Hokkaido Mathematical Journal Vol. 25 (1996) p. 315-332

Non-commutative Burgers equation

Azzouz DERMOUNE
(Received April 7, 1995; Revised August 16, 1995)

Abstract. Let us consider a non-commutative analogue of the stochastic Burgers equa-
tion: %% + AU o V)U = vAU + VA(z,t) (z,t) € R**!, where (z,t) — A(z,t) is a
map with values in the space of linear maps from a symmetric algebra S(D), subset
of the Fock space, into its algebraic dual S(D)*, V and A are respectively the gradi-

ent vector and the Laplacian w.r.t. = € R™®. The linear operator vector (U o V)U =

(Z;'l:l Ujo %, 1 < k < n), and the products U; ¢ g—gf— are interpreted as Wick prod-

ucts. For any solution Y (z,t) of the non-commutative diffusion equation with potential
term B—Yé%ﬁ = vAY(z,t) + M2v) "1 A(z,t) ¢ Y(z,t), we associate a solution U(z,t)
of the non-commutative Burgers equation represented as following: U(z,t) o Y(z,t) =
—2uA~1VY (z,t). We link this non-commutative Burgers equation with the stochastic
Burgers equation.
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Introduction

The stochastic Burgers equation

9
_a'% + A(u, V)u = vAu + VN(z,t) (z,t) € R™,

has been largely studied in the physical literature as a simplified model
in complex phenomena such as turbulence, intermittence, and large-scale
structure. Very recently mathematical theory on these subjects appeared
see, e.g., , and the references therein.

In the case where the external potential N(z,t) is smooth, a solution
to the stochastic Burgers equation can be solved by the Hopf-Cole trans-
formation [3], u(z,t) = —2vA"'Viny(z,t), and by the Feynman-Kac
formula.

In the case where N(z,t) is a white noise on space-time, and n = 1 the
problem was studied in [4]. In the case where N(z,t) is a white noise on
space-time and n > 1, the situation is more complex. This case was studied
in [9] by interpreting the products (u, V)u in the Wick product sense. Since
the term “Wick product of random variables” is taken from quantum field
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theory, it is natural to try and generalize the study of the stochastic Burgers
equation interpreted in the Wick product sense in the following direction:

The Fock space takes the place of the Wiener or the Poisson probability
space (2, F,P), and a linear operator A(z,t) takes the place of the noise
N(z,t). So, the random vector u is replaced by a linear operator vector
U(z,t) on the Fock space over H = L?(R"*! dzdt) satisfying the non-
commutative Burgers equation

8U
= )\ZUJ— = vAUy + VA(z,1);

1<k<n, (z,t) € R"

and we interpret the product Uj%g_f as the Wick product.

Using the symbol and kernel methods in Fock space [2], [12] (see also
references therein), we transform the latter equation to the multidimen-
sional Burgers equation with a deterministic potential term. Suppose that
the symbol (z,2") — A(x,t,2,2') of A(z,t) (defined below) is differentiable
with respect to x, then by the Hopf-Cole transformation the study of the
multidimensional Burgers equation can be reduced to the study of the dif-
fusion equation with a potential term

Ay (z,1)
ot

= vAy(z,t) + A\(2v) 1 A(, t, 2, 2 )y(z, t).

For any solution y(z,t) to the latter equation we associate a linear
operator also denoted by Y (z,t) on Fock space, and we obtain a solution
U(z,t) of the non-commutative Burgers equation represented as following:

U(z,t)oY(z,t) = —20A71VY(z,1).

In the section 1 we recall some results concerning the Fock space, the
symbol and kernel methods, the Wick product, and the connection between
the Fock space and the Gaussian and Poissonian probability spaces. In the
section 2 we present the study of the non-commutative Burgers equation,
and we establish the link with some stochastic results.

1. Distributions on Fock space

Let dl be the Lebesgue measure, the symmetric Fock space over H =
L*(R™*! dl) is defined by Fock(H) = @, k!HO*, with H®® = R, and
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for k € Nx, the space HOF = Lgym((Rn“)k, dI®*) is the set of the class of
square integrable functions with respect to dI®*, which are symmetric with
respect to the k parameters (z1,t1), ..., (Tk, tk)-

The notation k!H®* means that the scalar product over H®* is multi-

plied by k!. Thus, the scalar product (-,-) over Fock(H) is defined by

(fi), (gr)) = D_ KX x> gk) mrok,
k=0
the norm over Fock(H) is denoted by || - ||.

