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On purifiable torsion-free rank-one subgroups
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Abstract. First, we give a necessary and sufficient condition for a torsion-free rank-one
subgroup of an arbitrary abelian group to be purifiable in a given group and show that
all pure hulls of a purifiable torsion-free rank-one subgroup are isomorphic. Next, we
show that if a T(G)-high subgroup A of an abelian group G is purifiable in G, then there
exists a subgroup 7" of T(G) such that G = H @ T’ for every pure hull H of A in G.
An abelian group G is said to be a strongly ADE decomposable group if there exists a
purifiable T'(G)-high subgroup of G. We present an example G such that not all T(G)-
high subgroups of a strongly ADE decomposable group G are purifiable in G. Moreover,
we characterize the strongly ADE decomposable groups of torsion-free rank 1. Finally,
we use previous results to give a necessary and sufficient condition for an abelian group
of torsion-free rank 1 to be splitting.

Key words: purifiable subgroup, strongly ADE decomposable group, height-matrix, pure
hull, splitting mixed group.

A subgroup A of an arbitrary abelian group G is said to be purifiable
in G if there exists a pure subgroup H of G containing A which is minimal
among the pure subgroups of G that contain A. Such a subgroup H is said
to be a pure hull of A in G.

Hill and Megibben established properties of pure hulls of p-groups
and characterized the p-groups for which all subgroups are purifiable.

Next, Benabdallah and Irwin |2] introduced the concept of almost-dense
subgroups of p-groups and used it to give the structure of pure hulls of
purifiable subgroups of p-groups.

Furthermore, Benabdallah and Okuyama introduced a new invari-
ant, the so-called n-th overhangs of a subgroup of a p-group, which are
related to the n-th relative Ulm-Kaplansky invariant. Using it, they ob-
tained a necessary condition for subgroups to be purifiable.

Benabdallah, Charles, and Mader [1] introduced the concept of max-
imal vertical subgroups supported by a given subsocle of a p-group and
characterized the p-groups for which the necessary condition given in |3] is
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also sufficient.

As for isomorphism of pure hulls, we obtained several results in and
. Other results about purifiable subgroups of p-groups are contained in

Recently, in [13], we extended the concept of almost-dense subgroups
from p-groups to arbitrary abelian groups and began to study purifiable
subgroups of arbitrary abelian groups. Though we characterized the groups
for which all subgroups are purifiable, we have not yet given a necessary
and sufficient condition to be purifiable even for torsion-free subgroups of
arbitrary abelian groups.

In this note, in Section 2, we determine the structure of pure hulls of
purifiable torsion-free rank-one subgroups A of arbitrary abelian groups G.
Such pure subgroups H are ADE groups. We also began to study ADE
groups in [12].

Let G be an arbitrary abelian group, g € G, and p, (n 2 1) a listing of
all primes in increasing order. Then we associate the height-matriz H(g),
an infinite matrix with ordinal numbers for entries, as follows;

hx (9) Ry (pg) ... B (pg)

H —
D=1 ke @) B (ng) ... K (o)

The element in the (n, k)-position of H(g) is the generalized p,-height of
pkg, for all m > 1 and k 2> 0. The element in the (n, k)-position of H(g)
is denoted by Hy, x(g9). The nth row of H(g) is called the p,-indicator of
g. H,k(g9) = oo means that pXg is an element of the maximal p-divisible
subgroup of G.

In Section 3, we give a necessary and sufficient condition for a torsion-
free rank-one subgroup A of an arbitrary abelian group G to be purifiable
in G. In fact, A is purifiable in G if and only if, for every a € A and all
n 2 1, the p,-indicator of a is one of the following two types:

(1) there exists a nonnegative integer r, such that H,, (a) < w and
Hy r,+i(a) = Hy r, (a) + i for all ¢ 2 0;

(2) there exists a nonnegative integer 7, such that H, , (a) = oo and if
rn > 0, then Hy, ,, _1(a) < w.

Moreover, we show that all pure hulls of A are isomorphic.
In Section 4, we study purifiable T(G)-high subgroups of arbitrary
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abelian groups G. We prove that if a T'(G)-high subgroup N of G is puri-
fiable in G, then there exists a subgroup T’ of T(G) such that G = H® T’
for every pure hull H of N in G and all pure hulls of IV in G are isomorphic.

An arbitrary abelian group G is said to be a strongly ADE decomposable
group if there exists a T(G)-high subgroup of G to be purifiable in G.
We know an ADE group that is not splitting. (See [6, Vol. 2, Example 2,
p.186]). Though splitting groups are strongly ADE decomposable groups,
the converse is not true.

In Section 5, we present a strongly ADE decomposable group G of
torsion-free rank 1 for which not all T(G)-high subgroups are purifiable in G.
We also characterize the groups G of torsion-free rank 1 for which all T-high
subgroups of G are purifiable in G. Moreover, we give a characterization
of strongly ADE decomposable groups of torsion-free rank 1. In fact, an
arbitrary abelian group G of torsion-free rank 1 is ADE decomposable if
and only if there exists an element a € G \ T(G) such that, for all n 2 1,
the p,-indicator of a is one of the following two types:

(1) there exists a nonnegative integer 7, such that H,,, (a) < w and
Hy, ,+i(a) = Hp r, (a) + i for all i 2 0;

(2) there exists a nonnegative integer r, such that Hy , (a) = oo and if
rn > 0, then H, , _1(a) < w.

In [14], Stratton established a necessary and sufficient condition for arbi-
trary abelian groups of torsion-free rank 1 to be splitting. We use the
previous results to obtain the same result. In fact, an arbitrary abelian
group G of torsion-free rank 1 is splitting if and only if there exists an ele-
ment a € G \ T(G) such that, for all n = 1, the p,-indicator of a is one of
the following two types:

(1) Hypo(a) < w and H,, (a) = Hpo(a) + & for all £ 2 0;

(2) Hypo(a) = oo.
From the previous two characterizations, we can see that ADE decomposi-
tions are weaker than splitting.

All groups considered are arbitrary abelian groups. The terminologies
and notations not expressly introduced follow the usage of [6]. Throughout
this note, let p be a prime. The p-part and the torsion part T(G) of any
arbitrary abelian group G is denoted by G, and T, respectively. The p-

height of an element g of G means the generalized p-height, denoted by
hy(g) instead of hy(g).
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1. Notation and Basics

We recall definitions and properties mentioned in . We frequently
use them in this note. Throughout this section, let G be an arbitrary abelian
group and A a subgroup of G.

Definition 1.1 A is said to be p-almost-dense in G if, for every p-pure
subgroup K of G containing A, the torsion part of G/K is p-divisible.
Moreover, A is said to be almost-dense in G if A is p-almost-dense in G for
every prime p.

Proposition 1.2 [13, Proposition 1.3] A is p-almost-dense in G if and
only if, for all integers n 2 0, A+ p"*'G D p"G|p).

Proposition 1.3 [13, Proposition 1.4] The following properties are equiv-
alent:

(1) A is almost-dense in G;

(2) for all integers n 2 0 and all primes p, A+ p"*1G D p"G|p);

Definition 1.4 A is said to be p-purifiable[purifiable] in G if, among the
p-pure[pure] subgroups of G containing A, there exists a minimal one. Such
a minimal p-pure[pure| subgroup is called a p-pure[pure] hull of A.

Proposition 1.5 [13, Theorem 1.8] There ezists no proper p-pure sub-
group of G containing A if and only if the following conditions hold:

(1) A is p-almost-dense in G;

(2) G/A is a p-group;

(3) there exists a nonnegative integer m such that p™G[p] C A.

Proposition 1.6 [13, Theorem 1.11] There exists no proper pure sub-
group of G' containing A if and only if the following three conditions hold:
(1) A is almost-dense in G;
(2) G/A is torsion;
(3) for every prime p, there exists a nonnegative integer myp such that

p"*G[p] C A.

Proposition 1.7 [13, Theorem 1.12] A is purifiable in G if and only if,
for every prime p, A is p-purifiable in G.

Definition 1.8 For every nonnegative integer n, we define the n-th p-
overhang of A in G to be the verctor space
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(A+p""'G) Np"Gp]
(ANp"G)[p] +p"*Gp]

Moreover, A is said to be p-vertical in G if V, (G, A) =0 for all n 2 0.

Von(G, A) =

It is convenient to use the following notations for the numerator and
the denominator of V, (G, A):

Ag(p) = (A+p™'G)Np"Gp] = (ANP"G) + p"'G)[p]
and
AS(p) = (ANp"G)[p] + p" "' Glp).

If A is torsion-free, then A% (p) = p"*t'G|p]. Moreover, if A is torsion-
free and p-almost-dense in G, then

Vpn(G, A) = %.

