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On asymptotic behaviors for wave equations
with a nonlinear dissipative term in RV
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Abstract. In this paper we investigate the asymptotic behavior of solutions to the
Cauchy problem of the equation

wit(t) — Aw(t) + Aw(t) 4 B(=z, t, wew(t) =0

for (z,t) € RN x (0,00). Here A is the N-demensional Laplacian and A > 0. B(z, t, wi)w:
represents a dissipative term of the form

B(z,t,we) = |we(z, t)[P~ (p>1), or

Blx,t,we) = (Vy * [we(t)?)(2) = / Vy(z = )lwe(y, t)|°dy

RN
with V4 (z) = || (0 < < N). We prove that the solution to above equation behaves

like a solution to the free wave equation as t — oo when its energy remains positive.

Key words: wave equations, nonlinear dissipative term.

1. Introduction

In our previous paper [9] we are concerned with the energy decay and
non-decay problems of solutions to the wave equation

wit(t) — Aw(t) + Aw(t) + B(z, t, wy)we(t) = 0 (1.1)
for (z,t) € RN x (0,00) with initial data
w(z,0) =wi(z) and wi(z,0) =wy(z), zeRN. (1.2)

Here w(t) = w(z,t) is a real valued function, w; = dw/0t, wy = %w /2,
A is the N-demensional Laplacian, A > 0 and §(z,t, w;)w; represents a
dissipative term of the form

B(x,t,wy) = b(z, t)|wy(z, )P~ (1.3)
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with b(z,t) >0 and p > 1, or

Blastyun) = (v, * @) = [ Vale —y)lwi(w. )y (19

with V,(z) = |z|™” (0 < v < N). Our purpose is to investigate the asymp-
totic bvehavior of the energy to equation when it does not decay as
t — o0.

In order to state our results, we introduce our notations: LP (1 < p <
00) is the usual space of all LP-functions in R”; if X is a Banach space and
I C R is an interval, then by C* (I; X), C (I; X) and LP (I; X) we mean
the spaces of all X-valued C*-functions, locally Lipschitz functions and LP-
functions on I, respectively; HI’f’S is the Sobolev spacefor 1 <p < oo, k€ R
and s > —N with norm

Jull .o = 15711+ €1 2 €l a(€)) 2o,

were ~ denote the Fourier transformation and F~! is its inverse; especially
we denote by H** in case p = 2, Hz]f in case s = 0 and H in case p = 2
and s = 0; E is the space of pairs f = (f1, f2) of functions such that

1

111 = S{IV ALz + 1 fallze + Ml fillz2} < oo,

where Vf1 = (01 f1,--+,0nf1) with 0; = 0/0x;. This norm is called the

energy of the equation (1.1).
We note that the equation can be written in the form

iWe(t) — AW (t) + BW(t) =0, te€ (0,00) (1.5)
with initial data
W(0) = Wy = “(wy,ws), (1.6)

where

and

BW() =i (ﬁ(w,t?wt)w) ‘

Since A is a selfadjoint operator in E, Uy(t) = exp(—iAt) become a one
parameter unitary group in F. And [1.5) and (1.6) can be rewritten in the
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form of the integral equation
t
W (t) = Uo(t)Wo — / Us(t — 7)BW (7)dr. (1.7)
0
It is known that the initial value problem and (1.2) has a global

solution.

