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Asymptotic characterization of stationary interfacial
patterns for reaction diffusion systems
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Abstract. We discuss asymptotic characterization of stationary interfacial patterns for
reaction diffusion systems in higher dimensional spaces when the thickness of interface
(denoted by ¢) tends to zero. The fact due to [14] that any stationary interfacial pattern,
which has a smooth limiting configuration up to & = 0, must become unstable for small
e implies that stable solutions must become finer and finer as ¢ | 0. This leads to
the necessity of rescaling in order to capture the limiting configuration of the stable
stationary interfacial patterns. An appropriate scaling turns out to be order £!/3. The
rescaled reduced equation, which determines the asymptotic profile of the interface, as
well as the spectral behavior of the associated linearized eigenvalue problems are studied
by using the matched asymptotic expansion method.
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1. Introduction

One of the pioneering works in pattern formation problem can be traced
back to Turing who found that spatially inhomogeneous patterns can
be formed by diffusion-driven instability if the inhibitor diffuses faster than
the activator. A typical model system is of the form

[ uy = 2Au+ f(u,v),

(x,t) € Q x (0,00),

{ Svy = DAv + g(u,v), (1.1)

ou ov
—=0= -,

{ On on

where u is the activator, v is the inhibitor, 6 > 0, and ¢ is a small positive

parameter, {2 is a bounded domain in RY (N > 2), and its boundary 9

is a connected C*° hypersurface. The precise assumptions for (f,g) are
displayed at the end of this section. It is widely accepted that (1.1) capture

(z,t) € 092 x (0, 00).

the essence of pattern formation driven by Turing’s instability observed
typically in chemical reactions (see [1]). Although (1.1) exhibits a variety of

1991 Mathematics Subject Classification : 35B25, 35C20, 35K57.



632 H. Suzuki

patterns depending on diffusion and\or reaction rates, we focus our study
on the stationary patterns in higher space dimensions. The basic issue is
that “Does (1.1) have stable stationary solutions for small € 2 And, if it
does, what are the asymptotic configurations of them as € | 097 As we
shall see, this is closely related to knowing the location of free boundaries
called an interface separating two different states. Numerically a variety
of stationary patterns have been observed such as hexagons, stripes, and
snaky patterns for (1.1) (see for instance [1]). Hence one can naively expect
that (1.1) has a lot of stationary solutions for small ¢ and there seems to
be no essential difficulty in the construction of stationary patterns in a way
parallel to one dimensional cases, once we know the asymptotic forms as
e | 0. In this paper and the accompanied one [14], we shall show that this
view point is too optimistic and the situation in higher dimensional spaces
is completely different from the one dimensional case.

For one dimensional cases, many important works have been done. Es-
pecially, singular perturbation methods are quite useful for the construction
of stationary solutions, e.g., Fife [2], Mimura, Tabata, and Hosono , Ito
. Concerning the stability of such solutions, the SLEP method is a pow-
erful tool originally developed by Nishiura and Fujii and Nishiura [10].
Fujii, Mimura, and Nishiura [4] and Nishiura @ study the global bifurcation
structure of the stationary solution of (1.1), and Hale and Sakamoto [5] and
Sakamoto give an bifurcation theoretical approach to construction and
stability analysis of the stationary solutions.

On the other hand, we know very little about the existence and stabil-
ity of stationary solutions of (1.1) in higher space dimensions. The main
difficulty lies in the fact that we have to control the objects which have
infinite degrees of freedom, such as curves and surfaces, in order to match
quantities at the interface.

Here we restate the first part of our basic question:

Does (1.1) have an e-family of stable stationary layered solutions with
smooth interface I'* up toe =07

Unfortunately the answer turns out to be negative.

Theorem A (Nishiura and Suzuki [13], [14]). Suppose that (1.1) has
an e-family of stationary matched asymptotic solutions whose interface is
smooth up to € = 0. Then, it must be unstable for small €.
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Theorem A suggests that the configuration of a stable interface must
become fine and/or complicated as € | 0. In order to answer the second part
of our question, namely, “What are the asymptotic configuration of stable
solutions?”, it seems necessary to apply an appropriate rescaling to blow up
the degenerate situation and consider again the whole issue for the resulting
new system, since there are no well-defined asymptotic limit of interfaces in
the original coordinate. In fact, under nice rescaling (see §2), we have the
rescaled problem for (1.1), that is,

Uy = E2A0 + f(@,0),
(z,t) € O x (0,00),
] 685, = DAD + g(it, ),
on_, o
\ Jdn on

(1.2)
(z,t) € Q" x (0,00),

where Q* is a rescaled domain and € = £2/3. Our main result is twofold:
firstly we present a new reduced problem derived from (1.2); secondly we
show the singular limit linearized eigenvalue problem on the interface at a
stationary pattern of (1.2) when ¢ | 0. These two results give the basic
mathematical ingredient to the second problem.

Theorem B (i) The rescaled reduced equation which determines the
limiting profiles of the interface T is given by

DAvE = —g(ht(v*),v*) in

. ovf  Ovy
vlizﬁ(N—l)Ho, 8—;:5;/1_ on TO,
%U;— =0 on 0N".

(ii) The principal part of critical eigenvalues X¢ and eigenfunctions
(W™ (z,¢), 2™ (x,¢)) of the linearized eigenvalue problem of (1.2), associ-
ated with a stationary solution which has the limiting interface IV, are given
by the following forms:

PESESVE
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n 1 g ES n
2 (z,e) & —525;(]0)]{1\7(51“0 2 6).
0

Here, ()\gn),@(()n)) are determined by the following eigenvalue problem on
ro.

n 1 * * n n n
L6g" + S ealgl ' (v") (K (6r0 © ©G"), 8r0) = A5V 6(".

with
e{Mds =,
1"0
where
* FO 1 A
L*=A" + §H1(s) —c1P3(s) + A(s).

(For the notation and the proof of this theorem, see §3).

The outline of this paper is as follows. In §2, we make several key ob-
servations obtained so far, then expand an e-family of matched asymptotic
stationary solution to rescaled system of (1.1), and finally derive the rescaled
reduced equation. We study the associated limiting eigenvalue problem on
the interface in §3.

Finally we state the assumptions for f and g (Figure 1.1), and notations.

(A.0) f and g are smooth functions of u and v defined on some open set

O in R2.

