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Abstract. We prove two rigidity theorems for real hypersurfaces in P, (C). More pre-
cisely, let M be a (2n—1)-dimensional Riemannian manifolds, and ¢ and ¢ be two isometric
immersions of M into P, (C). Then ¢ and  are congruent if the type number of ¢ and
i is not equal to 2 everywhere, and moreover (a) two structure vector fields coincide up
to sign or (b) there exists an m-dimensional subspace of the tangent space of M at each
point invariant under the actions of the two shape operators of t and 7 (2<m <n —1).
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Introduction

Let P,(C) be an n-dimensional complex projective space with the
Fubini-Study metric of constant holomorphic sectional curvature 4c¢ and
M be a (2n — 1)-dimensional Riemannian manifold. Let ¢ be an isometric
immersion of M into P,,(C). An almost contact structure on M induced
from the complex strcture J of P,(C) by ¢ will be denoted by (¢, &) and &
is called the structure vector field of ..

The last named author proved in [5] that two isometric immersions of M
into P,(C) are rigid if their second fundamental forms coincide. Recently,
the same author and Y.J. Suh [4] also obtained the same conclusion if the
two isometric immersions have a principal direction in common and type
number is not equal to 2 at each point of M, where the type number is
defined as the rank of the second fundamental form.

In this paper we shall study some conditions for two isometric immer-
sions of M into P,(C) to be rigid. The main purpose is to prove the following

Theorem A Let M be a (2n — 1)-dimensional Riemannian manifold,
and v and i be two isometric immersions of M into P,(C) (n > 3). If the
two structure vector fields coincide up to sign on M and the type number
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of (M,t) or (M,%) is not equal to 2 at every point of M, then v and i are
rigid, that is, there exists an isometry ¢ of P,(C) such that ¢ o1 = .

Theorem B Let M be a (2n — 1)-dimensional Riemannian manifold,
and v and i be two isometric immersions of M into P, (C) (n > 3). Assume
that there exists an m-dimensional subspace V' of the tangent space at each
point of M such that V is invariant under the actions of the shape operators
of (M,¢) and (M,%) (2 < m < n—1), and that the type number of (M,1)
or (M,1) is not equal to 2 at every point of M. Then ¢ and i are rigid.

1. Preliminaries

We denote by P,(C) a complex projective space with the metric of
constant holomorphic sectional curvature 4c and M a (2n — 1)-dimensional
Riemannian manifold. Let ¢ be an isometric immersion of M into P,(C). In
the sequel the indices 4, j, k,[, - - run over the range 1,2,...,2n — 1 unless
otherwise stated. For a local orthonormal frame field {e, ..., eon—1} of M,
we denote its dual 1-forms by 6;. Then the connection forms 0;; and the
curvature forms ©;; of M are defined by

d9i+29ij /\9j =0, Hij +9ji =0, (1.1)

@ij = d@ij + Z Oir N\ gkj (1.2)

respectively. We denote the components of the shape operator or the second
fundamental tensor A of (M, ) by A;;, and put ¢; = > A4;;6;. Then we have
the equations of Gauss and Codazzi

Oij = Vi ANy + i ABj+ ¢ (dindit + Dijdn)0k A, (1.3)

dpi + Y i A =Y (&bin + Edin)0; A O, (1.4)

respectively, where (¢;;,£;) is the almost contact structure on M. The
tensor fields A = (A;;), ¢ = (¢4;) and £ = (&;) on M satisfy

Aij = Aji, (1'5)
Y bintrs = Ei&j—bijs Y &b =0, Y & =1, (1.6)

i =Y (irbrj — djkbki) — &b + b, (1.7)
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d&; =Y (&6;i — djiv;). (1.8)

For another isometric immersion ¢ of M into P,(C), we shall denote the
differential forms and tensor fields of (M, ) by the same symbol as ones in

(M, ) but with a hat. Then since 6; = ; and ©; g = @Z], from [1.3) we have
AirAji — AuAji + c(Pixdji — Pudjk + 20idk1)
= AirAji — ApAjk + c(Pirdji — dudjk + 2¢ijdr1)- (1.9)
Contracting with respect to j and k and using (1.6), we have