Theorem 1 Let A\>0 and N > 1.
(i) Let B(z,t,we) satisfy (1.3). Assume that

0<b(z,t) <Ci, |b(x,t)] + |Vb(,t)| < Cob(x, 1) (1.8)

for a.e (z,t) € RN x (0,00) with constants C1,C2 > 0. And assume that
(wy(x),wa(z)) € H? x (H' N L?). Then there exists a unique solution to
and (1.2) which satisfies the following:

{Loo([O,oo);HO’QﬂHO’l)ﬂCL([O,oo);HO’l), if A=0,
(t . (1.9)
L>([0,00); H?) N CL(]0,00); H), if A>0,
wi(t) € L®([0,00); HY) N CL([0, 00); L?)), (1.10)
wu(t) € L%([0,00); L?), (1.11)
B(z, t,wy)wi(t) € L®([0,00); L)) N L™ ([0, 00); HY), (1.12)

where 1/ =1/24+60(p—1)/2(p+1) and 1/¢' =1/2+6(p—1)/2(p+ 1) +
(1-6)(p—1)/4p (0 < 6 < 1). In addition the following integral equation
holds:

W(t) = Up(t — s)W (s) — /St Up(t — 7)BW(t)dr in E (1.13)

for0<s<t<oo.
(i) Let B(x,t,w;) satisy (1.4). Assume that (wi(z),ws(x)) € H? x
(H N LSN/BN=21)). Then there ezists a unique solution to and (1.2)

which satisfies (1.9) ~ [1.11), (1.13) and
B(z, t, wy)w(t) € L®([0,00); L2)) N L™ ([0,00); HY) (1.14)
where 1/7' =1/2 and 1/¢' =1/2+~/2N.

The theory of monotone operators provides the existence of a global
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weak solution. (See e.g., Lions-Strauss [4] and Strauss [17].) But our ar-
gument in this paper needs the regularity of the nonlinear term, i.e.
and [1.14), which is deduced from the existence of a strong solution. By a
strong solution to we mean a solution which satisfies in L?-sense.
So we shall sketch a proof of Theorem 1 in Appendix.

Now we state our results.

Theorem 2 Let w(t) be a solution of the initial value problem (1.1), (1.2)
and (1.3) with b(z,t) = 1. We put p1(N) = oo(1 < N <6), = N/(N —6)
(N 27) and pa(N) = 00 (1 < N <3), = NN —1)/(N—-2)(N -3)
(N > 4). .

(i) Let A =0 and N > 2. Then there exists a W+ = Y(wl, w)) €
E for 14+2/(N —1) < p < p1(N) which satisfies the following: in case
1+4/(N-1) <p<pi(N)

|Uo(—t)W(t) —WTt|lg -0 as t— oo; (1.15)

in case 1+2/(N —1) < p < pa(IN) there also ezists a 0 < 1/p < 1/2, which
depends on p and N, such that

|Uo(—t)W(t) — W+||Hg,1pr —0 as t— oo. (1.16)

(ii) Let A >0 and N > 1. Then there ezists a W+ = {(w],w]) € E
for 1+ 2/N < p < p1(N) which satisfies the following: in case 1 + 4/N <
p < p1(N)

Uo(—t)W(t) —WT||g =0 as t— oo; (1.17)

in case 14+2/N < p < pa(N) there also exists 0 < 1/p < 1/2, which depends
on p and N, such that

ITo(~)W(t) = WH | p3xo — 0 as ¢ — oo. (1.18)

Theorem 3 Let w(t) be a solution to the initial value problem (1.1), (1.2)
and (1.4).

(i) LetA=0and N > 4. Then for N/(N-1)<y<2-1/(N-1)
there exists a Wt = t(w),wl) € E and 0 < 1/p < 1/2, which depends on
p and N, such that

|Uo(—t)W (¢) — W+”H§’1><LP —0 as t— oo; (1.19)
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(ii) Let A > 0 and N > 3. Then in case 2 < v < 3 there exists a
W+ =t(wl,w)) € E such that

|Ug(=t)W (@) —WT||g =0 as t— oo. (1.20)

Incase 1 < v < 2—1/(N — 1) there exists a Wt = t(w],w]) € E and
0 < 1/p < 1/2, which depends on vy and N, such that

|Uo(—t)W (t) — W+||H;xLP —0 as t— 0. (1.21)

Remark. (1) Inour previous paper [9] we have already proved that W #
0 for solutions to with sufficiently small initial value (1.2).

