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Note on MDS codes over the integers modulo p™

Keisuke SHIROMOTO
(Received January 22, 1999; Revised March 5, 1999)

Abstract. Recently, a number of papers have been published dealing with codes over
finite rings. In this paper, we consider maximum distance separable (MDS) codes over
the integers modulo p™, where p is a prime number.
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1. Introduction

In , Forney introduced a Singleton bound for codes over any finite
alphabet A as follows;

dC)<n—-k+1,

where C is a code of length n over A, k = log 4| |C| and d(C) is the minimum
distance of C and proved several nonexistence results for MDS group codes
over finite groups with respect to the above bound, that is, the group codes
with d(C) = n — k + 1. Zain and Rajan [9] also proved that for a group
code C over a cyclic group of m elements with generator matrix of the
form (I | M), where M is a k x (n — k) matrix over Z,, C is MDS iff the
determinant of every h x h submatrix, h = 1,2,... , min{n —k,k}, of M is a
unit in Z,,. Moreover, Dong, Soh and Gunawan |[3| proved a similar matrix
characterization of MDS (free) codes with parity check matrices of the form
(=M | I,_) over modules.

Recently, Shiromoto and Yoshida |8 introduced a Singleton bound for
linear codes over Zji as follows:

Proposition 1 (Shiromoto and Yoshida [8]) Let C be a linear code of
length n over Zy with the minimum weight d(C). Then,

d(C) < n —rank(C) + 1.

In the next section, we shall introduce some definitions and notations
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for this bound. If the integer k is a prime number, then the above bound
coincides with the Singleton bound for linear codes over a finite field ([6])
and if C is a free Zi-submodule, then the above bound coincides with the
Singleton bound for codes over a finite alphabet ([4]).

In this paper, we study MDS (not necessary free) codes over Zy= with
respect to the Singleton bound given in [Proposition 1, i.e., the linear codes
with d(C) = n — rank(C) + 1. The following result is a main theorem of
this paper.

Theorem 1 Let C be a linear code of length n over Zym. If C is an M DS
code, then the dual code C* is a freely MDS code.

Using this theorem, we have an information on the weight distributions
of the codes and give a characterization of generator matrices for the codes

(Theorem 2 and in Section 3).

2. Linear codes over Zj

Let Zx = {0,1,2,...,k — 1} be the residue ring of k-elements and let
(Zr)™ be the free module of rank n consisting of all n-tuples of elements of
Zi. A linear code C of length n over Zy, is a Zy-submodule of V' := (Zg)". In
particular, if C is a Zj-free submodule of V', we call that C is a free code over
Zi. An element of C is called a codeword of C. For N :={1,2,...,n}, the
(Hamming) support and the (Hamming) weight of x = (x1,x2,...,2,) € V,
denoted by supp(x) and wt(x), are respectively defined as follows:

supp(x) := {i € N | z; # 0},
wt(x) := |supp(x)| = |{i € N | z; # 0}|.

The minimum (Hamming) weight d(C) of C is defined by
d(C) := min{wt(x) | (0 #) x € C}.
For linear codes Dy and Dy such that D; C D5y, we note that
d(D2) < d(D). (1)

Let C be a linear code over Z;. Then by the fundamental theorem of finitely
generated abelian groups, C' is isomorphic to

Zi) (L ® Ly 2l ® - - - & Ly fulk, (2)
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where fi1, fa, ..., fn are positive integers such that fi|fa| - - | fn|k. Moreover,
the type (f1, f2,-.., fn) is uniquely decided by C up to the f;’s such that
fi = 1. We note that |C| = f1- fo- - fn. For a subset {g1,82,...,8m} C C,
g, i =1,2,...,m are called generators of C if C = ", Z,g;. The rank
of C, denoted by rank(C), is the minimum number of generators of C and
the free rank of C, denoted by f-rank(C), is the maximum of the ranks of
Zy-free submodules of C, that is,

rank(C) = [{i | fi # 1},
f-rank(C) = |{i | f; = k}|.

Let Cf be a Zg-free submodule of C such that rank(Cy) = f-rank(C) and
let Cr be a Zg-free submodule of V' such that C C Cr and rank(Cp) =
rank(C). We note that

|Cfl — kf-rank(Cf), |CF| — krank(C).

