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Levi condition and analytic regularity for quasi-linear
weakly hyperbolic equations of second order
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Abstract. We are concerned with the problem of global analytic regularity of solutions
of quasi-linear weakly hyperbolic equations. Assuming a Levi condition on the nonlinear
term, we prove that real analytic data and the existence of a domain of dependence lead
to the analyticity of the smooth solutions. Similar problems are discussed also in [S],
[Mal], [RY1], where analogous tools are employed. Here we introduce estimates on cusp
shaped domains. Next, a similar result is established in the Gevrey classes.
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1. Introduction

We will consider on [0,T) x R, the second order quasi-linear equation
ug — (a(t, )ug), = f(t,x,u, ut, ug) (1.1)

assuming that it is weakly hyperbolic and that a(t, z) and the nonlinear term
f(t,z,u, p,q) are real analytic functions satisfying a so-called nonlinear Levi
condition. More precisely, we will assume

0<a(t,z) <A Y(t,z) €[0,T) x R, (a)
|04 f(t, z,u,p,q)| < L(K)+/a(t,z) Y(t,z,u,p,q) € K (b)
VK cc [0,T) x Rz x Ry x R, x R, without further hypotheses on the
principal part.
It is known (see [D2]; see also [N1],[N2]) that the above assumptions

are sufficient for the globally well posedness in C* of the Cauchy problem
for the linearized of Eq.(1.1), which takes the form:

uy — (a(t, z)uy), + b1(t, @)ugy + bo(t, z)us + c(t, z)u = g(t, x)
w(0,7) =uo(z), w(0,z)=u(z)

and that the finite speed of propagation property holds; in fact, from

’
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(1.2)(b), it follows that the coefficient by (¢, z) satisfies the Levi condition,

by (t, )| < M(K)\Ja(t,z) Y(t,z)€ K VK cc[0,T) x Rs.

Hence, it is interesting to study the regularity of solutions for the quasi-

linear Eq.(1.1). Using the above hypotheses we are able to prove the fol-
lowing;:

Theorem 1.1 Consider u(t,z) € C*([0,T) x R;) a solution of Eq.(1.1),
such that the initial data u(0, ), u:(0,z) are analytic on some interval D =
{z : |z — zo| < 6}. Then, u(t,z) is analytic on the triangle of Ry X R, with
base D and slope v/\:

{(t,2) : |z — 20| < § = VA0 < t < min(T, 5/VN)}.

The problem of the analytic regularity was already investigated in
and in , for linear and nonlinear strictly hyperbolic equations, re-
spectively. In particular, it was proved that real analytic data lead to the
analyticity of the solution as soon as it is of class C* with k sufficiently
large with respect to the space dimension.

As to the weakly hyperbolic case, this problem was considered in [S| for
a semi-linear equation of type

n
uw — Y O, (ank(t, )0, u) = f(t, z,u) (1.4)
h,k=1
under one of the following conditions:
(i) the coefficients, apk, have the special form api(t,z) = b(t) - apx(z);
(ii) the solution is a priori assumed to belong to some Gevrey class of
order s < 2.

Later, the analytic regularity for the solutions of Eq.(1.4) was proved
in assuming the Oleinik condition, that is for some A > 0

A ank(t, 2)énle + D Orank(t, 2)6r >0 VEER™  (L5)
hok hk

instead of (i) and in [Ma2| assuming only weak hyperbolicity (that is (1.2)
(a)), but n = 1.
Finally, the regularity in Gevrey class of order s > 1 (in dimension n =

1) is considered in [RY1] (see also [RY2]), for quasi-linear weakly hyperbolic
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equations of type [1.1), assuming as Levi conditions on the nonlinear term:

184 f(t, 2, u,p,9)] < Cx ML\ /alt, z)

1.6
V(t,z,u,p,q) € K (s < s), (16)

(VK cC [0,T) x Ry x Ry x Rp x Ry) and the following condition on a(t, z)
0 < Aa(t,z) — a(t, x) V(t,z) € [0,T) x R, (1.7)

(with A being a suitable positive constant).

These results are based on a priori estimates for the solutions, by the
energy method, on the uniqueness property with respect to the initial value
problem, in the function space where the solution u(t, z) exists a priori and,
finally, on local existence results such as the well known Cauchy-Kovalewsky
theorem.

In this paper, we assume only the weak hyperbolicity (1.2)(a) of the
principal part and the Levi condition (1.2)(b) on the nonlinear term, but
we are able to prove the analytic regularity only if u(¢, z) is a priori assumed
to belong to C* and n = 1. In particular, we require n = 1 because if

a(t,z) € A(Rt x Ry) and  a(t,z) >0, (1.8)

then, given any point (tg,x9) € Rt x R, we can find 8 > 1 and § > 0 such
that the cusp condition (2.6), holds (see Appendix A for more details)
for the domain I' given by,

T={(t,): [z —zo| <[t —tol® for to—6<t<to} (1.9)

(where 3,6 depend on (tg, zo)).

Furthermore, we remark that it is essential for our methods to assume
the coeflicients to be analytic with respect to the variable t. Indeed, assum-
ing only the condition (1.2)(a) on the principal part, the linearized equation
of at some C* solution is a weakly hyperbolic equation whose coeffi-
cients are merely C* functions, and this could present the phenomena of
non-existence or non-uniqueness (see [CS], [CJS]).

By the same methods, it is possible to extend the result of Th. 1.1 to
prove the Gevrey regularity of the solutions for 1 < s < 2. In fact, in §3 we
define of the Gevrey energies,
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N j—k
EN() = ot)+ Y 9(?‘3 7%\ E;(t), (1.10)
j=k+1 )

for N > k + 1, 0(t) > 0, and then we prove that, for a suitable o(t),

d
agN <aEN)  WwN (1.11)

where @ is an analytic function which vanishes at 0 and does not depend
on N.

Nevertheless, since in the proof of the above theorem a crucial step is
the analysis of the behaviour of the analytic coefficient a(t, x) near its zeroes
(see Lemma A.2), in the Gevrey case we are forced to make some further
hypotheses on the function a(t, z), see Remark4.2 at the end of §4.

This is the layout of the paper. In §2 we consider the linearized equation
of and prove the basic energy estimates on a domain of dependence.
Then, in §3 we complete the estimates of §2, taking into account the con-
tribution of the nonlinear term. Finally in §4 we prove [Theorem 1.1.

Appendix A serves to verify the cusp condition for analytic functions,
while in Appendix B and C we provide the L2-estimates for linear and
nonlinear differential operators.

