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Symmetry algebras of normal A-hypergeometric systems

Mutsumi SAITO
(Received August 28, 1995)

Abstract. The structure of the symmetry algebras of normal A-hypergeometric systems
is studied and determined in terms of generators and relations. An irreducible component
of the semisimple part of their symmetry Lie algebras is proved to be either of A-type or
of C-type. This result generalizes Hrabowski’s theorem [Hr].
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Introduction

Miller demonstrated in that a variety of addition theorems and
generating functions for generalized hypergeometric functions were derived
from the representation theory of the corresponding symmetry Lie algebras,
which he called dynamical symmetry algebras. In the case of A,-type, by
using the symmetry Lie algebras of hypergeometric systems, Sasaki obtained
in all contiguity relations for the corresponding generalized hyperge-
ometric functions, and Horikawa clarified in the action of the Weyl
group on the space of those functions. These examples show that the study
of the structure and the representation theory of the symmetry Lie algebras
of hypergeometric systems is very important. In this direction, Hrabowski
proved in that, when a symmetry Lie algebra generates all symmetries,
it is a simple Lie algebra of finite dimension if and only if the simple Lie
algebra is either of A,-type or of C),-type where n is the dimension of the
parameter space. In this paper, we generalize his result when a symmetry
Lie algebra not necessarily generates all symmetries. To solve this problem,
we proceed in the following way. First we determine the structure of the
associative algebra composed of all symmetries; we call this associative al-
gebra, the symmetry algebra of a hypergeometric system. Next we study
the symmetry Lie algebra as the Lie subalgebra composed of all symmetries
of order less than or equal to one.

Among a number of definitions of generalized hypergeometric systems,
we choose a definition suitable for our problem of determining the structure

1991 Mathematics Subject Classification : 16532, 17B66, 33C70.



592 M. Saito

of the symmetry algebras: that is the definition of generalized hypergeo-
metric systems in which symmetries are nicely visible. We adopt the defini-
tion of A-hypergeometric systems, which were defined and studied from the
toric viewpoint by Gelfand and his collaborators in the successive papers
[G], [GGZ], [GZK1], [GZK?2], [GKZ], etc. We remark that similar hyperge-
ometric systems were defined and studied by Hrabowski in his paper
under the influence of the paper in which two-variable case was stud-
ied and that, as seen in [Ho], A-hypergeometric systems are Hrabowski’s
hypergeometric systems with the regularity condition.

In the paper the author defined b-functions for A-hypergeomet-
ric systems and calculated them when the systems were normal in the
sense to be defined later in §1. In this paper, by using the theory of b-
functions, we obtain the structure theorem of symmetry algebras of normal
A-hypergeometric systems in terms of generators and relations. As a re-
sult, we prove that the semisimple part of the symmetry Lie algebra of any
normal A-hypergeometric system is the sum of components of A-type or
C-type. This is a generalization of the Hrabowski’s result mentioned above.

Ezample 0.1. Here by using the hypergeometric function ,F,_1, we show
a method of deriving an A-hypergeometric system from a hypergeometric
function (cf. [M1}, [KKM]) and a motivation to study symmetry algebras.
The function ,F,_; around the origin of C is defined to be

O n

pr-l(al,...,ap;bl,.. p 15 L Z ) (01)

where we put

1, forn=20
(a)":{a(a+1)...(a+n—1), for n > 1. (0.2)

Following Miller (cf. ), we associate an A-hypergeometric system with
the function ,F,_;. We easily see the following differential contiguity rela-
tions for ,F,_1:

(19 + ai)pr_l = qa; pr_l(ai + 1) ( 1< )

(19 +b; — 1) Fp 1= (bl - ].) Fp 1(b 1) (1 1),
9 F fl‘“F (a1 + 1 +13b 4+ 1. by +1)
o plp—-1= p—1{a1 y- -5 ap 3 01 yee oy 0p—1
axp Hi:l

(0.3)
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where ¥ = x - 9/0x. Here pF,_1(a; + 1) stands for ,F, (a1,...,a; +

L,...,ap;b1,...,bp_1;7), etc. In order to consider the contiguity operators
appearing on the left hand sides of the equations (0.3) as vector fields, we
introduce additional variables v, , ... s Vays Ubys - - - Up,_, and a new function
. b1 —1 bp—1—1
pFp—1=pFp-1-vg} -+ V5P - vy "'”bz_ll : (0.4)
We then define the following operators:
E% = v, (9 + 94,) (1<:<p),
Ey, = Ub_il(ﬂ—{—ﬂbi) (1§i§p—1),
Eal ap bl bp-l = ’Ual . e Uap . Ubl e 'pr*l % (0.5)

where 94, = vg; - 0/0vq; (1 <0 < p) and %y, = vy, - 8/, (1 < i< p—1).
Then the function ,F,_; satisfies

(0.6)
Hence the function pﬁ’p_l is a solution of the system of differential equations

(Pg, —a;))® =0 (1<i<p),
(19(,1.—()1‘—}-1)(1):0 (1§i§p—1),
(Ea1 N Ebl L Ebp_lEa1...ap.b1...bp_1)q) =0. (07)

r to u; = —v;il
, . _ —1,-1 ~1

(1 <i<p), upri =wp, (1 <0 <p=1),up =vg! v lvy v, 50
that E% (1 <1 <p), Ep, (1 <i<p-1), E% % b-1 gre transformed into
D; (1 <i<p), Dpyi (1 <i <p—1), Dy respectively where D; = 8/0u;

1 < j < 2p). Hence the function ,F,_1(u,...,us,) is a solution of the
J 14 plp P

Next we change variables from vg, ...vq,,08,, ..., Vbp_15
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system of differential equations

(9i+92p+ai)q> =0 (1_<_i§p),
(9p+i—92p—bi+l)@=() (1§i§p—1),
(D1 Dy — Dy -+~ Dap)® = 0, (0.8)

where 6; = u;D; (1 < j < 2p). We call the above system (0.8) an A-
hypergeometric system M,, with parameter — Y 2_, a;e; + Zf;ll (bi — 1)epyi
where we put A = {Xl = €15 X2p~1 = €2p—1, X2p = Zf:l € — Zf;f €p+i
c 7! = @?ﬁ;l Ze; }. We easily see that the operators D; (1 < ¢ < 2p—1),
0; + 02 (1 <1< p),bpti —02p (1 <i<p-—1), and 1 form a basis of a
Lie subalgebra g, of the symmetry Lie algebra of M,. By the explicit
calculation, we find that the Lie algebra g, coincides with the symmetry
Lie algebra if and only if p # 2. When p = 2, the symmetry Lie algebra is
much larger than g (see [M1] again). On the other hand, we can describe
the symmetry algebras of M,, (p > 2) in a unified fashion (see Example 2.7,
(I’heorem 2.17, and [Theorem 4.5). Hence the symmetry algebra is better
suited for the systematic study than the symmetry Lie algebra. This is the
reason why we work on the symmetry algebra first.

