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Note on Miyashita-Ulbrich action and
H-separable extension
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Abstract. The Miyashita-Ulbrich action is an action of a Hopf algebra A on the cen-
tralizer EC associated to an A-Galois extension B/C with algebra homomorphism « :
B — E. Doi and Takeuchi [DT] ask when the action of a Hopf algebra A on the cen-
tralizer EC of a ring extension E/C comes from such an A-Galois extension B/C. They
provide an affirmative answer for Azumaya algebra E with subalgebra C such that E¢
is a progenerator. In this note we observe how their proof extends to an H-separable
extension FE/C with the same condition on E¢. Similarly, we establish the converse: if
E/C is an H-separable, right A-Galois extension, then EC is a left A*-Galois extension
over the center Z(E).
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1. Introduction

We let R be a commutative ground ring, A be a Hopf algebra over R
which is finite projective as an R-module, and A* its dual Hopf algebra. If
B is an associative unital algebra and M is a unitary B-bimodule, we let
M?B denote the central elements of M : MB = {m € M | mb = bm, Vb €
B}. Ulbrich [U] defines an action of A on the centralizer V := Vg(C) = B¢
of an A-Galois extension B/C. If §: B®c B — B ® A denotes the Galois
isomorphism given by 8(z ® y) = zy(p) ® y(1), the action of an a € A on x
in the centralizer V is given by

x<1a=2bia:bg (1)

where Y. b; ® b, = 371(1 ® a). It is easy to compute that this is a module
action with invariant subalgebra Z(B), the center of B. Indeed, it is a
measuring action with V' becoming a right A-module algebra [U, II].

Doi and Takeuchi extend this action to the centralizer EC of an
algebra extension E/C with algebra homomorphism « : B — E by means
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of a m-method. The mapping 7 is the map induced from the isomorphism [
by applying the functor HomeB(—, E), where F is a B-bimodule via a. The
C-bimodule isomorphism obtained induces

7 : Hom(A, EC) = Home_¢(B, E), n(f)(b) = by f(bay)-  (2)

For every z € EC, there is a map () in Hom(A, EY) defined as () =
n~1(\;) where ), is left multiplication by = on B. This obtains a right
measuring action of A on E¢ by

r<da:=z°, (3)

the value of z{) on a. This action extends Ulbrich’s action, is characterized
by

xb = b(g) (:E 4 b(l)) (4)

for every b € B, x € E€, and is called the Miyashita-Ulbrich action .

The authors of ask whether a measuring action of a Hopf algebra
A on the centralizer EC of a ring extension E/C is the Miyashita-Ulbrich
action of some A-Galois extension B/C with algebra homomorphism « :
B — E [DT, p.489]. They prove that this is the case for Azumaya algebra
E with subalgebra C such that E¢ is a progenerator. Their method of proof
is general and careful enough to invite an extension of their answer to the
more general H-separable extensions.

An H-separable extension is a certain type of separable extension which
generalizes Azumaya algebra [H1]. Given an Azumaya algebra D and al-
gebra C, the tensor algebra C' ® D is an H-separable extension of C' [H1,
Prop. 3.1]. Another example is the algebra extension B/C where B is an
Azumaya algebra with subalgebra C' such that B¢ is projective and C' is
a direct summand of B as C-bimodules (cf. [S1, Prop. 1.4] and [K, 2.9]).
H-separable extensions have several well-known properties in common with
Azumaya algebras which we review in Section 2. Certain H-separable ex-
tension are automatically Frobenius extensions [S1, S2]. If B/C is an H-
separable extension, then B¢ a projective module implies B¢ is finitely
generated [T).

In this paper we note that the problem of Doi and Takeuchi has an
affirmative answer as well for an H-separable extension E/C where E¢ is a
projective generator ([[’heorem 3.2). We moreover show that an H-separable
right A-Galois extension B/C induces a left A*-Galois extension V/Z(B)
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(Theorem 3.1). The proofs of these two theorems follows except for a
modification required by the fact that the center Z no longer is Rlg.

2. H-separable extension

Let B be a ring and M a B-bimodule. M is centrally projective if M
is isomorphic to a B-bimodule direct summand of a finite direct sum of B
with itself:

Moe*x=Zg(B®---® B)s.

Note that either the left or right B-dual Homp(M, B) is then centrally
projective. A ring extension B/C' is H-separable if the natural B-bimodule
B ®c¢ B is centrally projective [H1].