Hence V, (G, A) is nth Ulm-Kaplansky invariant of Gy,.

Proposition 1.9 [13, Lemma 4.2 (1)] V,mn(G, A)=V,n(p™G, ANp™G)
for all n,m = 0.

Proposition 1.10 [13, Proposition 2.2] For every p-pure subgroup K of
G containing A,

Vo (G, A) = Vo (K, A)

for all n 2 0.

[Proposition 1.10| leads to the following intrinsic necessary condition for
p-purifiability of subgroups.

Proposition 1.11 [13, Theorem 2.3] If A is p-purifiable in G, then there
exists a nonnegative integer m such that Vp (G, A) =0 for all n = m.

For convenience, we call a subgroup A an eventually p-vertical subgroup
if there exists a nonnegative integer m such that V;, (G, A) = 0 for all n 2
m, and A is said to be p-neat in G if AN pG = pA.

Proposition 1.12 [13, Proposition 2.6] Let A be p-neat in G. Then A is
p-pure in G if and only if A is p-vertical in G.
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Proposition 1.13 [13, Theorem 2.8] If Ap = 0, then following properties
are equivalent:

(1) A is p-vertical in G;

(2) (A+p"G)[p] = Alp] + p"Glp] for all n 2 1;

(3) if a € A such that hy(a) < w, then hy(pa) = hy(a) + 1.

Proposition 1.14 [13, Theorem 4.1(2)] If AN p™G is p-purifiable in
p™G for some m = 0, then A is p-purifiable in G.

2. The Structure of Pure Hulls

In this section, we consider the structure of pure hulls of purifiable
torsion-free rank-one subgroups of arbitrary abelian groups. Before doing
it, we give a useful lemma.

Lemma 2.1 Let G be an abelian group and A a torsion-free rank-one
subgroup of G. Then we have:
(1) for all n 21, dim(V,,(G, A)) £ 1;
W G A w
(2) p*(G/A)p) N TEEE C G,
(3) iof A isp-neat in G, then p*(G/A)[p| = ﬂf—é[p] and

(@A
mm@wcm+mm)§L

Proof. (1) Suppose that dim(V, (G, A)) > 1. There exist z; € A%(p) \
AC(p) for i = 1,2 and a subgroup S of V, (G, A) such that

Von(G, A) = (z1 + A7 (p)) @ (22 + A7 (p) ® S.

For ¢ = 1,2, there exist a; € A and g; € G such that z; = a; +p™*1g;. Since
r(A) = 1, there exist integers «; for ¢ = 1,2 such that (a;,a2) = 1 and
aia1 + azaz = 0. Then a7 + aswy = p"THa1g1 + azge) € p"T1G[p] C
AS(p). This is a contradiction. Hence dim(V, (G, A)) £ 1 for all n > 1.
(2) Let x4+ A € p¥(G/A) with z € G[p|. Without loss of generality,
we may assume that h,(z) < w. Let r = hy(x). For all n 2 0, there exist
bn, € A and h,, € G such that z = b, + p"™""1h,. Since r(A4) = 1, there
exist integers 3, and +, such that (G,,v,) =1 and B,by + Ynbr = 0. Then

(Bn + )z = " (Brho + mp™ha).
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By a similar argument, (8y,p) = (yn,p) = 1 and p divides 8, + v,. Hence
p" 1 (Brho + Yup"hy) = 0 and p"t1hg € pG.

(3) If Aisp-neatin G, then (G/A)[p] = %. By (2), it is immediate
that p*(G/A)[p] = Z’#[p]. Suppose that dim( (p’:,wéa/fj)‘\)} =) > 1. We can
write
p*Glp] + A

A
for some y; € G[p] for i = 1,2 and some subsocle S’ of G/A. Then hp(y;) <
w for i = 1,2. Let r; = hy(y;) for i = 1,2. For i = 1,2, there exist ¢; € A
and k; € p“G such that

P(G/A)pl = +A)D(pe+A) DS @

Yi = ¢ + ki.

Since 7(A) = 1, there exist integers d; for ¢ = 1,2 such that (4;,d2) =1 and
d1¢1 + doco = 0. Then

5191 + 82y € P“Glp].

This is a contradiction. O

By [Proposition 1.6 and [12, Proposition 2.2], we have:

Proposition 2.2 Let G be an abelian group and A a subgroup of G. If
A is purifiable in G and H is a pure hull of A in G, then we have:

(1) A is almost-dense in H;

(2) H/A is torsion;

(3) for every prime p, there exists a nonnegative integer t, such that

p"Hlp] C 4;
(4) if p is a prime such that pA = A, then H, = 0.

Standing Assumption 2.3 Let G be an abelian group and A a torsion-
free rank-one subgroup of G. Suppose that A is purifiable in G. Let H be
a pure hull of A in G and N a T(H)-high subgroup of H containing A.

We recall the definition of an ADE group.

Definition 2.4 Let A be a torsion-free group. An abelian group G is said
to be an almost dense extension group (ADE group) of A if A is almost-
dense and T-high in G. Such a subgroup A is called a moho subgroup of
G.
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It is immediate that H as in [Proposition 2.2 is an ADE group with A
as a moho subgroup. By and [Proposition 2.2, we have:

Lemma 2.5 Assume 2.3. For every prime p such that H, # 0, there
exist a positive integer ny, and y,; € Hy for 1 <4 < ny, such that

HP T @ ypz

Setting p'ri = 0(Yp;) for LS i S my, tp <tpigr for 1 SiSmp— 1.

Lemma 2.6 Assume 2.3. For every prime p such that H, # 0, let Hy, be
a p-group as in Lemma 2.5. Then hy H/N (ptr '”1y;n + N) = hf/A(ptpi‘ly;n +
A) for 1 <14 < ny,.

Proof. Since A is almost-dense in H, t, < h{,{ / A(pt'”_ly;m + A) £

hf / N( tp "1y;n + N). Let dp; and ep; be ordinals such that dp; = t, and
epi 2 tpi. Suppose that there exist ap € A, by € N, Opi € p%iH, and
hpi € p®»*H such that ptm'“ly;n = Qpi + Gpi = bp; + hy. Since r(N) = 1,
there exist integers ay;, Bp; such that (ap;, Bpi) = 1 and apiap + Bpibpi = 0.
Then

(api + Bpi)ptpi_ly;n' = Qpigp; + ﬂpihpi-

By a similar argument of Lemma. 2.1, (0pi,p) = (Bpi, p) = 1, p divides ayy; +
Bpis and agigpi + Bpihpi = 0. Hence hg/N( ity +N) = hg/A(Ptmvly;z +
A). O
Lemma 2.7 Assume 2.3. For every prime p such that H, # 0, let H, be

as in Lemma 2.5. If hG/ A( t”"l’_ly;m + A) < w, then there exist integers
Cpis api € A, and k; € H for 1 < i < ny such that

P7 i = api + 7k and  (H/N), =D (kp; + N),

where o(k,; + N) = p for 1 < i S np and tp) < cpp < tpa < cpp < -+ <

Proof. For 1 < i < ny, let dm = hy/V(p~1y/. + N). By Lemma 2.6,
there exist ay € A and k; € p i H such that

tpi—1

PP T = api + Ky
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By [Proposition 2.2, we have t,; < dp; + 1. Suppose that tp41 < dp + 1.
Since r(A) = 1, there exist integers ayi, api+1 such that (api, apit1) = 1
and apiap; + opit10pi+1 = 0. Hence
PP Y + i 1P P T Y = ikl 4 i1kt

Since (i, api+1) =1, p divides oy and (opiy1,p) =1. Then
apiﬂptpi““ly;,i 11 € p'»i+1H. This is a contradiction. Hence dp; + 1 < tpit1
for 1 < i < mp—1and hy/N(plr -ty + N) = by (ptei 1yl + A) = dy
for 1 < ¢ < ny,. Then, for 1 £ ¢ £ ny, there exists k;n- € H such that
ky = pdi’*’k;n-. Moreover, for 1 < i < n,, we have o(k,; + N) = plritl. Let
¢pi = dpi + 1. Since N is T(H)-high in H, we have (H/N)[p| = HipltN o

N
H{[p]. Therefore (H/N), = @2, (k,; + N). O

Lemma 2.8 Assume 2.3. For every prime p such that H, # 0, let H, be
as in Lemma 2.5. If ptP"P*ly;mp + A € p¥(G/A)[p], then there exist integers

Cpis api € A, and k; € H for 1 =i < np—1 and a subgroup D) of H such
that

ptm -1

(H/NY, = D" (ki + N) & DPN,

/! cpi—11./
Ypi = api + P77k, and

where o(ky; + N) = p% for1SiSmp—1, ¢y <cp <tpp <cpp<:- <
tpn,, D /N 2 Z[p™], and (D) /N)[p] = (p'»» "y, + N).