(2) We can also treate the nonolinear dissipative term b(z, t)|w|? 1wy,
where 0 < b(z,t) < C(1 + |z|)~® for some 0 < § < 1 and C > 0. But the
weighted Strichartz estimates are needed to deal with this dissipation. So
please refer to our forthcoming paper for details.

As stated in [9], there are several works concerning with energy decay
for (1.1). However, in case where energy remains positive as t — oo there
are not many results on the asymptotic behavior of solutions, except low
energy scattering. (See e.g. Hidano and Tsutaya ) A partial answer to
this problem was given in in case A > 0. Mochizuki [7] and [8] treated
the linear dissipation b(x, t)w;, where b(z,t) > 0.

In this paper we prove these two theorems by the duality argument

which is formulated in the next section. The idea of this formulation is
deduced from our previous paper [8] and [11].

2. Semi-abstract formuration

In this section we consider the initial value problem and (1.6},
that is,

iW,(t) — AW(t) + BW(t) =0, t € (0,00) (2.1)

W(O) =Wy e L. (2.2)

Here F is the energy space with a inner product

(f,9)E= %{(vfl,Vgl)B + (f2,92) 12 + A(f1,91) 12},
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where f = (f1, f2), 9 = (91,92) and (, );2 is a L%-inner product. We make
the following hypotheses in this section.

(H.1) LetY =Y, xY; and Z = Z; x Z3 be product spaces of Sobolev
spaces with norms || - ||y and || - ||z, respectively. We denote by Y’ and Z’
the dual space of Y and Z with respect to E, respectively and by Y, the
dual space of Y3 with respect to L2.

(H.2) There exists a real number r > 2 and a positive constant C such
that

IUo()gl2llr(1,00)v2) < Cligllz: (2.3)

for any g = %(g1,92) € CP(RY) x CP(RYN). Here we denote by Uy(t) a
one parameter unitary group in E given in section 1 and by [Up(t)g]2 the
second component of Up(t)g.

(H.3) Let D be a subspace of E. If the initial data Wy = *(wy,w;) € D
there exists a solution to the integral equation

)

W(t) =Us(t — s)W(s) — /st Up(t — 7)BW(r)dr inE (2.4)

for 0 < s <t < oo such that W(0) = W,

W(t) € L>([0,0); E) (2.5)
and

Blz,t, w)w(t) € L7 ([1,00); Y3), (2.6)

where 1/r' =1—1/r.
Then we obtain the following

Proposition 2.1 Under the hypotheses (H.1) ~ (H.3) there exists a W+ €
E such that

| Uo(=t)W(t) —WT||z -0 as t— oo (2.7)

Proof.  We recall from
(W(t),Up(t)®)g — (Uo(t — s)Wo, Up(t)P)E

-~ (BW (1), Uo(r)®) pdr (2.8)
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for any @ € C°(RN) x C(RY). By and we have
(o (=)W (¢) — Uo(=5)W (s), D)l
< NIBW O L (o7 U0 ()Pl e (5.1,
< ”ﬁ(? " wt)wt“Lr’([s,t];Yé) “ [U0(°)¢]2“L’"([s,t];Y2)
< ClBC, - wowell o 5,572 12l 2 (2.9)

for 1 < s <t < oco. Since CP(RY) x CP(RYN) is dense in E', it follows

from [2.5), and that {Ug(—t)W (t)} is a weak Cauchy sequence

in E. Therefore there exists a Wt € E such that
Uo(=t)W(t) —» W' weakly in E  as t — oo. (2.10)
By with s = 0 we have
t

(Us(—t)W (2), )5 = (Wo, B)g — /0 (BW (), Up(r)®)pdr.  (2.11)

So we obtain

W*,8)5 = (Wa, ) ~ [ (BW(r),Ua(r) ) (212
when t — oo. It follows from (2.11) and that

(oW () - W @)sl = | [ (BW(r),Un(r)®)sdr]

