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Cup products on the complete relative cohomologies
of finite groups and group algebras
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Abstract. There is a theory of cup products on the complete relative cohomology of
Frobenius extensions in [N1], especially, of ring extensions of group algebras of finite
groups. In this paper, we construct a cup product on the complete relative cohomology
of finite groups in view of a generalization of one on the Tate cohomology of finite groups.
And we show that there is an isomorphism between the complete relative cohomology of
finite groups and one of the group algebras, and that it preserves these cup products.

Key words: cup product, complete (co)homology, relative (co)homology, Tate coho-
mology.

Introduction

Let G be a finite group and K a subgroup of G. In [NI], the com-
plete relative cohomology groups H"(ZG,ZK, A) and a cup product U :
H"(ZG,ZK,A) ® H*(ZG,ZK,B) — H""*(ZG,ZK, A ®zg B) are defined
for any two-sided ZG-modules A, B and any r,s € Z. On the other hand,
in this paper, we define a cup product U: H"(G,K,M) ® H*(G,K,N) —
H™%(G,K, M ® N) for any left G-modules M, N and any r, s € Z, in view
of a generalization of cup product on the Tate cohomology groups of finite
groups. And we will consider the relationship between these cup products.

In §1, we show that the complete relative cohomology group of finite
groups has a unique cup product ((Theorem 1.4), which is a generalization
of the ordinary cup product on the Tate cohomology H" (G, M). In §2, we
first introduce a modified cup product U, : H"(G, K, ,A)® H*(G, K, ,B) —
H™*(G, K, (A ®z¢ B)) for any two-sided ZG-modules A, B and any
r,8 € Z, which is induced by the above cup product and a G-pairing
p:nA®,B = ,(A®zc B), where ,A denotes the G-module A defined
by the conjugation action of G. Next we show that there exists an isomor-
phism ¢" : H"(ZG,ZK,A) = H"(G, K, ,A) for any two-sided ZG-module
A. In [Theorem 2.3, the main theorem in the paper, it is shown that the
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isomorphism @" preserves cup products, that is, #"* oU = U, o (9" ® $*).
Accordingly, it follows that the ring H*(G, K, Z) is a direct summand of the
ring H*(ZG,ZK,ZG) (Corollary 2.5). In §3, we will give an alternate proof
for the absolute complete cohomology case of [I’heorem 2.3. This is done
by explicit (co)chain level formulas of cup products. The absolute case also
induces an affirmative answer to a question by I. Hambleton to the second
author: “Is it true that the complete cohomology ring H*(ZG,ZG) of the
algebra ZG has an invertible element of non-zero degree if and only if so
does the complete cohomology ring H*(G, Z) of the finite group G ?”

1. Cup product on the complete relative cohomology of finite
groups

In this paper let G be a finite group and K a subgroup of G. Then
in [H, §4], the complete relative cohomology group H" (G, K, M) is defined
for any left G-module M and any r € Z. Let X be a complete (ZG,ZK)-
resolution of Z in the sense of [N1, §1]. Then H"(G, K, M) is defined as
the r-th cohomology group of the complex Homzg (X, M), and in the case
K = {1}, where 1 is the unit element of G, H"(G, K, M) coincides with the
Tate cohomology group H "(G, M) exactly (cf. [B, Chapter 6, §4]). We put

MC ={meM|gm=m forany g€ G},
ME ={meM|km=m forany ke K},
NG/K(MK):{ZQimImEMK}a

i=1

where {g1,...,gn} are elements of G such that G = ;. ¢;K is a left coset
decomposition. Then we have the following lemma.

Lemma 1.1 Let G be a finite group, K a subgroup of G and M a left
G-module. Then the isomorphism H%(G, K, M) ~ MS [Ng,x(M*) holds

as Z-modules.