Y AiAri =Y AprAij + 3¢,
= Z fiik/ikj — ZAkkA’&J + 3C€Aiéj. (1.10)

In this paper we shall make a promise as follows. Let T' be a tensor
field of degree r on M and denote by (Tj,..;,) all (local) components of
T with respect to a local orthonormal frame field {e;}, for example, T' =
(&) (Aij), (9ij), (dijdri) etc. Then, by the equation “T},..; = 0” we mean
that T;,..;, = 0 for any indices i1,...,i, = 1,...,2n — 1 on a non-empty
open subset, and by the equation “T;,..;. # 0” we mean that the equation
Ti;...;i, = 0 does not hold. When some ranges R;,...,Rs C {1,...,2n -1}
of indices are given, we can understand this promise similarly. For example,
let R and S be subsets of {1,...,2n — 1}, and an index « run over R and
indices a,b run over S. Then by the equation “T,,, = 0” we mean that
Toah = 0 for any o € R and any a,b € S on a non-empty open subset. Of
course, we do not apply our promise to the phrases such as “Take indices
io and jo such that T; ;, # 0”.

The authors would like to express their thanks to the referee for his
valuable advices.

2. Proof of Theorem A

In this section we shall show that under the assumption of Theorem A ¢
and ¢ have a principal direction in common at each point of M. Then from
the main theorem in Y.J. Suh and R. Takagi [4] we have Theorem A.

We choose a local orthonormal frame field {e;} in such a way that & =1
and & = -+ = £3,_1 = 0. Then it follows from the second equation of (1.6)
and the assumption, that

$1i =0, ¢1; =0. (2.1)
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In the following proof, let the indices ¢, j, k run from 2 to 2n— 1. Putl =1
in . Then we have

ArjAix — ApAij = Ay Ay — AAyj. (2.2)
On the other hand, since d¢; = 0 and déi = 0, from we find

O =Y djith; = Y bjit);
and so

Y 6iidi = diidj1, D A= biidjk. (2.3)

Here we diagonalize a symmetric matrix (AU) of degree 2n — 2 by a sutable
choice of (e;), say AU = ﬂz ij, and put o = Ay, uy = Agg, U5 = Ah, G = As
for simplicity. Then (2.2) and [2.3) amount to

ady — sy = —tyi; (i # j), (2.4)
Biuj — wi Ay = Byiy (i # ), (2.5)
wiAjg —upAi; =0 (i #j #k# 1), (2.6)
Y giiuj = bty (2.7)
Y bjiAjk = i (2-8)

Moreover, from we have
L2 a2 5\
u® + Y AgAji — (a+ Y BB =’ + 6 — (&+ ) BB
J
Denote by r the number of indices ¢ such that u; # 0. We need to divide
the proof into 4 cases.

Case I: 3 <r <2n—2. We may set ugugug # 0. Then from (2.6) we
have

ugAsz —uzAip =0 (i > 4),
which implies that A;; and A;3 can be written as

Ai2 = g;Us and Aig = g;us (Z 2 4) (210)
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for certain functions g4, ..., g2n_1.
Moreover, from (2.6) we have

ugAij —uiAja =0 (3,7 > 451 # j).
This, together with (2.10) gives

Aij = giu; (1,7 2 451 % j).
Since A;; = Aj;, we find

gi = Au; (i >4)

for a function A. Furthermore, from the eequation ugAs3 — uzAdoy = 0
obtained from (2.6), we see Ay3 = Augus. Thus we proved

Aij = Muguy (4,5 > 250 # ). (2.11)

First we consider the subcase where r = 2n — 2. Then we assert A = 0. In
fact, if A # 0, then putting k = ¢ in [2.8), we have

Y 6jidji =0.
J

From this and we get
> (¢jiuj)ui =0,

J

which implies 3 ¢jiu; = 0. Since det(¢;;) # 0, we have u; = 0. This
contradiction shows our assertion. Now, multiplying by a4 (k # j)

and using (2.4), we have
(uille — Giup)u; =0 (i # J,k # j).

Therefore we see ii; = eu; where €2 = 1 by since A = 0, and so Bz =ef3;
from [2.5). It follows from (2.9) that

(d — 80./)61' =0.

