs to @(L) and
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satisfies Lu=—7f on X for and f€ Co(X)N2(L) under the assumtion the
space X admits a positive nonconstant L-harmonic function. Further-
more there exists a family of measures {®(x, E)|x< X} such that

(G (x)= ‘[( ®(x, dv)f(y) for any f€ Co(X).

We define the operator G as an extension of G as follows:
7(G)={reColX)Isup [ @z, dv)IF(3)] <o)

and

(GN)= [ @(x, dn)f(y) for f€I(G)

Then we have

(1.5) lAianl]Af(x)=(ff(x) on X

and GfE€Cy(X) for and f€2(G).
We define
EO:{E;e:l]/lkfklfkeco(X) (1£k£1); 121, 2y”.}’

and E=E, (the closure of E, with respect to the supremum norm in
Co(X)). Then E is a Banach space and ED Co(X), and the operator /i
(for any A>0) maps E into E. The main result of reads as follows:
([6 ; Theorems 2 and 3], see [14]).

THEOREM. i)
(1.6) lirrorgllahf—fH:O and ljfglllAfAf||=0 for any fEE;

ii) there exists a closed linear operator A with domain Z(A) and
range #(A) both dense in E with respect to the supremum norm such that
A=A—J7!, and A is the infinitesimal generator of a uniquely determined
contraction semigroup {T:; t=0} of class (Co) of bounded linear operator
in E. Furthermore there exists A™" such that G=—A'1=s—1}{51]x and G is

a Green operator associated with L
iii) A is an extension of L restricted to & (Ii)ﬂ Co(X).
Furthermore, the following relation between G and Ji holds :

F=AfE2(G) and G(f—ALS)=]\f
for any fE2(G)NE [6; Lemma 4. 2].
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We close this section by introducing a sequence of functions in Co(X)
for later use. Let {Dn}n=o,12.- be a sequence of subdomains of X satisfy-

ing that D, is compact and D»C Dy4; for each % and that HLJOD,ZZX ; such

sequence {D,} is called an exhaustion of X. Since X is locally compact
and o-compact, such an exhaustion always exists. Here we may assume
every D, to be a regular domain. With any such exhaustion, we associate
a sequence of functions {@n}n=12..C Co(X) such that

(1.7) 0<@.(x)<1 on X, ¢u(x)=1 on Dn.
and ¢.(x)=0 on X\D. (n=1,2, ).

§2. A family of seminorms in C,(X).

This section gives a family of seminorms to C»(X) so that C»(X) is a
locally convex topological vector space. The metric is different from
usual metric which comes from supremum norm in Co(X).

Let '={y€ Co(X)| 7(x)>0 on X}. For example the function
2.1 7(x)=2Z1/2"a(x)

belongs to T" where {¢.} is the sequence of functions mentioned in the last
paragraph of § 1. We introduce a family of seminorms {p,|yET} defined
by ﬁy(f)zsugy(x)lf(x)l for f€C,(X). We often suppress subscript 7.

This family of seminorms defines in C(X) the topology of uniform conver-
gence on compact sets. Let F' be the space C»(X) topologized by the
family of seminorms defined above. Hereafter we denote by “s-lim” the
convergence in F' with respect to the strong topology defined by the family
of seminorms, while [|f| denotes the supremum norm of fEC,(X) as in
the preceding section.

LEMMA 2.1.  If {fa} is a Cauchy sequence in F, then {fn} is uniform-
ly bounded on X.

ProOOF. We argue by contradiction. Suppose that {f.} were not uni-
formly bounded on X. Then we could choose a subsequnce {fy} of {fx}
satisfying that

£l >l +27 41 (n=1,2, ).

For each #, there exists x,€X such that |/ll—1<f{x)<|fll. We con-
sider an exhaustion {D,} of X satisfying x.€D, for every %, and associat-
ed sequence of functions {¢,} as mentioned in § 1. Then the function y(x)
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in (2.1) defines a seminorm p,. If m>#n, then we have

= y(xm){(Ifnl =1 =1 5l} = 7(xm) - 27" 21

This is a contradiction since {fz} is a subsequence of the Cauchy sequence
{fn} in F.