Proof.  Take the complete resolution in [O, §6] as a complete (ZG,ZK)-
resolution of Z and denote it by X:

d d
X X1 B Xg L X g — -,

where we set X; = ZG Qzx ZG Qzk Z, Xo = X_1 = ZG Qzk Z; d1($1 RQzK
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T ®zk 1) = 7129 @z 1 — 71 Qzk 1, do(z ®zK 1) = Yi-) xg; ®zk 1 for
x1,%2,x € G. We make the following identifications:

p: Hong(X1,M) = HomZK(ZG QRzk L, M)

by o(f)(z ®zk 1) = f(1 ®zK T QzK 1);
¥ : Homga(Xo, M) = MK

by ¥(f) = f(1®zx 1) and ¢~ '(m)(z ®zk 1) = zm;
¥ : Homzg(X_1, M) = M¥ by the same map 9 as above.

Then we have the following complex which gives the 0-th cohomology
H(G,K,M) ~ Kerd? /Imd¥;

d¥ d¥
Homzx (ZG ®zx Z, M) < MK & MK

where d:f&(m)(:r ®zk 1) = zm —m and d#(m) — Y, gim. Since Kerd¥ =
(M¥YG = MY and Im d# = Ng/x(M¥), it follows that the isomorphism
H(G,K,M) ~ M [Ng k(M) holds. ]

Let 0 = M; — My — M3 — 0 be a (ZG, ZK )-exact sequence of left G-
modules in the sense of [H, §1]. Then we have the long exact sequence - - - —
H™(G,K, M) — H"(G, K, My) — H(G, K, M3) 3 HY(G, K, M) — - -
as in [H, §4|, where 0 is the connecting homomorphism. Let M and N be
left G-modules. By the diagonal action of G on M ® N, that is, g(m®n) =
gm®gn for g € G and m®n € M®N, we regard M Q@ N as a left G-module.

Lemma 1.2 Let 0 - M; — My — M3 — 0 be a (ZG, ZK)-exact sequence
of left G-modules and N a left G-module. Then short sequences of left G-
modules 0 > M1 Q@ N - My ®N - M3s® N - 0and 0 - NQ M; —
N®My; - N®M3 — 0 are (ZG, ZK)-exact, and they induce the connecting
homomorphisms & : H'(G,K,M3 ® N) - H™"(G,K,M; ® N) and 0 :
H™(G,K,N ® M3) - H"Y(G,K, N ® M) for any r € Z, respectively.

Proof. The lemma is proved by the definition of relative exactness. ]

Let M and N be any left G-modules, and let 7 and s be any integers.
Assume that an element aUB € H™"*(G, K, M® N) is defined for every o €
H"(G,K,M) and 8 € H*(G,K,N). If U satisfies the following conditions
(I)—(III), then we will call « U 8 a cup product of a and g.
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(I) U induces a Z-homomorphism:
H'(G,K,M)® H*(G,K,N) — H™(G,K,M ® N).

(II;) Let 0 — M; — My — M3 — 0 be a (ZG, ZK )-exact sequence of
left G-modules. Then

d(aUp) =0(a)Up

holds for « € H"(G,K,M3) and 8 € H*(G,K,N), where 0 denotes the
connecting homomorphism.

(IL,) Let 0 = Ny — Ny — N3 — 0 be a (ZG, ZK )-exact sequence of
left G-modules. Then

d(aUp) = (-1)"aUd(p)

holds for « € H"(G,K,M) and 8 € H*(G, K, N3), where 0 denotes the
connecting homomorphism.
(III) The diagram

HYG,K,M)® H(G,K,N) — HY(G,K,M ® N)

| l

M /Ng,x(M¥)® N /NG, x(N¥) — (M ® N)¢/Ng, k(M ® N)¥)

commutes, in which the vertical homomorphisms are the isomorphisms given
by and the homomorphism in the bottom row is defined by

(m + Ngyx(M")) ® (n + Ng/x (N¥))
—m®n+ Ng/x((M®N)X).

shows the existence of the connecting homomorphisms in
the left hand sides of the equations in (IL;) and (II,) above. It is easy to
see that, in the case K = {1}, the cup product above coincides with the

cup product in [B, Chapter 6, §5] since we can use dimension-shifting as in
[B, Chapter 6, (5.4)].