If d(Cy) = n —rank(Cy) + 1, then we will say that C is a freely MDS code.
Furthermore, the inner product of vectors x = (x1,...,2,), ¥y =
(Y1, --,Yn) € (Zg)™ is defined by

(xX,y) =x1y31 + -+ Tpyn (mod k).
The dual code of C is defined by
Cti={ye@)" | {x,y) =0 (vxeC)}.

If C has type (f1, f2,..., fn), then the type of C is (k/fy,...,k/fa,k/f1).
We also note that

rank(C) + f-rank(C1) = n.

The (Hamming) weight enumerator W (z) of a linear code C is defined by
We(z) =Y Ac(i)7,
i=0

where Ac(i) = |{x € C | wt(x) = i}|. For linear codes D; and D; such
that D; C D4, we note that
Ap, (i) < Ap,(3), i=0,1,...,n. (3)

The following equation is well-known as a Mac Williams identity over Zj.
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Proposition 2 (Klemm [5]) For a linear code C of length n over Zy,

_(1+(E-1)2)" 1-—2
Wo(z) = C] We (1+(k—1)z>'

For a subset M C N := {1,2,...,n} and a Zi-submodule D C V, we
define

D(M) := {x € V| supp(x) C M},
D* := Homg, (D, Zy).

Clearly D(M) = DNV (M) is also a submodule of V. From (2),

D* = Homg, (D, Zy)
> Homg, (DiZy/ filk, Zy)
= &; Homg, (Zy/ filk, L)
> @ L/ fily.

So we note that there exists a (non-natural) isomorphism:
D* = D.
Then the following proposition is essential.

Proposition 3 (Shiromoto and Yoshida [8]) Let D be a Zg-submodule of
V= (Zg)" and M C N :={1,2,...,n}. Then there is the following exact
sequence as Zy-modules:

0 — D(N — M) % v(N - M) -1 (D4y* =5 D (M)* — 0,

where the maps inc, res denote the inclusion map, the restriction map, re-
spectively, and the map f is defined by

fry— (¥ :x—(x,5))

3. Main results

In this section, we only consider linear codes over Z,=, where p is a
prime number. For any Zpm-submodule D of V' := (Zym )", we define

S(D) :={x € D | px = 0},
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where 0 = (0,0,...,0) (€ V). Since there exists an element x € S(D) such
that wt(x) = d(D), we note that

d(5(D)) = d(D). (4)

Lemma 1 If C is a linear code of length n over Zym, then

d(CF) = d(C).

Proof. We can assume that C has a generator matrix of the form
_ G -
pG1

pm_le—l |

where the number of row vectors of G is equal to rank(C) (cf. [1]). Let C%

be the linear code with generator matrix G’ = G;() . Since
Gm-1
S(C) = p™~'Cp := {x € Cp | px = 0}
and p™~1Cp = p™ 1CY, we have
p"1Cr C C C CF.
From (1) and (4), d(Cr) < d(C) < d(p™'CF) = d(CF). O

Remark 1 suggests that though we can take Cr in the various
way for C, d(CF) is uniquely decided by d(C) for all Cp.

Using [Proposition 3, we can prove [Proposition 1| (see [8]) and Theo-
rem 1.

Proof of Theorem 1. We put D := (C*)s. Since D+(D C) is a Zym-free
submodule of V and rank(D%) = n — rank(D) = rank(C), then D1 = Cp.
Take an arbitrary subset M C N such that |M| = d(C)—1, then D+(M)* =
0 from Lemma 1. By [Proposition 3|,

0— D(N — M) 2% v(Nv - M) L (D —o.
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Because of (D+)* = D', we have the following relation:
V(N —M)= D(N - M)® D"
Thus
(rank(C) =) rank(D1) < rank(V(N — M))
(=|N—-M|=n-d(C)+1).
(We note that this inequality coincides with the Singleton bound for Propo-

sition 1.) We assume that C' is an MDS code, that is, d(C') = n—rank(C)+1.
Since we note that D(N — M) = {0} for any M, so

IN - M| < d(D)-1
n — rank(D)

rank(C) = |[N — M|.