< IBW O (gt 00y vy U0 )P L (1t,00)57)

< CHB(: ‘s wt)thLT’([t,oo];Yz’)”ngZ" (213)

Since Z is a reflexive Banach space, we assert
[To(=t)W (t) = Wz < CIBC, - we)will o 1 oopiv)- (2.14)
Therefore we obtain (2.7) by (2.14). [

3. Proof of Theorems
We first state some estimates which correspond to (H.2).
Proposition 3.1 (i) Let A=0 and N > 2. Suppose that
1 2 B N+1
B B (N -1r
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Then we have
00Ozl oo, < Clglls (3.2

for any g ="(g1, g2) € C°(R") x Cg°(RY).
(i) Let A >0 and N > 1. Suppose that

0<1<11 2 <1<1 2 <1+1 1 (3.3)
— <, o< -<-——,e<-+-—=. (3.
r—2°2 (N-1r q 2 Nr’ 2 q 7

Then we have
IWo()glell ety < Clglle (3.4)

for any g = (g1, g2) € CF(RY) x CP(RN).

Proof.
(i) See Pecher [13] Theorem 1 for a proof.
(ii) See Marshall [5] for a proof. ]
Corollary 3.2 (i) Let A=0 and N > 2. Suppose that
1 1 1 1
— - - < -3 = .
0<T<2 (0<r_3sz 2), (3.5)
N+1 1 1 1-
e=1-~+_ 212 _ [oweg oy

(N-Dr'q, 2 (N-1r N
Then we have
[To()9l2l - (g moen1y < Clglle (3.6)

for any g = (g1, g2) € C&(RY) x Cg°(RN).
(ii) Let A >0 and N > 1. Suppose that

1 1 1 1 1 N

0<-<-,0<e<(z+4- — Yo 3.7
<pSp0se<GHo —DF—T ) (37)

1 2 (1—me 1 1 2 (1-ne

- — - < <-— 0<n<).

2 (N—1r N w2 N n§ Osns)

Then we have

Wo()glall 1 (m;en—ry < Cliglle (3-8)
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for any g =*(g1,92) € CSO(RN) X Cg"(RN).

Proof. The Sobolev embeddings Hg en-it(l=me ., g Sen=1 and
H;"_H(l—n)e — HZ1 hold if e > 0 and 1/g — (1 — n)e/N = 1/q;. Thus
we obtain and (3.8) by (3.2) and (3.4), respectively. )

Proposition 3.3 (i) Let A =0 and N > 2. Suppose that 1/p' = N/q —
(N —3)/2 for

1 1 1 1 1 1 N N-2

e <t<o——— 0< i< (N—1)(Z -5 39

5w < Sy 0<r < - -T2 @)
and that 1/p' =1/Nq+ (N + 1)/2N for

1 1 1 1 1 1 1

- — < - < = 0< - N —-1)(=—=). 3.10

2 N+1 - q~ 2 <r<( )(2 q) ( )
Then we have

I060)5l 1oy < Cllliggr i (3.11)

for any g ="*(g1, g2) € C3°(RY) x Cg°(RY).
(ii) Let A >0 and N > 1. Suppose that 1/p' = N/q — (N — 3)/2 for

1 1 1 1 1 1 1 N-2

<o <io . 0<s<(N-1)(--222) (31

2 N g2 N+1’ <r<( )(q 2 ) (3.12)
and that 1/p' =1—1/q for

1 1 1 1 1 2 1 1

L <-<Z, 0<-<Min{Z, N(=—-) 3.1

2 N+4+1—q~ 2 <r< 11q{q’ (2 q)} (3:13)
Then we have

1060 612 oty < ol i (3.14)

for any g ="*(g1, g2) € C°(RY) x C°(RY).