Proof. By Lemma 2.7, for 1 < i < n, — 1, hy/4(pp~1y/, + A) < w. Let
Cpi—1= hp(pti’i_ly;,i + A). Then there exist ap; € A and k,; € H such that

toi—1,! __ . cpi—11./
P Y = s PP ke

p
By a similar proof of Lemma 2.7, we have o(k,;+N) = p% for 1 £ i < n,—1

and tp1 < cp1 < tpa < cpp < +++ < tpp,. Since (H/N)[p] = ﬂ%iﬂ = Hp|,
there exists a subgroup D® of H such that

np—1
(H/N), =@D." | (kpi+N)&DP/N,

where D®)/N =~ Z[p>°]. By [Lemma 2.1(3), it is immediate that
(D@ /N)[p] = (p'r» "y, + N). O
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Let N be a neat subgroup of G, b € N, and m,, = h;,v (b) for every prime

p. If
neat

mp < 00, then there exists b, € N such that h:f,v (bp) = 0. Since N is
in G, hy(by) = 0.

Theorem 2.9 Assume 2.3. For every prime p such that H, #0, let H,
be as in Lemma 2.5.

(1)

(2)

Moreover, for every prime p such that H, # 0 and 1 < 4

Then

If hg/A(pt””P_ly;np + A) < w, then there exist b, € N, hy; € H and
Ypi € Hp for 1 <4 < ny such that
(1) (H/N)p= @?L(hpi +N);
(2) Hp = D21 (ypi), where o(ypi) = p'r* for 1 < i < ny;
(3) setting o(hyi + N) = p% for 1 S i < ny, tp1 < cp1 < tpe < cp2 <
e <t < Cpy;
(4) Yp1 = bp + pcpl—tplhpla ptpl—lbp € A, Ypi = hpi_1 +pcpi—tpihpi
p*i lhy, 1 € A for 254 < Np;
(5) for 1 =i < mny, hp(p*hp) = s for 0 < s < tyiy1 and hy(P°hpn,) =
s for all s 2 0.
If pt'P"p*lyI’mp + A € p*(G/A)[p], then there exist b, € N, hy; € Hy, for
i 21, yp € Hlp] for 1 <4< ny, and a subgroup D®) of H such that
(1) (H/N)p = @(Z; (hyi + N) ® DW/N, where o{hy; + N) = p°r
for 1<i<n, -1 and D) /N = Z[p™] such that

D(p)/N = (hpz' +N|iz Np, Phpit1 = i, ptpnp+1hpnp € A)?

(2) Hp =2 (yp), where o(yp) = p'rt for 1< < Tp;

(3) tpl <cp < tpz <cCp2 <0 < tpnp;

(4) yp1 = by +pP 7 rhyy, ' Tlby € A, yp = g + pri by,
ptpi“l”lhm-_l €Afor1<isn,—1 and Ypnp = hpny—1 + Phpn,;

(5) for 1 £ i < np — 1, hy(p®hy) = s for 0 < s < tpi+1 and
hp(hpn,) = 00.

HA

np, let

{tpl Zf 1=1,
epi = ] . .
tp1 + 3 jma(tps —cpj—1) if P> 1.

ptpi—lypi — (_1)i—1pem-—lbp +pc”i_1hm’-
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Let cpp, = oo if p?(G/A)[p] #0. Then

i for 020 <ep,
hp(pibp) =qi+cpr—epk  for epr Si<eprtr and 25k <np— 1,

. _ .>
i+ Cpn, — €pn, for i 2 epn,.

Proof. (1) Let p be a prime such that hp(ptl’”f"ly;mp + A) < w. By
[Proposition 2.2, pN # N. By hypothesis and Lemma 2.7, there exist inte-

gers Cpi, ap; € A, and k,; € H for 1 < 4 < ny, such that

PPy = api + 9%k and  (H/N), = @;1%"' ),

where o(kp; + N) = pi for 1 £ i Snpand tp < cpp <tpp < g < -++ <
tpn, < Cpn,. For convenience, we replace ki, Ypi> Cpis @pi and tp; with kf, v,
ci, a; and t;, respectively. Let b;, € N such that hp(b;,) =0.

By the structure of H/N, we also write

Np
v
/ / !/ D/
B = alkl + E a,,kz + _bp’
. Up
1=2

where every a;, up, and v, are integers for 1 < 4 < n, such that (up,vp) =
(up,p) = 1. Since

t1—1 / c1—1 /
P T upyy = upar + 7T upky
Np
t1—1 ' t1—1 / ti—1.. 1/
=p" T aqupk] + E P agupk; +pt T vphy,
i=2

we have p1~la; — p®~! = p13; and p'~la; = p%B; for some integers 5;
and 1 < j £ np,. Then

Mp
P ruyy) = p (1 + Bip)upk; + ch'ﬂiupkg + ptl_lvpb;,
i=2

Tp
= p" " upb}, + Pcl_lup{(l + Bip)k) + chi_cmﬁiké}-
=2
Hence (vp,p) = 1. Let b} = (1 + Bip)upk] + Y07, p% 1 1 Biu,k!. Then we

have

(H/N)p = (W + N) & (D" (ki + V)
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and

t1—1

P upyy = upay + u,[,pcl_lk’1 = ptl‘lvpb;, + pcl_lh'l.

Since r(N) = 1, there exist integers y; and 7 such that (v;,6;) = 1 and
Y1Upay = 51pt1_1“pb;o- Then (m1 — &1)p" tupy) = pcl_l('Ylupkll —&1hy) =0
and hence (v1,p) = (61,p) =

Let 21 = —d1upy] + 51vpb;, + p7441h]. Then z; € H[ph~1]. Let y, =
d1upy; + 21, by = 61vpb;,, and h; = 6,h]. Then y; = b, +pcl tlhl H, =
(y1) @ (B2, (yh), p'*~1b, € A, and (H/N), = (h1 + N) EB( o(k; + N)).

It is immediate that h,(p*h1) = sfor 0 S s < t;. If pth € pcl“H
then there exist g, € H and z, € H[p] such that z, = pt=1hy — pg,.
Since hp(zp) = ¢4 — 1 and ¢; < ¢; < to, this is a contradiction. Hence
hp(p°th1) = c1. By induction and a similar proof, we have hy(p*hy) = s for
0< s < ts.

There exist integers ps and v such that ugptl‘lbp + gag = 0 and
(12, v2) = 1. Since pop™ ~1y; + vop? 1yl = pop® ~1hy + vop® k) and t; <
c1 < ta < cg, we have pup = pus for some integer uh. Then (v9,p) = 1
and vpp'2~lyl = php®thy + vop®2~1kh. Hence h,(u2pthy) = ty — 1. Since
hp(p®h1) = s for s < tg, there exists an integer pj such that pup = pf27°1 pul
and (pu4,p) = 1. Then we can write

I/2pt2 lyé Mthz 1h1+’/2p62 lk/

Since (u5,p) = 1, there exist integers vo and d2 such that hy = youbh; +
6op°2~1h;. Since (y2,p) = 1, we have

0 # voyop> o = p2 7 hy + p2 " (vayekly — Sop2 L hy).

Let ho = voyokh — dop2~Lh;. Then we have
Tlp /
(H/N)p = (i + N) & (h2 + N) & (D" (ki + V) ).

Let 2o = —voyoyh + b1 +p® 2hy. Then 23 € G[p271]. Let yo = vayoyh + 22.
Then H, = (y1) ® (y2) ® (D;”5(y})). Hence yo = hy + p2~*2hy. Moreover,
since p''b, = —p°hy, we have p2~1h; € A. By a similar proof, hp(p°ha) = s
for 0 é s < t3.

Suppose by induction that there exist y; € H, and k; € H for 1 <4
r and b, € N such that H, = &(@]_ 1(y,)) @ (D7, 1)), (H/N),
(B_, (k + N)) & (B2, (ki +N)), y1 = by +p~8hy, pht71b, € A,

A
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yi = hi—1 + p%th;, and pti~lh;_; € A for 2 £ i £ r. Then, by a similar
proof, there exist y,+1 € Hp and h,41 € H such that H, = (@:ﬂl (y,)) o3
(@, o)), (HINYp = (@ + M) & (@2, ok +N)). vras = hr+
pCr1— tr+1 41, and pt7'+1—1h € A.

It is immediate that p'~~lh, € A. By a same argument, for 1 < ¢ < np,
we have hy(ph;) = s for 0 £ s < t;41 and hy(p*hy,) = s for all s 2 0.