Notations In the following, we will denote by A(2) the space of analytic
functions on  (with 2 C R™ an open set) and G(*)(Q) the space of Gevrey
functions of order 1 < s < oo, that is the space of functions v(z) € C*®
which satisfy

0%0(z)| < CxAldal® Yz e K, Vae N
for all compact sets K C 2. We write v(z) € A(K),v(z) € GO(K) if
v(z) € A(Q),v(z) € G (Q) respectively for some open neighborhood Q of
the set K.
2. Derivation of energy estimates in a domain of dependence
We consider here a real C* solution on [0, T") x R, of the linear equation
ug — (a(t, x)ug), + bi(t, x)ug + ba(t, x)us + c(t, z)u = f(t,z) (2.1)

where the coefficients a(t, x), b1 (¢, z), ba(t, z), c(t, z) and f(t,z) are smooth
functions on Ry x R,. We assume equation (2.1) to be weakly hyperbolic
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and the first order term, b (¢, x)u,, to satisfy a Levi condition, namely
a(t,x) > 0V(t,z) € Ry X R
{<>_<>t$ )

b1 (t, )| < M(K)+/a(t,z) (t,z) € K VK CC [0,T) x R,.

Fixed (to,z0) € (0,T) x Ry, let v1,72 : [0,%0] — R, be differentiable maps
satisfying

Y1(to) < o < ¥2(to), M (t) < o < ¥2(t) for 0 <t < tg (2.3)
M (t) > 0 and v,(t) < 0. '
For 0 < t,s <ty we define the sets
B, ={z € Ry :m(t) <o <m(t)}, (2.4)
Fsz{(t,x):xeBt,Ogtgs}. (2.5)

Besides we require the following:
Cusp condition: the curves t — (v;(t),t) are “at most characteristic” for
the linear equation (2.1), more precisely we assume

a(t,x)

<AUt)?, fori=1,2 (2.6)
z=;(t)
and there exists a constant C = C(I'y,) such that

ai(t,x) < Ca(t,x) V(t,z) € [y,. (2.7)

Assuming the hypotheses (2.2) and the cusp condition (2.6) we
will derive the basic energy estimates inside the domain I'y;. To begin with,
we consider the energy functions (a € N2,0% = 91 992),

Fo(t) = / {alt, 2)|0%u, |2 + |0%w[? + 2(0%u[* }dz (2.8)
By
for j > 1,0 <t <tp,|a| =4 —1and
t
Eaolt) = Fa(t) + / Fiu(s)ds, (2.9)
0

finally, let us define the jfth energies F;(t), E;(t) of a solution u(t,z) to
(2.1), by setting

VE =Y VE@w, JEO= Y RO (@10

|o|=5—1 laf=j—1
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With the notations introduced in (2.3), [2.4), [2.5), we can state the

following.

Proposition 2.1 Let u(t, ) be a smooth solution of (2.1) on [0,T) x R,
and assume that conditions (2.2), (2.6), (2.7) are satisfied. Moreover, sup-
pose that the coefficients in (2.1) belong to G(*)([0,T) x Ry) (1 < s < o),
namely we may assume the following upper bounds:

0%l(t, )|, |8%b(t, )], |0%(t, )| < CoAl®(|a)1)?, (2.11)

V(t,z) € Ty, for some Cy, Ay independent of a. Then, for any A > Ao,
there exists a constant C; = C1(Cy, Ay, A, I'y,) such that for 7 > 1 and
0<t<ty,

d e AR
+ ¥ (/B |8°‘f|2dm)1/2, (2.12)

lal=j—-1
where 0 = s — 1.
Proof.  Applying the operator 0% to both sides of (2.1), we have
(82 + A,)0% = [Ao, 8% u + 8%Bu + 8°f (2.13)
where,
A, = —0y(a(t,z)0; ), B =b0;+bd; +c. (2.14)

On the other hand, differentiating (2.8), for 0 < t < tg, we find

d
SFa(t) = /Bt a:|8%u, |2 de
+2/ {a0%u 0%y + 0%us 0% uyy + jzaauaaut}da:
B;
+{x}E12(2) - 12(t) — {*}H(t, () - n(t) (2.15)

where we have used the symbol {*} to indicate the quadratic form in [2.8).
Now integrating by part the second term in we get:

/ ad%u, 0%uydx
By
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v2(t)

L 216

= —/ (a0%ug),0%us + [a(t,-)@aum(t, )O0%uy(t, )]
By
and taking into account the inequality
|00, 0%uy| < %\/a(|aaut|2 + a9, )

in view of condition (2.6) on ~v;(t),i = 1,2 we obtain that the total con-
tribution of the integral on dB; is non-positive. Thus, from [2.13), (2.15),

(2.16) we derive the estimate

d
—F,(t) < / as|0%ug |2 dz + 252 / O*ud®uzdz
dt Bt Bt

+2 / {40, 0" u+ 8% Bu + 8° f }0°wyd.
B;

Taking into account condition and the definition of F,(t), we
have
d

p Fo(t) < (54 C)y/Falt)

+f /B (I40,8%u+ 0°Bu + ) dz} . (2.17)

To proceed, we use the results of Appendix B, with 2 = B;. Applying
Lemma Bl.1 to the quadratic form given by the relations

alp] = a1 = ag1 = O, agg = a(t,a:) (2.18)
and recalling (2.2),(2.11) we can estimate the L? norm of [A,,3%u. We

have:
1/2

> ([ (140, 0%u)da)

jof=j—1 7Bt
1/2
<Cj Z (/ a(t,m)|8°‘ux|2dm)/
jaf=j-1 7P

Jj—1 AJt1-h

. s h
+ C(] + 1)' ’2 WH@ UHLZ(Bt) (219)

and, from the definition of F4(t), we deduce that:
1/2

> ([, (140 0°0Pdz)

|lo|=5—1
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J—1 Ad+1=h

<C(i+ 1)!8}2) (h+1)!s(h+1)

Fri(t). (2.20)

To estimate the sum for |a| = j — 1 of the other terms in (2.17) we use
Lemma B.2 and B.3. It easily follows that

I=1 Aj-1-h N
2. lo%baulle(p,y < CG =1 3 =0 utllpa(s,)
o =31 =0
< C(]—l)! Z(h__)EVFh (2'21)

and in the same way we can estimate the L? — norm of 8%cu. It remains
now to estimate the first order term b, (¢, z)u,; writing

8ablu$ = blao‘uz + [8a, blﬁm]u (222)
and using the Levi condition (see (2.2)) on I'y, we have
10%01usly2(p,) < M(Tty) - v/ Fa +[][0% b10c]ul[ g2, (2.23)

moreover, the sum for |a| = j — 1 of the L? — norm of the commutators

[0%,b10,]u, that is
Y 8% b10:]ullyz g,

laj=j—1

can be estimated like the terms of order < j of [A,, 0*]u (see Lemma B.3
of Appendix B). Thus, by the estimates (2.17), (2.20), [2.21) and we
finally have, for 0 < t < t,

d F-(t)<0('+1)v5\i—AL Fu(®)
VI = PV TR L s ye VI

+ Y / 0 fPda) " (2.24)

la|=7—1

Taking into account that F,(t) < E4(t) and E.(t) = F.(t) + F,(t) we

obtain
%\/Ej(t) < %\/Fj(t) + 4/ Ej5(t) (2.25)
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!
and we easily derive a similar estimate for ,/E;(t) . ]

To conclude this section, we will prove that, under suitable assumptions
on the domain Ty, it is possible to estimate the L* norm of u(t,-) over B;
using the energy E;(t).