If & — ea = 0, then we have A = £A. Hence any e; is a common principal
vector of ¢ and i. If & — ea # 0, then we have 8; = 0. It follows that

rankA < 2 and rankA < 2, which means dim{(ker 4) N (ker A)} > 1. Hence
A and A have a common principal direction.
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Next consider the subcase where 3 < r < 2n — 2. We may set ug = 0.
It is sufficient to prove 4y = 0 because then the vector ey is a common
principal direction of + and i. For this, assume 4y # 0. Put j = 2 in (2.6).
Then we have Ay; = 0 for any ¢ > 3. Put i = 2 in . Then we have
ii; = 0 for any j > 3. Put ¢ = 2 in [2.5). Then we have 33 = 0. Moreover

from we get
Ajk =0 (k> 3)
since det(¢;;) # 0. Hence, putting k¥ = 2 in [2.8), we have Bg = 0. Put

i =2 in (2.9). Then we have a contradiction s = 0.

Case II: r = 2. We may set uguz # 0 and u; =0 (1 > 4). Put k=2 in
(2.6). Then we have

Aij =0 (3,5 > 43 # j).
This and imply
Uity =0 (3,5 > 41 # j).

Thus there exists an index 79 > 4 such that 4;, = 0. Putting j = i in ,
we have

uiAiio = 0 (Z # ?:0),

and so Ag;, = 0 and As;, = 0. Thus we have proved that the vector e;, is a
common principal vector of ¢ and .

Case I1I: r = 1. We may set ug # 0 and u; = 0 for any ¢ > 3. Put j = 2
n (2.6). Then we have

A =0 (i,k>3i4k), (2.12)
which together with implies
Uiy =0 (4,5 > 334 # ).

Thus there exists an index jo such that 4;, = 0. Then from we have
ug Agj, = B2lij, = 0 and so Agj, = 0. This and show that the vector
€j, 1s a common principal vector of ¢ and .

Case IV: r = 0. From (2.7) we have 4; = 0. Hence the vector e; is a
common principal vector of ¢ and .
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Corollary 2.1 Let M be a (2n — 1)-dimensional homogeneous Rieman-
nian manifold, and v be an isometric immersion of M into P,(C) (n > 3).
Assume that the structure vector field of (M, 1) is invariant by any isometry
of M. Then (M) is an orbit under an analytic subgroup of the projective
unitary group PU(n +1).

Note that all real hypersurfaces in P,(C) obtained as orbits under an-
alytic subgroups of the projective unitary group PU(n + 1) are completely
classified in .

Proof of Corollary 2.1 For any isometry g of M we have another isometric
immersion i = ¢t o g of M into P,(C). By assumption we have & = £. It
follows from the proof of Theorem A that ¢ and i have a principal direction
in common at each point of M. Therefore the isometry g of M is principal
in the sence of a paper [4]. Now our Corollary reduces to Theorem B in .

[

Remark 2.2. The fact that the two structure vector fields coincide up to
sign on M means that for each point p € M there exists a vector v in T,,(M)
such that J(¢4v) is normal to «(M) at «(p) and J(i,v) is also normal to i(M)
at I(p).

Remark 2.3.  We can prove that Theorem A and [Corollary 2.1 are also valid

for complex hyperbolic space H,(C) with negative constant holomorphic
sectional curvature.

3. Invariant subspaces

Let ¢ and i be two isometric immersions of a (2n — 1)-dimensional Rie-
mannian manifold M into a complex projective space P,(C). In the fol-
lowing we assume that there exists an m-dimensional subspace V of the
tangent space Tp,(M) of M at p € M such that V is invariant under the
actions of the shape operators A of (M,.) and A of (M, ). In the sequel
the indices o, 3,7,6,--- and a,b,c,d, - - - run over the ranges 1,2, ..., m and
m+1,m+2,...,2n — 1, respectively. Then we may set

Aoa =0, Age =0. (3.1)

If m = 1, then we have a principal direction in common and this case
was studied in [4]. Since V is invariant under A and A, so is the orthogonal
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complement V1 of V. Therefore the case of m > n can be alternated to that
of m < n — 1, and we have only to consider the case where 2 < m < n — 1.