(2) Let p be a prime such that pt”"P—ly;m + A € p?(G/A)[p]. By
_ Lemma 2.8 and a similar proof, there exist b, € N, h; € H, y; € H,, for
1<i<n,—1, and a subgroup D® of H such that

(1) (H/N)p = P elhi +N) ® DP /N, where o(h; + N) = p©
for 1 < i £ ny,—1, DP/N = Z[p>®] and (D®/N)[p] =
(p'e "y, + N);
(2) H,=@7, 1( i) ® (Yp,), where o(y;) = plifor1<i<n,—1;
3) ti<c <ta<ecy < - <tpy,;
(4) Y1 = bp +pcpi_t7’ih1, ptl_lbp €A y=hi +pci_tih.i for2 <1<
ny,—1,pti7lh;_1 € Afor 2 <0 < ny;
(5) for 1 <4< ny,—1, hp(p®h;) = s for all s < t;41.
By Lemma 2.1 (2), Lemma 2.6/ and [Lemma 2.8, there exist a,, € A and d, €
p“ H such that ptnp_lygp = an, + dp. Since 7(A) = 1 and pt"P“_lhnp_g €
A, there exist integers pn, and v,, such that (un,,vn,) = 1 and
unpptnp—l_lhnp_z + VUn,Gn, = 0. Then

tn,—1—1 tn,—1,/ __ Cnp—1—1
Py P Yny—1 + Un,,D P Yn, = Hnp,D P ! hn,,—l + Vn,,dp-

Since thp—1 < Cpp—1 < tn,, We have p,, = p,u;,Lp for some integer ,u;lp.
Then (vn,,p) = 1 and unpptnp_ly;lp = fin, """ hp,—1 + vn,dp and hence
hp(py, PP~ hny—1) = tn, — 1. Since hp(p*hn,—1) = s for 0 < s < ty,, there
exists an integer yi, such that un, = pire~¢mw=1py and (uy, ,p) = 1. Hence
we can write

trn,—1,./ "o tn,—1
VUn,P P Yn, = Hn,D P hnp——l + Vnpdp-

Since d, € p* H, there exists d;, € H such that d, = 2t”Pd' Since (g, p) =
1, there exist integers ~yn, and dn, such that hp,_, = %,,anhn,,—l +

5npp2t"P hn,-1. Note that pt"'P’lhnp_l € A. Since (vn,,p) = 1, we have
0# Vnp’)/npptnp_ly;p = ptnp—lhnp-l
+ pztnp (Vnp’ynpd; — 5nppt"13_1hnp_1).
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Let h;p = ynp'ynpd;, — 5nppt"z>_1hnp_1. By the proof of Lemma 2.1(2),
hp(pzt"ph;lp) 2 w. For every i 2 0, there exists h/ € H such that

= np+i
prrehn, = pe(ptirhy ) = phe(pitethy, L. Let hoyys = pitehl, , for
every i = 0. Then p%n» h;p = pirp hn, = pt"P“han for all # =2 1. Since
Phn,+it1 — hn,+i € pt"PHp = 0, phn,+iy1 = hn,+i for ¢ 2> 0. Note that
Vnp')’npptnp_ly;zp = ptnpwlhnp—l +ptnp hnp‘

Let zn, = —Vn,Yn,¥n, + hn,—1 + phe, . Then z,, € Glp'»~']. Let
Ynp = Vnp%lpy;zp + Rnp - Then Ynp = hnp_l +ph‘np’ HP = @?:pl@h)’ and
prrlhy, 1 € A Let HP) = (Pn,+i | © 2 0). Then it is easy to see that
H) is p-divisible. Then hy(hn,) = 0o. Let DW /N = (h, i+ N | i > 0).
Hence the assertion holds.

For 1 £ 1 < np, let

€pi = . L
tp1 + 2322(75[,]' —cpj—1) if i> 1.

By an easy induction, we have

tpi—1

PPy = (= 1) p T by 4 p Ty

and

) for 0514 <ep,
hp(pibp) =41+ Cpk — €pk for epr i <epryr and 25k <nyp—1,

. _ . >
i+ Cpn, — €pn, for i 2 ep,.
O

Proposition 2.10 Let G be an abelian group and A a torsion-free rank-
one subgroup of G. Suppose that A is purifiable in G. Let H and K be pure
hulls of A in G. Then, for every prime p, H, # 0 if and only if K, # 0.
For every prime p such that Hy, # 0, let H, = @2, (zp), where z,; € H,
and o(zp;) = p'vi, K, = @?il(ypi>7 where ypi € Kp and o(yp:) = pt;’iv Cpi =
hp (7 e+ A) + 1 for 1 S i S mp, and ;= by A (p Ty + A) + 1

for1 S i Smy,. Thenny =n,, ty = thi and cp; = cpi for LS4 < my,.

Proof. By [Proposition 1.10, for all n = 0,
Vo (H, A) 2 Vp (G, A) = Vo (K, A).
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Hence, by Lemma 2.1(1), n, = ny, and t,; = t,; for 1 <4 < np. By
Mheorem 2.9, for 1 < i < ny, if ¢ < 0o and c;n- < 00, then there exist
al;,an; € A, hy € H, and kp; € K such that PP ey = a4 p T hy,

Py = alt; + P g, hp(pag;) = cpiy and hy(pag;) = ¢, Since r(A) =
1, there exist integers ap; and [y such that (api,Bpi) = 1 and apia;’i -

Bpiay;. Since hy(ar;) = hp(ay;), we have (api,p) = (Bpi,p) = 1. Since
"

0iPa, = Bpipay;, we have cp; = Cpi- If cpn, < 00 and ¢, = oo, then, by
Lemma 2.1(2), there exist by, b, € A, hpn, € H, and kpp, € p*K such that
ptpnp'—lq;pnp =bp +pcp"p—1hpnp’ ptpnp—lypnp = b;) <+ k'pnpa hp(pbp) = Cpnyp> and
hp(pbl,) = 0. By a similar proof, this is a contradiction. Hence ¢y = ¢y,
for 1 £ i < np. O

Assume 2.3. By [Proposition 2.10, we define the p-coordinate of the
torsion system of A as the following sequence:

A(G’) _ (tp1,tp2,---stpn,) if A is not p-vertical in G,
(0) if A is p-vertical in G

and the p-coordinate of the quotient system of A as the following sequence:

QA(G) _J(eprsep2,y - Cpn,) if A is not p-vertical in G,
SR () if A is p-vertical in G,

where cpn, = hf,;/ A(ptzmp"lypnp + A). By the structure of H, cpp, < w or
Cpn, = 0.

Since we can make the matrix from the quotient system and the torsion
system, we define the p-coordinate of the QT'-matrices of A, denoted by
QT;;‘(G), as follows: if A is not p-vertical in G, then let

QT}(G) = <cp1, 2y ﬂw)

tp1,tp2, . - - >tpnp

and if A is p-vertical in G, then let

QTAG) = (8)

In view of [Theorem 2.9, to have the property that p'*1~'b, € A and
p'*i~lh, 1 € Afor 2 < i < ny, we need to choose a special element b, € N.
To prove that all pure hulls of A in G are isomorphic, we do not need to do
it. Hence, by similar calculations, we establish the following corollary:
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Corollary 2.11 Assume 2.3. For every prime p such that H, # 0, let
H, be as in Lemma 2.5, b € N, and for every prime p, let m, = h;,v(b). If
p 1s a prime such that Hy, # 0, then there exists b; € N such that b = meb;,
and Hy(b,) = 0.

(1) If hp(pt”"i’"ly;mp + N) < w, then there exist gp; € H and z,; € Hp for
1 =4 < ny, such that

(1) (H/N)p=D;Z1{gpi + N);

(2) Hp= @?:pl(:cm}, where o(zy;) = p'ri for 1 <4 < Np;

(3) setting o(hpi + N) = p* for 1 i < np, tp1 < cp1 < tp2 < ¢p2 <
w <tpn, < Cpny;

(4) zp = b, +p™ gy and Ty = hpioy +pPi T tigy for 2 S0 < ny;

(5) for 1 £ i £ np — 1, hp(P°gps) = s for 0 £ s < tpiy1 and
hp(D°9pn,) = 8 for all s 2 0.

(2) If hp(ptpnp‘ly;mp + N) € p“(G/N)[p], then there exist g, € H for
1Sisny,—1, zp € Hp| for 1 £i < ny, and a subgroup DV of H
such that

(1) (H/N)p = @2 (gpi + N) & D) /N, where o(gyi + N) = p
for 1<i<n,~1 and DP)/N = Z[p*™] such that
D®P) /N = (g, + N | i 2 np, pgpis1 = hpi, p7»+lg,, € N);

(2) Hp=D;2\(xp), where o(zp;) = p'vi for 1 < i < my;

(3) tp1 < cpr <tpa <cpa < < tpny;

(4) xp1 = b, 4+ p™ =gy and Tp = gpio1 + PP PGy for 1 S0 S
np — 1 and Tpn, = gpn,—1 + PYpn,;

(6) for 1S4 Snp—1, hp(p®gpi) = s for 0 < s < tpit1 and hp(gpn,) =
0.