It follows from Hirata’s extension of Morita theory that the cen-
tralizer V = Vp(C) is a finitely generated projective module over the center
Z of B, and there is a B-bimodule isomorphism,

B®c B = Homz(V,B), b®¥b — (v bub). (5)

From this it follows that B/C is a separable extension [H1, HS], as the name
should indicate. Moreover, we obtain the characterization:

Proposition 2.1 ([S1]) The ring extension B/C is H-separable if and
only if for every B-bimodule M, the multiplication mapping V ®7 MB —
MC is an isomorphism.

By letting M = Endz B and £ := End(B¢) we obtain the next corollo-

rary, which is important to this note. Let p, € £ denote right multiplication
by ve V.

Corollary 2.2 ([H2]) If B/C is H-separable, there is a ring isomorphism
Bz VP S E bvi Ayop, (6)
and a sitmilarly defined ring isomorphism
V ®z VP = Endc_c(B). (7)

Now we call a ring extension B/C a (right) HS-separable extension
if 1) it is an H-separable extension; and 2) B¢ is a projective generator

(therefore B¢ is a progenerator [T]). has conditions where right and
left extensions of this type are equivalent.
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The characterization below of HS-separable extensions is key to this
note. For any ring extension B/C, the functor (of induction) B®¢ — from
the category C of left C-modules into the category D of B-V-bimodules M
such that MZ = M, has right adjoint G : D — C given by G(M) = MV .
The associated counit of adjunction is given by (8), though not necessarily
an isomorphism.

Lemma 2.3 A ring extension B/C is HS-separable if and only if there is
a ring isomorphism (6), V is finitely generated projective over Z, and G is
an equivalence where multiplication leads to the isomorphism,

Bgc PV 5 P, (8)
for every B-V -bimodule P € D.

Proof. (=) We have already noted that the isomorphism (6) and the
condition on V hold for H-separable extensions. Since B¢ is a progenerator,
B®c - is a (Morita) equivalence of C with the category of End(B¢) & B®
V°P-modules, i.e. the category D. By uniqueness of right adjoint, G is an
inverse equivalence of induction and (8) is a natural isomorphism.

(<) Induction is clearly an equivalence of C and D, so B¢ is a pro-
generator by (6) and the Morita theorems. Since V is finitely generated
projective over Z, the assumption that £ & B ®y V°P implies that £ is cen-
trally projective as a B-bimodule [S2, Lemma 3]. Then B/C is H-separable,
since B ®¢ B is the left B-dual of £ [S3, Cor. 2.3]. O

3. Hopf-Galois actions on the centralizer

We continue our notation V for the centralizer and Z for the center of
the overalgebra; as before, A is a Hopf algebra, which is finitely generated
projective over the commutative ground ring R, with comultiplication de-
noted by A and counit €. The next theorem generalizes [DT, 5.2, (i) = (ii)]
and part of [U, Satz 2.7].

Theorem 3.1 Suppose B/C is an H-separable right A-Galois extension.
Then V/Z is a left A*-Galois extension.

Proof. 'The Miyashita-Ulbrich action V ® A — V induces via duality a
left A*-comodule algebra structure on V. The values of the coaction are
denoted by z — z(_;) ® 79y € A* ® V, whence the dual action is given by
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V®zV = Ende_¢(B)

o] I-

A*®@V = Hom(A,V)

Fig. 1.

r(—1)(a)x) =z <a for every x € V, a € A. The coinvariants are the same
as the invariant subalgebra, namely Z = Z(B).

Now consider the commutative diagram (Fig. 1). The bottom horizontal
arrow is a standard isomorphism due to the assumption that A is finite
projective over R. The top horizontal arrow is the isomorphism (7) as a left
V-isomorphism. (3 is the left Galois map given by

TOY = T(-1) B Z(0)Y

for every x,y € V. 7 is the Doi-Takeuchi map 7 discussed above in the case
E = B. The diagram commutes since

TRY— T(—1) QL)Y — z )y — Az © py,

which is the image of x ® y € V ® V under the isomorphism (7). It follows
that (' is an isomorphism and V/Z a left A*-Galois extension. O

The next result is a type of converse of the theorem above. Recall the
category Gé’E in [DT, Section 6] consisting of all triples (B, 4, ) such that
B is a right A-Galois extension with invariants isomorphic to C via ¢ and
algebra homomorphism « : B — E. The morphisms in this category satisfy
two obvious commuting triangles and are then isomorphisms [DT, p.509].