Lemma 3.1 ¢aa¢ﬁ'y = qgaaqgﬂfy and  PaaPpe = &aa(%bc-

Proof. Ifweputi=a,j=a,k=0Fandl=+in and make use of
, we get

¢aﬂ¢a’y - ¢a'y¢aﬂ + 2¢aa¢ﬂ'y = anﬂﬂgaﬂy - an'y(&aﬁ + 2§£aa¢§ﬁ7- (3'2)
By putting a = 3 in (3.2), we obtain
DapPpy = PapPsn- (3-3)
Multipling (3.2) by qgaa and &ag, and making use of [3.3), we have
(¢aﬁ¢;aa - éaﬁ¢aa>¢a’y - ((ﬁa’yéaa - (Iga'yd)aa)qsaﬁ
+ 2(¢aa¢ﬁ'y - ¢aa¢ﬁ’y)¢aa =0,

(¢aa¢,@7 - anaq%@'y)qgaoi“ (Qba'yq;saa - ¢Za7¢aa)¢ﬁa
+ 2(¢aﬁ¢aa - ¢aﬁ¢aa)¢a7 =0

respectively, where in the second equation we have exchanged o with 3. If
we add the above two equations, then we find

(¢aa¢ﬁ7 - Cgaaqgﬂfy)qgaa + (Qbaﬁqgaa - éaﬂ¢aa)¢a’y = 0. (3-4)
On the other hand, exchanging the role of ¢ and (ﬁ, we also find
(d)aaqbﬂ'y - anaéﬂ’y)(rbaa + ((baﬁqgaa - qgaﬂgbaa)qga'y = 0. (35)

Multipling by ¢ay and by g&ay, and then taking their difference,

we have
(¢aa¢,8’y - anad;ﬁ’y)((ﬁaa(ﬁa'y - Cbaa(z)afy) =0, (3-6)
where we have used .

Now we assume that there are indices a, «, 8 and ~ such that

¢aa¢ﬁ’y 7& qgaaqgﬁfy- (3.7)

Then, from we obtain &aaqﬁm = ¢aa</3a7. From this and the equation
obtained by exchanging 3 and + in [3.4), we have ¢,, = 0. Similarly, from

we get dqq = 0, which contradicts [3.7).
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According to the similar argument to the above, we can verify another
equation by putting i = a,j =a,k=band [ =cin . ]

From now on, we can choose a field of local orthonormal frames
{61, e ,egn_1} such that

Aag = Aabop and Ay = Agbap.

Ifweputi=a,j=p,k=a,l=bandi=qa,j=a,k=p0,1=>bin (1.9)
and take account of and this fact, then we have

¢aa¢£3b - PabPBa + 2005Pab

= Gaabps — PabPpa + 20agdar (a # B,a #b), (3.8)
¢a[3¢?b - ¢ab¢?ﬁ +A 2¢aa¢?b )
= GapPab — PabBap + 200absp (o # B,a # b) (3.9)
respectively. Adding [3.8) to [3.9), we obtain
GafBab + PaaPsb = PapBab + Paadbsy (a # B,a #b). (3.10)
The substitution of [3.10) into [3.9) gives rise to
Paadpp + PabPga = baabas + Pavdsa (o # B,a £ b). (3.11)

Lemma 3.2 ¢,, =0 if and only if qgaa = 0.
Proof.  Let ¢oq = 0. Then it follows from and that

Qbaad)ﬁ'y =0 and @aaPpc =0, (3'12)

¢aa¢ﬁb + (bab(bﬂa =0 (a # B,a # b) (3.13)

First we assert that the matrix (¢o,) has a zero component. In fact, if not

so, multipling by 3 and by & and then summing up for 8 (# a)
and b (# a) respectively, we have a contradiction & = 0, which shows our
assertion. Here we fix indices ag and ag such that ¢q,q, = 0. Then from
(3.11) we have

PaobPBae =0 (B # 0, b # ao). (3.14)
Next we assume ¢, # 0. Then we see from (3.12) that