(A.1) (a) The nullcline of f is sigmoidal and consists of three smooth
curves u = h_(v), ho(v) and h4(v) defined on the intervals I_, Iy, and
I, respectively. Let min/_ = v and maxl, = 7, then the inequality
h_(v) < ho(v) < hy(v) holds for v € I* = (v,7) and h4(v) (h—(v)) coincides
with hg(v) at only one point v =7 (v), respectively.

(b) The nullcline of g intersects with that of f at one or three points
transversally as in Fig. 1.1.
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f<0 g=0
g<0

Fig. 1.1. Functional forms of f =0 and ¢ =0

(A.2) J(v) has an isolated zero at v = v* € I* such that dJ/dv < 0 at v =

v*, where J(v) = :_’L((;’)) f(s,v)ds. Moreover we assume that v_ < v* < vy.

(A.3) fu<Oon H UH_, where H_ (H, ) denotes the part of the curve u =
h(0) (hy (v) ) defined by H_ (Hy ) = {(u,0) | u = h_(v)(hs(2)) for <
v < v*(v* < v <)}, respectively.

(A.4) (a)
9lg. <0< yglp,
(b)

(G ™

(A5) g'U|H+UH_ S

0.
Remark 1.1. Let Gi(v) = g(ht(v),v) for v € I4. Then, the assumption
(A.4) (b) is equivalent to

iGi(v)

< 0, respectively,
dv

Hy
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since it follows from f(hy(v),v) =0 and (A.3) that

d v~ JvYu
d'U Hy fu Hi

Remark 1.2. It holds that f, =0 at (h4(7),7) and (h_(v),v).

We use the following notation throughout the paper: Let ¢ =
(01,02,...,0N) denote the usual multi-index of order |o| = o1+094--+on
with nonnegative integers o;, and write 9; = 9/9z; (1 <1i < N).

(i) Let k be a nonnegative integer and o € (0,1). By C*t*(Q) we
mean the Banach space of all real-valued functions u € C*(Q) for which the
derivatives 8%u with |o| = k are Holder continuous on € with exponent a.
The norm is

k
Fu llonram= > luljo + lulpsa 0
=0

where

|ul; 5 = maxsup |07u(z)],
’ lo1=J zcq

and

[97u(z) — 8%u(y)|
Ul = max sup xF#y
it 2 Jol=k z,y€Q [z —yl|* ( )
(i) Cgt*(Q) is the subspace of C¥t%(Q)) whose elements are functions
vanishing on 9f).
(iii) CFr*(Q) is the Banach space of all real-valued functions in
C**+%(Q), but with the special norm depending on e:

k

] k
I llggoo@y= 3l + 4 luly o
P>

(iv) Cf,ga(ﬁ) is the subspace of C¥¥%(Q) whose elements are functions
vanishing on 9f).
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2. Matched asymptotic expansion of the rescaled stationary in-
terfacial pattern and the rescaled reduced problem

Theorem A in §1 suggests us that any stationary interfacial pattern,
which is smooth up to ¢ = 0, becomes unstable for sufficiently small ¢ >
0. On the other hand, for any fixed small £, we know the existence of
observable steady states by numerical simulation. How do we make these
two observations consistent with each other? The following two results give
an insight into the issue.

Theorem 2.1 (Taniguchi and Nishiura [16]). Let Q be a rectangular do-
main. Then the planar front solution loses its stability when € | 0, and the
fastest growing wavelength is exactly of order gl/3,

Theorem 2.2 (Nishiura [11]). The stripe pattern with width of O(e'/3)
is stable for small € in a rectangular domain.

These two results strongly suggest that the stable stationary patterns
do exist for small £, however they become finer and finer in the limit of
e with the characteristic domain size of order /3. Hence a unit pattern
itself shrinks to zero and does not have a well-defined limit. To capture
the limiting configuration of the interface, we have to magnify the shrinking
pattern by introducing the following rescaled variable

x—zx*

for an appropriate z* € RN. The aim of this section is to derive a rescaled
reduced problem, which determines the limiting configuration of the inter-
face.

We derive a new rescaled system by an appropriate magnification, and
obtain the rescaled reduced problem by using matched asymptotic expan-
sion. Our working hypotheses throughout this section are the following:

Hypotheses
1. An e-family of stationary patterns of (1.1) has a periodic structure,
namely, it has a unit periodic cell 2°. Moreover the domain size of Q2 is of
order ¢!/3 and
o0 — z*

G
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exists for an appropriate z* € QFf, where
0N —z" ={z—2" |z €N}

The rescaled limiting domain Q* as well as ¢ is at least piecewise smooth
(hence the polygonal shape is allowable).

2. The Neumann boundary condition is satisfied on 9Q° and 0Q*.
Using (2.1), the resulting rescaled system becomes

U = 52A u —|— 'LL,U N
bvy = DE" A xv + g(u,v),
ou ov .
5= 0= = (X,t) € 09* x (0,00), (2.2)p

where Ax is the Laplacian with respect to X = (Xy,..., Xy), n outward
unit normal vector on 92* (we use the same notation as before), and ¢ =
%/3. Note that in this scale, the thickness of interior transition layer is O(é).
Roughly speaking, the difference between (1.1) and (2.2) is the coefficient e
of g(u,v) in (2.2).

Then the stationary problem becomes

{ 0 =c?Au + f(u,v),

in Q* (2.3)
0= DAv +eg(u,v),

with Neumann boundary condition. Here we omit tilde~of € and subscript
X of A and use the notation z in place of X.

In the following of this subsection, we display how the formal asymptotic
expansion can be carried out. We assume that there exists an e-family of
smooth solutions (U*(z), V®(x)) of (2.3) with interior transition layers such
that the interface

1
M ={eec|Uz)=a" 5 (e (v') + h_(v*))}
is a compact smooth manifold of dimension N — 1 embedded in R¥ and
have a definite limit 'Y as ¢ | 0. TV, also, is a compact smooth manifold
of dimension N — 1 embedded in R"™. For simplicity we assume that the
region surrounded by I'Y as well as I'® is simply connected. Let (Xg,®) be

a local chart on I'°, with #(X4) an open subset of RV~!. For x4 € X4,
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d(zo) = s = (s',...,8V 1) and we denote the inverse of ¢ by

zo = (25(s), ...,z (s)).
In some tubular neighborhood Uy(I'°) = {x € R | |y(z)| < d} of T?, local
coordinate system (s,y) = (s',...,sV "1, y) is defined and for = € Uy(I'?),

z=X(s,y)=zo(st,..., sV ) Fyp(st, ..,V (2.4)
holds, where v(s!,...,sV¥7!) is unit outward normal vector at s =
(s',..., sV 1) to I'%. Then, X is a diffeomorphism from [—d,d] x I'Y to
Uy(T0) if d is strictly smaller than the infimum of the radii of curvature of
I'Y. Its inverse is denoted by (S(z),Y (z)). Then I'* can be represented as

D= = {wo(s) +7(s,e)v(s) | s € %)

where

Here we introduce local shift variable 7 by the following relation:
y=T7+w (3) v(s,€), (2.5)
where w(7) € C*°(R) is a cut off function such that
w(rt)=1 for |7| < %, w(r) =0 for || > 1,

0<w(r) <1, |J]<3.

