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Oscillatory behavior of higher order nonlinear
neutral difference equation
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Abstract. In this paper, we are concerned with the oscillation of the solutions of cer-
tain more general higher order nonlinear neutral difference equation, we obtained several
criteria for oscillatory behavior.
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1. Introduction

We consider the higher order nonlinear neutral difference equation

k
A™ (xn - pnmn—T) + Z Qi(n)fi(xn—ai(n)) = Oa n= 07 ]-7 27 R
=1
(1)

where A is the forward difference operator defined by Az, = xpy1 — T,
m > 2 is even, T is a positive integer. {pn} is a positive real sequence.
{Qi(n)} are nonnegative real sequences, {o; (n)} are nonnegative integer
sequences and limp, 0 (n — 03(n)) = o0, fori = 1,2, ..., k. Moreover, there
is at least an integer j, 1 < j < k, such that Qj(n) > 0, o;(n) > 0 for
n=20,1,2,.... fi(u) € C(R,R) are nondecreasing functions, ufi(u) > 0
foru#0andi=1,2,... k.

Let p = max{7,suplo; (n) | 1 <i < k, n > 0]}. Then by a solution
of (1), We mean a real sequence {,}>> _ ., Which satisfies equation (1) for
n > 0. A solution {z,} of (1) is said to be eventually positive if z,, > 0 for
all large n, and eventually negative if z,, < 0 for all large n. It is said to be
oscillatory if it is neither eventually positive nor eventually negative. We
will also say that (1) is oscillatory if every of its solution is oscillatory.

For the sake of convenience, the sequence {2, } is defined by

Zn = Tn — PnTp—v-. (2)
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As is customary, empty sums will be taken to be zero.

Lemma 1 [1] Let {yn} be a sequence of real number in N = {0,1,2,...},
Let y, > 0 and A™yy, be of constant sign with A™y, not being identically
zero on any subset {nong + 1,...}. Then, there exists an integer 1, 0 <1 <
m, with m + 1 odd for A™y, <0, and m + 1 even for A™y, > 0, such that

I <m—1 implies (—1)"*AFy, >0,
forall ne N, 1<k<m-1;
and

[ >1 implies Akyn>0, forall ne N, 1<k<Il-1.

Lemma 2 [8] Assume that {p,} is a sequence of nonnegative real num-
bers and k is a positive integer, then either one of the following conditions

n—1 k k+1
lim inf i —
mint 3 5> (5)

or

and

implies that
(Hy) The difference inequality

A:Bn—{—pnwn_k < 07 n=0,1,2,...,

has no eventually positive solutions;
(Hg) The difference inequality

Azy + ppnTn_k >0, n=012,...,
has no eventually negative solutions.

Lemma3d Let 0 <p, <1 forn=20,1,2,.... Assume that there is at
least an integer j, 1 < j < k, such that )02, Q;(n) = oo, If {z,} is
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eventually positive (or negative) solution of equation (1), then lim, o0 2n =
0, moreover, (—1)°A®z, < 0 (or > 0), for s =0,1,2,...,m and all large n.

Proof.  Let {z,} be an eventually positive solution of Eq. (1) (the proof
when {z,} is eventually negative is similar), and without loss of generality,
assume that z, > 0, 7 > 0, T,,_4,(n) > 0 fori=1,2,...,k and n > ny.
By (1) and (2), we have

k

ATz = — ZQl(n)fl(‘Tn~cr,(n)) <0, for n2>mn;. (3)
i—1
It follows that A®z, (s = 0,1,2,...,m — 1) are strictly monotone and are

of constant sign eventually. Hence, we may see

lim 2z, =L (—o0 < L < 00).

n— 00

If —oo < L < 0. Then there exists a constant C > 0 and a ny > n,,
such that z, < —C < 0 for n > ny. By (2), we have

Tn < pnTpn—r—C<xHhr—C, for n>ns
This implies

Tptr < xp, —C, for n > ng,
so that

Tngt+hr < Tn, —hC, for h=1,2, ...,
and set h — 0o, we obtain

Ty thr —> —O0

This contradicts z, > 0 for n > n;. Hence, —oo < L < 0 is impossible.