Let us take a brief look at the contents, section by section. In §1 we
define the symmetry algebra A of a normal A-hypergeometric system, and
prove that it has a weight decomposition (Lemma 1.4). In §2 we prove that
the weight subspace A of A with weight 0 is a polynomial ring (Proposition|
2.4). Then we determine the Ag-module structure of A (Theorem 2.17)); for
each weight X, the weight subspace A, is a free Ag-module of rank one gen-
erated by a uniquely determined operator E, . In §3 we define irreducibility
of A, and then prove a lemma (Lemma 3.4) for obtaining relations among
the generators E, (cf. Remark 4.6). In §4 we determine the structure of
the symmetry algebra A as an algebra ([Theorem 4.5). In §5, for operators
in A, we define their orders, and calculate them ([Proposition 5.3). We de-
fine the symmetry Lie algebra g as the Lie subalgebra of A composed of all
symmetries of order less than or equal to one. We denote by R the set of

the nonzero weights of the reductive part of the symmetry Lie algebra g.
We prove that the set R is a reduced root system whose irreducible compo-
nents are of A-type or of C-type ([I’heorem 5.8 and [Iheorem 5.9), which is
a generalization of the Hrabowski’s result mentioned above.
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1. Symmetry algebras of normal 4-hypergeometric systems

In this section, we recall some definitions and fix notations related to an
A-hypergeometric system, its symmetry algebra A, etc. Then we see that
the Lie algebra h of an n-dimensional algebraic torus T' can be considered
as a subspace of the symmetry algebra A ((Corollary 1.3). Accordingly we
decompose the symmetry algebra A into its weight spaces with respect to
b (Lemma. 1.4).

We begin with the definition of A-hypergeometric systems following
Gelfand-Graev-Zelevinski (cf. [GGZ]). Let T = {t = (t1,...,tn) | t; €
C — {0} (Vi) } be an n-dimensional algebraic torus, M its character group,
and bz the dual group of M. We can consider each operator s; = t;(9/9t;)
(4 =1,...,n) as an element of bz (cf. [O]); then {s1,...,5s, } is a basis of
the free Z-module bhz. For a subset A = {x; |1 <j< N} (N >n)of M
we consider the following three conditions:

The vectors x1,...,XxN generate M. (1.1)

There exists an element cy € bz such that

x;j(co) =1 for all j. (1.2)

N
In Mg :=R®z M, we have A = M N (Z RZOXJ-)
j=1
N
where we define the semigroup A by A := Z Z>0X;- (1.3)
j=1
For a set A satisfying (1.1) and (1.2), we denote by L the subgroup of
ZN consisting of those a = (aj)§v=1 satisfying Z;-V:l ajx; = 0. Let W =
Cluq,...,uy, D1,...,Dy] denote the Weyl algebra on CV where (uy, ...,
uy) is a coordinate system on CV and D; =0/0ujforj=1,...,N. Weput
o = Ia;50 Dy’ —Ila,<o D;  fora € L. For B = (B;)f=; € C" — C@zM
we call a W-module

W) (z::l W(é X;(50)6; — m) +3 WDa> (1.4)

a€L

the A-hypergeometric system with parameter 5 (cf. [GGZ]) where 6; =
u;D; (j=1,...,N). When A satisfies (1.3) in addition to (1.1) and (1.2),
the above A-hypergeometric system is said to be normal. Throughout this
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paper we require A to satisfy (1.1), (1.2), and (1.3).

Next we proceed to the definition of a symmetry algebra of an .A-
hypergeometric system. We denote by H = H 4 the quotient of W divided
by the left ideal generated by [, (a € L), i.e.,

H=W/Y W[,. (1.5)

a€L

The left W-module H is exactly the canonical system in the sense of Kalnins-
Manocha-Miller (cf. [KMM]). The symmetry algebra of an A-hypergeo-
metric system is, roughly speaking, the associative algebra consisting of the

differential operators which preserve the space of solutions of the canonical
system H. We define A = A4 by

A={PeW|[1,P=Y Pydy (Va€L,AP,eW)}. (L6)
belL

Clearly, A is an associative algebra and any element of A preserves the space
of solutions of the canonical system H. Since the operators [, (a € L) act
on the space of solutions trivially, we divide A by the ideal generated by
[Ja (a € L), which we call the symmetry algebra and A = A 4 denote it by

A= djin (T wo,)

a€l
- <A+ ZWDa>/ZWDa
acl acl
C H. (L.7)

It is actually an associative algebra since AN (X,c; Wl,) is a two-sided
ideal of A. In what follows, we denote the element of H represented by
P € W, by P or simply by P again.

Lemma 1.1 (1) Dy,...,Dy € A.
(2) i x;(s:)0; € A for alli with 1 < i <n.

Proof. (1) is trivial. For (2), we have

N
[ X;(8i)0;, Da]
j=1
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7=1 7=1

= (X ae) I1 07 + (X aptsn) I 0
a; >0 a; >0 a;<0 a;<0

= a]Xj(S'L') Da
aj>0

For the subset A = { x1 ..., xn~ } of the character group M, we consider
the map from T to CV defined by T 3 ¢ + (x1(¢), ..., xn(t )) € CN. Via this
map, each s; = t;(0/0t;) is identified with the operator ZJ 1 X5(s:)0; € W.
Hence we obtain a natural morphism from the polynomial ring Cls] =
(C[sl, .-+, 8n] to the polynomial ring C[6y,...,0x] C W by sending each

=t (8/8t ) to ZN 1 X;(51)0;. This morphlsm is injective because of (1.1)
and gives a morphlsm from the polynomial ring C[ s ] to the canonical system
H =W/} .cp W, when composed with the projection from W onto H.
By (2), the image of this morphism is included in the symmetry
algebra A. In order to check the injectivity of this morphism from C[s] to
A, we prove that the restriction to the polynomial ring C[61,.. .6 ~] of the
above projection is injective.

Lemma 1.2 Let g(0) = g(61,...,0N) be a polynomial in C[6y,...,0x].
Suppose that g(0) = 0 as an element of H. Then g =0 as a polynomial.

Proof. ~ We remark that, for each v = (7]-);-\7:1 € CV, the Weyl algebra W
naturally acts on the module of formal power series twisted by ~, i.e., on

(C[[ul,ul—l, o UN, u]_\,l JJuY. Suppose v = (’yj)j-vzl € (C—-Z)N. We define a
formal sum ®(u) by

O(u):= > (HI‘ i+ v+ 1) 1;””).

d:(dj)EZN Jj=1

Then D;j®(u) = ®(u) for all j. Hence ® is a solution of the canonical system
H and we have g(8)®(u) = 0 by the assumption On the other hand, we
have g(#)@(u) = Yg—, ez~ 9(d + 7)(ITL T(d; + 7 + 1) u? ™). Hence
we obtain g(d + ) = O for all d € ZVN, and thus g = 0. []
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Corollary 1.3  The morphism from C[s] to A sending s; to Z;\le x;(51)6;
foralli=1,... n is injective.