PROPOSITION 2.2. A sequence {fn} converges in F if and only if

{fn} is uniformly bounded on X and converges uniformly on every compact
subset of X.

PrROOF. First we assume that {f,} converges in F. Then there
exists fE€F such that %ifnsugy(X)|fn(x)—f(x)|=0 for any yEI'. Let y(x)=

Vo(x)zgll/Z”qon(x). Then for any compact subset K of X, there exists
Mk such that 0<Mx<y(x) for any x€K. Hence Lifnsug|fn(x)—f(x)|:0,

that is, {f»} converges uniformly on every compact subset of X. Uniform
boundedness follows from Lemma 2. 1.

Next we prove the converse. Assume that {f,} is uniformly bounded,
and converges uniformly on every compact subset of X. Then there
exists M such that |fx(x)|[<M for any » and any x€X. For any yET,
we put M,=max{||7l, M}. Then, for any £>0, there exists a compact set
K;.e such that y(x)<e/2M, for x€X\K,,; furthermore there exists #o
such that fetllpt|fn(x)—f(x)|<e/M7 for any n>n,. Hence we get y(x)|fn(x)

—f(x)|<e for any x€X, which implies p,(f,—f)<e. Thus we have
proved that {f.} converges to f in F.

PROPOSITION 2.3.  The space F is sequentially complete.

PROOF. Let {fx} be a Cauchy sequence. Then, for any €>0 and any
by, there exists #o such that p,(fn—fx)<e whenever m, n>n,. For any
compact subset K of X, there exists M such that 0<M<y(x) on K.
Hence ilelglfm(X)—fn(X)|<€/M whenever m, n>no. Therefore {f,} con-

verges uniformly on every compact subset of X. Accordingly f(x)=
1,izgfn(x) exists and is continuous on X. Uniform boundedness of {fx} is
already shown in [Lemma 2.1. Hence we see fEF, and accordingly F is
sequentially complete.

PROPOSITION 2.4. Co(X) is dense in F.
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PROOF. For any fEF, we put fu(x)=(x)f(x) (n=1,2,-).
Then f2€ Co(X), and Lifg sup |/n(x)—F(x)|=0 for each m. Hence {fu}

converges uniformly on every compact subset of X. Uniform boundedness
of {fs} is obvious. Therefore {f»} converges to f in F by [Proposition 2. 2.

COROLLARY. CoX)NZ(L) is dense in F.

It follows from [Proposition 2.7 that the space F is continuously im-
bedded into the space C(X) topologized by the uniform convergence on
every compact set. Hence any o< C(X) is considered as a continuous
linear functional on F.

§ 3. Green operator.

This section constructs the Green operator G of L by formally
defining G=1}{51]A. Here we understand the convergence as the strong

topology of F. It turns out that G is a natural extension of G defined in
§1.

In the sequel, we fix an exhaustion {D}.,>0 of X and associated
sequence of functions {¢.} as mentioned in § 1; we also define the follow-
ing functions on X :

Po(x)=1 and ¢n(x)=1—g.(x) (n=1,2,).
We put I,=A/: to simplify notations.

LEMMA 3.1. For any fEF, Lf is continuous as an F-valued func-
tion of A>0.

PROOF. By means of the resolvent equation (1.3), we have

||I/1f_1110f||:"/1(]/1_]Ao)f+(/1_/10)]/10f”
=A(A—20)JiJsof + (A= A)Jaofl

1
<oA= 2l (AT 1A ol -1 A1+ D e ol - 114 )
<Zp=AllAl=0 as A=
Hence [f is continuous in A>0 with respect to supremum norm. Accord-
ingly I,f is continuous with respect to the strong topology in F.

LEMMA 3.2. The function ¢(x)=1 satisfies s—lxifnll¢m=¢w.