¢py =0 and ¢@pc = 0. (3.15)
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From we have ¢op = 0 or ¢g,, = 0 for 8 # ag and b # ag. In

the former case, we have ¢q,; = 0. It follows from (1.6) that ﬁao = 1.
Moreover, from (3 10) and (3.15) it follows that ¢a05¢bc =0. If ¢p. = 0,
we see that rank¢ < 2n — 2. Thus, since qbbc # 0, we get éaoﬂ = 0 and
hence also <15a0z = 0, which leads to fao = 1. Therefore £ = i§ and from
Theorem A we see that ¢ = cb, that is, we obtain ¢g, = 0. In the latter
case, we also get ¢g, = 0 by a similar method. Similarly we can verify the
converse. []

4. Proof of Theorem B

In this section, making use of Lemmas in §3, we prove [Theorem B. We
need to divide the proof into the following four cases: (A) ¢oq = 0; (B)

¢aa # 0 and Pap 7# 0; (B,) ¢aa # 0 and ¢qp # 0; (C ) ¢aa # 07¢aﬁ =0 and
Gab = 0.

But, we can reduce the case (B’) to the one (B) by exchanging the roles
of the indices « and a.

Lemma 4.1 In the case (A), we have ¢ = +.
Proof.  From (3.2) we have ¢o, = 0. Therefore it follows from that
Papbab = Papab- (4.1)

Since rank ¢ =rankq£ = 2n — 2, we see ¢aﬁ¢ab§l§a,@<lgab # 0.

Moreover implies that indices oo and [ (resp. a and b) satisfy
Pap = 0 (resp. @qp = 0) if and only if indices o and 3 (resp. a and b) satisfy
qgag =0 (resp. ¢qp = 0). Hence from we have

bap = €<13aﬁ and g = ey (4.2)

for a local function . Since we have 3 3 ¢a52 = ¢? 2.8 qﬁagQ from the first
of (4.2), then it is easily seen from (1.6) that

26,2 — €= 1. (4.3)
By a similar method, the second of (4.2) gives rise to

&l-eft=1-¢ (4.4)
On the other hand, since ¢oq = 0 and ¢,y = 0, we see from (1.6) that

6045(1 =0 and éaéa = 0. (45)
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From (4.5), we have the four possibilities (1) £, = 0 and £o =0, (2) €4 =0
and & =0, (3) &, =0 and & = 0 and (4) & = 0 and &, = 0, and have
2 (1) and (4), it is clear from

e = 1 at any case. In fact, in the cases

and that €2 = 1. In the case of (2), it follows from and that
236 =m(?~1) and —2Y &%= (2n—m - 1)(1 - &),
(e a

which is reduced to (1 — £2)(2n — 2m — 1) = 0 because Y. £,2 = Y&, = 1.
Since 2n — 2m — 1 # 0, we get €2 = 1. The case (3) is similar to the case

2).

Consequently, we have ¢ = +¢. []
Lemma 4.2 In the case (B), we have ¢ = +¢.

Proof.  From Lemma 3.1 we have ¢qqpys = q@aaq%g. Multiplying this by
¢gp and making use of we have

(baaBpb — aadsp)Prs = 0. (4.6)
Take indices ag,ag such that ¢aue, # 0 and put € = ¢uga0/ bapag- Since
bap # 0, we see from

Paa = Eﬁgaa- (47)

Moreover, we have € # 0. In fact, if € = 0, it follows from that ¢aq = 0,
and hence from that ¢ae = 0. This is not the case.
Owing to [Lemma 3.1, we have

J)aﬁ = 5¢aﬂ and anb = EQap- (4'8)

Now,we need to divide into the following two subcases: (I) m > 3 (II)
m = 2.
Case (I):  Substituting and (4.8) into [3.10), and (3.11), respectively,

we obtain

(1 _ '51_2) baadas = (62 — Ddasbus (@ # B0 £ ), (4.9)

(52 - 1)(¢aa¢ﬂb + ¢ab¢ﬂa) =0 (a 75 ﬁa a 7& b) (410)
Now we assume that €2 # 1. Then it follows from and that

boaadpp = E°0apdap (o # B,a #b), (4.11)
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Qbaa(bﬂb + ¢ab¢ﬂa =0 (a # B,a # b) (4.12)
In particular,
Pagac®Bb + PaghPay = 0 (B # o, b # ay). (4.12)