For h € H, we denote by e the exponential vector element of Fock(H)
defined by

eh—éﬁég—k~ h®0 =1 (1)
—k—O K o

For a dense subspace D of H the space spanned by e’ h € D is dense in
Fock(H). In the sequel we choose D = S(R™*!) the Schwartz space.

We denote by D* the algebraic dual of D, i.e. the set of all linear
functions (forms) mapping D into R. We have the triplet D C H C D"
For all n > 1, let S, (D) := D®™ be the space of symmetric tensors of order
n over D, i.e. the vector space spanned by 2®" 2 € D. The algebraic
dual S, (D)* of S,(D) is the space of homogeneous polynomial functions of
degree n on D.

From this we have, for all n € N, the triplet S,(D) C H®™ C Sp(D)*.
Taking the direct sum, we obtain the triplet

S(D) = é S.(D) C Fock(H) C S(D)". 2)
n=0

The first direct sum is an algebraic sum, and the algebraic dual S(D)* =
[1%° S, (D)* of S(D) is the space of formal series on D.

The natural duality between S(D) and S(D)* is defined for z € D
and F = S F, € S(D)* by (F,2%") = Fy(2). In view to extend the
duality between S(D) and Fock(H) given by the scalar product (-, -) over
Fock(H) to a duality between S(D) and S(D)*, we modify the natural
duality between S(D) and S(D)* as following: for z € D and F' = 37" F;, €
S(D)",

(F, 2°™) g(D)=,5(D) = NFn(2). (3)
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Hence an element F' of Fock(H) is interpreted as a formal series on D

defined by

z€D — F(z)= Z Fo(z) := (F,€").

n=0

It is well known, see |2] (chapter 1) and [12], that for F' € Fock(H) the

map z — F'(z) can be extended to an analytic function on H + iH, and
IFIE= [ FEFE) "z de" @
H+4+iH

where 2 denotes a generic element of H+iH, F(z)* the complex conjugate of
F(z) and y(dz, dz*) is the cylindrical complex Gaussian measure on H +iH,
its restriction to C" is equal to

T exp(—
J

n n
(:L'JZ + y?)) H d:njdyj, zj =x; + iyj € (C,
-1 j=1
for 1 <j <n.

Wick product A; ¢ A; of two linear operators on Fock(H). In the
theory of quantum fields the Wick product was introduced by G.C. Wick in
1950 , and it was developed by F.A. Berezin . In stochastic analysis
the Wick product was first introduced by T. Hida and N. Ikeda in 1965 [7].

The Wick product in the quantum fields theory can be presented as
following: from the triplet (2) we inject the space Lop = L (S(D), Fock(H))
of linear maps, without any continuity condition, from S(D) into Fock(H)
in the space Lap = L (S(D), S(D)*) of linear maps, without any continuity
condition, from S(D) into S(D)*.

From that we have the following three linear isomorphisms,

Lap= L(S(D),S(D)*) ~ Bil (S(D) x S(D)) ~ (S(D) ® S(D))*
~ S(D x D)* (5)

where Bil(S(D) x S(D)) is the space of the bilinear forms on the vector
space S(D) x S(D), and S(D) ® S(D) denotes the tensor product with all
2 factors equal to the vector space S(D).

From (5) for all A € Lap there exists a unique formal series A(z,z')
on D x D, called the kernel of A, defined in the formal series sense for all
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2,2/ € D, by
~ - 1 o
A(z,z/) = Z W(Azl(gm, Z®m> = Z Am,n(z, Z/).
m,n=0 """ m,n=0

From this, and from (3) we have (42'®"),,(2) = n!Am n(z,2'), and

n = 1 0 om >
(AZ"®™)(2) = Z E(Az'@’ ,2%™) = nl Z Amn(z,2).
m=0 m=0
If Ais a linear operator of Fock(H) such that for all z € D, Ae* €
Fock(H), then the series A(z,2') = 300 _ 0 Amn(z,2') converges to

(Ae?  e?) and we have for all z,2' € D, (Ae z/,ez) = A(z,2)).