Then, by the implicit function theorem, 7 = 7(s,y,¢) satisfying (2.5) is
defined for sufficiently small . In place of z, we use a new independent
variable z, defined by

. T, x € Q\Uy(T'?),
T = X(zx,e) =
X(S(z),7(S(x),Y(x),¢)), € Uy(TY).
Let Q¢ (resp. 2*) be the region surrounded by I'* (resp. ['V) and Q°~ =
Q*\§€+ (resp. Q*~ = Q*\§*+) Then, note that £ = X(z,e) maps I'® to

1'% and Q°F to Q**, respectively. Throughout this paper, we shall use the
following notation

u(z) = u(s,y), u(z)=1u(s,T).
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After the above transformation, stationary problem (2.3) are equivalent
to the following system:

0=e2Meu+ f(u,d),
f(@.0) in O, (2.6)
0= DM% +eg(a, ).
o1 o
=0 = = oN* 2.7
an an O 0 (2.7)

where @ = 4(z), 0 = 9(Z) and M€ is the representation of Laplacian A, in .
In Q*\U4(I'%), M*® is equal to A;. On the other hand, in the neighborhood
Ug(T?), M® is defined as in the following way: For the local coordinate
system (s,y) defined by in RV, let ¢¥ be the contravariant metric
tensor and g = det(g¥). Here we regard y as s’¥. Then for u(z) = u(s,y),
Laplacian A, is represented as

(Awu) (:U) = (A(s,y)u)(37 y)

2
%u(s, y)+ (N —1)H (s,y)a%u(s, v)

1 N-1 9 N—-1 )
+— Z a4 (\/g Z g”—.U(S, y)>7 (28)
V9 Pt 0s ot 0sJ

where H = H(s,y) is the mean curvature of the hypersurface I'(y) =
{zo(s) +yv(s) | s € T°} at (s,y). Using this representation, for (&) =
u(s,T), M*® is defined by

(M4)(2) = Ay i(s, 7(s,y,€)).
Noting the above definition, M*¢ is expanded as M¢ = 2k>0 e* My, where
My = A;, z € QF,
and for k£ > 1,
0, & € Q*\Uy(T'?),

M} = ¢ at most second order differential operator

| b e Uy(T).
ins* (i=1,...,N —1) and 7, * (l”)

From this point on, we consider (2.6), so we omit the symbol hat ".
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In this situation, we shall find formal matched asymptotic solutions
(U=(z),Ve(zx)) to (2.6) that have the following expansions:

Us(z) = Uf(z,e) + O (x,e), =€ Q'

UE(CL‘)% { Ui(m)EU—($7€)+(I)T_TI(x’€>’ :UEQ*_a

Vi() = Vi (2,6) + W (e,0), @€ O,

e {Vf(:c) =V (z,6) + ¥ (2,e), 2,

where
U(z,e) =Y uf(2)e", Vi(z,e) =) vi(x)e,
k=0 k=0

@Tin(a:,s)
W (Yfi"’)> i o (S(x), Yix)) bz e Uy(T0) N,
= k=0
0, x € QF\Uy(T?),
\Ifrin(:c,z-:)

w (Yg”)> i yE (S(a:), Y(;")> ek, 1 e Uy(TO) N,
= k=0

0, S Q*i\Ud(FO)a

¢ is the stretched variable £ = 7 /e, qbf and 1pf€t functions of s, Q** the region

surrounded by I'°, and Q*~ = Q*\Q*Jr. The coefficients uf, vfct, qbf, and

@bki satisfy some equations and relations. We can obtain these equations

by making outer and inner expansions and equating like powers of ek, Let

Be(s) = v* 4+ S0, Br(s)eF 4+ e™Bmi1(s, €) be the value of V¢(z) on I'P.
First, we divide (2.6) into two problems as follows:

e2Meut + f(ut,vt) =0,
in Q*,
DMevt +eg(ut,vt) =0, (2.10)4

ut =a*, vt =p° on IV
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((2Meu™ + f(u=,v") =0,

in %7,
DM®v™ 4+ eg(u™,v") =0,
{u — o', v =0 on IV (2.10)_
ou~ ov~
— =0=—— oN*.
. On on "
Then interface is regarded as the boundary layer at T'V.
Outer expansion
Let
m m
ut = Z uf (z)ef, vt = Z vf:‘(x)sk (2.11)
k=0 k=0

and substitute into (2.10)+. Equating like powers of £¥, we have the
following problem for (uf(:z:), v,f(a:))

k=0

, f(ué)t’v(:)t)zq

. in Q**,
{ Movg =0, (2.12)
P

\ ;72 =0 on 00N,
k=1

( fzgiu::lt+f1?ivit =0,

in Q*,

4 l)j\f()’vli = _g(hi(vét)avoi)a

o *
\—-8-7’1,—_0 on OQ,

r + + + +
fgiuk +f8i"0k = Z Miu; + P,

itj=k—2
in Q*F,
! DMyvi =-D Y MpF+Qf,
itj=k,i>1
o=
P% — 0 on oN*,

-~

on
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wilere iplil and Qf_l are functions determined only by uat,v(:)t,...,

u_q,V;_q- This expansion is insufficient because the layer part is not rep-

resented. For example, uBL and u, are discontinuous on I'Y. So we need a
new variable £ = 7 /e that stretches a neighborhood of the interface. Also
we note that the boundary conditions for Uff are determined by matching

conditions.