ProoF. We fix an arbitrary #. i) in § 1 implies that, for
any €>0, there exists A such that |Ligxa—@a|<e for any A>A. Since ¢n
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=1 on D,, we have Ligrn>1—¢ on D,; accordingly 1=¢w>L¢w>Le,>1
—e on D, Since # is arbitrary, we may conclude that Jig. converges to
P~ as A—0 uniformly on every compact subset of X. Uniform bounded-
ness of {L,p.} is obvious. Hence s—£i9311¢w=¢m.

From this lemma and (1.6), we get the following :

LEMMA 3. 3. S“l}fﬂ[ﬂl’nzﬂbn for any n.

LEMMA 3. 4. s—liinhqﬁn-——o for every A>0.

PROOF. It follows from (1.2) that (Iign)(x)= /X Adn(3)do¥(y).

Since Apf(X)<1 and Liinqbn(y):O monotone decreasingly, we obtain by

bounded convergence theorem that ([i¢.)(x) decreases to 0 as #n—o.
This convergence is uniform on every compact subset of X by Dini’s theo-
rem. Since {[;¢»} is uniformly bounded, we now obtain from
IProposition 2. 2|

LEMMA 3.5. I”i}:np(.[/l¢’n):0 uniformly in A= for any fixed B>0 and

any Seminorm p.
PrROOF. It follows from that
liml A Lihn) — )| < imp(Lighn— ¢)=0.

Define hn(ﬁ)z{p(lxgﬁn) if B<A<
p(¢n) if A=oo,

Then {%.(A)} decreases monotonously as # increases and each #.(A) is
continuous on the “compact” interval [3, ]. lrlifnp(14¢n)=0 by

and Lifnp(¢n)=0. Hence by Dini’s theorem %.(A) converges to 0 as #—©
uniformly in A€[A, o].
PROPOSITION 3.6.  For a fixed 8>0 and any seminorm b, there exists

a seminorm q such that p(Lif)<q(f) for any A=B and any fEF, that is,
I; is equi-continuous in A= p.

PrOOF. By [Lemma 3.5, there exists an increasing sequence {.}
such that p(Lign,)<1/2***P for any AE€[p, o]. For simplicity, we denote
Dn,, ¢n, and ¢n, by D., ¢, and ¢, respectively. We represent f as
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f=gof + S =gof + 21— )+

For each v>0, let x, be a point in D,+1\D,_: such that |f(x.)|= max |f(x)]
EU+I\DU*I

where we put D_;=¢. Then, by virtue of positivity of I;, we have

LA1=11(ouf)+ B LL(Gur— g1+ L)
<|f(xo)l Lo+ él|f(xu)|1/1(¢u—1 — )+ Ligw.

Hence, for any seminorm p=p,(y€ C«(X)), we get

(L) < F (x| p(Ligo) + [ Al p(Lipn) + gl|f(xu)|17(1/1¢u—1)
< K1fGa)l+1/2 £+ 21/2%1/(x.)

where K=max{|7|, 1}. Define g=p,, where 7 is a function in Co(X) satis-
fying that

n(x)=2K on D, 2K=7(x)=1 on D)\D,
1/2°2=p(x)=1/2""" on D..\D, (v=2).

Then
Kol = ()l el < 1-q()

and

21/2% /()< Z 12 n(@)lf ()
<a(f)B1/2:"<1/2q(1).

Hence it follows that p(Lif)<q(f)+1/22"*% || ; here N may be chosen arbi-
trarily large. Thus we obtain p(Z,f) < q(¥).

COROLLARY. s—lAiquAf =f for any fEF.

PrROOF. For any fEF, the sequence {f»}C Co(X) defined by
[i()=0a(x)f(x) (n=1,2,),
satisfies s-limf,=f. For any seminorm p, let ¢ be a seminorm as

n-oo

mentioned in [Proposition 3. 6. Then

P(Lf — 1)< P(Lif — Lifa) + D Lifn— fn) + 0(fu—f)
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<q(f —fo) AN Lf— Ful + 6(fu = 1).
Since lAiEn”I/lfn_fn”:() for every n by (1.6), we get

UM p(1f —f)<q(f—fu)+ p(fa—f) for any n.