Assume that the domain Ty, defined in [2.5), be a standard cusp (see
the remark in Appendix A). For example, let I';, be the domain

[y = {(t,2) : |z = o] <At —to]?, for 0<t <to}
(2.26)
(6>1, A>0and ty> 6> 0),

then the following result holds.

Lemma 2.2 Let u(t,x) be a smooth function on the domain 'y, given by
(2.26). Then, there exists an integer ro = ro(03, A, 8) such that for any h > 0,
the following estimate holds:

"0 Eh+J ( )

" o C . 0<t<to, 2.27
10%u(t, )|y, (By) = Z h+j > 0 ( )

where C = C(rg, 3, A, 8) does not depend on h € N and t € [0,tp).

Proof. By (2.26) and the remark at the end of Appendix A, there exists
an integer po = po(B3, A, §) such that, for 0 < ¢ < ty,

ut, Mgeqsy < C(1utt ) lwroay + 16w (s
for some constant C = C(8, A, §) independent of ¢t € [0,tp]. With this in
mind, for rg = pg + 1, we have

10" u(t, Lo (5,

<0 Y (110%u(t, 2)llwro-saqr,) + 107t ) lwro-12(s,)
181=h

<c >y Y (Haawu”m(m+||aa+ﬂu||L2(Bt)), (2.28)
|a|<rg—1|8|=h

Now, observing that the sum in the right hand side of satisfies

7‘0—1

YooY <ctrg)d). >, (2.29)

la|<ro—1|B|=h 3=0 |8|=h+j
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we deduce immediately from the definition [2.8), (2.9) of E;(t). [

3. Analytic and Gevrey energies in a cusp

In this section we will consider the quasi-linear equation

uy — (a(t,z)ug), + b1(t, 2)ug + ba(t, z)ur + c(t, z)u
- f(tvx') u.’r)a (31)

with f: ([0,7) x R;) x R — R being a C* function satisfying the upper
bounds

05,0 (¢, 7. p)| < CoMy™ P a1 "v1 (3:2)
(with 1 < s’ < s) and the nonlinear Levi condition:

1901 (t,z,p)| < L(K, p)y/a(t,z) V(t,7,p) € K x{|p| <p}, (3.3)

VK CC [0,T) x R, and Vp > 0. Let us introduce the Gevrey energies

N j—k
e = o)+ > Lm0 (3.4
j=k+1 )

where N > k + 1, o(t) > 0; the function o(t) and the integer k, appearing
in the definition of £V (t), will be chosen later. Assuming the conclusions
of Lemma 2.1 and 2.2, we will prove an estimate (independent of N) for
(VY.

Differentiating termwise, we have

d N al 97 —h—l ks 0.7 /
Jj= k+1
71—k

; _z 9(’;?!3 jks(\/Ej)’ (N2k+1).  (35)
Jj=k+1

Introducing now the estimate [2.12) of [Proposition 2.1 (applied to a

smooth solution u(t, ) to Eq.[3.1)) into [3.5), it is not difficult to see that,
for

o(t) <min{1/2,1/2A},
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one has
d —k—1 —k
EgN o+ Cro+ Z Qy—l)!sjks U{] F +C2Q}\/E
i (
X, oty 12
+ 3 B Y ([ 10 ) Pae)
j=kt1 T !al—J 1

where the constant Cy depends only on Cy,k,s and E;(t) for 1 < j < k.

Now, we will consider the contribution of the nonlinear term in the
estimate of (£V)’; using the definitions in (C.1) of Appendix C (with p =
uz), we write

N i—k
oY ™% peiiaie
S A0 (o

j=k+1
=&+ &+ &+ Erv, (3.7)

where

N i—k
oY ™" ks
e Y L0 T el

j=k+1 |or|=j-1

and &r7,&111,Erv are defined in the same way.
To begin with, let us consider £;. Using and (C.5) of Appendix
C, taking M > My, we have

> N85 f(t e uo)llas,) < CMITHG = 1)F/|Bi,
lal=j-1

hence, having by definition |B;| < |Bp| (where |Bi| is the length of the
interval By, see (2.3), [2.4)), if o(t) < 1/2M, it is easy to see that

Er < Co(t), (3.8)

for some constant C = C(My, M, |Byp|). To estimate the term €7 we need
the nonlinear Levi condition (3.3) (with £ = L(T'y,, ||ug||L=(r,,)). Recalling
the definition of E;(t), we have immediately,

Z ||apf(t7x7 uw)aau:v”Lz(Bt) < ‘C’\/ Ej’ (3'9)

laf=j—1
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hence, we find

N

k—1
En <L Z 97 jks— “Qf (3.10)

j= k+1

Furthermore, using (B.7) in Appendix B (or the first estimate in [C.4)), we
have, for M > M,

J 1-h
M+
2 WMHallvesy < 06 =03 Gy

jal=j-1 h=1

VEp.

Thus, for p(t) < min{1/2,1/2M}, we obtain (exactly as in the estimate of
the linear part):

N j—k—1
g][] SCQ"I’C Z (5]—_ijs_0Q\/Ej. (311)

j=k+1
Finally, let us consider &jy/ .

Lemma 3.1 Let u(t,z) be a smooth solution to Eq.(3.1) and assume that
Lemma 2.1 and 2.2 hold. Besides, let us suppose that f(t,z,p) satisfies (3.2)
(with 1 < 8" < s) and the nonlinear Levi condition (3.3). Then, if o(t) > 0
and EN(t) are sufficiently small,

Erv(t) <Cot) + ®(EN () (N>k+1) (3.12)

where EV is the Gevrey energy defined in (3.4); ®(E) is an analytic function

which vanishes at 0. Moreover the constant C and ®(E) are independent of
N.

Proof.  Taking M > My, P > Py, we can find C = C(Cy, My, Py, M, P)
such that (C.10) of Appendix C holds (see Lemma (.1). Hence, from the

definition of &y, we can write (with p = u,):

N j—h—1 pv
(et Mi~h-1p
Ev <C Y gD N

j=k+1 2<y<h<j—1

> 10" pllgee - - [[0™pllp 110" pllgs
hl!s <o h,j_l!s hy!shg

V's—s'

hi+---+hy=h
0<hy<h;<hy,

oI (313
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where, the terms Sg,) , & }%/), 51(?/) represent the three possible cases:

(1) h, <k,
(2) hl S k S hl/7
(3) hy >k and consequently k < h; < h; < h,,.

In the first case, having h, < k, it is not difficult to prove that (taking o(t)
sufficiently small):

£ < Csolt) (3.14)

where C3 depends only on k,C, M, P and on the norms HahUHLoo(Bt) for
1<h<k.