An example of such situation is the creation operator a™(f), the anni-
hilation operator a(f), and the counting operator a®(f). For f € H, the
creation operator a¥(f), and the annihilation operation a(f) are defined,
for all 2,2' € D, by (at(f)e”,e?) = (¢*,a(f)e?) = (f,z) exp({Z, z)), the
counting operator a’(f) is defined by (a®(f)e?, e?) = (f2', 2) exp((Z, 2)).

More generally, if B=a™(f1) - a*(fx)a(g1)---a(g;), then

k
E(Z7Z,) = exp((z, # >) (H (fi,2) ) <H 9j, = )

Definition 1.1 The Wick symbol of an operator A is defined by A(z,z") =
exp(—(z, 2/))A(z, 7).

It is easy to see that the map A(z,2') — A(z,2'), from S(D x D)* into
S(D x D)* is one to one. Thus, an element A € Lap is also characterized by
its Wick symbol. For example, the Wick symbol of the operator B, defined

above, is equal to B(z,2') = (H 1({fi, 2 ))(H] 1{g5,2")).

We are now ready to define the Wick product of two linear maps

Ay,A; € L(S(D),S(D)*).

Definition 1.2 The Wick product A; ¢ Ay of Ay, Ay is a linear map from
S(D) to S(D)*, its Wick symbol is equal to

Vz,2' €U; A1 o Ag(z,2)) = Ay(z2,2')As(z, 7). (6)
Ezample 1.1. If Ay =a*(u1)---a™(ug)a(vy)---a(v), and

Ay = at(ugs1) - at(um)a(vigr) - - a(vp), then A3 0 Ay = a™(uy)---

at (um)a(vy) - - - a(vp).
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The Gaussian and Poissonian white noise probability spaces.
Let  := S'(R™*!) be the space of Schwartz distributions. A generic element
of D is denoted by z, and a generic element of €2 is denoted by w.

The duality between Q and D is denoted by (w, z). We have the triplet

D C H = L*(R",B,dl) C Q

where B denotes the Borel o-field over R™**1,

We denote by F the o-field on Q spanned by the linear forms ( , z)
defined by w — {(w, z). We define on (2, F°) two probability measures P
and P». The characteristic function of P is given by

: _ el
z € D — E[exp(i(w,z))] = exp ik

The characteristic function of Ps is given by

n+1

z€ D — E[exp(i{w, z))] = exp (/IR ei#(@t) _ 1dl(x,t)> :

For j = 1 (respectively j = 2), the o-field F° is augmented with all
subsets of P;-null sets of F 0 and denoted by Fi (respectively F3).

The triplet (2, F1, P1) (respectively (2, F2, P»)) is the probability space
of the Gaussian (respectively Poissonian) white noise on (R™*1, B, dl).

We denote by L2(Q), the space of the square integrable random vari-
ables with respect to P; or P;. The expectation E denotes the expectation
under P; or P,. The centered Poisson white noise q is defined by
q(z) = (w, 2) — fgn+1 2(z, t)dl(z, t), and W denotes the Gaussian white noise,
i.e. the map from D into L?(12, P;), defined by z € D — (w € Q — (w, 2)).

It is a consequence of the characteristic functions of P; and P, that the
Ito isometry holds, i.e. E[|W(2)2] = ||2]|?, and E [|q(2)|?] = ||2||*.

From this we see that if z € H, and we choose z, € D such that z, — z
in H then W(2) := limp00 W(z,) and ¢(z) = lim,— q(25) in H, the
limit is independent of the choice of {z,}.

The chaotic transformation. The Wiener-Ito [11], expansion
for the Gaussian white noise W, and for the centered Poisson measure g,

means the isomorphism I from Fock(H) into L?(2) defined by

(fu) € Fock(H) — F = 3 I(fu), )

k=0
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where the random variable I (fx) is the symmetric multiple integral w.r.t.