Multiplying this by ¢4, and making use of [4.12), we have
¢7ao¢ﬂb - ¢76¢,@a0 =0 (/6 7& G, Y ?é aO)ﬁ # fy,b # Cl()).
Comparing this with {4.12), we have

PabPyag =0 (B # a0,y # a0, 8 # 7,b # ag). (4.13)
Furthermore, multiplying by ®aye, by a similar method we have
¢ﬁb¢aoczo (ﬂ#ao,b#ao,c;&ao,b;&c). (414)

Here we consider the following two subcases: (I-1) ¢nq = 0 for any a # ag
and any a # ag; (I-2) ¢gyp, # 0 for some By # o and some by # ag. In
both cases we shall lead a contradiction.

Case (I-1): In this case, from (4.12') we have

¥ x ... % * 0 ... 0

0 0 ... 0 x 0 ... 0
(¢aa) = : . : or (¢aa) = : Do, . !

0O 0 ... 0 * 0 ... 0

where , denotes an entry of the matrix (¢;;). Moreover, from we have
®ab = 0 since @43 # 0. Then ¢ is given by

X k.. ok k.. % *x ... x x 0 ... 0

(* x ..o+ 0 ... 0\ / I \
S S PO ¥ ... % % 0 ... 0

=1 * ... x 0 ... Oforéd=|x ... « 0 0 ... 0
* 0 ... 00 ... 0 O ... 00 0 ... 0

\« 0 ... 00 ... 0 \0 ... 000 ... 0

This implies rank ¢ < m + 1 < n < 2n — 2, which is a contradiction.

Case (I-2):  From and [4.14), it follows that ¢4, = 0 for v # ag, Bo

and @anc = 0 for ¢ # ag, byp. Furthermore, exchanging the role of ¢,, and
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b, we also find ¢, = 0 for v # ag, By and ¢g,c = 0 for ¢ # ag, bg. From

these and we easily see that ¢ = 0 for v # ag, 8o and c # ap, bo.
Then the matrix (¢qq) is given by

* x 0 0
*x *x 0 0
(¢aa): 0 0 O 0
o 0 0 ... 0

Since ¢qp # 0, from the above matrix and (4.11), it follows that ¢q, = 0.
Thus we see that 2n — 2 =rank¢ < m + 2 < n + 1, which implies n = 3
and m = 2. It is contrary. Consequently we have €? = 1, that is, ¢ = +¢

because of and (4.8).
Case (I1): From (1.6) it follows that

Z ¢ai¢ia - §a§a =0, Z ani(yzgia - éaéa = 0. (415)

Substituting and (4.8) into the second of and then comparing
this result with the first of (4.15), we have

€aba = Eaba. (4.16)
Moreover, from (1.6), and (4.8), we have

1 ~
522¢ab2 + 8_22¢aa2 +§a2 =1,
b Q

(4.17)
E ¢ab2 + E qbaoz2 + §a2 = 11
b o

1 .
6—2- Z¢aa2 + e Z¢a[32 + 5042 =1,
¢ p (4.18)
Y G’ + D bap’ + & =1.
a 8

Now we assume that €2 # 1. Then it follows from (4.17) that

1 ~
(‘8_2 - 52> Z¢aa2 + §a2 - 5260,2 =1- 52-
a
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This, together with (4.18), implies
e’r —7=(1-e*)(n—m—1), (4.19)

wherer =3 ¢€,2 =1-Y¢2and =62 =1~ 6,2 Here, we want to
show that éa =0or fa = 0.

For this, we assume that there exist indices oy and ag such that §a0£a0 %+
0. We may set as ag = 1. Put n = 51/51 Then we see n # 0 by (4.16) m
Then we see from (4.16) that &, = nﬁa and £a = né,. Taking account of
this, (1.6), [4.7) and 4 8) we easily see

nig > €aBaa + e Y Epdsa =0, Y ataa + Y €s05a =0, (4.20)

and so

(i — ne) Zﬁgqﬁgz <TI_];€ - 775) §1¢12 =0

ne
since m = 2. Since ¢o3 # 0, from this we have n? = 1/e2. Then, usmg
(4.20) we obtain 7 = (1/8 )r, which, together with [4.19) and fact €2 # 1,
gives (5 +1)7 = —(n —m — 1) < 0. This is a contradiction.