If 0 < L < oo. Then there exist a constant C > 0 and a ny > ni,
such that z, > C > 0 for n > ny In view of A™z2, < 0 for n > n; and
m is even. By Lemma 1|, there exist an integer | € {1,3,...,m — 1} and
a n3g > ng, such that, as n > n3, Az, > 0 for s =0,1,2,...,1 — 1, and
(=1)*"A%2, >0 for s =1,14+1,...,m — 1. In particular, A™ 1z, > 0 for
n 2> ng. Observe that z, > C > 0, from (2), we have

Tp > 2, >C >0, for n>n3
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Therefore, we may take a n4 > ns, such that Tn—oi(n) > #n—a;(n) > C >0

for n > ng and i = 1,2,... k. Since f; is nondecreasing, from (3), we have
k k
Az < = Qi(n)fi(C) < =5 Qi(n) < —bQ;(n),
i=1 i=1
for n > ny, (4)

where b = min;<;<x{fi(c)} > 0.

By summing (4) from n4 to n and then set n — oo, we have A™~1z, —
—oo as n — oo. This contradicts A™ 1z, > 0 for n > ng. Hence 0 < L < o0
is impossible. So that L = 0 holds, that is lim,_,o 2, = 0.

Since lim,_, 00 2, = 0, it is not difficult to use proof by contradiction to

show that lim,, o A%z, =0for s =0,1,2,... ,m—1. In view of A™z,, < 0
for n > n; and m is even, hence, it is easy to see that, for all large n,
(=1)°A®2z, < 0 for s =1,2,...,m. The proof is complete. O

Lemma 4 Let 1 < p, <p for n > ng and some positive constant p. As-
sume that there is at least an integer j, 1 < j < k such that D meny @i(n) =
co. If {z,} is a eventually bounded positive (or negative) solution of equa-
tion (1), then lim, 00 2, = 0, moreover, (=1)°A%2z, < 0 (or > 0) for

$s=0,1,2,...,m and all large n.

Proof.  Let {z,} be an eventually bounded positive solution of Eq. (1)
(the proof when {z,} is eventually bounded negative solution is similar),
and without loss of generality, assume that z, > 0, z,,_, > 0, Zp_g;(n) >0
forn>n; >np and i =1,2,...,k. By (1), (2), we have

k
Amzn == ZQZ(n)fl(xn—ol(n)) <0, for n> ni. (5)
=1
It follows that Az, (s = 0,1,2,...,m — 1) are strictly monotone and are

of constant sign eventually. Observe that {z,} is bounded, 1 < p, < p
for n > ng, by (2), {2»} is bounded. Hence, we may set lim,_ o 2p, = L
(o0 < L < 00).

If —oo < L < 0, then there exist a constant C' > 0 and a ne > ny,
such that z, < —C < 0 for n > ny. Since A™z, < 0 for n > ny and {z,}
is bounded, set y, = —z, > 0, then A™y, = —A™z, > 0 for n > na,
moreover, {y,} is bounded. In view of m is even, it follows, by Lemma 1,
that there exists a n3 > ny and an integer | = 0, such that (=1)*A%y, >0
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for s = 0,1,2,...,m — 1 and n > n3. This implies (—1)*A%z, < 0 for
§=0,1,2,...,m —1 and n > ns, in particular, A 1z, > 0 for n > ng.

On the other hand, since {z,} is bounded, we set lim,_ infz, = a
(0 < a < 00). We wish to show that a > 0. Otherwise, if a = 0, then there
is a sequence {n;}, lim; o n; = 0o such that lim; 00 z,,, = a = 0. By (2),
we have

Tni+r = Zni+r T Pri+rTn; - (6)
From (6), set i — 0o and observe that 1 < p, < p, we have
ZTn4r = L <0, as i — oo.

This contradicts x,, > 0 for n > n;. Hence a > 0 holds, that is lim,, o0 Tr, =
a > 0. Then there exist a constant C; > 0 and a n4 > n3 such that
Tn > C1 >0, and T, _g,(n) > C1 > 0for n > ng and i = 1,2,...,k. So by
(5) and hypothesis on f;(u), we have

A™ Zn < "Zfz Cl Qz < bZQz < —ij(TL),
for n > ny (7)

where b = minlgigk{fi(cl)} > 0.
By summing (7) from n4 to n and then set n — oo, we have

A"y —00, as n — 0o.

This contradicts A™ 12, > 0 for n > n3, Hence —oo < L < 0 is impossible.
If 0 < L < oo, as in the proof of Lemma J for case 0 < L < oo.
We imply that 0 < L < oo is impossible. Hence, L = 0 holds, that is,
lim,, 00 2n, = 0 holds.
The rest of the proof is similar to that of Lemma 3, we may get for all
large n.