Let #—oo, and we have UM p(I,f —f)=0, which implies s—lliﬁmbf =f since p

A—o0

is arbitrary.

THEOREM 1.  The inverse of the opemtgr Ja exists for any A>0, and
A—=Jit is independent of A The operator A=A—]i' is a closed operator
in F, and the domain 2(A) is dense in F,

PROOF. From the resolvent equation (1.3), it follows that the null
space/"(J:) of Ji is independent of A. Hence [Corollary to Proposition 3. 6
implies that .#"(J:) consists of zero vector only, and accordingly that Ji!
exists. By the resolvent equation (1.3),

JJAQA=T) = (=T N == ) JaJu—=JiJulJ7' = Ji)=0.

Hence A—Ji' is independent of A, and we may define A=2—J;'. Since J;
is continuous 111 F, A is a closed operator in F. For any fE€F, ga=AJ.f
e 2(J,)= 2(A) and s-llm g:=f by [Corollary] to [Proposition 3.6. Hence

7(A) is dense in F.

THEOREM 2. ~C0(X)ﬂ@(L)C,@(/T), and Au=Lu for any u<s Co(X)
NZ(L); namely A is an extension of L restricted to Co(X)NZ(L).

PrROOF. For any u€Co(X)NZ(L), we put f=(1—L)u. Then, since
Jf=li{(A—L)u=u by (1.4), we have f=Ji'u. Hence Lu=Au—Ji'u.
Therefore, by the definition of A, we get u€ 2(A) and Au=Lu.

Let Fi={/SF|s-lim]if exists}]. We define szs—l}mjlf for fEF.

We shall prove that G is an extension of G defined in § 1.
THEOREM 3. FDZ(G)DCX), and S_l/lifl(;l]/lf: Gf for anmy fE€
T(G).

Proor. For any f€2(G), lﬁilrglﬁf(x)=§f(x) holds pointwise from

(1.5). It is sufficient to prove our assertion for f=0. For such f, the
above convergence holds monotone increasingly as A1 0 by the resolvent
equation (1.3). Hence the convergence holds uniformly on every compact
subset of X by Dini’s theorem. The uniform boundedness of {/if}iso is
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clear. Hence we have S“l}{l(;l]/lf =Gf. Therefore we get Fi1D>2(G). The

relation 2(G)D Co(X) is shown by the same argument as we have derived
(5.2) in the proof of [Theorem 2 in [4].

THEOREM 4. If f€9(G), then Gf€P(A) and AGf=—f

PrRoOF. For any f€2(G)=F, we have J,f€2(A) and S‘l}{l{’)l]af:
Gf ; accordingly s—l/lig)uzlu]if=s—ljifrol(/1]1f—f)=—f. Since A is a closed
operator, we obtain that Gf€2(A) and AGf=—f.

THEOREM 5. For any fEC(X)N2 (L), Af€2(G) and GAf=—f

PROOF. For f€C(X)N Z(L), we have f€ 2(A) and Af=Lf<
Co(X) by Theorem 2. Hence it follows from [Theorem 3 and the definition
of G that Af=Lfe2(G) and S‘l/li{l(']l]ALf:GLf:GAf. On the other

hand, we know by ii) and iii) of mentioned in § 1 that Lf=Af
€2(G), GLf=—f and laifr(}”]"[’f —GLf|=0, and accordingly that I}fgl||]ALf
+fll=0. Therefore we may conclude that GAf=—f.

§4. Generation of semigroups.

In this section, we shall show that the operator A (defined in § 3) gen-
erates a unique quasi-equicontinuous (Co)-semigroup {7} in F, and that
{T:} is an extension of the semigroup {7%} in E mentioned in § 1.