Proof.  This follows from and the remark just above
1.2. 0

From now on, we consider C[s] as a subspace of A and, accordingly, as
a subspace of H. We recall that bz is the dual group of the character group
M, and that {s1,..., s, } is its basis. We extend each x € M linearly on
h = C®z bhz. For each x € M, we define the weight space A, with weight
X by

Ay:={PeA|[s,P]=x(s)P (Vseh)}. (1.8)

Here we remark that b is identified with a subspace of A by [Corollary 1.3,

Lemma 1.4  We have the following weight space decomposition:

A= A,. (1.9)

XEM

Proof. Clearly we have a weight space decomposition W = @XE M Wy
where W, = {P € W | [s,P] = x(s)P (Vs €h)}. Let P be an operator in
A. Then there exist Py € Wy (x € M) such that P =3 .,/ P,. We prove
that each Py belongs to A by induction on the number of nonzero P,'s.
Suppose that neither P,/ nor P,» (x' # x”) is zero. We may assume that
X' is not zero. Take any element sy € hz which satisfies x/(s0) # x”(so).
By Lemma 1.1, we see that [so, P] = 3_, c5s X(s0)Py belongs to A. By the
induction hypothesis, we see P, € A since [sg, P] — x"(so)P € A. Hence
P— P, also belongs to A. We use the induction hypothesis again to conclude
P, € Aforall x € M. []

2. The structure of the symmetry algebra as an Ag-module

In this section, we determine the structure of the symmetry algebra
A as an Ap-module. For this determination, we use three tools. First,
since the symmetry algebra A is a noncommutative algebra, we consider a
filtration of A to obtain its graded algebra that is commutative. Second,
since it turns out that the symmetry algebra A has no zero-divisors, we
consider a kind of microlocalization of A. Finally, we consider b-functions
for A-hypergeometric systems; they were defined and studied in .
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We now recall the filtration of the Weyl algebra W by order of operators.
For each nonnegative integer k, we denote by W (k) the set of all linear
differential operators in W with order less than or equal to k. Then W (k)
is a free C[u]-module with a basis { D@ ---D;iVN | di+ - +dy < k},
and {W(k)}32, is an increasing filtration of W satisfying W = (g2, W (k).
Here we put C[u] = C[uq,...,un]. Let ok denote the principal symbol of
degree k; it is a mapping from W (k) to C[u] ®c C[£], i.e

O’k( Z ady..ay (w) DI - 'D?VN)

di+-+dn<k

d d
= Z Ad;...dy () TR NN' (2'1)
dy+-tdy =k

Here we put C[¢] = C[£&3,...,&n]. The filtration of W induces a filtration
{A(k)}32, of A, ie.,

A(k) == ( A+ ZLWD ) + ZLWD )/ZLWDQ. (2.2)
a€ ae ac

The following lemma is well known:

Lemma 2.1  The algebra C[A] :=C[€]/ > ,c1 C[€]Oa is an integral do-
main where $o = [1a;50 {;lj ~ Ila,<0 5]-_%

Lemma 2.2  Let P, P’ belong to W(k). Suppose that P = P' in H. Then
or(P) and oy (P') represent the same element in C[u] ®c C[A].
Proof.  This follows from the fact that all [], are homogeneous. ]

By [Lemma 2.2, we can define a morphism

Gy H(k) = (W(k) s WDG)/ S Wa — Clu] ®c C[A]
acelL a€l
so that o1, (P) = 3 (P) for P € W (k) where o4 (P) is the element of Clu]®c
C[A] represented by o(P), and P is the element of H(k) represented by
P. Then we define a linear map ¢ : H — Cl[u] ®c C[A] by 6(P) = di(P)
for P € H(k)— H(k —1).

Proposition 2.3  The algebra A has no zero-divisors.

Pmof Let P € A(k) — A(k — 1) and Q # 0 satisfy PQ = 0. We have
5(P)5(Q) = ¢(PQ) = 0. By Lemma 2.1, we see that o4(P) = 0. In
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other words, o4 (P) belongs to Y ,.; Clu] ®c C[£]$,. Hence there exist
Py € W such that P — " ., P[], belongs to W(k — 1). This contradicts
the assumption P ¢ A(k — 1). L]

Proposition 2.4
Ag=C[s]|=C[s1,...,5]

Proof.  As in the proof of , we put

Blu):= Y (HF i+ +1) 1;””).

d=(d;)eZN J

Then we have [1,®(u) = 0 for all b € L. Let g(0) = g(61,...,0n) € A.
Then we have [ ],9(0)®(u) =0 for all a € L. On the other hand, we have
[ag(0)(u)
= Y gld+v) (H [(dj +5 — (a4); + 1)_1ujr(a+)ﬁ%)
d:(dj)GZN 7=1
Al d;~(a_);+;
- Y gd+v) (H (dj + 75 — (a)j + 1) luf? 10 73)
d:(dj)EZN Jj=1

where we define ay,a— € Z" by (ay); = max{a;,0} and (a-); = max{—a;,
0} for all j with 1 < j < N. Hence we obtain g(d + a+v) = g(d + 7) for
all d € Z" and all a € L, and thus g(f + a) = g(8) for all a € C ®z L.
Therefore we obtain g € C[s]. []

Lemma 2.5 We have
Y Cl£10a =C[£]N Y CIEX]0,

acl a€l

where C[£F] = C[&y,...,én, 7%, .. 6]

Proof.  Let f(&) = Zdezg"o fa€? belong to C[£] N > wcr C[€F]04. Then
we have, for t = (t;); € (CX)”

0=fOa(),....,xn®) = > foal®)™ - xnE)™

dezy,

where x;(t) = tfj(sl)-utﬁj(sn) for j with 1 < 5 < N. Hence we obtain
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Yoar—ger, Jo = 0 for all d € ZJZVO. Therefore we obtain ), _;c; fp&? =
Y wacr for(€F —€9) for all d € Z¥,, and thus conclude f € 3, C[€]a.
d'#d =

[]

Proposition 2.6  The natural morphism

H — C[u,D*]/ Y " Clu,D*] [,
a€l

is injective where Clu, D¥] = W[ Dy, ..., Dy'] with relations [u;, Dj_l] =
65D 2.

Proof. Let P € W N (¥,4er Clu,DF] ,), and P € W(k) — W(k — 1).
Since all [J, are homogeneous, we see that or(P) € (Clu] ®c C[£]) N
(Clu] ®c Yaer Cl€F]00). By Lemma 2.5, we see that ox(P) €
> acr Clu] ®c C[£]¢q. Hence there exist P, € W such that P — 3 . P,
(o € W(k—1). Since P—3,c; P.[, belongs to WN(3,cr Clu, DE] ),

we can prove the proposition by induction on k. []

In order to describe explicit formulas of b-functions, we introduce linear
forms ¢r € hz. Recall that by is the dual group of M and a free Z-module
with a basis { s1,...,s, }. For a given subset A = { x1,...,xn } satisfying
(1.1), (1.2), and (1.3), we denote by @ the Newton polyhedron, i.e., Q is
the convex hull in Mg = R ®z M of the points x1,...,xny and by F the
set of facets, i.e., faces of codimension one, of Q). For I' € F , we denote
by ¢r the linear form defining the hyperplane spanned by I' such that the
coefficients of ¢r are integers, that their greatest common divisor is one,
and that ¢r(x;) > 0 for all j = 1,..., N. This linear form pr is uniquely
determined and plays a significant role throughout this paper.