(=1)°A%2z, <0 for s=0,1,2,...,m
The proof is complete. [

Theorem 1 Assume that
(C1) 0<pp <p forn>ngy and some positive constant p, 0 < p < 1;

(Ca2) There exists a positive constant \, such that liminf,_,q ! ’( N A,
fori=1,2 ... k;
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(Cs) There exists at least an integer j, 1 < j < k, such that Qj(n) >0,
oj(n) > o; > 0 for n > ng and some positive constant 0j.
Moreover, there exists a positive constant k, such that

o;—T+m
4 oj —T-m oj—T \ o
—Qj(n) > k™ and either k—2—— > (J_) ,
P m ogj—T+m
or
UZ-——7'+m
9; —T—m ( Uj_T ) m
ag = ﬁ_s e
m oj —T+m
and
—ag — — 2
Icaj—-T>1—1 0 \/1 2a0 — ag
m 2

Then every solution of Eq. (1) oscillates.

Proof.  Let {x,} be a nonoscillatory solution of Eq. (1). Without loss of
generality, assume that z, > 0, z,_, > 0, Tp—o;n) >0 (1 =1,2,...,k) for
n 2 ny 2> ng (the proof for z, < 0 is similar). From (Cg), we have
km
Qi(n) 2 5= >0, for n>no

It follows that

Z Qj(n) = co.

n=ny

By [Lemma 3, we have
lim z, =0,
n—00

moreover, there exists ny > nq, such that

(=1)°A®z, <0, for n>ny and s=0,1,2,...,m. (8)
In particular, z, < 0 for n > ny. So by (2) we have

Zn > —PpTp—r 2> —PTp—r, for n > ng.

This implies that

1
Tp > ——2p1r >0, for n>ngy
p
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Hence, we may take a ng > ng, such that
1

Tp—gi(n) > _I;Zn+7—ai(") >0, for n>ng and i =1,2,...,k.

From (1), (2) and (9), we have

1
ZQZ l_ —Zn+1—0; (n)] y for n Z ns.

Since lim,, ;o 2, = 0, so that

1
lim [——- n—l—‘r—ai(n)] = 0, for i = 1, 2, ceey k.

n—oo p

By (C9g), then there exists ny > ng, such that, as n > ny,

fi [_ %Zn+7'-—ai (n)]

T >A>0, for i=1,2,...,k.
_Ezn—l-‘r—ai(n)

From (8), Az, > 0 for n > ny, and combining (10), (11), we get

A"z, < —Zk:Qi(n)fi [—% n+7'—0i(n)]

S _ZQ/I’ Zntr— oi(n
A
< ;Qj(n)znw—aj(n) < EQj(n)szrT_aj, for n > ng4.
set wy, = Y (—1) ki A™ p—

n—(i—1) -1
By (8), wp, > 0 for n > ny, so that

Aw,, + kw

j—-T

U n—(i—1)-L-

R Z(_l)i—lki—lAm—H—lz -

n—1

+ Z(___l)i—lkiAm—iz -

m

— A™, +Z(_1)i—1ki—1Am—i+1

n—(z 1)

399

(10)

(12)

U—T

m
Z VAT o — K 2Zngr

=1 m
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= A"z, — k™2 for n > ny. (13)

n—{—-r—aj )

From (12), (13), and (C3) we have

-J4 -

m

A m
Awn—l—kwn oj-r < ;Qj(n)znﬁ'—aj—k Zntr—o;

A m
= (I_)Q] (n) - k ) Zn+'r—-aj S O) for n 2 n4
That is

Aw, + kwn~21 <0, for n>ny. (14)

By (Cg3) and Lemma 2, (14) has no eventually positive solutions, this con-
tradicts wy, > 0 for n > ny, and the proof is complete. [

Theorem 2 Let conditions (Cy) and (C3) be satisfied. Moreover, assume
that

(C4) There exists at least an integer j, 1 < j < k, such that Q(n) >0
o;j(n) > o; > 1 for n > ng and some positive constant o;, and that

7

= A
lim sup Z ~Qj(s)(s—n+m—2)m D 5 (;m — 1)l
n—oo s=n+7—0;
J
where (s —n + m — 2)™=1) s the usual factorial function. Then every
solution of Eq. (1) oscillates.

Proof.  Let {z,} be a nonosillatory solution of Eq. (1). Without loss of
generality, assume that x, > 0, z,_, > 0, Tn—oyn) >0 (1 =1,2,...,k) for
n 2> ny > ng (the proof when z,, < 0, n > ny, is similar). Observe that
o; > 7 >0 and m > 2, we have

n A n A
2 Qe -n"T 2 Y CQis)n )™
S=N+T—0; S=n+T—0;

using (C4), we have

lim sup zn: Qi(s) > p(m —1)!