By the theory of semigroups, we get lAiH.} | Tf —e % e ®) f|=0. Here

) 2\n
e f ZnZ:‘,O(ij,) if; the series in the right hand side converges with

respect to the supremum norm. We can conclude T is a positive opera-
tor since /i is a positive operator for any 1>0. Hence, for the restriction
of the operator T: to Co(X), there exists a family of Borel measures {P(¢,
x, *)lx€X} in X such that P(¢, x, X)<1 and that

(TA))= [ P(t, %, d)f(3) for any FECX).
Therefore J.f is represented by

A= ["eat [ P, x, d)f(y) for fECo).
For any f€ Cu(X), we define

(4.1) us(t, x)=/XP(t, x, dy)f(y)
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and
4.2) v x)= [ " e (¢, x)dt,
0

LEMMA 4.1. 04, x)=(Jif)x) holds for any fE Co(X).
PROOF.  We first notice that Jif(x) for any f& Cs(X) is expressed by

(43 UN)=[F()doi(y) (see (1.2)).

For any f€Cy(X), there exists a sequence {f,}CCo(X) such that s-limf,

n—oo

=/ holds in F and that |fa(x)|<|f(x)| on X for any #. Hence we con-
clude by (4.1), (4. 2), (4.3) and bounded convergence theorem that

Im(:fn)(x)=7if(x) and limusu(4, x)=v,(2, x).
These are pointwise convergences on X. Since
Uifw)= [ et [ P(t, 2, do)fa()=0nld x) (n=1,2,),
we get (Juf)(x)=v,(4, x).
LEMMA 4.2.  For any fEF and any k=1, we have

@8 UD@=gpr ) e D

accordingly
(4.5)  p(A—BIIA) < A=BY [ o mimmeportg (1 Nyt
(F—1)!J

for any seminorm p.
PrROOF. It follows from (4.2) that

k (=]
ﬂg%ﬁ#(, (—t)e ™ uyt, x)dt (k=1,2,).

We use the resolvent equation. (1. 3) and induction on % to obtain
d k k k+1
(&) n=(=Dr1 ey,

Combining this formula with and the identity above, we con-
clude (4.4). The inequality (4.5) follows immediately from (4. 4).

LEMMA 4.3.  For any f€EE and any A>0, u=]f belongs to Z(A)



240 M. Giga

and satisfies <Au, p>=<u, L*p> for any pEM(X)NZ(L*).

PrROOF. We divide the proof of the this lemma into three steps. We
first notice the following facts which we use in step 1 ).

Let D be an arbitrary subdomain of X. If f€Co(X)N2(L) and
supp fCD, then f€Co(D)N 2 (Lp) by virtue of Lemma 1.1 If oEM(X)
NZ(L*) and suppeCD, then oEM(D)N2(L¥) by virtue of
1.3.

i) Assume that fEC(X)NZ(L). Since A=A—Ji'in E, we have
(4.6) u=J5,f€2(A) and Au=QA—Ji ), f=Au—7f.

Let D be an arbitrary regular domain containing suppfUsupp e, and put
u?=JPf. Then (A—L)u’=f since f€Co(X)NZ(L). Hence, for any p<
Mo(X)NZ(L*), we have

AuPl—Ff, p>=<Lu®, o>=<u®, L*p>.

Passing to the limit as D 1t X, we get {Au—f, p>=<u, L*p>, which implies
CAu, p>=<u, L*p> by means of (4.6).
ii) Assume that f=/.h with #€ Co(X) and ¢ >0.
When p=#4, it follows from the resolvent equation and the result of
i) that
u=JiJh = (Jh—JH)EF(A) and Au=~— -+
and that
CAu, o>=<u, L*p> for any p<=M(X)NZ(L¥).