Ezample 2.7. Let n = 2p—1and N = 2p for p > 2. Then {sy,so,...,
Sop—1} is a basis of hz. Let {ej,ea,...,e2,—1 } be its dual basis of M. Let
A={elen,....e051,> 0 1€ — Zf;ll ep+i - Then the A-hypergeometric
system corresponds to the hypergeometric function ,F,_; (See Example
0.1). In this case, we see that A satisfies (1.1), (1.2), and (1.3), and that

{er|TeF}={si,si+spj|1<i<p,1<j<p—-1}.

Let ¢; € Z>g for all j with 1 <j < N, and x = Zé\{__l cix; € A (A was
introduced in (1.3)). Let DX denote D' --- DY, which is an element of H.
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Proposition 2.8  Suppose that x € A.
(1) There exists a uniquely determined element E, in H such that

E DX = by (s), (2.3
where
er(x)—
be(s)= ]I H (er —m (2.4)
I'er m=0
er(x)#0

is considered as an element of H according to Corollary 1.3 (cf. [Sail]).
(2) DX € A_, and E, € A,. Here A, is the weight subspace of A
with weight x (see (1.8)).

Proof.  Clearly we have DX € A_,. Since [[J,,DX] = 0, we have [[],,
(DX)7'] = 0. Since Ey = by(s)(DX)™! in Clu, D*|/ ¥ c; Clu, D] (g,
the uniqueness of E, and (2) follow from [Proposition 2.6. For the existence

of E,, see [Sail]. ]

For x € A, we define the operator E_, by

E_, = DX (2.5)

Proposition 2.9 For y € A, we have
A_, =C[s]E_,.
Proof.  Let P € A_,. Then there exists an operator P’ € W with weight

0 such that P = P'DX in H. Since P’ = P(DX)™!, we see that P’ € A,.
By Proposition 2.3|, we obtain the proposition. []

For x € A, we have seen in [Proposition 2.9 that E_, is a generator of
A_y as a C[s]-module. Next we study the C[s]-module structure of A,
for an arbitrary x € M. For this purpose, we define a b-function for an
arbitrary xy € M.

In the remaining part of this section, we fix an arbitrary element y =
Zévzl cjxj of M, where c; (1 < j < N) are integers. For this y, we define
elements x, x- of the semigroup A as follows:

X+ = Y CX;, (2.6)

¢; >0
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X- == ) ¢Xje (2.7)

Cj <0

Recall that DX+ = E_,_ (see |2.5)). For P € A,, we see that E, PDX*
belongs to Ag = C[s]. We define a subset B, ,_ of C[s] by

By, = {p(s) €Cs] | p(s) = Bx_PD¥*,P € A}. (28

Lemma 2.9  The subset By, ,_ is an ideal of C[s].

Proof. Let P € Ay, and p(s) = Ey,_PDX+. Since [s,E,_| = x-(s)E\_,
we have q(s)p(s) = Ey_q(s + x—)PDX+ for q(s) € C[s]. Hence q(s)p(s) €
By, x_,and By, ,_ is an ideal. L]

Since x4 and x_ are elements of the semigroup A, we know the explicit

formulas of by, (s) and b,_(s) (see [2.4)). We denote by b, ,_(s) the least

common multiplier of b,  (s) and b,_(s), i.e.,

byyx—(8) = H (or —m). (2.9)

er (x++x-)>0 m=0

Lemma 2.10 Let p(s) € By, y_. Then b, _(s) divides p(s).

Proof.  Since there exists P € A, such that (E,_P)DXt+ = p(s), we see
that b, (s) divides p(s) by the definition of b,_ (s). Since PDX+ € A_, _,
there exists ¢(s) € C[s] such that PDX+ = q(s)DX- by [Proposition 2.8
Hence we have

p(s) = Ey_(PDX*) = E, q(s)DX-
= q(s = x-)Ex_D*™ = q(s = x-)bx_(5)-
Therefore we see that b, _(s) divides p(s). [

We proceed to the proof of the fact that by, ,_(s) € By, _; it is
parallel to the proof of Corollary 5.7 in [Sail|. Recall that we have defined
the set F and the linear forms ¢r just before Example 2.7. Let I(x) denote

the left ideal of W generated by [, (a € L) and all vazl D?j with d; € Z>¢
(1 <Vj < N) satisfying E?’:l djor(x;) = er(x) (VI' € F). For I € F, let
I(T", x) denote the left ideal of W generated by [, (a € L) and all vazl D;-lj
with d; € Z>¢ (1 < Vj < N) satisfying Z;v=1 d;jer(x;) > ¢r(x). We remark
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that I(I', x) = W if or(x) < 0.
Lemma 2.11  I(x) = Nrer I(T, x).

The proof is very similar to the proof of Proposition 4.3 in . Hence
we omit the proof.
For m € Z»p and ' € F with ¢r(x) > 0, let (T, m) denote the ideal
of C[6; | pr(x;) > 0] generated by all [],,_ (x;)>005i(0; —1) -+ (0; — dj + 1)
with d; € Z>o (1 < Vj < N) satisfying Zwr(xg s0djer(x;) > m. Here
C[6; | cpp(xj) > 0] denotes the polynomial ring in 6; satisfying ¢r(x;) > 0.
Clearly we have O(T', or(x)) C I(T', x). We know that ©(I',m) is a radical
ideal (cf. [Sail, p.530]). Let V(©(T',m)) denote the zero set of O(T,m).
Then by Lemma 6.3 in [Sail], we see

{ S dior(xg) | d=(d;) V(@(F,m))} —{0,1,...,m—1}.

x; &r
(2.10)

For ' € F with ¢r(x) > 0, we define a polynomial br,(s) € C[s] by
er(x)—1

bry(s) := H (er —m) € C[s]. (2.11)

m=0
Lemma 2.12  ForI' € F with pr(x) > 0, we have

brx(s) € ©(T, ¢r(x)) C I(T, x).

Proof.  Recall that

N

er =Y or(x;)b; (2.12)
7j=1

by the identification in [Corollary 1.3. Hence we have

er(x)—1 er(x)-1 , N
bra(s)= I (er—m)= 11 (Z er(x;)0; — m>
m=0 m=0 “j=1

Since bry(d) = 0 for all d € V(O(T, ¢r(x))), and since (T, ¢r(x)) is a
radical ideal, we conclude that br ,(s) € O(T, or(x)) C I(T, x). []
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We define a polynomial b, (s) € C[s] by

by(s) := H br(s) (2.13)
er(x)>0
Corollary 2.13  The polynomial b, (s) belongs to I(x).
Proof.  This is clear from [Lemma 2.11 and Lemma 2.12. []

Corollary 2.14  The operator b, (s)DX~ belongs to the left ideal of W
generated by [, (a € L) and DX+.