Moreover, for every prime p such that H, # 0 and 1 < i S ny, let
tp1 if 1=1,
ep’i - i o .
Then
PPy = (= 1) T, p T (211.1)
Let cpn, = 00 if p*(G/A)[p] #0. Then
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1 for 0 <0 <ep,
hp(pzb;,) =qi+cop—epr  for epr Si<eprt1 and 2=k <np—1,

. _ - >
i+ Cpn, — €pn, JOT 1 2 €pn,.

3. Torsion-Free Rank-one Subgroups

Our major goals of this section are to give a necessary and sufficient
condition for torsion-free rank-one subgroups of arbitrary abelian groups to
be purifiable in a given group and to show that if A is a purifiable torsion-
free rank-one subgroup of an arbitrary abelian group, then all pure hulls of
A are isomorphic.

Lemma 3.1 Let G be an arbitrary abelian group and A a torsion-free
rank-one subgroup of G. Let p be a prime such that A # pA and ap € A
such that hﬁ(ap) = 0. Then the following hold.
(1) If there exists an integer r such that hy(p"ap) = d < w, then A N p?G
is p-vertical in p?G if and only if hy(p"T™ap) = d+n forn 2 0.
(2) If there exists a nonnegative integer v such that hy(pTap) = d < w and
hy(p" " ap) = hp(p"ap) +n for n 2 0, then A is p-purifiable in G.
(3) If there exists a nonnegative integer r such that hp(p“a,) = d < w and
hy(p"Tap) = oo, then AN PG is p-vertical in p?+'G.

Proof. (1) (=) Suppose by induction that h,(p"**ap) = d + ¢ for all
0< i<k If hy(Ptitla,) = d + k + 2, then there exists g € G such
that p"t5+1a, = p**+2g. Since A N p?G is p-vertical in p?G, by Propo-
sition 1.13(2), we have p"tka, — p?™F+lg € ((A N p?G) + p™™*1G)[p] =
p™E+1G[p]. This is a contradlctlon. Hence hy(p"'ap) = d+i for all i 2 0.

(<) Note that if b, € A such that kg (by) = 0, then hy,(p"*"by) = d+n
for n = 0. It suffices to prove that ((ANp?G) +p?*"G)[p] = p**™G[p] for all
n > 1. Let a + pttg € ((ANp?G) + p®*"G)[p] such that a € AN p?G and
g € G. If hy(a) < d +n, then there exists a, € A such that hA( ») = 0 and
a = p'a, for some integer t. Then t = r and hence hp(pa) < d+n+ 1. But
pa = —p‘“”+1 g. This is a contradiction. Hence hy(a) = d +n and AN p?G
is p-vertical in p?G.

(2) We prove that AN p?G is p-neat in p?G. Let pzr € ANp?G with
z € pG. Since r(A) = 1, there exist integers @ and 3 such that (o, 3) =1
and aa, = Bpz. Then (8,p) = 1. Let a = p°a’ for some integer o' such
that (o/,p) = 1. Note that hp(p®ap) = hp(pr) 2 d + 1. If s < r, then
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d+1 = hp(p®ap) < hp(p"ap) = d. This is a contradiction. Hence r < s.
Since h,(p*"p"ap) =d+s—r 2 d+ 1, we have s > r + 1. Hence piap =
p* " 'pp"ay € p(ANP?G). Since o'p*a, = PBpr and (/,p) = (8,p) = 1,
pr € p(ANp?G). Hence AN p?G is p-neat in p?G. By [Proposition 1.12,
ANp?G is p-pure in p°G. By [Proposition 1.14} A is p-purifiable in G.

(3) We show that ((ANp®*1G)+p¥™"*+1@Q)[p| = p*t"t1G[p] for all n >
1. Let a + p**"*lg € (AN p*1Q) + p*++1@Q)[p| such that a € AN p¢*tlG
and g € G. Since r(A) = 1, there exist integers v and ¢ such that (y,6) =1
and ya, = da. Then (6,p) = 1. Let v = p*'+ for some integer 4 such that
(v',p) = 1. By a similar argument, we have s’ 2 r + 1. Hence h,(a) = oo
and ((ANp?t1G) + p™ @) [p] = p™"*+1G[p] for all n > 1. O

Now we give a necessary and sufficient condition for a torsion-free rank-
one subgroup of an arbitrary abelian group to be purifiable in a given group.

Theorem 3.2 Let G be an abelian group and A a torsion-free rank-one
subgroup of G. Then the following properties are equivalent:
(1) A is purifiable in G;
(2) for every prime p such that A # pA, there exists ap € A such that
hﬁ(ap) = 0 and one of the following two conditions holds:
(i) there exists a nonnegative integer ry, such that hy(p'?a,) < w and
hp(P"" " ay) = hp(p™ap) +n for n 2 0;
(i) there exists a nonnegative integer Tp such that hy(p™ ap,) = oo
and if T, >0, then hy(p*la,) < w.
(3) for every prime p and every a € A, one of the following two conditions
holds:
(i) there exists a nonnegative integer ky(a) such that hy(p*@a) < w
and hy(pkr(®)tng) = hp(P**@a) +n for n > 0;
(ii) there exists a nonnegative integer ky(a) such that h,(p*®a) =
oo and if kp(a) > 0, then h,(p*(¥)~1g) < w.
(4) for every prime p,

(i) A is eventually p-vertical in G and
(i) for every a € A, if hy(a) Z w, then hy(a) = .

Proof. (1) (=) (2) Let H be a pure hull of 4 in G and N a T(H)-high
subgroup of H containing A. Suppose that A # pA. Then there exists
ap € A such that b2 (a,) = 0.
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Suppose that H, = 0. By [Proposition 1.10, both of A and N are p-
vertical in G. By [Proposition 1.12, N is p-pure in G. Since N is torsion-free,
the assertion holds.

Suppose that H, # 0. Let

QT,;(G) — (Cpla Cp?) e Cpnp) )

tpl,tp2, . "tpnp

For convenience, let

{tpl if np = 1,
ep = , .
to + 2o (tps — cpj—1) if mp > L.

If cpn, < w, then, by (I'heorem 2.9, there exist b, € N and hpp, € H such
that (—1)"rprb, = p®"» hpp,, and hy(p» " hpy,) = cpn, +n for all n 2 0.
Since (—1)"rp~'b, € A and A # pA, there exist a;, € A and an integer
rp such that hﬁ(a;,) =0 and (—1)"p® b, = pral,. Since r(A) = 1, there
exist integers o, and B, such that (ap,8p) = (ap,p) = (Bp,p) = 1 and
apal, = Bpap. Then hy(p™»+lap) = cpn, and hy(p? T lay) = cpn + n for all
n 2 0.

If cpn, = 00, then, by [Theorem 2.9, there exist b, € N and hpn, € H
such that hy(p®»1bp) = tpn, —1, (—1)"p°rb, = pPe thyy, , and hy(hpn,) =
0o. By a same argument, the assertion holds.

(2) (=) (3) If A = pA, then, for every a € A, h;‘(a) = 0o. Without
loss of generality, we may assume that A # pA. By hypothesis (2), there
exists a, € A such that hﬁ(ap) = 0 and one of (i) and (ii) holds. Let a € A.
Since 7(A) = 1, there exist integers v, and d, such that (vp, dp) = (1p,p) =1
and yp,a = dpap. Hence the assertion holds.

(3) (=) (2) Trivial.

(2) (=) (4) Tt is sufficient to show that, for every prime p, A is even-
tually p-vertical in G. If A = pA, then A is p-vertical in G. Without loss
of generality, we may assume that A # pA. By hypothesis (2), there exists
ap € A such that hﬁ(ap) = 0 and one of (i) and (ii) holds. If the condition
(1) holds, then, by (1), A is eventually p-vertical in G. Suppose
that the condition (ii) holds. If r, = 0, then, for all a € A, hp(a) = oo.
Hence A is p-vertical in G. If r, > 0, then, by (3), A is eventually
p-vertical in G.

(4) (=) (2) For every prime p such that A # pA, let a, € A such
that hﬁ(ap) = 0. By (ii), without loss of generality, we may assume that
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hp(p™ap) < w for all n 2 0. Since A is eventually p-vertical in G, then, by
[Proposition 1.9, there exists integers 7, and dj, such that hp(p'Pap) = d, < w
and AN p%G is p-vertical in p%G. By (1), the assertion holds.

