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L?-boundedness of Marcinkiewicz integral
with rough kernel

Yong DING
(Received March 12, 1996; Revised November 3, 1996)

Abstract. In this paper the author given the L2-boundedness of the Marcinkiewicz
integral with rough kernel on product domains when Q is in L(log* L)?(S™~! x sm—1y,
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1. Introduction

It is well known that in [6] E.M. Stein introducted the Marcinkiewicz
integral operators of higher dimension as the following

ol = ([~ |Ft<m>|2@)1/2,

where

Fi(z) = /| e =Y) riyay,

z—y|<t |T — y|vt

Q € L}(S™ 1) is a homogeneous of degree zero satisfying [¢n-1 Q(z') dz’ = 0,
and S™~1 denotes the unit sphere of R™. Stein proved that

Theorem A Under the conditions above, if Q € Lipo(S™™ 1) (0 < a <
1), then

lua(Fllp < Clifll, 1<p<2,

o e € R pa(f)(e) > M < Sk

In [1], A. Benedek, A. Calderon and R. Panzone proved that if €
C1(S™1), then pq(f) is bounded operator on LP(R") (1 < p < oo).
A. Torchinsky and S. Wang considered the weighted LP-boundedness of
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pa(f), they got that if @ € Lip,(S™!) (0 < @ < 1) and for 1 < p < o0,
pa(f) is LP(R™) bounded operator, then for w € A,, the Muckenhoupt
weight, uq(f) is bounded on LP(w) (1 < p < 00). (see [7])

On the other hand, the LP-boundedness for singular integral operators
T on product domains R™ x R™, defined by

f(z,y) pv// Uz —uy = )f(u,v)dudv,
RexRm |2 —ul?y — v[™

had been discussed for 2 in different function spaces on S*~1 x §™~1. For
example, in , R. Fefferman proved that T is bounded operator on LP(R"™ x
R™) if Q satisfies some regularity conditions. In , J. Duoandikoetxea
proved that the smoothness conditions assumed on  are unnecessary for
the LP(R™ x R™)-boundedness of operator T. Recentely, Y.S. Jiang and
S.Z. Lu give the L?(R™ x R™)-boundedness of T with rough kernel by using
the method of block decomposition for functions [5].

In this paper we shall consider the boundedness of the Marcinkiewicz
integral operators pq(f) on product domains, defined by

w0 = ([7 [ 1R nrhe) "

.TL’-—U — v
FtSZUy //a: ul<t Y ) 1f(u7v)dU‘dU7

oSt o= ar Ty = of-

where

Qe L1(S™1 x S™~1) and satisfies the following conditions:

Qtz, sy) = Q(z,y) for any t,s >0, (1.1)

/ Q(x',y)dz' =0 for any y € S™ L, (1.2)
Sn—1

/ Q(z',y)dy =0 for any z’' € S"71. (1.3)
Sgm—1

The main result of this paper is stated as follows.

Theorem 1 Suppose that 2 € L(logt L)? (S™~1 x S™1) satisfying (1.1)-
(1.3). Then pq(f) is bounded on L2(R™ x R™) for n > 2 and m > 2.
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2. Proor of Theorem 1

Let us begin by proving a lemma.

Lemma 1 Suppose that Q(z',y') € L®(S"! x S™1), then for any 0 <
o < 1 there is a C such that for any j,k € Z,

2k+l

9i+1
27 2k Sn—1ygm—1 T‘h
< C“Q“Loo(Sn—lxsm_l)|2j$‘_a/2|2ky|—a/2'
Proof.  Obviously,
2J+1 2k+1 . / , d
/ / // Q(’U/, U/)e——z(ru -z4-hv'-y) du' dv' rdh
27 2k gn—1y gm—1 R
9i+1  9k+1
el
27 2k gn—1yxgm—1
x e~ Hru"ethv'y) g1 g, 2drdh> 1/2
T
27+1 2k+1
=o(f, Lo S]]
2 2k gn—1xgm—1 J Jgn—-1yx gm—1
1/2
Q' v)Qw', 2 Qw',2")e =il —w) 2 +h(v'=2) Y] g o/ do’ d 2! dr?f)
T
h C(// // Q(u', v )Qw', 2
Sn— lem 1 Sn—1x gm— 1 ( ) ( )
9i+1  ,9k+1 i
/ / wl)-g;_{_h(v/ 2)- ]drdh du’dv’dw’dz> / .
? 2" rh

By [3] we know that for any 0 < oo < 1

A

2J+1

k+1
/2 —i[r(u'—w’).m_}_h(vl_z/)_y] drdh |
2k

rh
9j+1 2k+1
/ e-—ir(u’—w’)fc@ / e——ih(v’—z’)-yd_@’
2j r ok h

< Cmin{1,|2z(v' — w')|™!} min{1, 25y (0" — 2)| 71}
< C|2j:c|_°‘|x(u' — wl)|"a|2ky\—a|y(vl — 2|7
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Using
]‘ / /
// du'dw’ < oo
Sgn—1yxgn—1 ‘w(u, — w/)|a
and
1 .y
// A dv'dz < oo,
gm-1xgm-1 |y(v' — 2')|
we get

2]+1 2k+1

/ // Q(u' U/)e—i(ru’-a:+hv’~y) du'dv' drdh
2 Sn—l xSm—l ’ ’r‘h

< C||Q| oo (sn-1x5m-1) |20z | /2| 2Fy[ /2,

J,

[]

The proof of is complete.
We now turn to the proof of [Theorem 1. If we denote Fourier transform
of f on product domains by f, i.e.