Lemma 1.3 Let C be a complex which is a (ZG,ZK)-ezxact sequence of
left G-modules and M a (ZG,ZK)-projective G-module in the sense of
[H, §1]. Then the complex M @ C with diagonal G-action is contractible
as a complex of G-modules.

Proof.  Since M is (ZG,ZK)-projective, M is a direct summand of the
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left G-module ZG ®zx M. Therefore it suffices to show that the complex
(ZG®zx M)®C (with diagonal G-action) is contractible as a complex of G-
modules. We have the isomorphism (ZG ®zx M) ®C — ZG ®zx (M ®C)
as complexes of G-modules, which is given by the map (¢ ®zx m) ® = —
g®zk (m® g lz) forany g € G, m € M and =z € C,. Since M ® C is
contractible as a complex of K-modules, the proof is completed. []

Theorem 1.4 There is a unique cup product.

Proof. This theorem is proved in the same way as in [B, Chapter 6,
Lemma 5.8] by adopting instead of [B, Chapter 6, Lemma 5.11].
[

2. An isomorphism " : H"(ZG,ZK,A) - H" (G, K,,A) and cup
products

We will denote the enveloping algebra ZG ® (ZG)° of ZG by P. Since
we have the ring homomorphism 7 : ZG — P; g — g ® (¢g71)° for g € G,
a left P-module A is regarded as a left G-module induced by 7, which is
denoted by ,A.

Let A and B be left P-modules. Then ,A® ,B is a left G-module with
diagonal G-action and we have the G-pairing p : ;A ® ,B — ,(A ®z¢ B)
given by p(m ® n) = m ®z¢ n. The map p induces the homomorphism

p* H'(G, K, A® ,B) —» H'(G, K, ,(A®z¢ B))

for any r € Z, and we can define a modified cup product U, in terms of the
cup product U of §1 by the equation:

aUpﬂzp*(aUﬁ)

for o € H"(G,K,,A) and 8 € H*(G, K, ,B). Let S be the image of the
natural homomorphism from ZK ® (ZK)° to P. S is a subring of P. Then,
for the modified cup product U,, we have the following proposition.

Proposition 2.1 Let 0 = A; — Ay — A3z — 0 be a (P, S)-ezact sequence
of left P-modules, and let A and B be left P-modules. Then the following
statements hold.

(1) 0— nAl — nAQ — 7IA3 — 0 1s (ZG, ZK)-ezact.

(2) When 0 — n(Al Rzc B) — n(AQ e B) — n(Ag Rzc B) — 0 is
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(ZG,ZK)-ezxact, the equation
d(aU, B) =0(a) U, B
holds for a« € H"(G,K,,A3) and 8 € H°(G, K,,B), where 0 denotes the

connecting homomorphism.
(3) When 0 = (B ®zg A1) — »(B ®zg A2) — »(B ®zg Az) — 0 s
(ZG,ZK)-exact, the equation

daU,B) =(-1)"aU,0(B)
holds for « € H"(G,K,,B) and § € H*(G, K, ,A3), where 0 denotes the

connecting homomorphism.
(4) The diagram

U
HYG, K, A) ® H'(G,K,,B) —— H%G,K,,(A®zc B))

(nA)G ® (nB)G , (n(A ®zG B))G
Ng/k((nA)X) ~ Ng/k((,B)X) Ng/k ((n(A ®z¢ B))K)

commutes, in which the vertical homomorphisms are the isomorphisms given
by Lemma 1.1 and the homomorphism in the bottom row is defined by

(m + Ng/k((4)%)) ® (n+ Ngyr((B)X))
—m ®zc n + Ng/k(((A ®z¢ B)").