(2) (=) (1) If A = pA, then A is p-vertical and p-neat in G. By
IProposition 1.12, A is p-pure in G. Hence, without loss of generality, we
may assume that A # pA. By hypothesis (2), there exists a, € A such that
h;‘(ap) = 0 and one of (i) and (ii) holds.

Suppose that (i) is satisfied. Let d,, = h,(p"a,). By Lemma 3.1 (2), AN
p®™G is p-purifiable in p%G. Hence, by [Proposition 1.14, A is p-purifiable
in G.

Suppose that (ii) is satisfied. Let

4 — 0 if r, =0,
hp(pP tap) +1 if 7, > 0.

Note that h,(g) = co means that g is an element of the maximal p-divisible
subgroup of G. Since hy(p™a,) = oo, there exist an element g,; € G for
i 2 1 such that p'ra, = p'gp: and pgpir1 = gpi for all 4 2 1. Let

L= {gp, ANp™G|i=1).

We prove that L is p-pure in p%*G. Let p*g € L such that g € p%G and n
is an integer. Then we can write

p"g = /\pgpm +a’

for some integers m, A, and @’ € AN p™G. Since r(A) = 1, there exist
integers 7, and &, such that (7ps0p) = 1 and yya’ = §)a,. Then (7, p) =
1. Let &, = p“r7, for some integer 7, such that (r,,p) = 1. Then u, = r,

and

"_1

VpP"9 = Yy ApGpm + Vp@ = Vo ApP" Gpman + "D Py
= g)‘ppngpm+n + 1pp"" " "Pp" gpn € " L.

Hence L is a p-pure subgroup of p»G containing AN p% G. Since AN p¥G
is p-vertical in p* G by (3) and ——£— is a divisible p-group, we

Anpr G
have L[p| = 0. By [Proposition 1.5, L is a p-pure hull of A N p%G in p*G.
Hence A is p-purifiable in G. Since A is p-purifiable in G for every prime p,
by [Proposition 1.7 A is purifiable in G. O
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We recall the height-matrix introduced in [6, Vol. 2, p.198|. Let G be
an arbitray abelian group, p,(n 2 1) a listing of all primes in increasing
order, and g € G. Then we associate with g the height-matriz H(g), an
infinite matrix with ordinal numbers for entries, as follows;

hm (g) h’Pl (plg) e hm (p’fg)

H(g) = hpn (g) hpn(png) <. hpn(pﬁg)

The element in the (n, k)-position of H(g) is the generalized p,-height of
pEg, for alln = 1 and k = 0. The element in the (n, k)-position of H(g)
is denoted by H, x(g). The nth row of H(g) is called the p,-indicator of
a. H, x(g) = oo means that pFg is an element of the maximal p-divisible
subgroup of G.
We can rephrase Theorem 3.2 in terms of height matrices as follows.
A is purifiable in G if and only if, for every a € A and all n 2 1, the p,-
indicator of a in the height matrix H(a) is one of the following two types:
(1) there exists a nonnegative integer r, such that H,,, ;;(a) < w and
H,, r,+i(a) = Hp r, (a) + 1 for all ¢ 2 0;
(2) there exists a nonnegative integer r, such that Hy,, (a) = oo and if
rn > 0, then H, », _1(a) < w.
In the latter half of this section, we show that all pure hulls of a torsion-
free rank-one subgroup of an arbitrary abelian group are isomorphic. To do
this, we need the following lemma.

Lemma 3.3 Let G be an abelian group and A a torsion-free rank-one
subgroup of G. Suppose that A is purifiable in G. Let H and K be pure
hulls of A in G, M a T(H)-high subgroup of H containing A, and N a
T(K)-high subgroup of K containing A. Then M = N.

Proof. Let u € M and v € N. For every prime p, let m, = hf,w (u) and
np = h{,v (v). By hypothesis, there exist integers r, s such that ru = sv € A.

Suppose that m, = oo and n, < co. Then, by [Proposition 2.2(4) and
[Proposition 2.10, H, = K, = 0. Hence A is p-vertical in K and there
exists v;, € N such that hy(v,) = 0 and v = p™v,. Then hp(ru) = oo.
On the other hand, by [Proposition 1.13/(3), hy(sp™*v,) < oo. This is a
contradiction. Hence m, = oo if and only if n, = co.
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Without loss of generality, we may assume that m, < oo and n, < oo.
There exists up € M and v, € N such that hy(up) = hy(vp) = 0, u = p™ru,,
and v = p"Pv,. Note that ru = rp™ru, = sp"v, = sv € A and hy(ru) =
hp(sv).

If p is a prime such that H, = 0 and (r,p) = (s,p) = 1, then K, = 0
and hence m;, = n,.

Let p be a prime such that H, # 0. By [Proposition 2.10, K, # 0. For
every prime p such that H, # 0, let

QTA(G) — (Cpla Cp2, - - - 7cpnp)
p

tpl, tp2, ey tpnp

and

{tpl if np = 1,
ep = .
tpl + Z?gQ(tpj — ij—l) if np > 1.

By [I'heorem 2.9, there exist b, € M and b, € N such that h,(b,) = h, (b, ) =
0, hy(p b):h(’b’) <oofor0§z<epandpef’ lb,peP lb;,eA.
Since r(A) = 1, there exist integers c;, and B, such that (ap, Bp) = 1
and app® b, = Bppep‘lb’ Then (ap,p) = (Bp,p) = 1. Without loss
of generality, we may assume that b, = Up, b’ = vp, and app®~ 1up =
Bpp® 1, € A.

Suppose that p is a prime such that (r,p) = (s.p) = 1 and mp < ep.
Since hp(rp™Pup) = hy(sp™rv,) and hy(p'up) = hy(pvp) < 0o for 0 £ i < ey,
we have m;, = n,. Suppose that p is a prime such that (r,p) = (s,p) =1
and my, 2 e,. Then n, 2 e, and Bprp™ TP app®Pu, = apsp™P TP Bppcru,.
Since app®u, = Bpp°Pv, € A, we have m, = n,. Hence M = N. d

Theorem 3.4 Let G be an abelian group and A a torsion-free rank-one
subgroup of G. If A is purifiable in G, then all pure hulls of A are isomor-
phic.

Proof. Let H and K be pure hulls of A in G, M a T(H)-high subgroup
of H containing A, and N a T(K)-high subgroup of K containing A. By
Lemma 3.3, M = N. We have an isomorphism ¢ : M — N, choose u €
M, and let v = ¢(u). Then, for every prime p, h;,”(u) = h{,v(v) = mp.
By [Proposition 2.2(4), if p is a prime such that H, # 0, then my < 00.
Therefore there exists up, € M and v, € N such that h,(u,) = hy(v,) = 0,
u = p"Pup, v = p"rvp, and ¢(up) = vp.
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For a prime p such that H, # 0, let

QTPA(G) — (Cpl,cp% . -a%n,,) .

tp]_, tp2, ceey tpnp

By [Corollary 2.11), we have the following
(1) If cpn, < 00, then, for 1 < i < ny, there exist z,; € Hp, :v . € K,
9pi € H, and gpz € K such that

(1) (H/M)p = @7, (g5 + M), where ogyi + M) = p for 1S i <
Tp;

(2) Hp=@®.?(zpi), where o(zp;) = p'ri for 1 £ i < ny;

(3) p1 = up + PP TGy, Tps = Gpio1 + PP PGy, for 2 S i Sy,

and
1) (K/N),=@.,{g.;+N), where o(g’,+N) = p for 1 < i < n;
p pi j P
(2) Kp—® 1 {x, ) where o(z};) = p'» for 1 £ i < ny;
(3) pl = +p0p1 tplgpl, x;n — gpi—l +pcpi_tpig;)i for 2 é i § np.
2) If ¢y, = 00, then there exist z,; € H, and /. € K, for 1 £ i < n,,
Pnp p p pl p P
and g,; € H and g;; € K for i 2 1 such that
(1) (H/M), = @i*7 (gpi + M) ® DP/N, where o(gyi + M) = p
for 1 £i < n,— 1 and DP /M = Z[p™] such that
D(p)/M = (gpi + M | 1 2 Np, PApi+1 = Gpi, ptpnp+lgpnp € M)?