W or w.r.t. q defined in [11], and denoted formally by
I (fi) = /(Rn+1)k Je((@1,t1), - -, (@k, tr)) AW (@1, 21) - - W (@i, ti)

in the Gaussian case, and by

) = [ e t), o e ) da(e, ) dafa )

in the Poissonian case.
The random variables Fj, = I(fx); k € N are such that

E{|Fu[?] = k|| fil yor, and E[FuFj] =0, for j £ k. (®)

FEzample 1.2. Let z € H, the image I(e”) of the exponential vector e* (1)
2

by the isomorphism I (7) is given by I(e*) = exp (W(z) — @) in the

Gaussian case. In the Poissonian case, we recall that P; is concentrated on

M,(R™*1)] the set of the punctual Radon measures on R"**!. Thus, w €

may be written as w =}, 6(,, ¢,)- From this, we have (see for example [14])

I(e9)(w) = exp (—/R e t)dl(a:,t)) I+ =(z,1,))
J
In the sequel we put I(e*) := £(z). We can see from (1) and (8) that
for all f € HO%, 2 € H,

®k

E [1(f)€(2)] = (fir =) = (i 2 o (9)

Distributions on (2, F;,P;), j = 1,2. We use now the Wiener-Ito
expansion to define over (2, F;, P;) the analogue of the triplet (2). The
image of S(D) by the isometry I is the space P(Q) spanned by Iy(z*),
keN,and z € D.

In the Gaussian case Iy (z*) = ||z]|*Hy (||2]||7*W (2)), where Hy,k € N
are the Hermite polynomials, i.e. defined, for all \,t € R, by

00 )\k /\2
—Hi(t) = A ——].
kzzok! k(1) eXP( 2)

In the Poissonian case (proposition 3.1) I (z*) € LP(Q, P,), for all

1 <p<oo.
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A generalized random variable is a linear form on P(2). The set of the
generalized random variables is denoted by P(2)*. From that we obtain
the triplet

P(Q) C L*(Q) C P(Q)*. (10)

This triplet is similar to the T. Hida triplet [8].

The isomorphism I from Fock(H) into L?(Q) is such that I (S(D))
P(Q). Thus, the transpose I* of the restriction of I from S(D) into P(2)
defines an isomorphism from P()* into S(D)*.

Finally the Wiener-Ito expansion [ is extended to an isomorphism be-
tween the triplets (2) and [10)]. We call this extension the chaotic transfor-
mation and we denote it also by I.

Remark 1.1. Let X € L%(Q), X can be seen as a linear operator of L?()
defined by Y € L?(Q) — XY of course in general XY ¢ L?().

IfY € P(Q) = I(S(D)), then we can consider XY as a generalized
random variable, element of P(Q)* = I (S(D)*). So, X can be interpreted
as a linear application from P(2) into P(€2)*.

Thanks to the chaotic transformation I this operator is characterized

by its kernel X (z,2') = E[ XE(2)E(2")], or by its symbol
X(z,7)) = E[XE(2)E(2) ] exp(—(z, 2")).

In the Gaussian case £(2)E(2') = exp((z, 2'))€(z + 2'), thus, in this case the
Wick symbol of X is equal to

X(z,2) = E[XE(z + 2)] = (IH(X), ") (11)
In the Poissonian case £(2)E(2") = exp((z,2'))E(z + 2’ + 22’), thus, in
this case the Wick symbol of X is equal to

X(z,7)=E[XE(z+ 2 +22)] = I H(X), g2 te 22y, (12)

Remark 1.2. Using the interpretation given by the triplets (2), (10), an
element X € P(Q)* belongs to L2() if and only if the formal series

0

2€D - X(2,0) = (k) 'E [XIx(s")]
k=0

belongs to Fock(H).
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2. From the non-commutative Burgers equation to the heat
equation

We are ready to consider (the Wick interpretation of ) the non-commuta-
tive Burgers equation, i.e. for (x,t) € R,

88_2] + AU o V)U = vAU + VA(t,z); U(z,0) = —VE(x).

Let (z,2') € D x D, if U is a solution of the non-commutative Burgers
equation then its symbol U(z,t, z,2’) is a solution of the multidimensional
deterministic Burgers equation

%;_L + Au, V)u = vAu + VA(t,z, z,z’); u(z,0) = - V¢(z, 2, Z/).