Let us consider the second case, hy < k < h,. Here, we can estimate
the corresponding terms in the third sum on the right hand side of (3.13)
in the following way:

k
Z { * }hlgkgh,, = C(k) Z

g Tt =
0<< <hy
SEmshs , - \ (3.15)
3 1052 [Lee - -110p" e 110512
hg+-+hy=h—m h2!5 hl}_l!s—l hy!shz
m<h;<hy
where again h, > k and
C(k) = max {||aipy|Loo} 1<i<k.
Moreover, keeping the variables v, hy,..., h,, h fixed and performing

the sum in 7, for j > h + 1, we have (with 0 < p < 1/2M)
N
Z Qj—ij—h—lj(k——l)s < Cgh-k+1(h + 1)(k—1)s;
j=h+1
hence, noting that in (3.15) we have

v-(hy+1)>h+1 and
h—k+1=ho+---+h,_1+(h,+m—k+1),
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prylk—1)s k

&y <C Y — T 2

2<y<h<N-1 m=1

10"2p||100 1, 18" pllyee py s
E h,_ s ©

ho+---+hy=h—m
m<h;<hy

6" p |2 0" TR+
hy'5hg

(hy + 1)E=1)s, (3.16)

Now, we will estimate the terms ||8% p||y,cc using the energies F;(t
Loo(By) g J

1 <j < N. Recalling of one has

Y

ro+1
vV Eh ')
10 Plnc=() < 110" Hullimiay < © 3 2R

To proceed, we introduce the following notations

J,S ¥\ JE; for j > k+1, n():%fong]‘gk, (3.17)

thus EN = (1) + --- +n(N). Observing that for r > 1,

(h+7) - (h+1)°

h < h k—r

(3.18)

\/— k‘Qh_l .
)Q <n(h+r )mféﬁ(k E; (3.19)
ifh+r> k; we easily see that, if
k>rg+1

(and g < 1), then there exists a constant C such that

h To+1
0 V Enti
-— < h 1)+--- h+2 3.20
e 2 i SO+ tnh),  (3.20)

Moreover, since m > 1 in (3.16), it is easy to see that

th,+m—k+l

h \Sho (R, + 1)(k—l)s||ah"p||1,2 <n(h, +2). (3.21)
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Summarizing up we have:

Pucy—2y(k—1)s

k
8}%/) S C Z V!s—s’ Z

2<y<h<N-—1 : m=1
ro+1 ro+1
Yoo O nlhe+i) - (O nlhy—1 +1))
ho+ - +hy=h—m =2 i=2
m<h;<hy
n(hy + 2) (3.22)

Now, having ro + 1 < k < h,,, it follows that

hi+r0+1§hi+hV§h—m§N—m—1SN—Z

hence, summing over the variables h, hi, ..., h,, we find
N-1 ro+1

2 2. 2 mlhati)

h=(v—1)m+k ho++hy=h—-m =2
m<h;<hy

ro+1

" n(hyo1 +) -0k +2) < (ro€N )"_1 (3.23)
1=2

and we conclude that

PYCv—2 (k—1)s v—1
——— (rog™) def & (V) (3.24)

with ®; being an analytic function (independent of N) the radius of con-
vergence of which is:

00, if s’ <s,
1/(roPC), if § =s.

Finally, having the condition v > 2 in (3.24), it follows that ®;(0) = 0.
Let us now come to the case (3), k < hy < h; < h,. As before, we will
have to estimate the terms

T ||3 pllLe(,) 0"

but in this case, having h > k, we will always use (instead of 3.19)).
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Hence, if
k>mrg+2

we may write

ro+1

h,SHG pllLes)e” <Co Y nh+i)  (h>k). (3.25)
1=2

(3)

Thus, we can estimate &}, as follows:

(3) PVCU—IV(k—l)S
gIV < ¢ Z pls—s’
2<v<h<N-1
ro+1 ro+1
Z Z h1 + ’L Z n(hu-—l + Z)
h2+ +hy=h =2 1=2
k<hi<h;<h,
th+u—k L
g et DE 0l (3.26)
Again, having v > 2 and p < 1,
Qhu-i-u—k b1 L
s (b + D)0l < n(hy, +2),
hy!5he
and like before, if we perform the sum in h, hq,...,h, we find
(3) prcv—1,(k=1)s N\ def
6IV < c Z pls—s’ (7"08 ) = (I)Q(EN)
2<v<0

Finally, keeping track of all the cases discussed, we have
Erv < Co+ ®1(EN) + By (EN) (3.27)

where, ®;(€), (&) are analytic functions which vanish at 0. The constant
C and ®;(£), i = 1,2 do not depend on N. ]

Summarizing up the results of this section, we have the following.

Lemma 3.2 Letu(t,z) € C*([0,T)xR;) be a smooth solution to Eq.(3.1)
and assume that, defining the (local) energies E;(t) as in (2.4) — (2.10),
the conclusions of Lemma 2.1 and 2.2 hold. Moreover, let us suppose that



Analytic reqularity for hyperbolic equations 423

f:([0,T) x R;) x R, — R satisfies (3.2), (3.3). Then, defining

£V = oty + 3 AP
j=kt1 I

3*\/E;(t), (N>k+1,0(t)>0) (3.28)

with k > ro+2, we can find o, & > 0, independent of N, such that assuming
o(t) < oo for 0<t<ty,, and EN<E,,

the following inequality holds

where the constant C and the analytic function ®(E) do not depend on
t € (0,t), and N € N.

Remark 3.1 The result of holds even in the case that the non-
linear term f depends on u and u; too, namely: f = f(t,z,u, us, uz). The
proof follows the same lines as above. Here, we just sketch the idea when f
depends explicitly on wu, u,.

As usual, we have to estimate:

- ot .
Z e Z 10%f (¢, z,u, ux)HL?(Bt), (3.30)
j=kt1 T o] =71

where f(t,z,u,p) satisfies
82082 f(t, z,u,p)| < CoM{ P20t 1p!*, (3.31)

and 0 f(t,x,u,u,) is given by (see Appendix C).
As above, introducing the expression into we shall divide

the terms in several groups. More precisely, we consider following cases:
(1) p1=0

(2) |pal>0 p2=0 (3.32)

(3)  [mal,|p2| > 0.

The term (1) can be dealt exactly as in getting a conclusion
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similar to (3.29). The term (2) corresponds, in some sense, to the semi-
linear case of Eq.(1.1). Hence, we can estimate the group of terms in (2)
following the the same lines as in Prop. 4.1 of [Ma2].

Finally, let us come to the terms in (3). For any a € N2, we have to
consider the sum

ol
Ye =
T e
1l lng|>0

2.