Inner expansion
We introduce the stretched variable £ = 7/¢ and let

ut = Ui(m,z—:) + i qb,f(S(m), Yix))sk,
= (2.13)
v = Vi) 2 Y uE (S(), L)k

k=0

where ¢i° = ¢7(s,€) and ¥ = ¥ (s,€). Substituting (2.13) into (2.10)-
and equating like powers of €, we obtain the following equations:
k=0

{ $& + f(he(v?) + ¢, %) = 0,

§ EeIT, sel?,
Dy =0,

5 (5,F00) =0, (s, Foo) =0 = P (s, Foo),
k=1
67 + foter = —(N — D Ho(s)dg — fotui (s,0) — f¥vi(s,0),
eIt sel”,
Dy = g(hs(v*),v*) = g(hs(v*) + ¢, v*),

¢7(s,Fo0) =0, ¥i(s,Foo) =0 = ¥ (s, Foo),

k>2
[ GE+ e =— Y Mgr+BE,
i+j=k,i>1
{ eIt sel?,
Dy =-D > Map;+Qp,
L i+j=ki>1
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O (5,F00) =0, 45 (s,F00) = 0 = (s, Foo),
where f’,;t_l depends on u(j):, Uoi, . uk , k , gbo 1/)0 yaes ,(Z)f_l, 1/13_2 and Qf_l
does moreover on wki_l, I~ = (—00,0) and It = (0,00). We define ¢_; = 0.
ME is the representation of M€ in variables s and £, and expanded as

52 Z 8kMk

k>0

Here My (k > 0) are at most second order differential operators in s and €.
The precise forms of M}, are displayed in the following lemma.

Lemma 2.3 M, M, and M have the following form:

R 9
MO = 8_52, Ml = (N — I)HO(S)a—é_,
" 9O
0 0
Dy— — S
5~ e+ mo) g,
where
1 N-1 N-1
P = — G GY
1(8) e 2 - 5]717
i= Jj=1
N-1N-1 -
Py(s) = > (G051 + G847,
i=1 j=1
N-1N-1 N
Py(s) = > Y GY989,m0um > 0,
i=1 j=1
N-1N-1
g 0 0
— 1]
Ds_ Z : G (831718]'1-853’718 )
=1 j=1
N-1
Hy(s) = ki(s)?
1=1

Hy(s) (resp. ki(s)) stands for the mean (resp. principal) curvature of I'° at
s € T GY is the contravariant metric tensor for the manifold T° of di-
mension N —1, G = det(GY), and AT’ Laplace-Beltrami’s operator defined
on IO, The coefficients of % in Dy are independent of &.
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Proof.  See Appendix. []

The boundary and C'-matching conditions

Now we describe the boundary conditions for v,f and (bki on I'’. Then

uf, v,f, gbf, and 7,Dki are determined recursively. These conditions are given

= Z uf(s, 0)e* + Z ¢>ki(s, 0)e*,
k=0 k=0
m m m—2

v+ Z ﬁk(s)sk = Z vki(s, O)sk + &2 Z 1/),::(8, O)Ek
k=0 k=1 k=0

Equating like powers of ¥, we have the following boundary conditions.
k=0

¢ (5,0) = o — ui(s,0), v =v* on TP, (2.15)
kE>1
d),f(s,O) = —uf(s,()), ’Uf = Bi(s) — 1/1%_2(5,0) on I'°.

In this way, we obtain the formal asymptotic solution of (2.10)+. In order
that (U¢, V®) become the formal stationary solution of (2.6), (U5, V) must
satisfy the Cl-matching conditions, that is,

oUs oUue ovy ov: 0
— - = — = .
© Ov ¢ Ov 0 Ov Ov 0 on
After some computation, we have
k=0
2% (5,0)= 20 5,0), G5(5.0) = dy(5,0) on I (2.16)
aVs,—ays,,Os,—os, on . )
E>1
ov ov,. _
a—j(s’o)+¢]_g+_ 1(570) = 8—j(870)+wk 1(870)a
on T9 (2.17),
u Ouy_q
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Using (2.12), (2.15) and the first relation of (2.16), we can see vj = v* = v;.

Therefore no information can be extracted from the equation of vat about
the configuration of I'Y. It turns out that the equation for vit determines

I'%. Here we have a condition for 3,(s).

Lemma 2.4 [(i(s) must satisfy the following relation:
Pi(s) = B*(N — 1)Ho(s), (2.18)

where
B = /_O:O égdg/ J'(v*) < 0.

Proof. We consider the Cl-matching condition (2.17);. By using the
representation of gzﬁli, we have

'is,O:—.l N — 1)Hy(s O'Qd
97 (s,0) ¢0(0)( )Ho(s) ¢00¢0€
1 0
— = »(u, v")du.
TG T

Then (2.17); becomes

0 = ¢7(s,0) — ¢ (s,0)

_ 1 (N — 1)Hy(s) /_oo pade
—(v*)

¢0(0)
1
$0(0)
which implies [2.18]. []

Noting Lemma 2.4, the reduced problem can be written as

h
ﬂl(s)/h ) fo(u, v*)du,

( DAV = —g(hs(v*),0%),  in QF,

ovt  OvT
Uli(‘S?O) = ﬁ*(N - 1)H0(3)7 —8;1— - a—yla on FO, (219)
ovy

\ 377:0 on GQ*
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Here we used the fact that vy = v* = v;. The unknowns in (2.19) are V*
and I'?, and (2.19) is like a free boundary value problem. It is a fundamental
problem to solve (2.19) for constructing a solution of (2.6) by using matched
asymptotic expansion method.

Let us rewrite (2.19) as

DAv{ = —g(hy (v*),v*) in Q*t 2.20)
2.20

v = B*(N —1)H, on 'Y,

( DAv; = —g(h_(v*),v") in Q*,

) vr = 3*(N — 1)Hy on I'Y, (2.21)
ovy .

{ % =0 on 89 3

and
ovi  Ovy
% - % on T°. (2.22)

For the fixed TY (then Hp is determined), (2.20) and (2.21) have unique
solution, respectively. In order to obtain the solution of (2.19), we must
find a I'? satisfying C''-matching condition (2.22). Unfortunately, it is not
easy to find such T'? since the value of V* on I'? depends on the mean
curvature Hy of T'0 itself.

However, when {2* is ball, we can easily obtain the spherical symmetric
solution of (2.19). Let 0* = {z € R"| |z| < R} and r = |z|. Then, (2.20),
(2.21), and (2.22) are rewritten as

VJ+N—_—1VT+ = At r € (0,rp),
' R (2.23)
V;"+(O) =0, V+<T0) = )
0
V,,;+N_1V;:A—, r € (ro, R),
" (2.24)
v = =Dy =,
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and
V. (r0) =V~ (o), (2.25)

respectively, where VE = VE(r), 4* = —Lg(hy(v*),v*). Here V*, V7,
and rg are unknown functions and parameter. Noting that the first equa-
tions of (2.23) and (2.24) are equivalent to

1

(TN_lVr:t)T = _Eg

(hi(’v*), U*)TN_I,

we see that the solutions of (2.23) and (2.24) have the following expressions:

B*(N —-1) At

Vi) = R 2N(7“8~-r2),
Vo(r) = ﬂ*(fo_ D _ f‘]‘\; /:(RNH'N — t)dt.