2) H,=@." (x,), where o(xp;) = pt» for 1 < i < ny;
P i=1\Tp P p
(3) acpl = up +pCp1 —tplgpl, J:p,- = gpi—l +pCpi—tpigpi for 1 é 7 é np — 1
and Tpn, = Gpn,—1 + P9pny, s

(1) (K/N), = @27 (g); + M) ® DP /N, where o(gl; + M) = p»
for1Sisn,—1 and D) /M = Z[p>] such that

D(P)/M < -+ M l Z = TLp, ngz+1 = gpza ptpn +lgpn M>a

(2) Kp = @7 1{zp;), where o(a:pl) pt*i for 1 £1 < ny;
(3) = pl = vp +pcp1—tplgp1, xpi = gm._1 +pCpi—tpig;ﬂ- for1<i<ny,—1
and zp, = gy _1 + PYpn,,-
To extend this isomorphism to H, define ¢(gp;) = g,,; for all 1 £ i = ny if
Cpn, < 00, H(gpi) = g;n- for all i 2 1 if ¢y, = 00, and
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n  Npp m
¢(Z (Z aprigprz) + Z /Gqssgqans +1s + UI)
r=1 i=1 s=1
Npp

m
o Z (Z aprzgpkl) + Z qusgtllans +1s + ¢(ul)’
s=1

k=1 i=1

where every ay,; and every (g s is integer for 1 S r <n,1 <4 < n, and
1<s<mandv € M.
Let h € H such that

Npr

h= Z(Z ap”gpr") + Zﬁqssgqans 1, +ou,

r=1 =1

where every ay,; and every f3q s is integer for 1 Sr <n,1 < i< n, and
1< s<mandde Q. Suppose that h = 0. Since {g,.: + N, g;an 4,

N|1<r<n 12i<mn,,1=<s<m}isindependent in K/N, p,”"

tqans +l +1 Cppi ,

divides oy, ; and g divides 3,,s. Hence we write oy, ; = pr

PT'L
n lS
and By, s = iqs qs+ i ’ s for some integers a ; and ﬁ’ Let
o — {tpl if np = 1,
p - .
tp1 + Z?i?(tpj - ij—l) if nyp > 1.
By (2.11.1),
n Npr m
h= (Z(Z o, i(=1)"rrp ”’)
r=1 =1
S / Ng ‘Ians —Mgg
+Zﬁqss(_1) °gs +5)u:O.
s=1
Let

A= Y (B g (1)) 4 S By (— )R g
d. Then A = 0. It is immediate that if A = 0, then h = 0. Therefore we
proved that

Npr

h = Z(Z aprZQpﬂ) + Z qusgqanSHs +ou=20

r=1 =1 s=1
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th‘",qS +l +1 /

if and only if A =0, where Qp,i = = prial Bges = s for some

PT'L’
/
integers o, ; and B,  a

Npr

A\ = Z(Z apﬂ n”’"p €prnp,. — ) + Z ﬂqgs nqS QanS —Mgqg + 6.

r=1 1=1

Hence ¢ is well-defined and a monomorphism. It is immediate that ¢ is an
epimorphism and ¢ |7(g) is an isomorphism onto T'(K). Therefore ¢ is an
isomorphism. O

4. Purifiability of T-high subgroups

In this section, we consider T-high subgroups of arbitrary abelian groups
that are purifiable in given groups.

Theorem 4.1 Let G be an abelian group and A a T-high subgroup of G.
Suppose that A is purifiable in G. For every pure hull H of A in G, then H

is an ADE-group H with A as a moho subgroup and there exists a subgroup
Ty of T such that

Moreover,
(1) if H and K are pure hulls of A in G, then H = K;
(2) there exists a subgroup T' of T such that G = H & T' for every pure
hull H of A in G.

Proof. By [Proposition 2.2(3), H, is bounded pure in G, for every prime
p. Hence H) is a direct summand of G, and there exists a subgroup Tj
of T such that T = T'(H) @ T). We prove that H & T} is pure in G. Let
ng € H® T, with g € G and n € Z. Then there exist h € H and t € T}
such that ng = h +t. Moreover, we have mng € H for some integer m.
Since H is pure in G, mng € H NmnG = mnH. Hence there exists i’ € H
such that mng = mnh’. Since ng —nh’ € TNnG = nT = n(T(H) & Ty),
there exist hy € T'(H) and t; € T} such that ng — nh' = n(hy +t1). Hence
ng =n(h'+h;+t1) € n(H®Ty). Since H®T) is essential in G, G = HOT;.
By [Proposition 2.2(1), it follows that A is almost-dense in H. Hence H is
an ADE-group with A as a moho subgroup.
Fix a prime p and recall notations as follows:

A%(p) = (A+p™1G) Np"Glp] = (ANP"G) + p"'G)[p]
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and

AS (p) = (ANp"G)lp] + p" ' Glp] = p" "' Gp).

By [Proposition 1.10 and [Proposition 1.11|, there exists the least integer m
such that A%(p) = AS(p) for all n = m. Then p™Glp] = p™Ti[p).

For integer n > 0, let p"g + A € p"(G/A)[p]. Since p"tlg € HN
p"t1G = p"*1H, there exists h € H such that p"*1g = p"*1h. Since p™g —
p"h € p"Gp], we have p"(G/A)[p] = p"(H/A)[p]+ZSEFA et z € AR (p).
Then we can write £ = a + p"*1g’ for some a € A and ¢’ € G. Since z +
A e p"H(G/A)[p] = p"TH(H/A)[p] + M#, there exist ' € A, b’ € H,
and pn+lgo € pn+1G[p] such that = = a _+_pn+1gf . +pn+1h/ +pn+lgo.
Since hy(a) = n, also hy(a’) = n. Hence A%(p) = A%(p) + AS(p). By
[Proposition 2.2 (1), p"H|[p] C A+p™*t1H for all n = 0. Hence, for all n = 0,
there exist subsocles S,, and H,, of G such that

p"Glp] = A%(p) ® Sn = (p"H[p] + p"' Glp]) ® S,
= Hn @pTH—lG[p] & Sn-

Similarly, since A%(p) = A% (p) + A% (p) and p"K[p] C A+ p"*'K for all
n 2 0, for all n 2 0, there exist subsocles K,, of G such that

p"Glp] = A%(p) ® Sn = (p"K|[p] + p" ' Glp]) ® Sn
=K, @anG[p] DS,

Let S = @:’i—ll S;. Then
Glp] = Hlp|® p™Ti[p|® S = K[p| @ p"Ti[p] & S.

Hence, for every prime p, there exist a nonnegative integer m,, and a subsocle
Sy of G such that

Glp] = H[p] @ p™Ti[p| & Sp = K[p] ® p™T1[p] @ Sp.

Since (S, @ p™T1[p]) N p™Gp = (Sp N p™G) & p™Ti[p) = p™Th[p],
(p™T1)p is pure in p™G)p and so p™»Ti[p] is purifiable in p™*G)p. By
[Proposition 1.13, (S, @ p™»Ti[p]) is purifiable in Gp,. Then there exists a
pure hull L, of (S, ® p™T1[p]) in Gp.

Let h € H[p| and = € L,[p]. Then we have hy(h+x)= min{hy(h), hp(z)}.
Hence, by [8, Theorem 2|, G, = Hp, ® L,. Similarly, G, = K, ® L. Let
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T = @D, Lp- By the above proof, we have

G=HoT =KoT.
O
Definition 4.2 An abelian group G is said to be a strongly ADE decom-
posable group if there exists a purifiable T-high subgroup of G.

Let G be an abelian group such that, for every prime p, G, is the direct
sum of a bounded and a divisible subgroup. By [13, Theorem 5.2], G is
a strongly ADE decomposable group. Let G, H and A be groups as in
Theorem 4.1. Then H is a minimal direct summand of G containing A.

Corollary 4.3 Let G be an abelian group of torsion-free rank 1 such that,
for every prime p, G\, is the direct sum of a bounded and a divisible subgroup.
Let A be a subgroup of G such that A ¢ T. Then there exists a minimal
direct summand of G containing A.

Proof. By [13, Theorem 5.2], A is purifiable in G. Let H be a pure hull
of A in G. Then every T(H)-high subgroup of H is a T-high subgroup of
G. By the proof of [Theorem 4.1, there exists a subgroup T} of G such that
G = H@Ty. Since H is a pure hull of A in G, H is a minimal direct
summand of G containing A. W

5. Strongly ADE Decomposable groups of torsion-free rank 1

In this section, we consider ADE decomposable groups of torsion-free
rank 1. First we exhibit a strongly ADE decomposable group G of torsion-
free rank 1 for which not all T-high subgroups are purifiable in G.

The existence of the following groups H and G, are guaranteed by
[12, Theorem 2.8] and [6, Vol. 1, Example, p.150], respectively.