The latter equation admits an explicit solution via the Hopf-Cole sub-
stitution

U(z,t,2,2) = —2vA"'Viny(z,t, 2, 2) (13)

where the function y(z,t, z, 2’) satisfies the linear parabolic equation

%% = VAG + A20) Az, t, 2, )

#(z,0) = exp(\(z, 2,2")/2v). (14)

To solve the latter equation we suppose that for all z,2’ € D:
Assumption F-K

(@) = Bx [exp (A20) €80 2, 2)
+ A(2v)7? /Ot A(Bs, t — s, z, z’)ds)]

is continuous on R™ x R, where (3, P,) is the diffusion with generator vA
in R", (E; denotes the expectation w.r.t. P).

Under the assumption F-K and using a similar proof as in @, there
exists a unique positive minimal solution y(z, ¢, z, 2’) of the linear parabolic
equation (14). This solution is given by the Feynman-Kac formula

y(z,t,2,2") = E, [exp(A(QV)—lf(ﬁt,z,z')

+A(2v)7t /Ot A(Bs,t — s, z,z')ds)]. (15)
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The proof of the following result is a consequence of (13), Feynman-Kac
formula, and the fact that the series (z,2") — y(z,t,2,2') is invertible in
S(D x D)*. In fact, the latter series is invertible because y(z,t,0,0) # 0.

Theorem 2.1 Suppose that the assumption F-K is satisfied. We denote
by Y(x,t) the linear operator with symbol y(z,t,2,2") (15). The unique
solution in L (S(D),S(D)*) of the equation X oY (z,t) = —2u\TIVY (z,t)
is a solution of the non-commutative Burgers equation.

Now we give some illustrations.

Applications First we study the three situations:
() E() € R and A@,1) = aldse) +a*(de),
(i) £(x) € R and A(z,t) = a(gas) + a* (@) +a*(be)
where ¢ € H, ¢2+(y,s) = ¢(x —y,t — ), and
(iii) €(z) € R, the linear map A(z,t) is such that A(z,t,2,72) =
z(z,t) + 2/ (,t).

It is well known that for all f € H the operator I o (a(f)+a™(f))oI™"
is the multiplication operator by the Gaussian random variable W(f). And
the process I o (a(f) + a™(f) +a°(f)) o I™! is the multiplication operator
by the centered Poisson random variable q(f) [13].

From that the non-commutative Burgers equation in the case (i) is

equivalent to the stochastic Burgers equation
ou

5 + Au o V)u = vAu+ VW (¢ ); u(z,0) = —VE(),
studied in [9], and in the case (ii) the non-commutative Burgers equation 1s
equivalent to %’;—L + Muo Vu = vAu+ Vq(¢rz); u(z,0) = —VE(z), studied
in .

From the theorem 2.1 the study of these equations is reduced to the
study of the following stochastic heat equations

W Ay A W (Gar) 0w y(,0) = exp(NE(@)/20), (16)
and
W oAy M) () o y(@,0) = exp(E(@)/20). (17)

We can announce the following result.
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Proposition 2.1 The stochastic heat equation (16) has a solution in
P(Q)* which is in LP for all 1 < p < co. This solution is given by

t
vlt.z) = B exp (M20) 16080 + A@) ™ [ Wiai, )i
t
272 o, gdsl)|.

The stochastic heat equation (17) has a solution in P(Q)* which is in
LP for all 1 < p < oo. This solution is given by

(60 Y By ) = Ea oo CEARI

—A(2v)7! /Rn+1 /Ot Oy — Bsyu —t + s)dsdudy)
H(l +A2v)! /Ot H(y; — Bs,uj —t + s)ds”. (18)

J

Proof. By the remark 1.2 the random variable y(z,t) is in L? if and only
if the series z € D — y(z,t, 2,0) is in Fock(H). We have in the two cases

vl t,2,0) = By [ exp (A(20)6(8) + A2v) / (Gt 2)ds )|

which gives that
— t
I (y(z,t)) = E, [exp()\(2u)‘1§(ﬂt))em”) "o ¢(as,t—s>ds}

_p gt
where ) Jo #00.t-5)ds is the exponential vector, element of the Fock

space, of the function (y,u) € R*** — A(2v)~! [ P(B,,t—s) (U, Y)ds.
In the Gaussian case