Then rg is uniquely determined by and given by

e 1/N
To = R m .

For the case that 2* is generic domain, the existence of the solution of
(2.20), (2.21), and (2.22) are not trivial.
We close this section by presenting the following proposition.

Proposition 2.5 The solutions of (2.6) with interior transition layers are
formally expansible and have the asymptotic forms (2.9). Then, the rescaled
reduced problem is given by (2.19).

3. Linearized eigenvalue problem for the rescaled system

We proceed to the stability problem of the rescaled stationary patterns.
Employing the appropriate scaling obtained in §2, the rescaled stationary
pattern can be stable. In this section, we study the linearized eigenvalue
problem around a stationary solution (U®(z),V¢(z)) of (2.6) given by

2a7e € €
e“Mw+ fiw+ fiz = Nw,
{ fuwt Iy in Q* (3.1)

DMF®z 4+ egiw + g5z = 6Nz,
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ow 0z .
%—0—% on O0N".

649

(3.2)

Since we employ the method of matched asymptotic expansion, we first

divide (3.1) and (3.2) into the following two problems:

(E2Mew™ + fow™ + fe2m = Nw™,
in %,
DM®z~ +eg,w™ +egpz™ = 627,
4 - -
ow 0z
Z —0=== on 0N,
on on
L w™ =0, =z =¢° on IV
e2Mew™ + fewt + fezt = Nwt,
in Q*F,

DMezt +egiw™ +egiz™ = berzT,
wt =0°¢, 2zt =¢° on I

where

o = Z e*Ok(s), ¢ = Z e*qr(s),
k=0 k=0

2 = i eF .
k=1

(3.3)_

(3:3)+

©°, ¢°, and A\* are unknown boundary data and they are determined later

by the Cl-matching condition.

We construct the matched asymptotic solutions (wi(x,¢), 27 (x,€)) of
(3.3)+ in a parallel way as in Ikeda [6]. More precisely we have a solution

(Wl (z,€), 2 (x,€)) in the form

wl(z,e) = WE(z,e) + 2k (z,¢) + e™rt(z,e)
+ e (2))5* (2, ),

2P (x,e) = ZE (x,€) + 2105 (z, ) + e™sE(, €),

(3.4)
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where
WE(z,e) Z wif(z)e®,  ZE(z,e) = Z zi(x)er,
k=0
([ (Y(@)\ ¢ Y(z)
(1) ot s 1)
4 k=0
=h(r,) = | v € Ua(T) N0,
L0, z € QO E\UL(TY),
([ (Y(2)\ & Y(z
w( y ) > mif (5(9«‘), _ )> e*,
n k=0
I () = 4 T € Ug(I%) N+,
L0, r € QF\U4(T).
wf, z,:gt, Cki, and nfct satisfy the following equations and relations:
k=0
fOi fOi
in Q= (3.5)0
DM()ZO == 0,
2 = go on I (92_0_ =0 on 00" (3.6)0
0 ? an ) .
G+ JEGE = — it wy (s,0) — fF25(5,0),
eIt self, (3.7)o
Dijif =0,

C(jt(&o) = 90(8) - w()i(37 0)7 Cg:(sa :FOO) =0,

+ (3-8)0

5 (s, Foo) = 0 = 7 (s, F0),
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v

0+, ,* 0+ £+ _ + 1+,,+ 1+ +
wwy + f ez = wg — fywy — [Tz, -
in Q°F, (3.5)

DMozli = —DMlzg - ggiwoi — ggiz(jf,
0z7
zit =¢ on I'Y 8—fr1L =0 on 0QF, (3.6);

(G4 G =MV + ) — MGy — FE W5 +G)

— 7T - fREWE - fREZT

\ Eelf,scTY, (3.7)1
Dijf = =gy (Wg + ) — 9925

\ —gu(ha (v%),v")wi (5,0) — go(h(v*),v*)25 (s,0),

(E(5,0) = ©1(s) — wi(s,0), (f(s,Foo) =0,

_ (3.8)1
ni (s, Foo) = 0 = 7j; (s, Foo),
k>2
(Jutwp + f0tE
o Y MwEo Y (e
itj=k—2 itj=k,i>1
+ . *1
+ Z )\iwj, in Q°F,
T i+j=k,i>1 (3-5)k
+ + ] + i+ _+
DMyz, = —D Z Mz — Z (g;:twj +gv:tzj)
it+j=k,i>1 itj=k—1
\ i+j=k—1
+ + 0 azkz— *
2 = qi(s) — Np_o(s,0) on I, B =0 on 00", (3.6)
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(CGE+fREGE=— Y MG - Y (FEWE+ fiEZF)
i+j=k,i>1 i+j=k
S SN R o
i+j=k,i>1 i+j=k—2
Y gnu + H+t
+ Z /\i(Wj +Cj )_Pk_Qa
itj=k—1
) EelT, sel0 (3.7)
Difg ==D Y Mmi— Y. GEWE+E)
i+j=k,i>1 i+j=k—1
z:i: 7+ ~i+ 4+
- D WZy- ). g
i+j=k—1 i+j=k-3
+O ik N2+ 6 Y Am — QF,
\ i+j=k—3

G (5,0) = Ok(s) — wi(s,0), (iE(s, Foo) =0,

. (3.8)%
772:(37:{:00) =0= 772:(37:':00)7

where

)
e=0

: 1 dz e
= gt (Lo S o)
k=0
e _ 1 d kot
h = g <Z€ (s 55)+Z<‘5 i (s

Zekv (s,€£) —|—52Z€ wk )
k=0

k=0 e=0
. 1 d & - 1dh &
+ _ L + _ k_+
=~ e"wi (s, e , = —— g ez (s,¢e
¢ 1! de? kz::o ¢ (,59) =0 : ! det P k (5,2¢) e—0
Lold (3 L 1d™
P; =7 51(5 ek Mew ) , Q) _z'—5i<DE ek Mez ) ,
k=0 e=0 k=0 e=0
f,i, gu , 5i, g}fft, and the others are similarly defined. Here we used the
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following notation

u(s, &) = u(s,ef)

for the function u defined on a tubular neighborhood Uy(T'?). P;: and Qf

depend on woi, zoi, . ,wfct, zki.