Proof.  The statement (1) follows by the definition of relative exactness.
Therefore, by the condition (II;) of the definition of the cup product, the
diagram

H™(G, K, A3) ® H(G, K, B) —— H™(G,K,,A3 ® ,B)

8®idl la

H™Y(G, K,y A1) ® H*(G, K,y B) — H™**}(G, K, 3 A1 ®,B)

commutes, and the diagram

*

H™(G,K,nAs ® yB) —— H™(G, K, (A3 ®z¢ B))

)| |
H™ (G, Ky A1 ® o B) —— H™HG, K, (A1 @26 B))

p
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commutes. Hence the statement (2) holds. Using the condition (II) of the
definition of the cup product, the statement (3) is shown by the same way
as in the case (2). The diagram

H°(G,K,,A® ,B) — H°(G,K,,(A®z¢ B))

| l

(nA® 3 B) /Ng/k ((A® 4 B)¥) — (3(A®z¢ B))® /Nayk ((n(A®zc B))")

commutes for any left P-modules A and B, where the vertical homomor-
phisms are the isomorphisms shown in Lemma 1.1 and the homomorphism
in the bottom row is defined by

a®b+ Ng/k((nA®nB)%) = a®zag b+ Ng/k((n(A®zc B)").

Therefore, by the condition (III) of the definition of the cup product, the
statement (4) follows. O

Lemma 2.2 Let A be a left P-module. If A is either (P,S)-projective
or (P, S)-injective in the sense of [H, §1], then ,A is (ZG,ZK)-projective.
Hence H"(G,K,,A) = 0 holds for any r € Z.

Proof. Let A be (P, S)-projective. Then A is a direct summand of the left
P-module PRg A. P®s A ~7ZG ®zk A Qzk ZG holds as left P-modules
and we have the isomorphism of left G-modules

¢ n(ZG @zx A®zK LG) = LG ®zK (A 2K ZG)

given by p(0 Qzx a Qzk 7) = 0 Qzk (a Qzk T0) for o, T € G and a € A.
Therefore the left ZG-module ,A is a direct summand of ZG ®zk »(A ®zk
ZG). This means that ,A is (ZG,ZK)-projective. Note that the (P, S)-
injectivity is equivalent to the (P, S)-projectivity by [O, Theorem 7. []

Let A be a left P-module. As in [N1, §1], we have the complete relative
cohomology group H"(ZG,ZK, A) from complete (P, S)-resolutions of ZG.
Then both {H"(ZG,ZK,—)},cz and {H"(G, K, ,(—)) }rez are regarded as
families of covariant functors from the category of P-modules to the cate-
gory of Z-modules with connecting homomorphisms 0 : H"(ZG,ZK, A3) —
H™Y(ZG,ZK,A,) and 0 : H"(G, K, ,A3) - H"*1(G, K, ,A;) derived from
a (P,S)-exact sequence 0 — A; — A — Az — 0, respectively. Since
there exist the isomorphisms H®(ZG,ZK,A) ~ (nA)G/Ng/K((,,A)K) ~
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H%(G,K,,A) by [N1, Proposition 1.2] and Lemma 1.1 it follows that, by
[N2, Proposition 4.1] and Lemma 2.2, the isomorphism H%(ZG,ZK, A) —
H%(G, K, ,A) extends uniquely to the isomorphism

& : H'(ZG,ZK,A) = H"(G, K, ,A)

for any r € Z such that $+! 09 = 9 o " holds for the connecting homo-
morphisms 0’s. Thus we have the following theorem.

Theorem 2.3 Let A and B be left P-modules. Then we have
" (U B) = &"(a) U, 2°(0)

for any o € H"(ZG,ZK, A) and § € H*(ZG,ZK, B), where U denotes the
cup product in [N1, §3].