1<v1 <|p1| 1< <|pa]

> 2k 901y 9Py
B1+-+0Bu = /81 '/BVI‘

0<|85;|

|
S g g, (3.33)

...
771+"'+"7V2=/~‘L2 7’1 T’VZ
0<|n;|

0, 020, " f(t, @, u, p)

v1lvo!

with p = u,. Putting,

K= p1 + K2, v=uv1+12

we observe that,

Y X X=Xy (X X))

mitpgla 1<y <|ug| 1<ve<|pe| ula2<v<|y| p1tpe=p vitrg=v
[ee1 15 mp|>0 1<v; <|ps ]

besides, we have the elementary inequality

I@ﬂlu\ ce |8:BVQU|
D D G D Y En

n1+pu2=p ntrve=v B+ +Bu =1

0<8;1
(= 0™ p] - -- |3"”2pl>
711+"'+"7V2=“2 |/,71|!. T |T’V2‘!
0<n;|
<, Z (‘3B1u| + |a,81p|) - (|3ﬁuu| + |3,6’Vp|). (3'34)
- Bi++Bu=n I/ﬁl" I/BVI'

|8;1>0
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Hence, using we obtain
Yo = Cola' Y. Y MYTHPY o — p

pla 2<v<|u|
> (16 u] +10%1p]) - - - (18 u| + |6 p|)
B1+ - +Bu=u ‘lBll!... |/8V|!
|B;|>0

and now it is clear that the sum
N ik
o(t)? " .
Z s §* Z 1Y *|lL2(B,) (3.35)
j=kt1 T

can be estimated as in because in (3.35) we still have the con-
dition v > 2.

lo=5—-1

4. Proof of Theorem 1.1 (Analytic regularity)

For sake of simplicity, we will prove in detail [Theorem 1.1 in the par-
ticular case the nonlinear term in Eq.(1.1), f = f(¢,z,u, uz, us), doesn’t
depend explicitly on u,u;. To handle the general case, it is only necessary
to show that the estimate (3.29), given in Lemma 3.2, keeps holding when f
depends also on u(z,t) and u:(t,z). See Remark 3.3. Thus, we will consider
here the quasi-linear equation

L(u) = uy — (a(t, x)ug), + b(t, x)ur + c(t,x)u = f(t,z,uz) (4.1)

where a,b,c € A([0,T) x Rg); f(t,z,p) € A([0,T) x Ry x Rp); a(t,x) and
f(t, x,p) satisfy the inequalities

{ 0<a(t,z) <A VY(tz)e[0,T)x Ry, (a)
8/ (t,2p) < L(K)Waltm)  W(twp) € K (b)

VK CcC [0,T) x Ry x R,,.
Assuming u € C*([0,T) x R;) to be a smooth solution to Eq.(4.1)
with initial data, u(0,z) and u;(0,z), analytic on some closed interval

Doz{mERw:Im—:ﬂS&} (6 >0,z € R,), (4.2)
we shall prove that u(t,z) is uniformly analytic in the domain D(h),

D(h)d:ef{(t,x) ER;xR,:0<t<h, |z—37 gé—tﬁ}, (4.3)
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for every 0 < h < min (T,6§/v/)).

Remark. It will be essential for our method to show that Eq.(4.1) has
the uniqueness property (in the C*-class) with respect to the initial value
problem. This is an easy consequence of the following result.

Theorem 4.1 Assume that a(t, z) is real analytic on [0,T) x R, and the
following conditions hold

0<a(t,z) <X VY(tz)e[0,T) xR,
{ bi(t,x)] < M(K)+/a(t,z) (t,z) € K VK CC [0,T) x Ry.

¢

(4.4)

Then the linear Cauchy problem

u — (a(t, x)ue), + bi(t, x)ug + ba(t, x)ue + c(t, z)u = g(t, z),
u(0,z) = up(z) u(0,2) = uy(x),

(with by, by, c, f,€ C™) is globally well posed in C*®°. Moreover, the finite
speed of propagation property holds, with speed < /.

Proof.  See [D2]. []

In fact, if the nonlinear Levi condition (1.2)" (b) holds, it is enough
to apply Th.4.1 to the linearized equation, to obtain that Eq.(4.1) has the
uniqueness property.

Now, thanks to the well known Cauchy-Kovalewsky theorem and the
uniqueness property, we deduce that u(t,z) is analytic on D(e) for some
e > 0 and then it is possible to define:

T = sup{s >0:u(t,z) € A(D(S))}. (4.5)

Clearly, to prove that u(t, z) € A(D(s))Vs,0 < s < min(T, §/v/)), it is suf-
ficient to show that, if 7 < min(T,8/v/)A), then u(t, z) is uniformly analytic
on D(7), that is

10%u(t, z)||L2(pry < CAall, Vo, a=(a,az) (4.6)

for some constants C,A > 0. In fact implies that u(r,-),u;(r,-) are
analytic on D(7) N {t = 7}; thus, applying again the theorem of Cauchy-
Kovalewsky, we can solve (at least locally) the problem

L(v) = f(t, z,vy),

v(T,z) =u(r,z), wv(r,z)=w(r,z) onD(r)N{t=rT}
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in a neighborhood of D(r) N {t = 7}. Then, thanks to the well-posedness
result of Th.4.1 (applied to the linearized of Eq.(4.1)), we deduce that u(t, x)
is analytic on D(7 + ¢€) for some € > 0, and this contradicts the definition
of 7.

Proof of 4.6 Assume 7 < min(T, §/v/)). To prove the estimate [4.6), it is

sufficient to verify the following.
Given (1,xz9) € D(r) N {t = 7} it is possible to find a neighborhood
U(r,xg) of (1,xz0) such that

u(t,z) € A(D(1)NU(T,x0)). (4.7)

If a(t,zo) > 0, then Eq.(4.1) is strictly hyperbolic in a neighborhood of
(7,z0). Hence, from the results of it follows that u(t,z) is analytic in
a neighborhood of (7,xzg) in D(7).

Finally, assume a(71,z9) = 0. Thanks to Lemma A.2, of Appendix A,
we can find 8 > 1 (see (A.13)) and ¢ sufficiently small, 0 < 6 < 7, such
that, defining the curves

1 (t) = zo — VAt — 7/°,
Yo(t) = 2o + VAt — 7|° (4.8)

and a dependence domain I'; as in [2.5), namely

def

I, = {(t,a:) () <z <yt),T-6 <t < 7'} C D(7), (4.9)

one has I'; C D(7), and the conditions (2.6), are satisfied. Moreover,
since the interior of the domain I'; is a standard cusp, we know that Lemma
2.2 holds for some integer ro. Hence, performing eventually the change of
variables (t,z) — (t — 7 + 6,x), we can apply (in the case
s = s/ = 1) and assume, in the following,

T =20.

Since, from the definition of 7, u(t,z) is uniformly analytic on
D(s) for every s < 7, and
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there exists 01,0 < g1 < g, (see Lemma 3.2) such that
ENO) <&, YN>k+1 if 0<00)< . (4.11)

Hence, choosing the decreasing function o(t) > 0 as the solution of the
linear differential equation

/

Y
k+1

+Co=0, 00)=0 (0<p< o) (4.12)

where k, C are the constants appearing in (3.29), it follows that

EN(0) <&, %EN(O) <®EN(0) YN>k+1. (4.13)

moreover, assuming EN < &, and applying again (3.29), we have

d.N_ N AN L k(J—k ,
Eg <0 +Co+ @& )+.§+1 (j_l)!] { ; 0 +Cg}\/Ej
J:

< ®(EM). (4.14)
Recalling that ®(€) is analytic in a neighborhood of 0 and vanishes at

0, we can find g, a positive real number, such that the solution y(t) of the
ordinary differential equation

d oo g]-k .
P -dy), y0)=o+ Y 2—i"/E;(0),
dt j=kt1 I

exists for 0 <t < 7 and satisfies
y(t) < &.