U

Now we shall show that C,:gt and nki are uniquely determined. First
we define a functional space. Since the definition domain of C,;t and nfct is
semi-infinite, the inhomogeneous terms of their equations must have some
decaying property for solvability.

Definition 3.1 Let £F be the set of functions E*(s,€,¢) defined on T'0 x
IT x [0,e9) with the property that for each C*° linear differential operator
D of any order in the variables s and &, there exist positive constants C4+

and K (possibly depending on D and E*, but not on s, £, and &) with
|IDE*| < Ke =l

We see that ¢ (> 0) are fundamental solutions of the equation for ¢ £
In fact, the boundary value problem

{ oF + f(he(v*) + ¢F,0v*) =0
$2(0) = a* — hi(v*), ¢ (Foo)=0

has a unique monotone increasing solution qb(:)t (€) € EE. More precisely, the
boundary value problem

{ ®+ f(®,0*) =0
®(0) = a*, P(Foo) = hy(vY)

has a unique solution that is bounded and uniformly continuous on R, and
continuously differentiable. By using this function @, qb:Ot are represented as

OE(E) = @(€) — ha(v*)

(see Lemma 6 of Tkeda [6]). Since ¢f and ¢, (moreover, their derivatives)
are continuous at £ = 0, we omit the superscript of qboi. Then, it is obvious

that p(€) = ¢o(€) satisfies
b+ frp=0,

where fOF = f,(hy(v*) + ¢F,v*).
In a similar way as in Ikeda [6], we can prove that the right hand side
of (3.7)x (k > 1) belongs to £*. Then we have
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Lemma 3.2 For s € I'°, the boundary value problem

{ OZp*(5,€) + fulhx(v*) + &5 (€),v")p*(s,€) = RE(s,€), £€IF
PE(s,0) = p5(s), p*(s,F00) =0,

has a unique solution p* (s, €) € E* for pt(s) € C®(I°) and RE(s,€) € £*.
Proof.  See Lemma 9 of Tkeda [6]. []

Noting the fact that ¢p is a fundamental solution of the equation for
(i (s,€), we see that the solutions CF(5,€) and 7 (s, €) of (3.7)x and (3.8);
have the following expressions:

~ ¢o(8) , &
G :6) = 20 (Ok(s) = wi(5,0)) + o) / (do(1))2
X : {the right hand side of the
Foo

equation for F}¢g(z)dzdt,

3 Yy
U;ci(s, £) = / / {the right hand side of the
Foo JFoo

equation for nf}dtdy (1 <k < m).

By using the same argument as in Ikeda , we obtain the following
proposition.

Proposition 3.3 There are ¢g > 0 and C > 0 such that for any ¢ €
(0,€0), (3.3)+ have a solution (W (z,¢c),z](x,€)) of the form (3.4)+ and
satisfy

||w$(33,6) - (W#;(CC,&”) + E,rj;l(;ng)) ey, < Cgm+1_a7

“Of};a(fz )

l-o
o =%t < C€m+
cre@™) =

12 (2, €) — (Zm(x,€) + XTI (2, €))|
for any a € (0,1).

Let

w"(x, ) =

{ wl(z,¢) T € Q*F,

w™(z,€) r e Q.
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{ 2z, €) x € Q*,
)

2™ (x, e x e Q.

In order that (w™(z,¢), 2™ (x,€)) become solutions of (3.1), they must sat-
isfy the C'-matching conditions in each order O(¢™). That is,

) . O 0
5.0 =G (.0, 25,0 = 20 (5,0), (3.9)
k>1
+ 8w,j_1 s Ow,_,
’“ ( ) + ov (s, O) - g’“ (s 0) + ov (S’O)’ (3.9)k
O (5,0) 41, (5,0) = 2 (5,0) + i, (5, 0). |
g (40 + gy &0 e (5

By using the above relations, we have

Theorem 3.4 There exist an €9 > 0 and an integer ng > 0 such that for
any € € (0,e9) and integer n € [1,ng], the asymptotic form of the principal
parts of the eigenvalue X° and the eigenfunction (w™™(z, e), 2™ (2, ¢))
are, respectively, given by the following forms:

2 m )Y,

w™™ (g, ¢)
Y(z), do(Y(2)/2) o m)
) e=) 300) Oy (S(z)), =€ Uq(I?) (3.10)
0, z € QN\U, (T
2 (1, ¢) v —&? 9 K3 (8r0 @ ©0Y). (3.11)

Dy (0)

Here, ()\gn), @én)) are determined by the following eigenvalue problem on T°:

n 1 * * n n n
L*@(() ) 4 BCQ[g]J'(U )<KN(6F0 ® @(() )),5F0> — )\g )@(() )

with

eiMds = o,
0
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where

1 .
L*=A" + 5 H1(s) = c1Pa(s) + As),

Ky = (—=A)~! with the Neumann boundary conditions on 89*, ¢; > 0,
ca > 0. The definition of Hi(s) and Ps(s) are given in Lemma 2.3, and
A(s) is a smooth bounded function of s € I'°.

In order to prove this theorem, we prepare the next lemma.

Lemma 3.5 Let ©g € C®(I'%). Then the followings hold;

(i) The conditions in (3.9)g determine wi and z5 (hence qo(s)), that
18,

wE =0, 22=0 (go(s)=0).
Then, (at and 778: are given by
_ ¢o(£)
¢0(0)

(ii) The conditions in (3.9); determine A1, wi, and 2L (hence q1(s)),

that us,

G (s,€) Oo(s), nF =0, (3.12)

M=0, wi=0, 2Z=0 (q(s)=0).
(iii) 2 is determined by the conditions in (3.9)2. That is,
__ldgl
Dy (0)

provided that [0 ©gds = 0, where [g] = g(h4(v*),v*) —g(h_(v*),v*), K} =
(—=A)~! with the Neumann boundary conditions on dQ*. Then, qo is given
by

K% (80 ® Op) (3.13)

9] ‘
q2(s) = ———— (Ky(6ro ® ©p), o), (3.14)
Do (0)
where ( , éro) denotes the trace operator on I'°. In fact, from the property
of Neumann function, the trace of zo on I'? is well-defined as a continuous
function (see Friedman [3]).