Proof. By [N1, Definition 3.1 (iv)] and [Proposition 2.1 (4), #°(a U B8) =
%) U, 8°(83) holds for any o € H(ZG,ZK, A) and 8 € H*(ZG,ZK, B).
Therefore, by [N1, Definition 3.1 (ii) and (iii)] and Proposition 2.1 (2) and
(3), this theorem is shown by induction for r and s. ]

By the modified cup product U,, the direct sum H*(G, K, ,ZG) :=
@D,z H (G, K, ,ZG) is regarded as a ring, and the direct sum H*(ZG, ZK,
Z2G) = @,z H(ZG,ZK,ZQ) is also regarded as a ring by the cup product.
Therefore, by [[heorem 2.3, we have the following corollary.

Corollary 2.4 The ring H*(ZG,ZK,ZG) is isomorphic to the ring
H*(G, K, ,ZG).

Z is regarded as a left ZG-module with the trivial G-action, and
H*(G,K,Z) .= @®,cz7 H"(G, K,Z) is regarded as a ring by the cup product
in §1. The augmentation map ¢ : ZG — Z induces the homomorphism

e* : H'(G,K,,ZG) - H"(G, K, Z)

for any r € Z. On the other hand, the inclusion homomorphism ¢ : Z = ,ZG
induces the homomorphism

o H™(G,K,Z) > H'(G, K, ,ZG)

for any r € Z. Since €*o.* is the identity homomorphism, it follows that the
ring H*(G, K, Z) is a direct summand of the ring H*(G, K, ,ZG). Therefore,
by [Corollary 2.4, we have the following corollary.
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Corollary 2.5 The ring H*(G,K,Z) is a direct summand of the ring
H*(ZG,ZK,ZG).

3. Alternate proof for the absolute case of Theorem 2.3

We can verify that the isomorphism &" : H"(ZG,A) =» H"(G,,A)
for every r € Z preserves the cup products by means of its formula on the
(co)chain level, which is the absolute complete cohomology case of Theo-
rem 2.3.

To be precise, let Xzg be the standard complex of ZG and Xg =

X76®76Z the standard G-complex. ogloq, .. .,0,|0n+1 denotes the element
o0® 01 ® -+ ®0p @ gpy1 of the n-th component (Xzg)n for o; € G, and
oolor | -+ | on] denotes the element og[oy,...,0,] ®za 1 of the n-th com-

ponent (X¢g), for o; € G. P denotes the enveloping algebra ZG ® (ZG)° of
ZG. Let A be a left P-module and we regard A as a two-sided ZG-module.
Then we have the following isomorphism @" of the (co)chains which give
the previous isomorphism of the complete cohomologies:

if r(=:p) 20, @F:Homp((Xzg)p,A) = Homzc((Xc)p,n4);

@P(f)(oolon | -+ | ap]) = f(oolon, - -, 0p) (00 - ap) 1),
and if r(=: —q) < -1, 979:(XzG)q-1 QP A = ;A Qz¢ (XG)g-1;
®~(oglo1,...,04-1]04®p a)= (00 -04)a®zc 0olo1 | -+ | 0g-1],

where ,A is regarded as a right G-module by a x g = g~

g lag) fora € ,A and g € G.
Then it is shown that the following diagram commutes:

oa(=n(g”")a =

PTRDPS ~
H"(ZG, A) ® H*(ZG, B) — H"(G,,A) ® H*(G, ,B)

| [
HH—S(ZG,A@)ZG B) ——T> Hrts (G777(A KRza B))
@T‘ s

In the above, the cup product U is given in [S, Section 2.4] and the prod-
uct U, is induced by the cup product Ug : H"(G,M) ® H*(G,N) —
H™$(G,M ® N) and the G-pairing p : A ® ,B — (A ®z¢ B) defined
in the previous section.

The formulas in [K, page 69] are slightly modified into the following
formulas for Ug, that is, the cases (ii), (iv) and (vi) are altered by means
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of the anti-commutativity of the cup product.