_ t t
I(e)\(zl/) 1f0 ¢(Bs,t—8)ds> = exp ()\(21/)'-1/0 W(¢(ﬂs,t—s))d8

t
=272 2| [ 6ig, oyl
and in the Poissonian case

I(g)\(Zy)—l fot ¢(Bs,t—s)ds) (w)
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= exp (—A(ZV)'1 /Rn+1 /Ot ¢y — Bs,u—t+ s)ds dudy)
11 (1 +A(2v)7 /Ot o(y; — Bs,uj —t+ s)ds>

J
where w =3, 6 (5,0 . These yields proposition 2.1.

In the case (iii) the study of the stochastic Burgers equation is reduced
to the study of the stochastic heat equation

?%Q = vAy(z,t) + A\2v) W (z,t) o y(z, t);
y(z,0) = exp(X(z)/2v) (19)

where W(z,t) is the Gaussian white noise in space-time. We have the
following result similar to [15]. ]

Proposition 2.2 The stochastic heat equation (19) has a solution in
P(Q)*. Its symbol is given by

itz ) = B exp(A(20) (5
+A(2v)7! /Ot 2(Bs,t — 8) + 2'(Bs, t — s)ds)].

The solution y(x,t) is a generalized random variable given by

(y(@. 1), (=)
k
kao—k -—k . — 8. ex 14 -1
et [ [ et =) [ ()W)

Doyt Y1y - - s Yk, Y)dydyy - - - dygdsy - - - dsg,

where psl,...,sk,t(yla ey Yk, y) is the denszty Of (5813 o 7ﬁska ﬁt) and <'7 > de-
notes the duality between P(Q2)* and P(2).

In the cases (i), (ii) and (iii) we have derived from the stochastic Burgers
equation a stochastic heat equation with a linear noise. The goal of the
following subsection is to study stochastic heat equations with a non-linear
noise.

Stochastic heat equation with a non-linear noise. Let us consider
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the equations

8y§;;,t) = vAy(z,t) + )\(21/)”13/(:1;, t)o 9(W(¢(z,t)), t);
y(z,0) = exp(A(2v)~¢(2)) (20)
WD) gl 1) + A(2) ™y, 1) © glalion), O

yle G - exp(M20) (@)

where the functions ¢ : R® — R and ¢ : R? — R are continuous.
The study of these equations is similar. Thus we study only the equation
[20). To use the Feynman-Kac formula we suppose that the function

(z,t) — E; [exp <>\(2V)_1€(5t) + /Ot A2v) " G (Bt = s, z)dsﬂ

where E[g(W (¢(,¢)),1)E(2)] = G(z,t,2), is finite and continuous with re-
spect to (z,t) for all z € D.
Thus the equation has a solution in P(Q)*, given by its symbol

otz ) = B exp(A20) 605
+/Ot>\(2u)‘1G(Bs,t—s,z+z’)ds>].

Now we prove that in the case g(u) = u? the generalized random vari-
able y(zx,t) is square integrable.

Proposition 2.3 Suppose that the function & is such that

E[exp(A(2v) THE(5r))] <

If ¢ € H,t > 0 are such that t|\Jv~Y|9||? < 1, then y(x,t) € L*(N),
and we have the estimate

y(z, ) L2
< (1 - 222072 |¢l14) " exp(tA(2v) TH|8]1P)Ea[exp(A(20) TE(B)))-

Proof.  From the remark 1.2, y(z,t) is in L? if and only if the formal series
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z€ D — y(x,t,2,0) is in Fock(H). By (4) this is equivalent to

y(z,t, ., 0)|2 = / y(@,t, 2, 0)y(z, t, z, 0)*y(dz, d=*) < oo.
H++H
From the formula of the product of the Hermite polynomials we have

W(¢x,t)2 - 12(¢x,t X ¢’ﬂc,t) + H(MF

From that and from the Feynman-Kac formula we have the estimate

ly(z,t,.,0)|| < exp(tA(2v)"[|¢]1%)

B, {|fesw (M) (80 + 220) ™ [ (0pa00,0as) | 20
where
exp (A(QV)_lfot@(m,t—s),'>2d8> 2
= /H . eXp(/\(?V)"1 /0 t<¢(ﬂs,t—s)9z>2
+ (B(8,,t-5) z*)2ds>'y(dz,dz*).
[]

Now, we need the following lemmas.