- // e~ @RV £ (2 y) dady,

then we have

Ft,s(ga 77) = // R e_i(m{_ky'n)Ft,s(ma y) dﬂ:‘dy
nx m

:// e~ Ha-E+ym) // Qz — u,y —v)
R™ xR™ |z—u|<t ‘CL’ u!n 1}y_v|m 1

ly—v|<s
X f(u,v)dudv dmdy

f(&m) / / . e~ HwEHvn) gy dy.
|v||§t |u|n 1|,U|m 1
[ Il ) P dody

oo roo dtds

:// ) / / e (,9) 555 dady

nx m

dtds

/ / // By, 0)? dodys

Hence,
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= [T 7] e P dsin's
S Fen ([ WI ‘uf T

, 2 dtd
x e HwEHv ) dydy S) dedn.
It is easy to see that
, 2 dtds\ /2
—i(u-E+v-
(/ / ‘//u|<t ‘u‘n 1|U|m 1€ ( g dudv t383>
v I<
oo
= (/ / Qu',v')
0 0 Sn—1yxgm-1
2 dtd 1/2
x e~ T EERY ) gt o' dirdh j )
3s
drdh

< C/ / |// Q(ul’vl)e——i(ru"g—i—hv’-n) du' dv'
0 0 Sn—lxsm-1

therefore, by homogeneity we need only prove that there is a constant C
such that

rh

sup Qu',v')
wlesn—l Sn—lXSm—l
ylesm—l
X e—i(ru’-x’+hv’.y’) du’dv/ drdh < C, (21)
r
when Q € L(logt L)?(S™ ! x S™71).
We write
/oo /OO // Qu, v )e e YY) g dy drdh
o Jo Sn—1x gm-1 Th
2 r2 oo P2 2 poo o) 00
ST AT T
0o JO 2 0 0 2 2 2
I// Q(u' U/)e—i(ru'~m’+hv’-y’) du' dv’ drdh
Sn——IXSm—l ’ T

=1+ 1T+ 11T+ 1V.

From the cancelation conditions (1.2) and (1.3), we see that for any z’ €
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S~ 1 and ¢ € S™7!, there is a C such that
2 2
r= 0
0 Jo
2 2
oy
X

(e ™'Y — 1) du/do’

// Q(u’ U/)e—i(ru’~a:’+hv’-y’) du' do' drdh
Sn—1y gm~—1 ’ Th

// Q(u’, U/)(e—iru’w’ _ 1)
Sn—1y gm—1
drdh

r

<C.

In order to give the estimation of II, 1] and IV, we need introduce some
notations as following:

El = {(’U/,’U’) : (u/,v/) - Sn—l X Sm—1’2l < |Q(u',v/)\ < 2l+1}’
for [ >1

Ey = {(ul,vl) : (u',v’) c S x Sm_l, ]Q(u',v')\ < 2},

Q(u,v") = Qv )xEg, (v, V"), where xg, (v, v") is the characteristic func-
tion of Ej. Let us first consider I1. In the estimation of II we assume that
0<h<?2and 2 <r <27+l for j > 1. Thus

2
I = /OO / // Q(u/, U/)e—i(ru’-m'—}-hv’.y/) du' dv'
2 0 Sn—1lxS§m—1

o0 27+1 2
—_ Z / / // Q(UI,U,)
le 2-7 0 S"‘lxsm_l

X e—i(ru’-x'+hv’-y’) du' do' drdh
rh

// (v, v)
Snfl XSm—l

drdh
rh

// (v, )
Sn-—l XSm—-l

drdh
rh

drdh
T

27+1

s> [

1>0 j=1

INA

= 1ol I onyt
% e i(ru/ -2’ +hv y)duldv/

(zx ) [

>0 1<j<2l  1>0j>21/ 7%

o root Ponit
% e i(ru’-z’+hv y)du/dvl

=1L + 11,
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For 11, we have by (1.2), (1.3)