Example 5.1. Let g be a fixed prime and for every prime p # g, let t,
and ¢, be positive integers such that t, < ¢,. Let H be an ADE group with
A as a moho subgroup A such that

(1) 7(A)=1 and A = ¢A4;

(2) for every prime p # q, H, = (yp), where o(yp) = p'» and H, = 0;

(3) H/A=@,.,(hp + A), where h, € H and o(h, + A) = ¢,.
Let G4 = (zn | n 2 0) be defined by the defining relations

qzo =0 and ¢z =19 for k> 1.
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Let a € A,b=a+z1, G=H® G, and N a T(G)-high subgroup of G
containing b. Then N is not purifiable in G.

Proof. Note that hq(b) = 0 and hy(gb) = w. Hence the g-indicator of b in
the height-matrix H(b) is

(0,w,00,...).
By Theorem 3.2/(3), N is not purifiable in G. O

Now we characterize the abelian groups G of torsion-free rank 1 for
which all T-high subgroups are purifiable in G.

Theorem 5.2 Let G be an abelian group of torsion-free rank 1. Then all
T-high subgroups of G are purifiable in G if and only if, for every prime p
and every g € G\ T, one of the following conditions holds:
(1) there exists an integer r, such that hy(p'?g) < w and hy(p"P™'g) =
hy(p™g) + 1 for all i 2 0;
(2) there exists an integer T, such that hy(p™g) = oo and if m, > 0, then
hp(P?'g) < w.

Proof. (=) Letge€ G\T and A a T-high subgroup of G containing g. By
hypothesis, A is purifiable in G. Hence, by [Theorem 3.2, (1) or (2) holds.
(<) Let A be any T-high subgroup of G. By hypothesis and Theo-

rem 3.2 (3), A is purifiable in G. O
We can rephrase in terms of height matrices as follows.

All T-high subgroups of an arbitrary abelian group G of torsion-free rank 1
are purifiable in G if and only if, for every g € G\ T and all n 2 1, the
pp-indicator of ¢ in the height matrix H(g) is one of the following two types:
(1) there exists a nonnegative integer 7, such that H, ., +i(9) < w and
Hn,'rn+i(g) = Hn,rn (Q) + 1 for all ¢ 2 0;
(2) there exists a nonnegative integer 7, such that H, ., (g) = oo and if
rn > 0, then H, . _1(9) < w.
From Theorem 3.2 and Theorem 5.2, the following is immediate:

Corollary 5.3 Let G be an abelian group of torsion-free rank 1. Then
all T-high subgroups of G are purifiable in G if and only if all torsion-free
subgroups are purifiable in G.

Now we give a characterization of an arbitrary abelian group of torsion-
free rank 1 that is a strongly ADE decomposable group. Before doing it,
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we give a useful lemma.

Lemma 5.4 Let G be an abelian group of torsion-free rank 1 and A a
torsion-free subgroup of G. If A is purifiable in G and K is a pure hull of
A in G, then there exists a subgroup T' of T such that G = K ®T’. Hence
G is a strongly ADE decomposable group. Moreover, if A is p-vertical in G
for every prime p, then G is splitting.

Proof. Let N be a T'(K)-high subgroup of K containing A. Then N is a
T-high subgroup of G and K is a pure hull of N in G. By [Theorem 4.1,
there exists a subgroup 7" of T such that G = K@®T’. Hence G is a strongly
ADE decomposable group. If A is p-vertical in G for every prime p, then, by
IProposition 1.10| and The comment after Definition 1.8, K is torsion-free.
Hence G is splitting. O

Theorem 5.5 Let G be an abelian group of torsion-free rank 1. Then G
is a strongly ADE decomposable group if and only if there exists an element
g € G\T such that, for alln 2 1, the p,-indicator of g in the height matriz
H(g) is one of the following two types:
(1) there exists a nonnegative integer ry, such that H,, +i(9) < w and
Hn,rn+i(g) = Hn,rn (g) +1 fOT all 1 Z 0;
(2) there exists a monnegative integer r,, such that Hy,,, (g) = oo and if
rn > 0, then Hy, - _1(g9) < w.

Proof. (=) There exists a purifiable T-high subgroup of G. By Theo-
rem 3.2 (3), the assertion holds.

(<) Let g € G\ T satisfying one of the above two conditions. Let

B = (g). Consider an element ng € B for some integer n and the height

matrices H(g) and H(ng). By hypothesis, H(g) and H(ng) are equivalent.

By [Theorem 3.2l and Lemma 5.4, G is a strongly ADE decomposable group.

O

and [Theorem 5.5 combined lead to the splitting theorem

of arbitrary abelian groups of torsion-free rank 1 established in by
Stratton.

Corollary 5.6 [14, Theorem| Let G be an abelian group of torsion-free
rank 1. Then the following properties are equivalent:

(1) G is splitting;

(2) there exists g € G\ T such that (g) is p-vertical in G for every prime
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p and if hy(g) 2 w, then hy(g) = oo;

(3) G is a strongly ADE decomposable group satisfying the following con-
dition and let A be a purifiable T-high subgroup of G and for every
prime p, let tpn, be the least integer such that Vp (G, A) =0 forn 2>
ton,- Then, for almost all prime p and every a € A,

hp(a) 2 tpn,.

Proof. (1)=-(2) By hypothesis, we can write G = F'®T for some torsion-
free subgroup F of G. Let g € F. Since F' is torsion-free, the assertion
immediately holds.

(2)= (1) Let B = (g). By [Theorem 3.2(3), it is immediate that B is
purifiable in G. By Lemma 5.4, G is splitting.

(1)=(3) By hypothesis, G = F & T, where F' be a torsion-free sub-
group of G. Clearly, G is a strongly ADE decomposable group of torsion-free
rank 1. Let A be a purifiable T-high subgroup of G and for every prime
D, let tpy, be the least integer such that V), (G, A) = 0 for n = tp,,. Let
a € A and r the least integer such that ra € F'. Suppose that there exists a
prime g such that (r,q) = 1 and hy(a) < tgn,. Then t4,, 2 1 and hence A
is not g-vertical in G. For every prime p, let m, = hﬁ(a). Let H be a pure
hull of A in G. Then H,; # 0 and let

QTA(G) _ (qua Cq2y-- -, anq>
q

tqlvtq2a SRR tqnq

and

{tq1 if ng =1,
eq = _
tat + 2oL (tgs — cj-1)  if ng > 1.

Then there exists a; € A such that hg(aq) = 0, a = g™ ay, hq(q:q_laq) =
tgmn, — 1 and mq < e4. By [Corollary 2.11], there exist z, € AN\
Agnqq(Q) and g, € G such that z, = ¢°~™"la + plamag,. Since (r,q) =1
and F' is g-vertical in G, we have

0 # 1y = ¢ ™ \ra + gimarg € Fg™ ' (g) = FE, () = ¢ Gg).

- tqnq—l

This is a contradiction. Hence (3) holds.
(3)= (1) Let H be a pure hull of A in G. By [Theorem 4.1, there
exists a subgroup T” of T such that G = H & T'. It suffices to prove that
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H is splitting. By hypothesis, there exists a € A such that, for all prime
p, hp(a) 2 tp,,. Let B = (a). We show that, for every prime p, B is p-
vertical in H. If H, = 0, then, by [Proposition 1.13/(2), B is p-vertical in H.
Without loss of generality, we may assume that H, # 0. Let

Qi) = (3o
p

tp]_, tp?, . e ,tpnp

and

{tpl if np =1,
€p = :

By [Corollary 2.11, there exists a, € A such that hy(ap) = 0, a = p™ra,,
and hy(p®*~1ap) = tpn, — 1. Then my, 2 e,.

If ¢pn, < 00, then, by (Corollary 2.11, there exists hp,, € H such that
PP hy,, = pa, and hp(pcpnp“hpnp) = Cpn, + 4 for all @ 2 0. Since
pCrrp tMe—ep hpn, = p"Pap = a, we have hy(p'a) = Cpn, + Mp — €, + ¢ for all
i 2 0. By [Proposition 1.13(3), B is p-vertical in H.

If cpn, = o0, then, by [Corollary 2.11], there exists hpn, € H such that
hy(hpn,) = 0o and pt”"P“hpnp = p®Pa,. Since my 2 ep, hp(a) = co. Hence,
by [Proposition 1.13/(2), B is p-vertical in G for every prime p.

By [13, Theorem 5.2], B is purifiable in H. Let K be a pure hull of B
in H. By Lemma 5.4, H = K ¢ T(H). O

We can rephrase Theorem 5.6 in terms of height matrices as follows.

Corollary 5.7 An abelian group G of torsion-free rank 1 is splitting if
and only if there exists an element g € G\ T such that, for all n 2 1, the
Pn-indicator of g in the height matriz H(g) is one of the following two types:
(1) Hnpo(g) < w and Hy, ;(g) = Hpo(g) + ¢ for all i = 0;
(2) Hno(g) = oo.
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