Lemma 2.1 Let ¢y € H and A = -2 fg’ V(8,,t—s) © (g, ,t—s)ds be the
Hilbert-Schmidt operator on H, defined for all z,2' € H by

(2, AZ)) = —2/ (B t—s)» 2) (8, t—s)» 2’ ) ds.

If 2t||4||2 < 1, then we have det(I — A2) > (1 — 4¢2||p||4) "
Proof. ~ We have

det(I — A%) = exp (tr(ln([ — A?) ) = exp < ) . (22)

If A\,,n € Nx are the eigenvalues of A, then we have for all m € Nx,

tr(A™) = Z AZm < (Z )\2) = (tr(4?)"
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From that and from the estimate tr(A?%) < (2t||¢|\2)2 we have for all m €
N#, tr(A2™) < (tr(A2))™ < (2t][¢][2)™" L
From that, and from (22) we have det(I — A2) > (1 — 4¢2||y[|4) ™"

Lemma 2.2 Let B be a symmetric Hilbert-Schmidt operator on H, A\,
n € Nx be the eigenvalues of B, and (en,n € Nx) be an orthonormal base
of H such that, for alln € Nx, Be, = A\,e,.

For z, hy, ho € H + 1H, we put z = Z] p Z5e5, h1 = 352, h{ej,

hy = 3272 h]éej, where z; = x; + iyj,h]i,h% € C, and z;,y; € R. Suppose
that for alln € Nx, A2 < 1, then

1
/ exp (z.hl + 2".hy — = (2.Bz + z*.Bz*)) v(dz,dz")
H+iH 2
1 h] + hJ h] _ h])
= |det(I — B?)| ?
[e( ] eXp(; 2+ 2 J; 2-2) |’

where the product u.v signifies for example for u = z, v = hy that
w .
Z.h1 == Z Zjhjl
J=1

Proof. If we denote by m, the orthogonal projection on (ey,...,e,), then
we have for all n € Nx,

/ exp (ﬂ'n(z).hl + 2%, (he)
H+:H

mn(2).Bz +27rn(z ).Bz )7(dz,dz*)

n X224 Nzt 4+ 2022
—Z(“ ]2] el dz1dy: - - dendyn
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+ (14 Aj)a? + (1 - Aj)y§)>dx1dy1 cdz,dy,

gy e (3 PS04
S — 2+ 2)\; — 2 2]\
= 7j=1 j=1
B+ RPN (B — b))
det I . B2 n 1/2 ( 1 2 . N1 27
= ldet( o m))] 7 exp ; 242} = 2-2)

I,, denotes the identity of C"™. From that, and by tending 7. 1o . we have
lemma 2.2. []

We want now to calculate
t
exp (A2) ™ [ (005,075

¢
:/ exp ()\(21/)—1/ <¢(ﬂs,t—s),2>2
H+iH 0
+ (D (85,t—3) Z*>2d8>7(dz, dz*).

2

Let us apply lemma 2.2 with

we obtain

exp / )
/H+iH ( ﬁ i)

+ (D8, t—s) 2*)?d ) v(dz,dz") = [det(] — Az)]'—lh’

From that and from (21) we have

Hy(‘r7 t’ *9 O)H
< exp(tA(2v) 7| |0]|%) Exlexp(A(2v) TE(B) [det (1 — A%)] 7M.

From that and from the lemma 2.1 we derive the estimate

ly(,t, ., 0)||
S( tzA? “21611*) *Eolexp(A(20) T'€(B,)) | exp(tA(20) M |g]).
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Finally, if tAv~1||¢||* < 1 then y(z,t) € L?(Q), and

y(z, )] L2 (0)
< (1= A7 2)|g||*)* exp(tA(20) 7 |8]1%)Egexp(A(2v) ~1E(5y)))-
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