Proof. By [Corollary 2.13|, we see that b, (s) belongs to the left ideal of W
d .

generated by [, (a € L) and all [[}_; D}’ that satisfy >3, djer(x;) >

¢r(x) for allT" € F. Hence the operator b, (s) DX~ belongs to the left ideal of
W generated by [ ], (a € L) and all I—[;\le D;ij that satisfy Zﬁvzl dier(x;) >
or(x+) for all T' € F, which is exactly the left ideal of W generated by [,

(a € L) and DX+ by Proposition 4.3 in [Sail]. []
Proposition 2.15 (1) There exists a unique operator E, ,_ € A such
that
by(s)DX~ = E,, DX+, (2.14)
(2) We have
byix_(s) =Ey_E,_ ,_ DX*. (2.15)

In particular, by, y_(s) € By, x_, and thus the ideal B, ,_ is generated
by by, x_(s) (see Lemma 2.10).

Proof. (1) The existence in H is clear from [Corollary 2.14. Since E
= by(s) DX~ (DX+)~! we see the uniqueness and E,, ,_ € A,.

(2) Since we have E,, , DX+ = b,(s)DX- = DX-b, (s — x_), we
obtain b,_(s)by(s — x-) = Ey_E,, x_DX+. On the other hand, we see
that by _(s)by(s — x-) = by, x_(s). Hence we conclude by, ,_(s) € By, _.

]

Proposition 2.16  Suppose that x = Zj-vzl CiXj = Zévzl d;x;. Put x4 =

226,505 X5r X= = — 2e;<0 X Xy = 2.d;>0 djx;j, and XL = — 2.d, <0
d;jx;. Then we have B, ,_ = Ex;,x’ . Hence we may define the operator

X+5X—
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E, e A, by

By = Ex,x-- (2.16)

Proof.  Since we have Ey, = by(s)DX~(DX+)~! = b, (s)D7X, this is
clear. [

The following is the main theorem of this section.

Theorem 2.17 For y € M, we have

A, =C[s]E,.

Proof. Suppose that x = x4 — x_ with x4,x— € A and P € Ay
By [Proposition 2.15 (2), there exists p(s) € C[s] such that E, PDX+ =
p(8)by, x_(s). By the definition of E,, we have E,_PDX+ =p(8)by, x_(s)=
p(s)Ex_E\DX+ = E,_p(s + x_)E,DX+. We obtain P = p(s + x-)E, by
[Proposition 2.3/ []

3. Irreducibility of A

In §2, we have determined the C[s]-module structure of the symmetry
algebra A. It is the free C[s]-module with the basis { E, | x € M }. In
order to describe in the next section the algebra structure of the symmetry
algebra A, we in this section define irreducibility of the set A, and then
prove a lemma (Lemma 3.4)) for obtaining relations among the generators
E, (cf. Remark 4.6).

Definition =~ We say that A = {x1,...,xn§} is reducible when there
exists a nontrivial decomposition {1,2,...,N} = I'[[J such that M =
(Xier Zxi) @ (e Zx;); otherwise A is said to be irreducible.

Remark 3.1. Let A = A;][].Az be the decomposition of A in the fashion
described above. Then we see that the A-hypergeometric system is the ex-
terior tensor product of A;-hypergeometric system and Aj-hypergeometric
system.

For 7 with 1 < i <n, put

M; ={x€M|x(si)=0} (3.1)
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Then we have the next lemma.

Lemma 3.2  Suppose that a Z-module M’ satisfies M' C \J}_; M;. Then
there exists i such that M' C M,.

Proof.  Assume the contrary. Take A; € M’ (1 < i < n) so that A;(s;) # 0.
Let k = min{4 | Ai(s;) =0}. Take dr, € Z—{0} so that (A +drA)(s;) # 0
for any ¢ with ¢ < k. Then (A1 + diAx)(sk) # 0. Let ¥ = min{i | (A\; +
diAr)(s;) = 0}, then we have k < k’. We repeat this process to conclude
that there exists A € M’ that does not belong to U, M;. [

We denote by {ey,...,e,} the basis of M dual to {s1,...,s, }.

Lemma 3.3 Assume A = {x1,...,xn } to be irreducible. Suppose that
Xi = € for all i with 1 <i <n. Then we have (Z;\;n+1 Zx;) N (Z*)™ # 0.

Proof.  Assume the contrary. Then we have (Z;V:n +12Zx5) C Uiy M;.
By Lemma 3.2, there exists i such that (3 ., Zx;) € M;. Then clearly

7=n+1
we have M = (3_,; Zx;) @ Zx:, which contradicts the irreducibility of A.
[
Lemma 3.4 Assume A to be irreducible. Then there exists € = (g1,.. .,
8N) € {il }N such that M = Zj\{—_l ZZOEij'
Proof. By base change if necessary, we may assume that y; = e; for

all ¢ with 1 < ¢ < n. By Lemma 3.3, there exist ay,...,a, € Z* and
bn+1,...,by € Z such that 37, a;jx; = Z;’V:n+1 bix;. Let €; (1 < j < n)
be the sign of a;, and €; (n+1 < j < N) the sign of —b;. When b; = 0, we
define €; arbitrarily. Put M’ := Zjvzl Z>o(ejx;). For i with 1 <17 <n, we
have —e;x; = Z1§jgn,j¢z‘ iaj‘(stj) + (lai| - 1)(eixq) + Z;‘V:n—i-l - bj|(5ij)-
Hence we see —e;x; € M’ for all ¢ with 1 < ¢ < n. Therefore we have
+e; € M', and obtain M’ = M. O

4. The structure of the symmetry algebra

In this section, we determine the algebra structure of the symmetry al-
gebra A. The symmetry algebra A is the direct sum of its weight subspaces
with weight in M (Lemma 1.4); for each weight x € M, there exists an
operator E, (see and [2.16)) such that the weight space A, is the
free C[s]-module generated by E, (Theorem 2.17)). Hence we only need to

calculate the multiplications among F,’s to determine the algebra structure
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of A. Since the multiplication E, . belongs to Ay 4+, there exists a poly-
nomial g, ,/(s) € C[s] such that E\E, = g ,/(s)Ey1,. Therefore what
we need to do is the calculation of the polynomial g, ,(s).

Lemma 4.1 Let x,x' € A = Z;-V:l Z>ox;. Then we have
(1) EyE_y = E_x—x

(2) EXEX/ = EX+X/.

Proof. (1) means DXDX = DX*X' (see (2.5)). Hence (1) is trivial. By
(2.3), we see EyE,,DX*X' = E, E,,DX DX = E,b,,(s)DX = by (s —X)EXD’f
= by (s—x)by(s). Taking account of the formula [2.4), we have E, E,, DX*X
= by+y (s). Hence we obtain Ey E,» = E, ., by [Proposition 2.8 (1). []

Lemma 4.2 For x € A, we have

DXEy = by(s + X). (4.1)

Proof. By [2.3), we have E, DX = b,(s). Recall that we considered a
kind of microlocalization of the canonical system H in [Proposition 2.6. For
X = Zj\;l cjxj with ¢j; € Z>o (1 <Vj < N), (DX)~! denotes D7 --- DV,
Since (DX)™! has weight x, we see E, = b,(s)(DX)™! = (DX)~b,(s + x).
Therefore we conclude DXE, = b, (s + x). []

So far, we have considered only x belonging to the semigroup A. Next
we consider an arbitrary x € M, and derive some preparatory formulas.