Proof. Let A =0 and N > 2. It follows from Marshall-Strauss-Wainger

[6] that
—(N=1)}(M_N=2
IWo()glll o < ClI™ N DG g o (3.15)
p

for 1/2-1/N <1/¢<1/2-1/(N+1)and 1/p' = N/qg~ (N - 3)/2. So
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we have for any r which satisfies

r(N - 1)(% - N—;—z) > 1.

Summarizing these conditions, we obtain (3.9).
In other cases we can prove exactly in the same way as above. L]

Proof of Theorem 2.  First we prove (i). We consider the case 1+4/(N —
1) < p < p1(N). In order to apply Proposition 2.1, we put 1/r = 1/2 —
0(p—1)/2(p+1),

Y =H M x H;"'"1 Z=E, D=H?x (H'nL*»),

where 1/g=1/2-0(p-1)/2(p+1)—(1-0)(p—1)/4p (0 < < 1), h=1e
(0<n<1l)ande=1-(N+1)/(N —1)r. Then we have

Y/ — Hq2;+h’_h X H;l[,].—h, ZI — E,

where 1/¢' =1 — 1/q. Since (H.3) is obvious, we have only to verify (H.2).
Let N > 3. By Corollary 3.2 (i) we have if ¢ and r satisfy (3.5). Thus,

we have the condition
2{(N+1)0+ (N =3)}n+ (N - 1{(N +2)8 + (N —6)}]p*

—2[{(N+1)0 - (N=3)}n+ (N —-1){3+ (N +1)fp
~N(N-1)(1-6)=0 (3.16)

with 0 <7 <1and 0 < 6 < 1. We can solve this quadratic equation if

2{(N+1)0+ (N -3)}n+(N-1D{(N+2)0+ (N —-6)}>0.
(3.17)

In case N > 7 (3.17) holds for 0 < 1 < 1 and in case 3 < N < 6 (3.17)
holds for 0 < § < (6 — N)/(N + 2). Let an(6,n) be its positive solution of
(3.16). The supreme value of ay(8,n) is an(0,0) = py(N) in case N > 7
and an(6,0) Tooas 0 | (N —6)/(N +2)in case 3 < N < 6. On the other
hand, the minimal value of p is given by ayn(1,1). Therefore we obtain the
range of p if we note the continuity of ay(6,n).

In case N = 2 the condition 0 < 1/r < 1/3 implies

p> (30 +1)/(360 —1). (3.18)
We denote by g(p,6) the lefthand side of with 7 = 1. Then we
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have g((30 +1)/(30 — 1),0) = —966%/(360 — 1)? < 0. This implies that the
positive solution ay (6, 1) satisfies [3.18). The minimal value of p is given
by an(1,1). Noting an(8,1) T oo as 6 | 3/5, which follows from (3.17), we
get the range of p.

Next we consider the case 1 +2/(N — 1) < p < po(N). We put

Y=L'xH)', Z=E, D=H?x(H nL*),

where 1/g=1/2—-6(p—1)/2(p+1)—(1—6)(p—1)/4pand 1/r = 1/2 —
8(p—1)/2(p+1) (0 <8 <1). As in the previous case, it is enough to verify
(H.2). Let g and 7 satisfy [3.10). Then obviously we have [2.3). Moreover,
substituting ¢ and r to [3.10), we obtain

{(N+1)04+ (N —=3)}p* — 2{(N+1)0+2}p
— (N+1)(1-6)<0, (3.19)

{(N+1)0+ (N —-3)}p*>—2(1+ N8)p— (N —1)(1—6) > 0.
(3.20)

By (3.20) we need (3 — N)/(N +1) < 8 < 1if N = 2,3. We denote
by g1(p,0) and g2(p,0) the lefthand side of and (3.20), respectively.
Then we have go(p,0) > g1(p,6). So it follows from and (3.20)
that By (6) < p < an(6), where an(6) and Sy (6) are positive solutions of
91(p,0) and ga(p, 8), respectively. Since n(1) =1+2/(N —1), an(f) T oo
asf | (3—N)/(N+1)if N=2,3and an(0)=(N+1)/(N —3)if N >4,
we have

5 < 0 (N =2,3),
1+ <p (N +1) (3.21)
(N-1) S(N— ) (N >4).