When z=A, we take a sequence {A.} such that A,#A4 and limA,=A. If

n-oo

we put u»=/JJ1.h, then Li§3||un~u||££ig}||fx|| Tk — Jak|=0. It follows from

the above result that #,.€2(A) and Aur=—Ju.h+Au.; accordingly Aun
converges to —f +Au as n—oo with respect to the supremum norm. Since
A is a closed operator in E, we obtain that u€ 2(A) and Au=—7f+Au.
This fact implies that Au, converges to Au as n—o°o with respect to the
supremum norm. As we have shown just above, A»#A implies that u,=
JJwh satisfies <Aun, 0>=<un, L*0> for any pEM(X)N2Z(L*). Passing
to the limit as n—c0, we get <Au, o>=<u, L*p>.

iii) It follows from the result of ii) that the assertion of
holds for any fEE, and any A>0. Since E, is dense in £ with respect to
the supremum norm and since A is a closed operator in E, the similar
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argument to that in ii) shows that u=/,f€ 2(A) and {Au, p>=<u, L*p>
for any fE€E.

LEMMA 4.4.  For any fEF, the function us(t, ) defined in (4.1), is
continuous in t >0 with respect to the seminorm topology in F.

PROOF. For any fEF, there exists a sequence {f.}C Co(X) satisfy-
ing that s-limf,=f. Then, for every » and >0, J,/,E2(A) by

N 00

4.3. Hence T/.f» is differentiable in ¢ with respect to the norm in E and
we have %TJAfn:ATJAfn:A]Athn. Accordingly, for any p€Mo(X)N

F(L¥), we get %( T fn, 00=CA:Tefn, 0>=<JsTtfn, L*0> by Lemma 4. 3.

Hence

WiTn, 05— Tsfn, 09= [ <AL Tfn, L¥0>dr  (>5>0).
Passing to the limit as A—oc, we obtain by (1.6)

(Tifn, 09— Tsf, 09 = [ <Tefa, L*p .

By the definition (4.1) of u,(¢, x), we may rewrite the above equality as
follows :

t
nlt, +), 0> =Cun(s, *), 0>= [ Cunlz, ), L*p>ar.
Let n— o, and we get, by means of bounded convergence theorem,
t
Cus(t, +), 0>—<uss, +), p>=_/; Cus(z, ), L*p>dr.

Since {us(t,+), L*p> is bounded in ¢, the above equality implies that
%(uf(t, -), o> exists and is equal to <u(t, ), L*p)> for almost all ¢>0.

Hence, for any function y& C§((0, ©)), we get
Cus(t, +), 0> x(£)—<uss, +), p>x(s)
t
=£di;{<uf(r, -), 0> x(0)}dr

t
Z];{<uf(r, ), L*0> x(0)+<usz, +), o>x/(7)}dr.
Let s{ 0 and ¢ 1t o0, and we obtain

/om{<”f(f’ ), L*o>x(0)+<usz, +), >3/ (1)}dr=0.
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Hence, by Axiom (&), us(¢, x) is differentiable in ¢, wu(¢,-)€2(L) for

aaZ;f:Lufe C((0,0)X X). For any £ >0 and any compact

any >0 and

subset K of X, we consider a bounded interval [#, fz] such that 0< 4 < to<
tr<oo. Then Lus(t, x) is bounded on [#, ] X K and we have

us(t, x)— us(to, x)Z/:Luf(r, x)dr (h<t<t).

Hence wu/(t, ) converges to us(t, *) as t—1t uniformly on every compact
subset of X. Furthermore we have |us(#, x)|<|f|, which means that
{us(t,+); t>0} is uniformly bounded. Hence we get s—ltir{l us(t, )=

us(to, *), namely us(¢, -) is continuous in >0 with respect to the seminor-
m topology in F.

LEMMA 4. 5. s—lilrgluga,,(t, )=d¢n in F for each n.
t

PROOF. Since ¢.E Co(X), we have
lim[ue.(2, +)— @all=lim| Tepr — @a| =0.
ti0 tio

Using this fact, we may prove by the same argument as in the proof of
that s—lirglu%(t, ‘)=¢» in F, and accordingly we get
ti

s—lifglu¢n(t, *)=¢» in F for each #.
t

LEMMA 4.6.  For any seminorm p, p([(A—B)J:)*¢n) converges to 0 as
n—0 uniformly in A= and k=0.