In the following of this paper, we omit the superscript + of Coi since (g
and ¢ (moreover, their derivatives) are continuous at £ = 0.
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Proof of Lemma 3.5
(i) Solving the second equation of (3.5)g and (3.6)g with C!-matching

condition for zoi (see (3.9)p), we see that zOi must be equal to some constant
Zo and woi is given by IDOi = —fgiéo/fgi. Then, the equation of Coi (see

(3.7)p) is rewritten as

S+ |, FOo+ st FO+~t  FOts
{ CO +fu CO - fu Wy fv 20, 56]437 SEFO,

(E(5,0) = Og(s) — w5, (F(s,Foo) =0,

Then the derivative of Coi with respect to £ at (s,0) is computed as follows:

SO {CL. PO W LIRS
G :0) = 2 S0+ s [ I~ ot aldods
1 ey
= 07 (©0le) i 500)

— i L Ooo Foxdode — 2 [ ’ fl?iq'sodﬁ]

Too

- %1(0) [@o(s>ézso<o> =7 () fv(u,v*)dU} L (3.15)

Here we used the fact that

o _ . .
/ FO%dode = —do(0) and  CE(s,0) = Oq(s) — wit.

Foo

By using (3.15), the first relation of (3.9)¢ is rewritten as
0 = ¢ (s,0) = ¢ (s,0)

A h ('U*)
S /+ fo(u,v*)du.
¢0(0) Jh_(v*)

From which, we obtain 29 = 0 since J'(v*) = :_“L(Sj’:; fo(u,v*)du # 0 (see

(A.2)). This yields w¥ = 0 = zF and go(s) = 0. Then we see that ¢ is
represented as in [3.12). On the other hand, noting the second equation of
(3.7)0 and (3.8)g, we easily see that n¥ = 0.

(ii) By using the results of (i), (3.5); and C'-matching condition for



658 H. Suzuk:

2 (see (3.9)1) are rewritten as

f():t fO:t
in Q*F (3.16)
DM021 = 0,
821 821_
0 0 3.17
2L(s,0) = 71 (s,0). (3.17)
From (3.16), (3.6)1, and [3.17), we see that zI must be equal to some
constant Z; and wit is given by uﬁt = —f9%2, /%%, Then, the C'-matching
condition of Cit becomes
¢ (s,0) = ¢ (s,0) (3.18)

(see (3.9)1).
Here, we prove that (3.18) is equivalent to the next equation

Qo / G2dE = —31d0(0)7 ("), (3.19)
If is satisfied, we can conclude that \; = 0 and 2; = 0 because Oy is

arbitrary and [%°_ ¢2d¢, $o(0) and J'(v*) are non-zero. Hence wi = 0.
First note that (li' satisfies

. [,\1(130+[§i] foi fOizl,

Ly otk
G ¢0(0)

where
H* = —(N — 1)Ho¢o — frZo.
Then the derivative of Cl with respect to £ at ( 0) is computed as follows:

Cl (5,0) -

G (5,0) = %(’) o(0 Mo + HE)de
_;(it)/; f% 5_¢0<>/ ok
Sl i
- g&j(lo) /h ;) folu, v*)du. | (3.20)
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Here we used the fact that

o _ . .
foEode = —¢o(0) and (f(s,0) = O4(s) — .

Foo

By using 3.20), the first relation of is rewritten as
0 = CY(S,O) - éf(870)

_ @0(3> +oo | ,
 (¢o(0))? [Al f_oo (¢o(t))"dt

/ H* go(t)dt + ﬁéo()]

h_(v*)
/ fo(u,v™)du. (3.21)
hy

Q'SO(O) (v*)

In order to compute right hand side of [3.21), we note that (zﬁli satisfies

OF + futer = —Migy — L5 {ui (,0) + up, (s,0)¢}
— [ i (5,0) + 5. (5,006}

and then, p™ = qbf: satisfies
p +f0:t + IA{:I:.

From which we obtain

P (5,0) %@p<mwﬁmmémﬂ<@wwwa (3.22)

Combining (3.22) with the fact that ¢ (s,0) = ¢] (s,0) and ¢} (s,0) =
#1 (s,0), we obtain the following relation:

/ (5, 0(€)de + [ A (5,€)60(€)dg =0, (3.23)

Using and (3.23), we have (3.19).

(iii) Using the result of (i) and (ii), we can rewrite the equations for



660 H. Suzuki

leL as follows:

( DAzét:0 in Q*F,
Oz 0z
==z, —=——2=—{nf(s50) -9 (50
= Sl T e (U R LT
on IV,
925 *
{ 'a—n:() on 89

First we compute the C'-matching condition for 23: Integrating the equa-
tion for 7 in (3.7)1, we have

.4 _ 80 0 v* + v* ]
i(6:0) = — 52 [ alhelv) + 0 (€),0)do(e)e
O

= —— gu(u, v™)du.
D (0) /hi(v*)

This yields

9]

17 (5,0) = nf (s,0) = —— Og.

M1 (s,0) — 77 (s,0) Déo(0) 0

Now we rewrite (3.24) in a weak form:
B*(227¢) = [g} <6F0 ® @07 ¢> )

_DQ-SO(O)

where
B*(22,¢) = /szg V.

For a given h € H™1(Q*), we consider the equation for z € H(Q*) :
B*(z,¢) = (h,¢) for any ¢ H(Q*).

Then we can define the mapping Ky, as
Kx(h) =z HT(Q") — H'(Q)

provided that [,. hdx = 0. Using this operator, we derive provided
that

Oro ® Opdx = / ©odS,
Q* ro
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where dS is surface element of I'°. This completes the proof of Lemma 3.5.

L]
Using Lemma 3.5, we can conclude that the principal part of (w®, 2¢) is
given by (3.10) and (3.11). The remaining problem is to determine A2 and

©¢. Concerning this, we have

Proposition 3.6 O and Ay are determined by the following eigenvalue
problem on T :

(AFO + %Hl(s) — 01P3(8)> ©o + A(s)0q
4 %02 (9] (v*) (K% (80 © ©g), 6p0) = AaOp (3.25)
with
[ ©ods =0,

where

cr= [ Gords [ [ Gords >0, =1/ [ (Gode >0

As) = [ / OOO 2 o+ [ 72 (o)

— /_Ooo R [¢o¢] T](s, €)de — /Ooo Ry [éogf‘](s, g)dg}

/ /_o;(%)zdﬁ,

Rﬂgi] = —Mlﬁi — f&ici for (* € £F, and the definitions of Hy(s) and

P5(s) are given in Lemma 2.3.