23+1 2 ; !/ !
1, = Z Z / / // Ql(ul,vl)e_"“ .x
1>01<<21 7% 0 gn—1xgm—1
ho! -y’ drdh
—ih'y 1) du/ do! | 2
x (e ) du'dv 7
2J+1 9
<22 / / // (', 0"
1>01<j<2”? 0 JJSgn-1xgm-1
ho' -y dhd
X |e_'Lh’U Y . 1| duldv/ T
hr
<CY. Y, 1og2-||ullri(sn-1xsmo)
>0 1<<2l
< C’leogQ 2B < ClU L rog+ Lsn-1x5m-1);
1>0
and for I
2j+1 2 |
He = / / // Qv )e
: ZZZUJ'>Z21 e 0 Sn—1lyxgm—1 i )
o'y’ dhd
X (e—lhv Yo 1) du' do'’ T
r
2 27+1 o o ,dr
= Q u,v e——zru-w du _
B §)j>221/0 /Sm—l /Qj /Sn—1 l( ) -
1 dh
—ihv'-y _1ld y i
X |e | dv -
= CZ Z/ l‘Ql('v")/)||L°°(Sn—1)dv’2“°‘j/2
150 552175
< CZ Z ol+1. | [y|2=0d/2
1>0 j>2I
< CZ2H—1 . |El|2—a2l/2 < 0221 ' \El}
1>0 =

< Cll Qi1 (sn-1x5m-1)-

Hence there is a C such that for any (z/,3') € S"1 x S™71 we have IT =
I1I; + 11, < C. The same proof works for II1I and we have I1] < C. It
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remains to estimate IV. We denote

2k+1

vy [

/ !
¥ e —i(ru/ -2’ +hv' -y )du'dv'

Yyy [ [

=1k=11>0
iyt o] .
% e i(ru/ -2’ +hv y)duldvl

Q'
//;'rz»l XSm~1 ( )

dhdr
hr

Q0
//S’n—lXSm—l l( )

dhdr
hr

-(EEEEEE) [

1=0 j=1k=1 I>1j=1k=1

‘// (', v")e T TR gyl gy
Sn—1y gm—1
= IVi + 1V;.

2]—{—1 2k+1

IA

.
—
o~

2k+1

dhdr
hr

By we have
IVi < C||Q||poe(sn-1xgm-1y 3 27/ " 27ok2 < ¢,
j=1 k=1

Now, we do the decomposition for IV;. Choosing s € N such that sa > 1,
where « is as in [Lemma 1.
// (v, v)
Sn—1y gm-—1

TR0 9 9 M |
dhdr

1>1j5=1k=1
hr

- (EY T4 Y THEY XYY

1>11<j<sl 1<k<sl 1>11<j<slk>sl 1>1j>sl1<k<sl [>1j>slk>sl

2J+1 2k+1
(v, v)
27 2k Sn—1lyxgm—1

e—i(ru -7’ +ho'-y') du’dv' dhdr
= A + Ay + A3 + Ay

2kz+l

> 6—i(ru’-m’+hv'~y’) du dv’

hr
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Let us now estimate A;, (i = 1,2, 3,4) respectively. For A;, we have
AL <CY N Y Ulprsn-tsmoty(log 2)?
1>11<j<sl 1<k<sl

< C’X:l2 2By - (log 2)?
>1

< CHQHL(log+ L)2(Sn—1xSm—1) <C

o e

J|dh . ,dr
= du ==
h Y r

<Y Y Yoog2e [ U)o snor) du'2

>11<j<sl k>sl

For As, we have

LY Y Y[

1>11<5<sl k>sl

2]—1—1 2k+1

/Sm 1 UI,U,)

% e —ihv'y d

<Y Y Y log2- 2B 27k
>11<j<sl k>sl

S CZ Z 10g2 . 2l+1lEl| . 2—048l/2
I>11<5<sl

< CY llog2- 2 E < ClQU L 1og+ p(sn-1xs5m-1) < C-
>1

Similar considerations apply to As. Let us now estimate Ay.

=S Y L )

[>1 5>slk>sl
< e—i(ru’-a:’+hv'-y’) du' dv’ dzdr
T

= CZ Z Z HQlHLoo(sn—lxsm—1)2_°‘k/22‘°‘j/2

[>1 j>slk>sl
I+1  og—ak/29—aj/2
DI IP I
[>1 3>slk>sl

S 0221 . 2—asl/22—asl/2 S C
>1

IN

Thus, there is a C such that for any (z/,y') € S*~1 x §™~!

IVy=A; + Ay + A3+ A4 < C.
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To sum up, from the estimations above for I,II,III and IV we see that

holds for Q € L(log™ L)?(S"~! x §™~1) and follows.

Remark.

We may consider the L#(S"~! x S™~1)-boundedness of a class of the

Marcinkiewicz integral operators pug(f) on product domains with radial
function b(r,s) on RT x RT, defined by

dtds\ /2
MQb( (/ / ‘Fts |2 t383) 9

Fts -’B y
Qz —u,y —v)b(jz —ul,|v—1y|)
= [fe-uz e e ) dua,

where

We have the following result:

Theorem 2  Suppose that Q € L(log™ L)2(S™"~1 x S™~1) satisfying (1.1)-
(1.3) and b(r,s) € L®(RT xR™). Then pqs(f) is bounded on L%(R™ x R™)
forn>2 and m > 2.
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