(i) thecaser =pand s =q wherep>0and ¢ >0
Ug : Hong((Xg)p,M) 0%y Hong((Xg)q,N)—)Hong((Xg)p+q, M N);
(fUcg)(lo1 |-+ | opsqgl) = flor |-+~ | 0p]) ® 1+~ opg(lops | -+ | Tptgl)

(ii) thecase r = —p and s = —q where p> 1 and ¢ > 1
Ug : (M ®z¢ (Xg)p-1) ® (N ®z¢ (X@)g-1) = (M ® N) ®zc (Xa)ptq—1;
(m®za o1 |-+ | op-1]) Ue (n®zg [0 | - -+ | 74-1])
= (-1)P > (11 1e10m@n) @z 11 |+ | Tg1 |0 o1 |-+ | opi]
oeG
(iii) the case r = p and s = —q where p > q > 1
Ug : Homzg((Xa)p, M) ® (N ®z¢ (Xag)g—1) = Homze((Xa)p—q, M @ N);
(fUg (n®za o1 ]| og-1])) ([r | -+ | 7p—g))
= (-1 QIQ/QZf["'” N 1p-qlolor| - |og-1]) @71 Tpgon
oceG
(iv) the case r =p and s = —q where ¢ > p > 0
Ug : Homza((Xa)p, M) ® (N ®z6 (Xg)g-1) = (M ® N) ®z6 (XG)g—p-1;

fUg(n®zg oy || og-1])
= (—1)prtPet D 2(gy oy 1 f((og—p | -+ | 0g-1]) ® D)
®zc o1 |+ | 0g—p-1]

(v) thecaser=—pand s =qwhereqg>p>1
¢ : (M ®z¢ (Xa)g-1) ® Homzg((Xa)p, N) = Homza((Xg)g—p, M ® N);

((m®ZG [01 |- | op- 1])UG HUr |- | 1g—p))
p 1”/22 ©Op_10) )" Im
ceG
®(01"‘0p—10)—1f([‘71 |- ] Op-1 lo|m || Tq—p])

(vi) thecaser =—pand s =qwherep>¢qg>0
Ug : (M ®z¢ (Xg)q-1) ® Homza((Xg)p, N) = (M ® N) ®z6 (XG)p—g-1;
(m®za lo1 |-+ | op-1]) Ug f
= (1Pt (01 0g) T 'm @ (01 ag) T (o1 | -+ | 0g)))
®z6 [0g+1 | -+ | 0p-1]
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In the following, we only show the commutativity of the diagram in the
case (ii). First we have

Uzg o (PP Q@ D7) (([o1,...,0p-1]®Pa)®([T1,...,Tg—1] ®p b))

= Uzg((01++-0p-1a®z6 (01| -+ | 0p-1])
® (11 Tqm1b®zc [11 | -+ | Tg-1]))
= (—1)" Z (n(m1 -+ Tqg—10)01++ Op—106 ®2G T1 * * - Tg—1b)
oeG
®zg[m | | Tg-1]o|or]| | op-]
= (—=1)P Z (T1+++Tg—1001 - 0p_1a0 " ®zc b)
ceG
®zglm |- | 7q-1]o]or| | op-1].

On the other hand, by noticing that (¢),cq and (071)seq are Z-dual bases
of ZG (cf. [S, §1.1]), we have

d P90y (([01, e ,Op_1] p CL) b2 ([7'1, O ’Tq—l] ®p b))
= ¢~p—q((_1)pq Z [7'1, . ,Tq—1707 015 701)—1] ®P(G,O'—1 ®ZG b))

o€l
= (—=1)P4 Z (11 Tq—10071 - -ap~1aa—1 ®za b)
oeG
®ZG[TI | "'|Tq—1 |0|01 | |Up—1]~

Hence the commutativity was shown. The other cases are proved similarly.

Remark. By means of the ring homomorphisms induced by €* and ¢* in
§2, we see that H*(ZG,ZG) has an invertible element of non-zero degree
if and only if so does H*(G,Z). Of course, the existence of an invertible
element of non-zero degree in the complete cohomology ring means that the
cohomology is periodic.
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