Thus, making the final assumption that o(0) = g < min{p1, 02} and using
(4.13), [(4.14), it follows that

ENt) <&, Vte[o,7] VYN>k+1. (4.15)

Finally, from and the definition of £V (t) we have, for 0 <t < 7
and Va,

10%u(t, )llLas,) + 118%u(t, 2)l|L2(rt,m0)) < CA ! (4.16)

for some constants C,A > 0. Now, applying the embedding wnequality of
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and taking into account that

ve A(D(t)) for t<rT

we deduce that u(t,z) is uniformly analytic (that is |0%u(t,-)| < CAl|a!
uniformly) in a neighborhood of (7,z¢) in D(7), thanks to the unique con-
tinuation principle for analytic functions. ]

Remark 4.2 Using the estimates proved in (in the case 1 <
s < 2) we can extend the results of [RY1]. Actually, we are able to prove

the

Gevrey regularity of a given C* solution u(t,z) under some additional

conditions:

()

(1)

assumption (A) of holds; namely, denoting by Gr the rectangle
[0,T] x [-R, R, for any R > 0 we can find k functions 0 = ¢o(z) <
$1(z) < -+ < ¢p1(z) = T, ¢i(z) € G(Ry); (k depending on R)
such that, defining

G ={(t,2) s ¢ja(®) <t < @5(a)}, G=1,....k

the following holds:

(1) a(¢j(z),2)¢;(@)? < 1 on [~R, K}

(2) in each region G%, one of the following inequalities holds, for
some constant C (depending on j):

a; > —Ca or a; <Ca;

(cusp condition) fixed any (to,zo) € (0,7) x Ry there exist positive
real numbers ), §, 3 and C > 0, such that, defining

v(t) = At — to|?
we have

at(t7$) S Ca(t,ac) fOT IZC - wOl < V(t)a (tO - 5) <t< th

a(t,x)}_ <At for (to—6)<t<to, (4.17)
z=17(t)

and ), 6, 3 and C can be chosen constant on every compact set K, such
that, for some 57 > 1,

K C G%.

Taking into account the well posedness in the Gevrey class GG (Ry)
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(s < 2) of Cauchy problem for the quasi-linear equation (see [DM]) if

the condition (4.18) below holds, we can now state the following:

Theorem 4.3 Assume (1.2) holds and a(t, z) is a Gevrey function of or-
der 1 < s < 2. Moreover, let the nonlinear term f(t,z,u,p,q) satisfy
the following estimate: Vp > 0 VK CC [0,T) x R, we can find constants
P,,Mg,C > 0 such that, whenever |ul,|pl,|q| < p, (t,2) € K,

0700 f (8,2 u,p,)| < CMPPalt®|BI, Yo v8 (418

with 1 < s’ < s;a € N2, 3 € N3. Finally, assume that conditions (I) and
(I1) hold.

Then, every real solution u(t,z) € C>*([0,T) x R,) to Eq.(1.1) with
initial data

u(0, z),us (0, z) € G (R,)
belongs to G©)([0,T) x Ry).

Remark 4.4 Condition (4.18) is sufficient to prove local existence and uni-
queness of solutions in the Gevrey classes to the nonlinear Cauchy problem:

Utt — (a’(t7w)um)x = f(t’xau’ Ut,ux),

u(0, z) = uo(x), ut(0,2) = uy (z).

Clearly, in the analytic case, s = s’ = 1, we have only to apply the Cauchy-
Kovalewsky theorem. See Th.1; see also where the question is
investigated in a more general situation.

To obtain the well posedness in C* for the linearized equation, it is
enough to require that the coefficient a(t, x) satisfies assumption (A). See
[D2], Th.1. This condition is automatically verified if a(t,z) is a non-
negative real analytic function.

As it is well known, Levi conditions are not necessary for the well posed-
ness in the C* class. Necessary and sufficient conditions can be found in

N7
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Appendix

A. Cusp Condition

In this section we shall verify the cusp condition for non-negative real
analytic functions in two variables. The proof (see Lemma A.2 below) is
based on the Weierstrass preparation theorem and expansion in Puiseux
series. Then, following , we state an embedding theorem for domain
with cusps.

We start with a special case.

Lemma A.1 Let P(t,z) be the polynomial in |t|P,|t|? and = given by

P(t,z) = (= — (alt]” + iblt?)) - (= — (altP - iblt|?)) (A1)
where a,b,p,q € R and p,q > 0. Then, fixzing A > 0, we can find 6,3 > 0
such that, defining v(t) = A|t|°, we have

%P(t,x) <0 for —8<t<0,le<A() (A.2)

and
P(t,v(1), P(t, =) < C()Y ()7,  for —6<t<0 (A2)

where C(t) > 0, C(t) is a decreasing function such that C(t) — 0 ast — 0.
Moreover, it is sufficient to assume

2min (p,q) —p< B and [ <min(p,q)+1 (A.3)
to obtain, for 6 > 0 sufficiently small, (A.2) and (A.2') respectively.
Proof.  To begin with, we consider the case ¢ > p or b = 0. Since

Py(t, z) = 2paz|t|P~L —2pa®|t|?P~1 —2¢b?|t|*41  for t <0, (A.4)

to obtain (A.2) (for é > 0 sufficiently small), it is enough to assume that
B > p. To verify the other inequality, substituting the expression of ¥(t)
into (A.2)', we have

A2|t28 + 2aA[t|PTP + a?|t)?P + b2[t]29 < N2B2|t|2P2 (A.5)

hence, it is sufficient to require that 3 < p+1 to obtain the inequality (A.2)’
with a decreasing C(t) such that C(t) — 0 as t — 0. Thus, for ¢ > p we
have the condition
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p< B<p+1. (A.6)

Consider now the case ¢ < p and b # 0. From (A.4) we deduce the condition

B > 2q — p, while from we have 3 < ¢+ 1. Thus, in the second case
we find

2q-p<fB<q+1. (A.7)
Clearly, from and we obtain (A.3). O

Lemma A.2 Let A(t,z) be a real analytic function in a neighborhood of
the origin in R; x R, and assume that

A(t,z) >0, A(0,0)=0.