PROOF. The sequence {u4.(?, +)} decreases to 0 pointwise as #— o,
For given seminorm p, we put

gn(t)={p(e-“u¢n(t,-)) if 0<t<oo

0 if t=o0

Then g.(¢) decreases to 0 as n—o for each #<[0, <], and we see by
and that g¢.(#) is continuous in #<[0, o] for each
n. Hence ¢.(#) tends to 0 uniformly in #€[0, 0] by Dini’s theorem.
Therefore, for any €>0, there exists 7o such that ple #u(t, +))<e for
any n>mno. Hence, by [Lemma 4.2, we get for #n>n

GBI < =B [ el (1, Y

((2 13))’:/ tk 1 —(/1 B)tdt—
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the last equality follows from a direct calculation. Therefore p([(A
—B)J:1%¢n) converges to 0 as #»—co uniformly in A=/ and £=0.

PROPOSITION 4.7. For any fixed B>0 and any seminorm p, there
exists a seminorm q such that p([(A—R)1*F)<q(f) for any A>B, k=0
and fEF, that is, [(A—PB)]:)* is equicontinuous in 2> and k=0.

The proof of this proposition is parallel to that of Proposition 3. 6, so
is omitted.

THEOREM 6. The operator A is the infinitesimal generator of a
uniquely determined quasi-equicontinuous (Co)-semigroup {T.} in F, and
we have

fAf:(/l—z‘D_le/owe‘“thdz‘ for any fEF.

PrROOF. We define A;=A—pB and Js:=Jsss for any given A>0.
Then Js:=(A—As)"". Since (A/s.)* (1>0, £=0) is equi-continuous by
Proposition 4. 7, A is the infinitesimal generator of a uniquely determined
equicontinuous (Co)-semigroup {Ss,:}:>0 by Hille-Yosida theorem on semi-
groups of operators in locally convex spaces ([7], [8], [15]). If 0< 1< By,
then {e #*7#VS,, .}+>0 is the equicontinuous (Co)-semigroup, whose genera-
tor is As,—(B2—p1) ; this is identical with As,. Hence we have
e #2=BIIG, =3Ss,,:, namely e?''Ss,.:=e"*'Ss,:. We thus see that e*'Ss,; is
independent of B. Therefore, if we define T.=e*Ss,., {T:} is the quasi
~equicontinuous (Co)-semigroup whose generator is A. For any fixed 8>
0, we have

fA+ﬂ=fw€_“Sﬂ,tdl‘wae_(“’g)tﬁdt
0 0
for any A>0, that is,

]A='£we‘“ﬁdt for any A> 5.

Since B is arbitrary, this equality holds for any A>0.
THEOREM 7. The semigroup {T:} in F is an extension of {T:} in E,
and (T)@)= [ P(t, %, aVf(s) for any FEF.

PROOF.  Since J; is written as (A—A)™! in the Banach space E where A

is the infinitesimal generator of semigroup {7:}, we get Ji.f= fo e M T.fdt
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for any f€E. On the other hand, ]AfZA-me_“thdt for any fEF by

Theorem 6. For any f€E, (T.f)(x) and (th)(x) are continuous function
of t for every x& X, and accozdingly T =T by the unicity theorem of
Laplace transforms. Hence {7%} is an extension of {7:}. For any fEF,

we have

ﬁ “eat [ Pt x, dy)f(y)= [Fem Tgar

by Lemma 4. 1 and [Theorem 6, and [(P(t, x, dy)f(y) is continuous in # for
every x€X by Lemmad4.4 Hence, again using the unicity theorem of
Laplace transforms, we get (th)(x):/;P(t, x, dv)f(y) for any fEF.
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