If §a = 0, then taking account of (1.6) we find

Zéad)aa = Zéa¢ab =0,

which means ¥ &,e, € ker ¢. Since { = ) §;e; € ker ¢ and dim(ker @) = 1,
we see that {, = 0 and £ = 3&5 If fa = 0, then we also get £, = 0 and
€=+, A

Accordingly, by Theorem A we have ¢ = ¢, which is contrary to the
fact that €2 # 1. Thus our Lemma follows from and (4.8). ]

Lemma 4.3 In the case (C), we have ¢ = 4.
Proof. It follows from that
qgaa‘;gﬂv =0 and anaq;bc = 0.
Since ana # 0 by the assumption, the above equation is reduced to
éaﬁ =0 and gzgab =0.
Therefore, implies that
Paadph = baadpy (a0 # B,a #b). (4.21)
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Multiplying by Qgﬁc and making use of [4.21), we get
(BpP5c — PapPse)baa =0 (o # B,a # b,a # ). (4.22)

On the other hand, since rank ¢ = 2n — 2 and ¢o3 = ¢ap = 0, we see that

rank (¢aq) = m = n — 1. In this situation we divide into the following two
subcases: (I) m > 3; (II) m = 2.

Case (I): Since m > 3 and rank (¢,,) = m, we can change the order of the
local orthonormal frame field {e;} in such a way that

P1,m+192,m+293m+3 7 0. (4.23)
Combining this with (4.21), we also have
le,m+1<£2,m+2€£3,m+3 # 0. (4.24)

Taking account of (4.23) and [(4.24), we obtain

baa = 0 if and only if Paq = 0, (4.25)

that is, ¢oq and (;Aﬁ,m are equal to O in the same position if any. In fact, for
any ¢aq, there exists an index p € {1,2,3} such that

¢aa¢,u,m+u = dA)aadA),u,m%—u (,LL Fa,m+ pF a)

because of (4.21). Since ¢, m+, # 0 and ép,mﬂi # 0, we obtain (4.25).
From we obtain

¢u,m+u¢v,m+y = ¢u,m+u¢u,m—+—u (,Ua v=123,pu# V)a

which implies ¢, my, = €$u,m+u (e = £1) for p = 1,2,3. Since for any
indices a and a there exists an index p € {1,2,3} such that o # p and
a # m 4+ u, again from we have ¢oq = €daq (e = £1).

Case (II): Since m =n —1 and m = 2, ¢ and ¢ are given by

0O O uw v w 0O 0 u v w
0O 0 =z y =z 0 0 =z gy 2
¢p=|-u -z 0 0 O0|andd=|-a -2 0 0 0
—v —y 0 0 0 —% —g 0 0 0
—w -z 0 0 0 % -2 0 0 0

From (1.6), it follows that
£0la =0 and £,6, =0. (4.26)
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By virtue of the above expressions of ¢ and gﬁ, we can consider the following
three subcases: (II-1) 2 # 0,y = z = 0; (I-2) zy # 0, z = 0; (I1I-3) zyz # 0,
and we shall show that ¢ = +¢ at each case.

Case (II-1):  From [4.21), we find
uy=0, 42=0, 92=0, vr =108 wr=wE wJ=0. (4.27)

Since = # 0, it follows from that ¥ = ev,w = ew, which yields
& = (1/e)x because of (4.27). Here we note that € # 0. In fact, if ¢ = 0,
then © = @ = 0. Since rank ¢ = 4, then 4 # 0, which, together with (4.27),
implies y = 2 = 0. Thus rankq& < 4 and it is contrary.

If £, # 0, we see from (4.26) that &, = 0, which yields v? = w? = 1
because of (1.6). Then we have 1 — £1? = u? +v2 + w? = 42 + 2 and hence
contradicts. Thus we get &, = 0, and hence z? = 1 and u = 0. Moreover,
we find 4 = 0 In fact, if 4 # 0, from (4.27) we get § = 2 = 0. Since we see
from (1.6) that (ev)? = (ew)? = 1, which leads to a contradiction.