This proves (1.16) for N = 2,3.
Let N > 4, and let g and r be as above. Substituting ¢ and 7 to (3.9)
with 8 =~ 0, we have

(N —3)p? —4p— (N +1) >0, (3.22)
(N —4)p? —4p— N <0, (3.23)

(N —2)(N —3)p? —2(2N - 3)p— N(N - 1) <0. (3.24)
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Thus, we obtain

N+l _  N(N-1)
N-3 PSN-2)(N-3)

and this completes the proof of (i).

We can prove (ii) exactly in the same way as above. So we may omit
its proof. ]

Proof of [Cheorem 3. The proof of is the same as that of The-
orem 2. So we only prove (ii) of [Theorem 3. In order to apply
2.1, we put 1/¢g=1/2—~/2N, 1/r =1/2 and

(3.25)

Y=LIxH', Z=E, D=H?x (H'n LSN/GN=27)),

On the other hand, we have [2.3) by [Corollary 3.2 (ii) and the embedding
H;"_l s Hq_1 if ¢ and r satisfy

1 1 1 1 1 2

5 N NS¢ 2 W (3.26)

follows from if we note the range of n and e. Thus, substituting
q qnd 7 to (3.26), we get the range 2 < v < 3. Using [Proposition 3.3 (ii),

we have the range 1 < v < 2 — 1/(N — 1) exactly in the same way. Thus
(ii) is proved. ]
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Appendix
In this appendix we sketch a proof of Theorem 1. The method employed
here is the compactness argument based on uniform energy estimates which

is due to Segal [15], Lions and Strauss [16]. (See also Reed and
Ginibre-Velo [1].) A detailed proof of Theorem 1 can be found in Motai

19).

We approximate the nonlinear dissipative term by the double convo-
lution molifier due to Segal and Ginibre-Velo . We choose an even
nonnegative function h(z) € C§°(R™) such that ||h||;1 = 1. For any natural
numbers j we put

Bj(z,t,u) = hj* (B(z,t, hj xu)h; *u), (1)

where hj(z) = jN(jz). Coresponding and (1.2), we consider the
Cauchy problem;

{wjtt(t) — Aw;(t) + Aw;(t) + Bj(z,t, wj) =0,

w;(z,0) = hj*xwi(z), wj(x,0) = h;*ws(z). (2)

Lemma A.1 Let j be any natural number. Under the same assumptions
of Theorem 1 there exists a unique solution of (2) which satisfies

w;(t) € NF_C*([0,00); H*)  for any natural number k. (3)

And the following energy inequalities hold : in case (1.3)
t
Wi+ [ [ bla by w(r)*dadr < [Wolly, (@)
where W;(t) = Y(w;(t), wjt(t)) and Wy = t(wy, we),
[Aw; ()72 + [IVws ()72 + MIVw; ()]l
t
" / / , 0@, ) hy % wje (1) PV (hy + wje(7)) PdadT
0 JR
< Cs(J|lwrllzg + llw2llFn) (5)
Vw172 + llwje@lI72 + Mlwse ()72
/ / (z,7)|hj * wie(T) [P~y * wig(T) > dzdT

2
< Cy(llwn Iz + lwallzn + llwall2,) (6)
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for 0 <t < co with some constants C3,Cy > 0; and in case (1.4)

t
W5l + /0 IVin4yy/2 * Ry + we(T) P F2dr < [Woll, (7)

I 8ws ©F + IVws(®)]F + AV 1)
t
[ Vo Dby () IV (o 5 wi(r)Pdnde
< Ci(luwnlFf + walffn) ®)

| Vwe; (t )HLZ + [Jw;e( )HL2 + A|w;e(t )H%ﬂ
* / /RN * |hj * wjt('r)|2)|hj * wjtt(’l')|2d:13d7'

+ [ 10V # s = wi P
< Co([wilfge + llwallzn + llwallfenson-2v) (9
for 0 <t < oo with some constants Cs, Cg > 0. Futhermore, the following
integral equation holds:

W;(t) = Uolt — )Wi(s /Uot—T)BW()dT inE  (10)

for 0 < s < t < oo, where B;W;(t) =*(0,B,(t)).