IA A

Thus we have the following equation:
d(D) — 1 =n — rank(D).
Hence the theorem follows. O

Using [Theorem 1], in the case that C is a free code, we have the following
corollary (a similar result for group codes over cyclic groups can be found

in [9]).

Corollary 1 Let C be a free code of length n over Zpm. If C is an MDS
code, then C* is also an MDS code.

Remark 2 also claims that though we can take (C1); in the
various way, if C is an MDS code, then d((C+) f) is uniquely decided by
d(C) for all (C1);.

We have an information on the number A¢(i) for any MDS code C.
We remark that a similar result for linear codes over finite fields is found in

[6] and [7].

Theorem 2 Let C be a linear code of length n and of rankr over Zym.
If C is MDS, then

i—d(C)

a0 < (1) L (] presom ),

j=0
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Proof. ~ We put D := (C*);. By Theorem 1, both D and D+(D C) are
MDS (free) codes. Since |D| = (p™)Frank(Ch) = ym(n—1)  the equation of
IProposition 2 can be written in the form

> Api(i)t = e T)ZAD )1~ 2)H(1 + (p™ — 1)2)" .
1=0

Replacing z by 27! and then multiplying by 2" in the above equation, we
have

ZADJ_ (i)zn—i = m(n m ZAD (z—1) (Z +p" — 1)n——i.
1=0

Differentiating this equation s times and substituting z = 1, we have

p:zrnf( " )Apl(z‘)——-p,lnsi ( not )Ap(i).

1=0 1=0

We use the facts that Ap.(0) = 1, Ap.(i) =0 fori=1,...,n—r, and
Ap(0) =1, Ap(i) =0fori=1,...,r. Then, for s <r,

M ("S_Z)ADL(z‘)z (:>(pm(’“—3>—1), s=0,1,....r—1.

i=n—r+1
From (3), we note that Ac(i) < Api(i),i =n—r+1,...,n. Hence, the
theorem follows. O

Remark 3 We remark that if C is a free code, then the equality holds in
[Theorem 2.

Moreover, we give the matrix characterization of MDS codes over Liym
similar results are found in [3] and @ A nonzero linear code C over Zym has
a generator matrix which after a suitable permutation of the coordinates
can be written in the form

/ Iy, Aog Aoz Aoz - Aom \
0 ply, pAi2 pAiz - X PA1m
0 0 p’Ly, p?dsz --- e p*Aom
G = o . )
\ 0 0 0 e 0 p™L, pm‘lAm_l,m/
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where I, denotes the k; x k; identity matrix for any ¢ (cf. [2]). In this case,
we remark that

ko+ki+ko+- -+ kmo1 = rank(C),
ko = f-rank(C).

For a linear code C with generator matrix G of the form (5), let

(Iko Aoqr Ao Aoz -0 - Aom \
0 Iy, Ao A1z -+ - Aim
’ 0 0 Ikz A2,3 . ... A2,m
G = . ) 0 ) .
L0 0 0 0 Lo Amam)

Then G’ can be modified to the form G” := (I, | M) by the elementary row
transformation, where r = rank(C). Since Zym is a Zpm-module, we have
the following lemma from Theorem 2.1 in [3].

Lemma 2 Let D be a free code of length n and rank(D) = r over Zym
with parity check matriz of the form (—M | I,_.). Then D is M DS iff the
determinant of every h x h submatriz h = 1,2,... , min{n — r,r}, of the
matric M is a unit in Zpm.

Using the above lemma, we get the matrix characterization of MDS
codes over Zpm.

Theorem 3 Let C be a linear code of length n and rank(C) = r over
Zym with generator matriz G of the form (5). Then C is MDS iff the
determinant of every h x h submatrizx h = 1,2,... min{n — r,r}, of the
matriz M of G" = (I, | M) is a unit in Zym.

Proof. Let D be the linear code with generator matrix G”. From Lem-
ma 1, we note D is a free code of rank(D) = r and d(D) = d(C). So C' is
MDS iff D is MDS. Furthermore, D has a parity check matrix (—M7 | I,_,.).
Hence the theorem follows from Lemma 2. O
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