Lemma 4.3 Let x = Z;\f—_l cix; € M, x+ = ch>0 ciXj, and x— =
— ch<0 c;Xj- Then we have

(1) BxBy_ = (byyo (5 4+ X=) /by, (5 + X)) By,

(2) Ex_Ey= (bt x- (8)/bxy (8)) Exy s

(3) ExE—yx; = (byix_(5+x-)/bx_(s+x-))E_y_,

(4) E Ex=E_,_ (bx+,X— (s+ X+)/bX— (s +x4))-

Recall that the polynomial b, ,_(s) is the least common multiplier of
by, (s) and b,_(s); the explicit formulas of b,(s) and b, ,_(s) are given in

and [29].

Proof.  (2) By definition, we have by y_ (s) = (by, x_ (8)/by, (8))by, (s) =
(bxyx—(8)/bx, (8))Ex,DX*+.  On the other hand, we see by, , (s) =
E, E,DX+ by [2.15) and [2.16). Hence we obtain E, E, = (by, ,_(s)/

by, (8))Ex, -
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(1) By (2) and Lemma 4.1, we have E,_E,E, = (by, 5_(5)/by, (s))
By Ex_ = Ey_(by, x_(s+ x-)/bx.(s + x-))Ey,. By Proposition 2.3, we
obtain Ey Ey_ = (by, x_ (s 4+ x=)/by, (s +x-))Ex, -

(3) By (2), Lemma 4.2, and [2.5), we have b, (s + x_)E\E_,, =
E_x Ex ExE_x; = Ey (by x_(8)/bxi () Ex, By, = E_y (by, x_(5)
[ by (8)by(8) = E_y_by, x_(s) = by, x_(s+x-)E_,_. Hence we obtain
ExE _xi = (byyx_(s+x=)/bx_(s+x-))E—x_.

(4) By (3), Lemma 4.1, and [2.5), we have E, = (by, , (s + x_)/
by (s + x))(DX+)71DX= = (DX )71 DO by, o (5 + x4) /by_ (s + X))
Hence we obtain E_, | Ey = E_,_(by, (s +x+)/by_(s+ x4)). []

For x,x" € M, we define the polynomial g, ,/(s) € C[s] by

min{pr(x+x’),0} -1

Iy (8) = H H (¢r —m)
er(x)<0,0r(x')>0 m=¢r(x)
er(x)—1

X I1 1T (or —m). (4.2)

©r(x)>0,er(x')<0 m=max{er(x+x'),0}

Lemma 4.4  Let cy,...,cn,c},...,c)y be z'nt]evgers. Let x = Zj\le CiXj

X+ = 20 CXir X= = = Le;<06iXis X' = L1 6xgs Xy = Lo X5,

and XL = =3, o Cx; satisfy both identities (x + X')1 = 2 4o >0(c +
J J

CiIXG = X+ + X4 and (X + X)- = = X 4o <0(ej + ¢f)xj = X= +x_. Then

we have

qx,x’(s)
(bX+,X— (s+ X—)/bx+ (s + X—))bx+ (s+x-+ Xl—)bxjr,x’_ (s+x_ — X)
bixtx) s (xtx) - (8 +x— +x1) '

Proof.  This is an easy consequence of the formulas [2.4) and [2.9).

[]
Theorem 4.5 Letcy,...,cn, c},...,cy be integers. Let x = Zjvzl CiX;5
N
Xt = 2e;>0CXir X= = = Leyc0GXir X = Xjm1 GXis X4 = Lo 50 X
and X_ = — 3 s o C;X; satisfy both identities (x + x')+ = 2,4 >0(c +
J J

cXs = X+ + x4 and (x +x)- = - Yesre<olci+)xj = x— +x_. Then
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we have
EyEy = qyx' () Exty- (4.3)

Proof. By [Lemma 4.1 and Lemma 4.3, we have
E(eix) - ExEx' E— () +
= E ! EX—EXEX’E—XQE—H
= Ey (by;x_(8)/bx, (3))Ex+(bx’+,x’_ (s+x_)/
by (s +X_)E_y E_y,
= (byyx- (s — X,—)/bx+(3 - X/—))Ex’_+x+E—(x’_+x+)
X (byr o (s = x4)/by (s = x+)
= (bxgx- (8 = X1) /byi (8 = X2))by 4y, (8)(byr, i (5 = x4)/
by (s —X+)
= (byy - (8 = X1) /byy (5 = X))by (8)by, v (5 = x4).
Furthermore by Lemma 4.4, we have
(bX+7X—(S - X/—)/bx+(3 - X,—))bx+ (S)bx;,x’_(s - X+)
= Gxx' (5 = X= = XD)biern) 1 (ki) - (8)
= Gy (5 — X= — Xl—)E(x+x’)~Ex+x’E—(x+x’)+
= E(x)- Dox' (8) Extx' B (x4+x') -

Therefore we obtain

E(x+x’)—ExEx’E—(x+x’)+ = E(x+x’)—qx,x’ (S)Ex+x'E—(x+x’)+°

By [Proposition 2.3, we conclude

ExEy = gy (8)Ex+x-

L]

Remark 4.6. Suppose that A does not have an irreducible component of

type N = n. By Lemma 3.4, the assumption in [Theorem 4.5 is fulfilled by
all x and ¥’ in M.

Definition The closure of each connected component of Mg —Urcr{ x €
Mg | or(x) = 0} is said to be a chamber.
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Remark 4.7. When we consider a reducible set, we have to treat the case
of N = n. In fact, when N = n, by base change if necessary, we may
assume A = {e1,...,ey }. Then clearly {¢r |T € F} ={s1,...,8, }. For
a decomposition I [[J ={1,2,...,N }, we have

(NtxeMIs00=0})n(Nixems00 <o)

i€l JjeJ
= ZZZOei -+ Z Zzo(—e]‘).
i€l jeJ
Hence the chambers are exactly octants in this case.

Corollary 4.8  Suppose that A does not have an irreducible component
of type N = n. Let x and x' belong to M. Then E,E,, = E, E, if and
only if there exists a chamber C such that x,x' € C. In this case, we have

!

EXEX’ == EX+X .

Proof. By [I'heorem 4.5 and Remark 4.6, we see g, ,/(s) = 1 if and only
if x and x’ belong to the same chamber. ]

Definition We say x € M to be decomposable if there exists a chamber
C and there exist x’,x” € CN M — {0} such that x = x' + x”; otherwise
we say x to be indecomposable.

Corollary 4.9  Suppose that A does not have an irreducible component
of type N = n. Then the symmetry algebra A is generated by { s1,...,s, }
and { E, | x is indecomposable } as a C-algebra.