Proof.  Applying Reed [14, Theorem 2] to (2), we can show the existence
of a unique global solution. The double convolution molifier implies the
regularity of solutions. And noting and the Schwartz inequality, (4)
~ (9) are obtained by the standard energy method. ]

Lemma A.2  Let {w;(t)} = {w;(t)}32, be a sequence of solutions to (15)
obtained by Lemma A.1. Then {h; * w;(t)} has a convergent subsequence

(again denoted by {hj*w;(t)}) as follows : there exists a w(t) which satisfies
(1.9) ~ (1.11), and

hj* w;(t) — w(t) in C(I;HY(QR)) as j — oo, (11)

hj * wie(t) — we(t) in C(I;L*(QR)) as j — oo (12)

for any closed interbal I C R and any open ball Qp = {x € RY;|z| < R}
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Proof.  We put I, = [0,n]. By energy inequalities which are obtained
in Lemma Al1 we have {h; * w;(t)}, {h; * w;:(t)} and {h; * w;u(t)} are
unioformly bounded with respect to j and t € I, in H*(Q,), H(2,) and
L?(%2,), respectively. The Rellich theorem and the Ascoli-Arzela theorem
tell us that {h; *w;(t)} has a convergent subsequence (which is denoted by
{h; *w;(t)} again) such that

hj*xw;i(t) = w(t) in C(In; H'(R)) as j — oo, (13)

hj x wjt(t) — we(t) in C(In; L*(Q)) as j — oo. (14)

By the diagnal argument we can have a subsequence so that (13) and (14)
hold for each n. It follows from (13) that

h; *w;(t) — w(t) in D'(RN x [0,00)) as j — oo, (15)
and
hj*w;(t) — w(t) in D'(RY) as j — oo (16)

uniformly on any interval I C R. Here ®' means the space of distributions.
So noting (15), (16) and energy inequalities, we can prove that w(t) satisfy

(1.9) ~ [L.I1). 0

Under these preliminary arrangements we sketch the proof of
Theorem 1.

Proof of Theorem 1. It follows from (10) that
(Wj (t)7 f)E = (UO(O)WJ(O)’ .f)E
t
- [ BW;(r), Uo(r — ) )pdr 1)

for any f € CP(RY) x C°(RY) and 0 < s < t < 0o. Suppose that we can
show that

B;(z,t, wj) — B(x,t, w)w; weakly in LT'([O, o0); Lq/) (18)

as j — oo for suitable 0 < r/, ¢’ < 2. Since it follows from the Hausdorff-
Young inequality that x:(-)[Uo(- — t)f]2 € L"([0,00); L?), where x;(7) =
1(0 < 7 < t),= O(otherwise), 1/r =1 —1/r' and 1/¢ =1 —1/¢’, we can
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take limit in to get
(W(0),1)5 = (Co(OW ), 1) - [ (BW(),Us(r ~ 1)) pdr. (19)

Combining (1.9)~(1.11) and (19), we have B(z, t, w;)w:(t)€ L ([0, 00); L?)).
(19) also asserts (1.13) because of the unitarity of Uy(t). So we prove (18)
by showing

B,(z,t,wjt) — Bz, t,w)w; in D' (RY x [0,00)) (20)

as 7 — oo, and

”(‘Bj(" "wjt)HLr’([o,oo);Lq’) < Cr, (21)

where C7 is independent on j. (20) is proved by the same way employed by

e,g. Reed (pp. 61 ~ 62) in case and by Motai in case (1.4).