Then fized A > 0, there are constants §, 3 > 0 and C > 0, such that, defining
v(t) = At|®, we have

%A(t, z) < CA(t,x) for —6<t<0,|z|<~(t) (A.8)
and
A(t, z) <A} for —§<t<O. (A.9)
=17(t)

Proof.  Suppose that A(t, z) does not vanish identically, then by the Weier-
strass’ preparation theorem and the non-negativity of A(t, x), the set

{(t,z) e Rx C: A(t,z) = 0}

can be described in a neighborhood U of the origin in R x C as a union of
a finite number of curves, x1(t), Z1(t),...,2Zm(t), Zm(t),m > 0, and possibly
the lines {t = 0}, {x = 0}. Thus, we decompose A(t,z) as follows

Alt,2) = P*220(t,2) [ (z - 2;(0)) - (z — 7(1) (A.10)

j=1

with k,I,m € N, where ®(0,0) > 0,®(t,z) is real analytic in U and (if
m > 0 and 1 < j < m) z;(t) does not vanish identically. Moreover, each
zj(t) is expressed by the Puiseux series of the real variable t < 0 or t > 0,

zi(t) = Y CF(xt) /"0, (A.11)

v=1
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with C,fj € C and r(j) € N\{0}. It is not difficult to see that Lemma A.2
holds for m = 0. Thus, in the following, we will consider the case m > 1.
Assuming m > 1 we observe that, for t <0 and 1 < j < m, it is possible to
find a;,b; € R, |a;| + |bj| > 0, and two real Puiseux series R;(t), I;(t) such
that

23(6) = ay{ts + ibgltl® + PR, () + il (Ad2)
where R;(t) =0 if a; = 0; I;(t) =0if b; =0 ; pj,q;,€; > 0. Now, we take
B > 0 such that

1r<_nja§}$n {2 min (p;, g;) _Pj} <pB< 12%)5’1{m1n (pj,qj)} +1 (A.13)

hence, from the results of Lemma Al1 and the representation (A.13), by
standard arguments it is easy to conclude that, for 1 < j < m and § > 0
sufficiently small,

9
ot

where v(t) = A|t|?. Thus, from (A.10) and (A.14) we obtain (A.8) for a
suitable constant C. To verify (A.9), we observe that

(x—z;(t) - (x—Z;(t)) <O0for —6 <t <0,]z] <H(t) (A.14)

2min (pjq, gjo) — Pjo < B < min (pjy, gjo) + 1

for some jo,1 < jo < m. Hence, from (A.2') of Lemma A.1, we have

(2 — 25 (1)) - (z — T3 () < C(E)Y'(2)°

(A.15)
for —6<t<0,z==2v(t)

where C(6) > 0, and C(§) — 0 as § — 0. Now, (A.9) follows from the
expression (A.10) of A(t,z) and the inequality (A.15) if 6 > 0 is sufficiently
small. ]

To conclude this section, we recall the following embedding theorem for
a domain with cusps.

If1<k<n-—1and g >1,let Qp denote the standard cusp in R",
given by the inequalities

2
m%++$%<xk’il’ $k+1>0,...,$n>0,

2 2\1/8 2 2 (A.16)
(.’E1++$k) +$k—+—1+ +-'17n<Q (Q>0_ﬁ.’1,‘€d)
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Theorem 1.3 Let Q2 be a domain in R™ having the following property:

there exists a family D of open subsets of Q0 such that

i) Q= UGE’D G

(i) D has the finite intersection property;

(iii) at most a finite number of elements G € D have the cone property;

(iv) there exist positive constants v > mp —n and A such that for any
G € D not having the cone property there exists a one to one function
Y mapping G onto a standard cusp Qy g, where (8 —1)k < v and such
that for alli,j,(1 <4,5 <n), allz € G, and all y € Qi3 ,

A, (yp~1); ’
Oz; Oy;

<A and ‘ <A (A.17)

Then

(v+n)p

WmP(Q) — L), p<g< .
vV+n—mp

(A.18)

If v =mp—mn, (A.18) holds for p < q < 0o and q = 0o if p = 1. If
v <mp-n, (A.18) holds for p < q < co. Moreover, if v < (m—j)p—n
where 0 < 7 < m — 1, then

W™P(Q) — C4L(Q).

Proof.  See [A], Th.5.35, Th.5.36 . []

Remark. It is always possible to choose 3 > 1 in the statement of Lemma
A.2. This follows from (A.13). Let us consider now the cusp I' of R; x R,
given by (5 > 1 and A,6 > 0)

T ={(t,0):[a| <At)?, for —6<t< 0} (A.19)

and let us define B =I'N{t =7}, =TN{-6 <t <7} for =6 <7 <0.
Using the Sobolev embedding theorem for —6 < ¢ < —§/2 and the result of
TheoremA.1 for —§/2 <t < 0, it is easy to see that there exist py € N and
C > 0 (which depends only on §, A, 8) such that

[t )|Le(,) < C'(Hu(t, 2)|lwro2(r,) + [lult, ')HWPO»?(Bt))

for -6 <t <O.
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B. Estimates of Partial Differential Operators

We quote here the fundamental L?-estimates for partial differential op-
erators with coefficients in Gevrey class G* (with s > 1) referring to [AS]
and for more details and the proofs.

Lemma B.1 Let us consider a real symmetric n X n matriz {ap} such
that the quadratic form R™ 3 £ — Y apr€néi is positive semidefinite. More-
over, suppose that ap € GO (R™)(h,k=1,...,n),

10%an,(z)| < CoA?l(Ja|))® on R™ ae N"

(where 0% = 031 ...095") for some C,, A, independent of a and denote by
A the operator

n

Av) = — Z Op, (ank(z)0g,v) . (B.1)
h,k=1
Let Q be a l-dimensional domain contained in a l-dimensional plane in R",
1 <1 < mn; then, for any A > Ag there exists a constant C = C (n,C,, Ay, A)
such that for every v € H*(R")

Al <03 Y ([

a(0%v, aav)dx') 12

|| =5 lal=j 7%
J j+2—h N
C(j+2)° ——||0 B.
OGNS o e (B
where 0 = s — 1 and a(v,v) is the quadratic form defined by
n

a(v,v) = Z ap Uz, Vg, aNd

h,k=1

10" |L2@) = Y 11070l (b€ N).

|B|=h

Remark. The second summation in the right hand side of estimates
the L2 — norm of the terms of order < j in [A,8%u while the first one
estimates the L2 — norm of the terms of order j + 1 (see [D1]), to this end
it is sufficient to apply the following inequality due to O. Oleinik (see [O2]):

Let {apx} be a hermitian non-negative matrix of functions in
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W22 (R™). Then for every n x n real symmetric matrix {&p}, for j =
1,...,n

( Z O apk(x §hk> < C1(n)Ca(ank) Y ank()€hgéiqg (B.3)
h,k=1 h.k.q
where Cy is the W2 norm of the ay.