In the isomorphism class of (B, i, «) is a canonical representative BC
E® A with right A-comodule structure given by the restriction of idg ® A to
B, which is the image of & : B — E ® A given by a(b) = a(b)) ® by [DT,
Theorem (6.12)]. This map is injective if F¢ is faithfully flat. That B/C' is
a right A-Galois extension translates to the conditions [DT, (6.6)—(6.8)] for
B being right Galois over C = C ® 14, including the condition

n: EQc BSE®A, nz®b) =(z®1)bh 9)

Each isomorphism class (B,i,a) in Gé’E determines a measuring
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(Miyashita-Ulbrich) action E€ ® A — E® denoted by <p and character-
ized by Eq. (4). Denote the set of right measuring actions of A on EC,
where Z is contained in the invariants V{(4), by Meas(E®/Z, A).

Theorem 3.2 Suppose E/C is an HS-separable extension with right mea-
suring action < of A on its centralizer V' such that VA D Z. Then there
is a right A-Galois extension B/C with algebra homomorphism a: B — E
such that g = <. Moreover, Meas(E€ /Z, A) is in 1-1 correspondence with
the isomorphism classes of G5~ wvia B+ -

Proof. The main steps of the proof, following [DT, (6.13)—(6.20)], are to
define an F-V-bimodule structure on £ ® A from the given action <, define
a right Galois subalgebra

over C, and prove that < B, =< The E-V-bimodule structure on £ ® A is
indicated by

e(e' ® a)v = e€'(vaag)) ® ap) (10)

Note that (E® A)2 = EQ Asince ZC VA, Thatn: EQcBs— EQAis
an isomorphism follows from our assumption that E/C is HS-separable and
Lemma 2.3. That B, is a subalgebra which is right Galois over C follows
from the proof of [DT, Lemma (6.17)]. The map aq : Bq — E is idg ®e.
That the measuring action on E€ associated with B, is < itself follows from
the proof of [DT, Lemma (6.18)}1.

To finish the proof that G E  Meas(EC/Z, A) we must show that

given B € GA E , the construction apphed to the associated measuring
action <p leads back to B: i.e. B<, = B. Now B C B<, by the computation
in the proof of [DT Lemma (6 19)] A proper 1nclu810n is impossible since
E ®c B =E®c Bq = EF® A and E¢ a generator implies the existence of
a right C-module prOJection Ec — Co. O

References

[DT] Doi Y. and Takeuchi M., Hopf-Galois extensions of algebras, the Miyashita- Ulbrich
action, and Azumaya algebras. J. Algebra 121 (1989), 488-516.

[H1] Hirata K., Some types of separable extensions of rings. Nagoya Math. J. 33 (1968),
107-115.



[H2]

[HS]

[M]
[S1]
[52]
[S3]
[T]

[ul

H-separable extension and Miyashita- Ulbrich action 695

Hirata K., Separable extensions and centralizers of rings. Nagoya Math. J. 35
(1969), 31-45.

Hirata K. and Sugano K., On semisimple extensions and separable extensions over
non commautative rings. J. Math. Soc. Japan 18 (1966), 360-373.

Kadison L., New examples of Frobenius extensions. University Lecture Series 14,
A. M. S., Providence, 1999.

Montgomery S., Hopf algebras and their actions on rings. CBMS Regional Conf.
Series in Math. 82, A. M. S., Providence, 1993.

Sugano K., Note on semisimple extensions and separable extensions. Osaka J. Math.
4 (1967), 265-270.

Sugano K., Separable extensions and Frobenius extensions. Osaka J. Math. 7 (1970),
291-299.

Sugano K., Note on separability of endomorphism rings. J. Fac. Sci. Hokkaido Univ.
21 (1971), 196-208.

Tominaga H., A note on H-separable extensions. Proc. Japan Acad. 50 (1974),
446-447.

Ulbrich K.H., Galois erweiterungen von nicht-kommutativen ringen. Comm. Alge-
bra 10 (1982), 655-672.

Matematiska Institutionen
Chalmers and Goteborg University
S-412 96 Goteborg, Sweden
E-mail: kadison@math.ntnu.no



	1. Introduction
	2. H -separable extension
	3. Hopf-Galois actions ...
	Theorem 3.1 ...
	Theorem 3.2 ...

	References