(21) is proved by showing more extended result
H%j(°’ "wjt)HLr’([o,oo);H;/) < Cs, (22)

where 7’ and ¢’ are as in Theorem 1. By means of (4) ~ (5) and (7) ~ (8)
is proved by the duality argeument.

Obviously (20) and imply (1.12) and (1.14).

The uniquness follows from the property

Y

{B(z, t,u1)ur — Bz, t, ug)uz}(u; — uz) > 0. (23)
Thus this completes the sketch of the proof of Theorem 1. ]
References

[1] Ginibre J. and Velo G., On a class of nonlinear Schrodinger equations I J. Funct.
Anal. 32 (1979), 1-32.

[2] Hidano K. and Tsutaya K., Scattering theory for nonlinear wave equations in the
wnvariant Sobolev space. preprint.

[3] Lions J.L., Une remarque sur les problémes d’évolution non linéaires dans les do-
maines non cylindriques. Rev. Roumaine Math. Pure Appl. 9 (1964), 11-18.

[4] Lions J.L. and Strauss W.A., Some nonlinear evolution equations. Bull. Soc. Math.
France 93 (1965), 43-96.

[5] Marshall B., Mized norm estimates for the Klein-Gordon equation. Proceddings of
a Conference on Harmonic Analysis in Honner of A. Zygmund 1981, vol. 2 (1983),
Springer-Verlag, Berlin-Heidel Berg-New York, 638—645.



[7]

(8]
[9]

Asymptotic behaviors for wave equations 135

Marshall B. and Strauss W.A. and Wainger S., L? — L? estimates for the Klein-
Gordon equation. J. Math. Pures Appl. 59 (1980), 417-440.

Mochizuki K., Decay and asymptotics for wave equations with dissipative term. Lec-
ture Notes in Physics 39 (1975), Springer-Verlag, Berlin-Heiderberg-New York, 486—
490.

Mochizuki K., Scattering theory for wave equations with dissipative terms. Publ.
RIMS. Kyoto Univ. 12 (1976), 383-390.

Mochizuki K. and Motai T., Fnergy decay for wave equations with nonlinear dissi-
pative term in R™. J. Math. Soc. Japan 47 (1995), 405—421.

Motai T., On the Cauchy problem for the nonlinrar Klein-Gordon equation with a
cubic convolution. Tsukuba J. Math. 12 (1988), 353-369.

Motai T., Asymptotic behavior of solutions to the Klein-Gordon equation with a
nonlinear dissipative term. Tsukuba J. Math. 15 (1991), 151-160.

Motai T., Decay and asymptotics for wave equations with nonlinear dissipative terms.
Thesis (University of Tsukuba), 1993.

Pecher H., Nonlinear small data scattering for the wave and Klein-Gordon equation.
Math. Z. 185 (1984), 261-270.

Reed M., Abstract nonlinear wave equation. Lecture Notes in Mathematics 507
(1976), Springer-Verlag, Berlin-Heiderberg-New York.

Segal L.E., The global Cauchy problem for a relativistic scalar field with power inter-
action. Bull. Math. Fr. 91 (1963), 129-135.

Strauss W.A., On weak solutions of semi-linear hyperbolic equations. Anais Acad.
Brazil, Ciéncias 42 (1970), 645-651.

Strauss W.A., The energy method in nonlinear partial differential equations. Notas
de Matematica (1969), Brasil Inst. Math. Pure e Aplicada, Rio de Janeiro.

Takahiro Motai

Japanese Language Center

for International Students

Tokyo University of Foreign Studies
Fuchu, Tokyo 183, Japan

Kiyoshi Mochizuki
Department of Mathematics
Tokyo Metropolitan University
Hachioji, Tokyo 192-03, Japan



	1. Introduction
	Theorem 2 ...
	Theorem 3 ...

	2. Semi-abstract formuration
	3. Proof of Theorems
	Appendix
	References