Proof of Lemma B.1  (see [D1]). Fixed «, and denoting by ey,...e, the

canonical base of R™, we write
[A4,0%v =1, +II,+III,

where

(;) 8a+eh—ﬂahkaﬁ+ek v

R
x
w®

<o

11, = Z (g) 8a~ﬁahkaﬁ+eh+ekv

hk B<a
18]< | —2

II1, = Z Z <g> aa—ﬁahkaﬁ+eh+ekv'

hk A<
18]=lal -1

Using the upper bounds on the coefficients ay; and noting that

o +ep— Bl =j+1- 18], (‘;) < <||;D

we have
Z HIaHL2(Q) < nC, Z Z
la|=5 le|=5 k
Y (w)(j +1 = B AL 95 k|2
B<a

Now, applying the elementary inequality, for zg > 0, K > 1,

Z ( Z a:;;) < C(K,n)zl:Kj_r( Z :c5>

la|l=5  B<a,|B<I r=0 |Bl=r
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withl=7—-1,K =A/A, > 1 and

j . sAJ+1— e
Tg=y (ﬁl) (j+1— [BDIEATTII 0 k|| g

k

we obtain

J . |
Z ”IaHL?(Q) <C Z (Vi 1) (1+2- ,/)!SAJ+2—V
( Z lla%“L?(Q))-

|8|=v

The terms I, yield an analogous inequality, with (Vi 2) instead of (Ui 1).
Summing up and observing that

J J o\ _(i+1 (5+2)
(V_1)+(V_2) i (1) = e

we get the estimate of the terms I, and I1,. Finally, to estimate the terms
I11,, we apply inequality (B.3). With this estimate, it is not difficult to see
that, taking &, = 9P TerTerq,

S MLl < €3 3 ([

1/2
a(a%,a%)dm’) / :

ol =j jal=5 %
]
Lemma B.2 With the same notations as in Lemma B.1, let
Q=Y o, (B.4)
ly|<m
be a partial differential operator on R™ such that
0%ay] < CoAll(lal))® 7] < m. (B.5)

Then, for any A > A, there exists a constant C = C(n,Co, Ao, A) such that
for every v € H*®(R™)

Jtm yitm—h
> 10°Qullgag) < CG+m) Y, —

=3 h=0

10"0llgaqy  (B6)

Remark. InLemma B.1 and B.2 we give the L?-estimates on an arbitrary
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I-dimensional domain © in R™. This is an easy generalization of the re-
sults proved in [AS|,[D1] due to the fact that the estimates are completely
independent of the domain.

Finally, following the same line of the estimates of the terms of order
< j of [A,0%v in Lemma Bl1, we give an estimate for the commutator
[Q,0%v when Q is a first order differential operator.

Lemma B.3 Consider the first order differential operator Q = Y i b0y,
and assume that:

10%b;(z)] < Co, Aot 1 <4< n.

Then for arbitrary A > A, there exists a constant C = C (n, Co, Aoy, A) such
that

J Aj+1-h L
2 I19%, Qlella) < €3 3. s l0" vz (B)

= h=1

C. Estimates of the nonlinear term

Throughout this section we shall prove some technical estimates of the
L? norm of the nonlinear term. More precisely, we shall first consider a
nonlinear term of the form f(z,p(z)) where f : R" xR - R and p: R"* —
R are smooth functions.

Recalling Leibniz’ formula, for o € N, |a| > 0, we have,

O%f(x,p(x)) = I+ Iy + 111, + IV,.
where

I, = 3§f($,}9), II, = pf(w,p)aap,

Iy = ) (Z)f)?*“ Op f(z,p)0"p, (C.1)

0<pu<a

9y "oy f (=, !
2<v<iul \H v B+ +Bu=p prl-- B!
po 0<8;1
Assuming f(z,p) be a Gevrey function of its arguments, we can prove the
following.
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Lemma C.1 Let f: R" xR — R and p: R™ — R be smooth functions.
Let f satisfy the following condition (with 1 <s' <'s):

18,05 f(z,p)| < CoMPIPY|al*Vt Yo e N", Vv eN (C.2)

for some constants C,, M,, P, independent of o.. Then, for arbitrary M >
M,, P > P, there exists a constant C = C(n,C,, My, P,, M, P) such that
the following estimate holds

J—1 Mi—h

Z lIIIIaHL2 < Cj¥? Z m“athLz,
|l =7 h=1
) Mj—hPu
> MVallez < €31 ¥ e (C.3)
|a|=j 2<v<h<j : -
s 1Ol 1
hi+-+hy=h hil---hyq! h,! L
0<hy <h;<hy
cmd, Zf f(CE,O) = O;
> Malle < CM|pllLe Wi 21 (C.4)

|lal=5

where we have adopted the simplified notation

10"w||g2 = > ||0°w||2  for h € N.
|ae|=h

Proof.  Since f(z,0) = 0, applying and the elementary inequality

1= (nHIl) <" (neNm), (C5)

. n —
[nl=3

taking M > M, we obtain

> 110:f (@, p)lIp2 < C M Poj®||plly

|al=j

for some constant C depending on M /M,. Then, to estimate the L2 —norm
of the terms IV, we recall the inequalities
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W !
Bl B~ Bt 18!

Moreover, for every nonnegative symmetric function ¢ defined on a sym-
metric set B C (N™)”, with v > 2,

S BB Svv-1) Y B, B8).

(Br,.B,)EB (B1,,Bv)EB
1811<18;1<18v|

if u=p+...4+p0,. (C.6)

Hence, we have

Yo lMVallge <30 Y0 Y MeHPY o -yl (w—1)

lal=7 |a|=7 2<v<]ul|
ula

1
z By
2 T e 10 bl
0<18y <161 <15 |

' HaﬂUPHLq(Bt)- (C.7)

Now, observing that

DD DD PR

la|=j p<a |ul<j [n|=5—|u

(C.8)
> = ey,
:h B]+~~+ﬁl/:ﬂ/ h1+"'+h1/:h :h :h,
I 0<{B11<18; 118 0<hy;<h;<hy 1Br=ha 1By |=hy

thanks to (C.5) and the first identity in (C.8), taking M > M,, P > P,, we
have

S Vel < €Y MITHIPY (G — )yt =

o :] 2<v<|pl
o [l <j

>, {xk (C.9)

Br++Bu=n
0<1811<15;1<1Bu]

applying the second identity in (C.8) we easily obtain the second estimate
in (C.3).

Finally, we remark that the estimate of the terms IT1, follows easily
from Lemma B.3. []

Remark. Let us now observe that, if v > 2 and hy + --- 4+ h, = h, with
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1 < h; <h,, then:

hile e hy 1! (hy +1)!

so that

(G — Ryl - - hy il + 1!

ifh=hi+---+h, <j,h; > 1,v > 2. With this in mind, we can easily
derive that

Mj—hpu
Z [IVallLz < C51° Z =8 Z

|C¥i:] ZSVShgj hl+"'+hu:h
0<hy<h;<hy

10" pllpes - - [10™pllpe 18" plly.e
hi!s---h,_1!s hu!shg

(C.10)

where 0 = s — 1.

Finally, we recall the Leibniz’ formula for a composite function of the
form f(z,u,p). In this case, we have

Ffaup) = Y Y%

TSI
mtuauz=a PEHEES o) <l o< <yl
01 02053 f(z,u, p)
1/1!1/2!

'LLl! ﬂl ﬂu
Z B3 !8 - 07
B1+ 4By =1 V1

0<| 851

!
3 L‘anlp...anuzp (C.11)

I...
m vy =pg - Mz
0< ;|

where we use the agreement that, if v; = 0, then the corresponding sum is
absent.
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