Also we obtain éa = 0. In fact, if éa # 0, then éa = 0 by means of
(4.26). Thus & = 1, which means &2 = 0 and § = 2 =0. Therefore £,2 =1
and hence v = w = 0. This contradicts the fact that rankgb? =4.

Hence summing up the above results, we get 92 + 10? = £2(v2 + w?) =
1 = v? 4+ w?, that is, €2 = 1. Combining this with the fact that & = (1/e)x
and 22 = 1, we have #2 = 1, which means y=2=0.

Consequently we have ¢ = j:gg.

Case (II-2): It follows from [4.21) that
uy =1y, uz=0, 9Z2=0, ve=10Z, zw=3iw, yw=gw. (4.28)

If 2 # 0, then from (4.28), we get & = 0 and © = 0. However, since it
was discussed in the Case (II—l), we may set 2 = 0. Let w = 0. Then

€2 =1, thatis, & = --- = & = 0. If @ # 0, then from (4.28) and the
fact that w = 0, it follows that & = y = 0. This contradicts the fact that
rank ¢ = 4. Thus @ = 0. Therefore 55 = 1, that is, £1 = £4 = 0. This

case was treated in [Theorem Al Thus it suffices to consider w # 0. This,
together with (4.22), implies x§ = Zy, that is, £ = ex, §j = ey, where ¢ # 0.
Combining this with (4.28), we obtain

which implies w # 0.
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On the other hand, as we have ssen in the proof of [Lemma 4.1, we can
consider the four possibilities (1), (2), (3) and (4) from and (4.26).

(1) It follows from (1.6) that u? + v? + w? = 1/e?(u? + v + w?) = 1,
which means €2 = 1.

(2) Since £, = 0, we have & = 1, which imolies @& = ¥ = 0 and hence
this case was treated in the Case (II-1).

(3) Since &, = 0, we find w? = 1, which yields u = v = 0 and hence
also discussed in the Case (II-1).

(4) In this case, we find w? = 1 = 1 and hence u = v = 4 = © = 0.
Thus it is clear from (2) and (3) that €2 = 1.

Case (II-3): It is easily seen from [4.22) that
U=¢eu, V=¢cv, W=c¢cw, T=etar, Yy=ny, Z=nz. (4.29)

This, together with [4.21), shows en = 1. From (4.26) we have the same
four possibilities as the Case (II-2).

(1) Since u? + v + w? = e?(u? + v? + w?) = 1 by means of (1.6), we
see that 2 = 1.

(2) From (1.6), it follows that

2
w4+ 5 =1, e+ L =1, 82w2+z—:1, (4.30)

2 2
etuv? = (1 — j—Q) (1 - ?2—2) : (4.31)

Furthermore, using (1.6) we find

e2uv + % = 0.
€
Combining this with [4.31), we have 2% + y2? = £2. Similary, we also get
y? + 22 = 2,22 + 22 = 2. Since we obtain z2 + y2 + 22 = 1 from €a = 0,
we find €2 = 2/3.

On the other hand, by using we see that £2(u? + v? + w?) +
1/e?(z? + y? + 2%) = 3, which shows €2 + 1/e2 = 3. This contradicts the
fact that €2 = 2/3. Therefore this case does not occur.

(3) By a similar argument to the case (2) we can show that this case
does not occur too.
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(4) From (1.6), it follows that

x
uv + zy = 0, 52uv+s—g—:0,

which yields €2 = 1 because of the fact that xy # 0. L]
Proof of Theorem B Owing to Lemmas l.1~4.3 and ©;; = C:)Z-j, it follows

from that
Vi Ay = i Ay
Then, by a well-known lemma of E. Cartan , we have at each point of M,

if t>3 or £>3, then t; =egy(e = +1)
for i=1,...,2n— 1. (4.32)

On the other hand, it is known that in any non-empty open subset of M
there exists a point p such that t(p) > 2, where n > 3 (cf. [5]). Since the
type number of M is not equal to 2 at every point by our assumption, we
see from (4.32) that A = +A everywhere on M. Thus ¢ and i are rigid (cf.
Theorem 3.2 in [5]). ]

Remark 4.4. We can show that Theorem B and Lemmas d.1~4.3 are also
valid for complex hyperbolic space H,(C) with negative constant holomor-
phic sectional curvature.
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