Proof of Proposition 3.6 First we rewrite the equation of Cgi
G+ F5G = oo = MaGo — f3o — MG — fu* ¢

- fgiwét(&o) _ ~1())iq2(5)7 (326)

(E(5,0) = O2(s) — wF(s,0), (F(s,Foo) =0.
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Then
: ¢0(0) 0
£(s,0) = = (5,0) + -
@0 ¢0(0)C2 5.0 + ¢0(0) /$oo
{the right hand side of }éo (&)d¢
_ ¢0(0) ot
- QBO(O){ez(S) 2(370)}
0
. Moo — Mao — 25
+¢0(0) ¢oo{ 2C0 2G0 — fu Co

— MG — fiE(E o(€)de

«

— w;(s, 0)/ fu(u, v*)du

h+ (v*)
-0l [ - fv(u,v*)du]
CBO(O)@ 1 0 y o+
= - 8) + = A — MGy — £
50(0) 2(8) ¢o(0)l 4[00{ 2Go 2Go — fu Co
G = FEGENo O ) [ ol

Using the above equations and the fact that wli = 0, we can rewrite the
first relation of (3.9)y as follows:

0 = é;(S,O) - C'2_<3’0)

B q501(0) /_O;{AQCO — MaGo} o (€)dg
1 0 _ o
_ ey {/_OO fu+C0¢0(f)d§—|—/0 f2 Co¢o(§)d§]
v U (A ()
(bO(O) —00 151 u 51 /%0
" /ooo<—M1<f - f&—cl‘)q‘so(&)ds]
+ gf)ol(O) J'(v")ga(s). (3.27)

By using the definition of My (see [2.14)) and by integrating by parts, the
first term of the right hand side of (3.27) (which we call Part 1 simply and
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similarly Part k for k-th term) becomes

(cf'»o(lo»? KA? AT %111(5)) o / (60)*d¢
+ P3(s)Oq /-o:o(éo)zdg}‘

Partl =

Concerning Part 2, we have

Part 2 = — 7 U_Ooo FEH (¢o)2de + /OOO ff_(éo)zdﬁ} Oo(s).

In order to compute Part 3, we note that Cit is given by the following form:

CE(5,6) = ——01(s)do(€) +

1 ”
50(0) TS MCORNCED

where

£ . t .
Fog) = [ [ =0V = 1Hols)éoc)

— [E@o(2) Yo (z)dzdt.

Substituting (3.28) into Part 3, we can compute Part 3 as follows:

0(0))? [@1(8){/_000 H* (s, €)o(€)d¢
+/oof}— (5, 2)do(£)d }
rou{ [* i

+ [ rruc] s, 00d¢] |

B (<7.50(10))2 UO lbo¢] " )(s, €)dg

+ [ Riléod] ] d&} O (s).

Part 3 =

Here we use the property of H* (see [3.23)) to cancel ©;. Combining
with the above results, we can derive (3.25). This completes the proof of
IProposition 3.6/ ]
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Proof of [Theorem 3.4 This is a direct consequence of and

IProposition 3.6/ []
Appendix
Deriwation of m

For @ = (5, £), M¢ is defined by

ME,& A(s,y)ﬂ' (8, 7—(87?/75))

_ L ]_Vf % <\/§ ]:211 g a(zja(s, T(S’ey’ ©) )) (1)
+ %u (s M) + (N — 1)H(s,y)6%ﬂ (3’ T_(S;y_,g)> ’

where y = €€ + w(e€/d)v(s,e). Then,

1=1 7j=1
N-1 N—-1
1 0 .
=5 Z gsi< gZJ_u)
29 1=1 J=1 Os?
N—-1N-1
O . O
ZJ_~ 1] ' : ~ 2
T L\t Y aszasau> 2)

Moreover

the first term of the last row in (2)
N-1

N-1 N-1 1
Z gsi Z g9t + Z gsi Tale (3

]:

—

and

the second term of the last row in (2)
N-1N-1 _ -
=> > [ggﬂga‘ +g”ﬁ§j§i]
i=1 j=1
N-IN-1r e 1
+ Z Z [gzz_ sja£ +gl.7 <gTsjsiﬁ£ + 8_2'7_53"7'31'7155):!

=1 j=1 &

—
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N—-1N-1

g (1 - 1
+ g —’TSiUgjg + —Tsju§i€ y (4)
=1 j=1 € €
here we use the notation uz = %&, and so on. We are interested in the

order O(1)-term of (2). After some computation, we have
T = —e04y1 + O(?), T,y = —e0yiv1 + O(e?)

(note that the relation 7 = €€). Then the dominant term of (2) is computed
as

=1 j=1
N-1N-1/
+VGE Y N (Ggasj +G uj)]
=1 j5=1
N-1 N—-1
1 G :
- G0 ;71
N-1N-1 - -
+ Z Z [——Ggasg"‘ylﬂg + GY (—831'33")/1’&5 + 881-71851-711155)]
=1 j5=1
N—-1N-1 N
- GY (asm’&gaf + ‘93171?151'5)’ (5)
i=1 j=1

here, we used the notation
G = G(s) = g(5,0),

i.e., these are the dominant term of

(5640 (5 )0s)

with respect to € regarded as a function in s and £. Similarly G¥ and others
are defined. Then, the first row of (5) is equal to

1 N-1 ) N-1 ! 3
VG 2 o3 (“520 a—“) Q

Noting that G¥ is the contravariant metric tensor for the manifold I'y of
dimension N — 1 and G = det(G%¥), we see that (6) is Laplace-Beltrami’s




666 H. Suzuki

operator defined on I'y. The last row of (5) is a linear combination of the
differential operator in s and £ those coefficients are independent of .

On the other hand, applying the implicit function theorem to [2.5), we
see that

T, =1+0(), 7, =0().
Then the third row of (1) is expanded as

192 _ 1 0 0
6—28—62ﬂ+-€—(N~1)H08—£ﬂ—Hl(S)(§+71)8—§ﬂ+O(€), (7)

here we used the following expansion:

H (5,26 + (52 )1(5.2)) = Hols) — B (5)(6 + 1) + O(&),

Using (5), (6) and (7), we obtain the expansions in [2.14).

Note added in Proof. The author has recently succeeded in smplifying the
representation of L* in Theorem A as L* = A" + Hy(s) + CQJ,(’U*)%%I—IF().
This result enables us to construct the stationary interfacial patterns and

to study the stability property of them. For the details, see the forthcoming
paper.
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