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A class of univalent functions II

Milutin OBRADOVIC
(Received September 30, 1998)

Abstract. In this paper we consider certain properties of the class of functions f(z) =
z+ agz2 + - -+ which are analytic in the unit disc and satisfy the condition

7'(2) (}—(%)w 1

Key words: univalent, starlike.

<A O<pu<l 0<A<1 [3.

1. Introduction and preliminaries

Let H denote the class of functions analytic in the unit disc U = {z :

|z| < 1} and let A C H be the class of normalized analytic functions f in
U such that f(0) = f’(0) — 1 =0. Let

z2f'(2)
f(2)

denote the class of starlike functions of order 3. We put S* = §*(0) (the
class of starlike functions). It is well-known that these classes belong to the
class of univalent functions in U (see, for example [2]). Also, it is known
that the class

S*(ﬁ):{feA:Re{ }>ﬂ,0§6<1,zeU}

Bi(p) = {feA:Re{f’(z) (@)M} S0, 10, zeU} (1)

is the class of univalent functions in U ([1]).
In the paper the author considered the class of functions f € A
defined by the condition

f) (ffz))w 1

where 0 < p<1,0<A<1,z€U,ie for -1 < < 0in (1). In the same

<\ (2)
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paper it is proved that for

l—p
V(I =)+ p?

in (2) we have that f € S*. The problems of starlikeness of order 3 and
convexity was considered in [3] and [5].

We note that for the limit cases p = 0, A=1and p =1, A = 1, we
obtain the classes defined by the conditions

7 7 (755) -

respectively. The first class is the subclass of S*, the second one is the
subclass of univalent functions in U ([6], [4]).

In this paper by using another approach we will give some results con-
cerning to the class of functions defined by the condition (2).

0< A<

0<p<l, (3)

<1,

—1}<1 and

2. Results and consequences

We start with the result which is similar to the appropriate result in

4]

Theorem 1 Let f € A satisfy the condition (2) with 0 < u < 1. Then we
have the representation

or, equivalently,

(ﬁ)u =1— ) /01 “t’ﬁizl) dt, (4)

where

weH, w0)=0, |lwiz)|<l, zeU. (5)
Proof.  From (2) we have (ﬁ)“ﬂ f'(z) = 1+ Mw(z), where w satisfies
the condition (5). We can write the last relation in the form (f+(z) — z—l,;)l =

—;L)\;"J“ﬁ-. Since (ﬂ“lz_) — z%) LZO = 0, then by integration from the previ-
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ous relation we get

1 z
_ _1__ — ——-/.L)\/ Mdt,
0

i) i

and from here the form (4) and (4'). [

Corollary 1 If f € A satisfies the condition (2) with

_ <p <
0<)\§min{1,}—u}:
)

— DN —

0
1—p 1
- < <
2__#

then

Re{(ﬁ)ﬂ} >0, zeU

Proof.  Since, by Schwartz’s lemma |w(tz)| < t|z|, z € U, then by (4') we

have
SER Ny
KA

A
2] >1- £2 >0,
1—p

v

for )\ satisfies (6).

We note that if f € A satisfies (2) with condition (6), then we have the
representation

f(z) = : 1 (7)

(1 N ) dt) g

0 tptl

(where we take the principal value), and so

z

f(z): 1-
(1+b1Z+b222+'--)“

From (4') or from (7) we easily derive the following L]
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Corollary 2 If f € A satisfies the condition (2) with condition (6), then

2 2
<l —E— sen @
(1 + £ |z|>” (1 - K |z|>”
1—p 1—p
These results are sharp as the function f(z) = E—_)r shows.
1—-E=z) H

Remark 1. If in (8) we put that u — 0 then we have

2l < |f(2)] < |21, z e,

f( —1’<)\ 0 < A <1, which is true.

Theorem 2 If f € A satisfies the condition (2) with condition (6), then

2f'(2) l Alz]
—= -1 < , zel.
f(2) 1—p— pAlz|
Proof.  From (4') by using logarithmic differentiation we obtain
2f'(z) 1+ dw(z)
f(2) p [ A gy’

and from here

L w(tz) ' w(tz)]
ZfI(Z) B 1| _ )\w Z + /\/ t#+1 dt - )\|(4J(Z)|"|‘,U)\/O —t/‘T_dt

f(2) w(tz) - b w(tz)

ur [ S 1—,m/0 o
HA

3 Alz| + l—ulzl B Alz]

= pA Cl—p—pAz]

1- 2|
1—p
[]

Corollary 3 If f € A satisfies the condition (2) with 0 < X < ﬁﬁ’
0<pu<1, then f is starlike function and

z2f'(2)
f(z)

—1|<1, zeU.
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Proof.  For given A, from the previous theorem, we have

2f'(2)
f(2)

Alz| A
< <1, zel.
L—p—pAlz] 1—p—pA

_1‘5

]

Theorem 3 Let f € A satisfy the condition (2) with & < p < 1. Then
Re{f'(2)} > 0, z € U, for 0 < X < Ao, where Xy is the smallest positive root
of the equation

)23 - 4a®X2)2+ X2 - 1=0, a= ﬁ (9)
Proof.  From (2) we have (ﬁ) <14 X1z, A1 = £ = Xa (see [3]),
and from here ’arg (ﬂ—) l < arctan —1){—/\3 Also, from (2) we obtain

1

1
(f—(zzj)wr fl(z) = 1—I—)\w(z , Where w satisfies the condition (5). From there

we can express f'(z (f ) (1 + Aw(z)) and
(z
|arg f'(2)] < arg . + |arg(1 + Aw(z))|
< 3 arctan ————= + arctan
,/1 - ,\§ V1i- A

= arctan A1(3 — 4)‘112) + arctan

(1—4X2),/1 - A2 V1-A?

A1(3 —4)?) A

(1-4X2),/1-A2 VI=X 1
= arctan 5 <= 0< <,

- A1(3 —4X9) A 2 2

(1-4X3)y/1 -3 V1= X

 a(3-4a9) A
it (1-423)4/1-X2 V1-X2

From (9) we have that the condition 0 < A; < % is really satisfied.

2
]

> 0, which is equivalent to (9).

For i = 5 in the previous theorem we obtain
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Corollary 4 Let f € A satisfy the condition

3
yA 2
f'(z <———) -1
SAVE
where 0 < A < Ag and A\g = 0.3827... is the smallest positive root of the
equation A\2(3 —4X?)2 + A2 — 1 =0. Then Re{f'(2)} >0, 2 € U.

<A zeU,
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