> > 0.
n—00 s=nt7—a; )\(Uj — ’7‘)m_1

So that > 2,  Q;(s) = co. By Lemma 3, we get lim, o 2, = 0, and there
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exists ny > nq, such that
(-1)°A®2z, <0, for n>ny and s=0,1,2,...,m. (15)
In particular, z, < 0 for n > ny. As in the proof of [Theorem 1, we get that
(12) holds, that is
m A
Az, < I—)Qj(n)znw_oj, for n > ny, (16)

Set s > n > ny, from (16) and by discrete Taylor’s formulal!l, we have

A
Amzs S ;Qj(s)zn-{ﬂ'—o-

J

= ;QJ(S) [; Z! (——1) A zn+-r—0']-
(=)™ n+T§j_1 (m1)
- — (I+m—-1-s—71+40;)™VA™z|.
(m - 1)' l=s+7—0;
(17)
From (15) and (17), we have
m ~A(s—n+m-2)mY —
A < SO QA 19
By summing [18), from n + 7 — g to n, we get
Am_lan - Amnlzn_H_oj
—(s—n+m-2)mV S
S (m _ 1)| A zn-}—'r—aj Z —QJ(S) (19)

§=n+T—0;

From (15), A™ 12,41 > 0 for n > ny, It follows, from (19), that

- —1)!
Z éQj (s) < (m —1) oy for m>ng
s=n+7—0; p (S -—n+m— 2)
So that
i ~ A (m —1)!
lim sup ZQi(s) < _
n—00 S:n;_aj p J( ) (3 —n4+m— 2)(m—1)

This contradicts (C4), and the proof is complete. O]
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Using and following the proof of and [Theorem 2,

we have the following results.

Theorem 3 Let condition (C1) in Theorem 1 be replaced by

(Cs) 1< pn<pforn>ng and some positive constant P.

Then every bounded solution of Eq. (1) oscillates.

Theorem 4  Let condition (Cy) in Theorem 2 be replaced by (Cs). Then
every bounded solution of Eq. (1) oscillates.

Ezxample. Consider the equation

1
A® (a:n — §$n_1) +48z,_92 =0, n=0,1,2,... . (20)

Sothat m=5,pp =1/2,7=1,0=2,Q(n) =48 and f (u) = u. It is easy
to verify that the conditions of are satisfied. Therefore has
an oscillatory solution. For instance, {z,} = (—1)" is such an solution.

[1]
[2]
[3]
[4]
[5]
(6]
[7]

(8]

References

Agarwal R.P., Difference Equation and Inequalities, Marcel Dekker. New York,
1992.

Gyori L. and Lades G., Oscillation Theory Delay Differential Equations. Clarendon
Press, Oxford, 1991.

Lalli B.S., Oscillation theorem for neutral difference equations. Computers Math.
Appl. 28 (1994), 191-202.

Zhang B.G. and Cheng S.S., Oscillation and comparison theorems for delay dif-
ference equations. Fasiculi Math. 25 (1995), 13-32.

Thandapani E., Sundaram P. and Lalli B.S., Oscillation theorem for higher order
nonlinear delay difference equations. Comp. Math. Applic. 32 (3) (1996), 111-117.
Zafer A., Oscillatory and asymptotic behavior of higher order difference equations.
Mathl. Comput. Modeling 21 (4) (1995), 43-50.

Wong P.J.Y. and Agarwal R.P., Comparison theorem for the oscillation of higher
order difference equations with deviating arguments. Mathl Comput. Modeling 24
(12) (1996), 39-48.

Chen Ming-Po and Yu J.S., Oscillations of delay difference equations with vari-
able coefficients. Proceedings of the First International Cconference on Difference
Equations, Gordon and Breach, 1995, 105-114.



Oscillatory behavior of higher order neutral difference equation 403

Xinping Guan

Department of Mathematics and Physics
Yanshan University

Qinhuangdao, Hebei 066004

P. R. China

E-mail: xpguan@ysu.edu.cn

Jun Yang

Department of Mathematics and Physics
Yanshan University

Qinhuangdao, Hebei 066004

P. R. China

Shu Tang Liu

Department of Mathematics

Binzhou Normal College

Binzhou, Shandong 256604, P.R. China

Sui Sun Cheng

Department of Mathematics
Tsing Hua University

Hsinchu, Taiwan 30043, R. O. C.



	1. Introduction
	Theorem 1 ...
	Theorem 2 ...
	Theorem 3 ...
	Theorem 4 ...

	References