Proof. It is clear from [Corollary 4.8. (]

Solutions of .A-hypergeometric system with parameter A € Mg = C ®y
M (see [(1.4)) are called A-hypergeometric functions with parameter A. Let
F) be an A-hypergeometric function with parameter A, i.e., F satisfies

N
(Z Xj(s:)8; = )‘(Si))F)\ =0 (i=1,...,n)
" eF\x=0 (a€lLl).

(4.4)

As an application of [Theorem 4.5, we can derive a necessary condition of
the equality E, F\ = 0.
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Corollary 4.10  Suppose that A does not have an irreducible component
of type N = n. Let x € M and A\ € Mc. Let Fy be a nonzero A-
hypergeometric function with parameter X. Suppose that E, F\ = 0. Then
there erists a facet I' € F satisfying or(A) € Z<_1 and or(x) > —or(N),
or a facet I' € F satisfying or(X) € Z>p and pr(x) < —er(A) — 1.

Proof.  From the equality E_, E, F)\ = 0, we have ¢q_, ,(s)F\ = 0 by The-
orem 4.5 and Remark 4.6. Since the weight of F) is A, we have q_, ,(s)F\ =

q—xx(A)Fx = 0. Hence we obtain g_, ,(A) = 0. Then the formula (4.2)
yields the assertion. []

5. Symmetry Lie algebras

In this section, we clarify the structure of the symmetry Lie algebra
of an A-hypergeometric system, i.e., the Lie subalgebra of A generated
by all operators of order less than or equal to one; we also consider its
reductive part. Throughout this section, we assume that the set A contains
no irreducible component of type N = n. First, we define an order of an
element of A and express the order of the operator E, in terms of x. Then
we determine a C-basis of the symmetry Lie algebra. Next, we introduce a
certain inner product on Mi. Then we show the main theorem that the set
of x € M such that the orders of F, and E_, are both one, is a reduced
root system whose irreducible components are of A-type or of C-type.

Recall that we defined the filtration { A(k) } of the symmetry algebra
A by (2.2).

Definition Let P belong to A. We say that the order of P is k, denoted
by ord(P) = k, when P belongs to A(k) — A(k — 1).

Lemma 5.1  For any nonzero x € M, we have ord(E,) > 1.

N
where ¢; € C. We inductively define m; € Z>o (1 < j < N) by m; :=

max{d; | d, = my (Vk < j), cq # 0}. Since x is not zero, we have
(m1,..., my) # (0,...,0). Let jo satisfy mj, # 0 and my = 0 (Vk > jo).
Put P = (ad D;,)™0o to(ad D;)™ o---o(ad Dj,_1)™0-! where ad P'(P") =
[P’, P"]. Then clearly we have P(E,) = luj, with [ € C*. On the other
hand, we see P(E,) € A since D; € A for all j. Hence we have u;, € A.
Take a € L so that aj, > 0; such an a € L exists because the set A does not

— di .. ,d4dN
Proof.  We assume the contrary. Let F, = Zd1X1+"'+dNXN:X Cquq u
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contain an irreducible subset of type N = n. For this a € L, we see that
a:.—1 - .

[Basuje ] = a50D5°  Ta; 0,525 D;IJ belongs to 3, Wy since uj, €
. _1 . .

A. It means D?go [1a,>0, 550 D;lj = 0 as an element of A, which contra-

dicts [Proposition 2.3, L]

Lemma 5.2  For a polynomial p(s) € C[s], we have
ord p(s) = degp(s). (5.1)

Proof.  Let d = degp(s) and d’ = ord p(s). Then there exists an operator
P € W of order d’ such that p(s) — P € 3_,c; Wl,. By decomposing into
weight spaces, we may assume that P has weight 0. Hence we may assume
that P is a polynomial of degree d’ in 6y, ...,6y. By Lemma 1.2, we obtain
p(s)=Pand d=4d. ]

Recall that cg is the element of bz satisfying cp(x;) = 1 for all j (see

(1.2)).

Proposition 5.3  For all x € M, we have

ord Ey, = —co(x) + Z er(x)- (5.2)
er(x)>0

Proof. For x = Zjvzl cixj withe; € Z (1 <Vj < N), let x4 = ch>0 CiX;
and x— = —> . .o¢jX;- Since by, y (s) = Ey E, DX+ (see|2.15)), we have
ord by, ,_ = ord E, _+ord E, 4+ ord DX+. By the formula and Lemma

5.2, we have ord by, _ = 3, ()50 PT(X+) + Xor(y)<o Prx—). Further-
more we see that ord DX+ = co(x4) by definition, and that ord B, =

ordb,_ —ord DX~ = degb,_ —ordDX- =3’ yso¢r(x-) — co(x-) by
[2.3), [2.4), and Lemma 5.2. Hence we obtain

ord £, = ordb,, ,_ —ord E,_—ord DX*
= Z er(x+) + Z er(x-) — co(x+)

er(x)>0 er(x)<0

—< > wr(X—)—cO(X—))

er(x-)>0

= > wr(x) — ).

%r(x)>0
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Let R denote the set of X € M such that the order of E, is one, i.e.,
R={xe€M|ordE, =1}. (5.3)
We define the symmetry Lie algebra g by
- D(Den) (5.4)
xER

where h = @ C1. Clearly R is the set of roots of g with respect to b.
Recall that we say x € M — {0} to be indecomposable if there exists
no chamber C such that x = x’ + x” for some ', x" € CNM —{0}.

Lemma 5.4 Each x € R is indecomposable.

Proof.  Let x" and x" belong to a chamber C. Then E,/,,» = E,/E,n by
Corollary 4.8, Hence by Lemma 5.1, we see ord Ey/,» > 2 and X' +x" ¢ R.

[
Proposition 5.5 The symmetry Lie algebra § is actually a Lie algebra.

Proof.  In general, ord [P, P'] <1if ord P < 1 and ord P’ < 1. Hence the
assertion is clear. []

It is convenient to define the degree degx of x € M by

degx = Y _ ler(x)l- (5.5)
I'eF

Lemma 5.6 (1) degx =ordE, +ord E_,.
(2) degx >2 forallxe M —{0}.

Proof. (1) is obtained by [Proposition 5.3, (2) follows (1) and Lemma 5.1l.

[
We define a finite subset R of M by
R={x€M|degx=2}={x€R|-x€R}. (5.6)
We introduce an inner product ( , ) on Mg by
06X) =D er(x)er(x). (5.7)

'er

Here we give a list of properties of the sets R and R.
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Lemma 5.7 Let x € M. Then we have
(1) If co(x) < —1, then x ¢ R.

(2) {x€R|cl)=—1}={-x1 -, —xn}.

B) {xeR|w(x)=0}={x€R]|co(x)=0, (x,x) =2}
4) {xeR|aolx)=1}C{x1,---,xn}.

(5) If co(x) > 1, then x ¢ R.

6) Rc{xeM|(x,x)=2or4}.

Proof. (1) is clear from [Proposition 5.3, Since the order of E_,, = DX
is one, we see —x; € R. On the other hand, let x € R satisfy co(x) = —1.
Then by [Proposition 5.3, we see that ¢r(x) < 0 for all ' € F. Since
X is indecomposable by [Lemma 5.4, we obtain (2). (6) is clear from the
definitions of the degree and the inner product. (5) is obtained from (1).
(4) is obtained from (2). Let x € R satisfy co(x) = 0. Then by
5.3, we have ), )s0¥r(x) = 1. Taking (6) into account, we see that
(x,x) = 2. We thus obtain (3). O

We define a finite-dimensional subspace g of g by

g= 6@(){622@,(). (5.8)

The following three theorems 5.8, 5.9, and 5.12 are the main theorems
in this paper.

Theorem 5.8 The set R is a reduced root system.

Proof.  Let x,x’ € R. We define the reflection o, with respect to x by

ox(X') = x" = 2(x, x')/ (% X)x- (5.9)

In order to prove that the set R is a reduced root system, we need to show
(1) 206, x)/06x) € Z, (2) oy(X') € R, (3) R is a finite set, and (4)
myx € R with m € Z implies m = £1. We obtain (3) and (4) by (5.5) and
(5.6). By (6), we have (x,x) = 2 or 4.

(1) If (x, x) = 2, then we have clearly 2(x,x’)/(x, x) € Z. If (x, x)
4, then there exists a facet I'y € F such that ¢ (x) = £2 and ¢r(x) =
for all " # I'g. Hence we see that 2(x, x’)/(x, x) = £er,(X') € Z.

(2) If (x,x) = 2, then we have (x,x') = £2, £1, or 0. If (x, %) = 4,
then we have (x, x’) = £4, £2, or 0. In all cases, we can verify by the direct
computation that dego, (x’) = 2. Hence we omit the proof. ]

0



616 M. Saito

Theorem 5.9  The root system R contains only irreducible components
of type A or of type C.

Proof. (1) For a € R, we have (a,a) = 2 or 4 by (6). Hence
R does not contain a component of type Gs.

(2) Let a,o € R satisfy (a,a) = (¢/,@’) = 4. Then a = o/ or
(a,a’) = 0. Hence R does not contain a component of type By (k > 3) or
Fy.

(3) Suppose that there exist a; € R (1 <7 < 4) such that (o, o;) = 2
(1<i<4), (a,04) =-1(2<4<4),and (a,0j)) =0(2<i#j<
4). Then there exist a facet I and 7,5 with 2 < i # j < 4 such that
¢r(a;) = ¢r(oj) = —¢r(ar) # 0. Since (a;,a5) = 0 (j = 3,4), there
exists a facet IV # I' such that ¢r/(e;) = —pr/(e;) # 0. Then we see that
deg(a; + ) = 2, ie., & + a; € R, and that (o; + ¢, o5 + ;) = 4. Thus
a; + a; is a long root. Hence R does not contain a component of type Dy,
(k24) or Ek (k=6,7,8). D

Ezample 5.10. (cf. [Sai2]) Let M be the root lattice of A,-type (n > 3),
ie, M =3, Za; where {ay,...,a, } is the set of simple roots. Let p be
a fixed number satisfying 1 < p <n. Put A:= {3 ,ar |l <p < m}.
Let { s1,...,sn } be the dual basis of { a,...,a, }. Then we have

{er|TeF}
= {SI,SH—I — 8 (1 Sigp—l),si—SH_l (pgign— 1),8n}.
Moreover we have R = R = the root system of A,-type.

Ezample 5.11.  (cf. [Sai2]) Let M be the root lattice of Cp,-type (n > 2),
ie, M =31, Za; where {a1,...,ay } is the set of simple roots, and o,
is a long root. Put A := {Zi;i Qg —I-QZZ;; ar+an |1 <i<j<n}. Let
{s1,...,5, } be the dual basis of { ay,...,a, }. Then we have

{er|TeF}={s1,8141—8 (1<i<n—2),2s, — sp_1}.
Moreover we have R = R = the root system of C,-type.

Theorem 5.12 g is a reductive Lie algebra of finite dimension. R is the
root system of g with respect to b.

Proof.  Fix a positive root system R, containing {a € R | pr(a) > 0
for all I' € F }. Let II denote the simple root system corresponding to R, .
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For a long root a € II, we put X, := iE,, Y, := —%E-a, and H, := cpp+%

-2
where I' is the unique facet satisfying ¢r(a) = 2. When a short root « € II
satisfies ¢r, (o) = ¢r,(a) = 1 for distinct 'y, T’y € F, we put X, := FE,,

Yo = —-FE_,, and H, := ¢r, + ¢r, + 1. When a short root a € II satisfies
or, (a) = —¢r,(a) =1 for some I';,I'y € F, we put X, := E,, Y, := E_,,
and H, := ¢r, — ¢r,. By using [Theorem 4.5, we see that the elements
Xa, Yo, and H, (o € II) generate ggs := (Puenn CHa) B(Bpcr CEa) and
satisfy the relations:

[chHﬂ] :O> [XOUYB] :6aﬁch (5 10)
[Ha, Xp| = apaXp, [Ha,Yg]=—ag.Yp
for all o, 3 € II, and
(ad Xo) "t (X5) =0,  (adY,) *T(Y5) =0 (5.11)

for all distinct o, 8 € II. Here we put ag, = 2(«a,5)/(a,a). Hence by
the Serre’s theorem (cf. [Ser]), gss is the semisimple Lie algebra with root
system R. Therefore g is a reductive Lie algebra. [

We have proved in [Corollary 4.9 that the symmetry algebra A is gen-
erated by { s1,...,s, } and { E, | x is indecomposable } over C. In
5.4, we have seen that any x € R is indecomposable. Here we consider when
R coincides with the set of indecomposable elements.

Lemma 5.13 Let M(R) denote the submodule of M generated by all
a€ R. If x € M(R) is indecomposable, then x € R.

Proof.  Let x = )_,cR @aa be a presentation which minimizes ) ¢ |aal-
Taking place of & by —a, we may assume that a, > 0 for all « € R. Suppose
that ) ,cran > 1. Since x is indecomposable, there exist a, 3 € R such
that a, > 0 and ag > 0, and that no chamber contains both a and . Then
we can verify that the weight o + 3 belongs to R. This contradicts the
minimality of )" cr |aal. ]

Proposition 5.14 We have R = { x € M | x is indecomposable } if and
only if x; € R for all j with1 < j < N.

Proof.  Clearly x1,...,xn are indecomposable. Hence the statement is
obtained from [Lemma 5.4 and [Lemma. 5.13. (]

In this paper, we have determined the structure of the symmetry alge-
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bras, and that of the symmetry Lie algebras. For future research, we may
proceed in the following way (cf. [M2, §2-2]). First study realizations of
representations of Lie subalgebras of a symmetry Lie algebra g on the space
of A-hypergeometric functions, by utilizing [Corollary 4.10. Next take expo-
nentials of operators in § to obtain realizations of representations of a local
Lie group of which Lie algebra is a Lie subalgebra of g. Then it is expected
that we can derive new formulas for A-hypergeometric functions. For ex-
ample, Miller showed in [M3, Chapter 5| that many formulas for Lauricella
functions could be obtained in this way.
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