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Normal extensions and induced characters of
2-groups M_{n}
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Abstract. Let D_{n} , Q_{n} and SD_{n} be the dihedral group, the generalized quaternion
group and the semidihedral group of order 2^{n+1} , respectively. Let C_{n} be the cyclic 2-
group of order 2^{n} . As is well-known these four kinds of 2-groups play an important role
in character theory of 2-groups. Let \phi be a faithful irreducible character of H=D_{n} , Q_{n} ,
SD_{n} or C_{n} . In [3] we determined all the 2-groups G such that H is a normal subgroup
of G and the induced character \phi^{G} is irreducible. There exist other nonabelian 2-gr0ups
M_{n} with a cyclic subgroup of index 2. All the faithful irreducible characters of M_{n} are
algebraically conjugate to each other as in H . The purpose of the paper is to determine
all the 2-groups G with a no rmal subgroup isomorphic to M_{n} such that \phi^{G} is irreducible
for a faithful irreducible characters \phi of the no rmal subgroup.
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1. Introduction

Let D_{n} , Q_{n} and SD_{n} be the dihedral group, the generalized quaternion
group and the semidihedral group of order 2^{n+1} , respectively. Let C_{n} be
the cyclic 2-group of order 2^{n} . We denote the set of complex irreducible
characters of G by Irr(G) and the set of faithful irreducible characters by
Flrr(G). From now on a character means a complex character.

Let H=D_{n} , Q_{n} or SD_{n} and \phi\in FIrr(H) . These 2-groups H are known
to have many remarkable properties among all 2-groups (cf. [4, Theorem]).
We showed the following in [4].

Theorem ([4, Theorem 1]) Let H=Q_{n} or D_{n} or SD_{n} . Let G be a
2 -group which contains H with [G : H]=2^{r}(r\geq 1) . Let \phi be a faithful
irreducible character of H. Suppose that the induced character \chi=\phi^{G}

is irreducible. Then r\leq n-2 , Q(\chi)=Q(\zeta_{2^{n-r}}+\zeta_{2^{n-r}}^{-1}) , where \zeta_{2^{n-r}}

is a primitive 2^{n-r} th root of unity, and [Q(\phi) : Q(\chi)]=[G : H]=2^{r}

Moreover, the values of \phi^{G} depend only on r .

The original idea of Theorem is due to Yamada [6, Theorem 1]. Accord-
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ing to Theorem, we may say that the induced character \phi^{G} of \phi\in FIrr(H) ,
where H=D_{n} , Q_{n} or SD_{n} , has remarkable properties. So in [4] we de-
termined all the 2-groups G such that G\supset H , [G : H]=2^{t}(t=1,2)
and \phi^{G}\in Irr(G) . It follows that a 2-group G is uniquely determined if G
contains a normal subgroup H of index 2 or 4, and \phi^{G} is irreducible.

There exist other nonabelian 2-groups M_{n} with a cyclic subgroup of
index 2. The 2-group M_{n} has faithful irreducible characters \phi , which are
algebraically conjugate to each other like D_{n} , Q_{n} and SD_{n} . In [2] in order
to compare the results of H=D_{n} , Q_{n} or SD_{n} with ones of other 2-gr0ups
we determined all the 2-groups G for H=M_{n} and \phi\in FIrr(H) such that
G\supset H , [G:H]=2 and \phi^{G}\in Irr(G) . The results obtained was in contrast
to ones for H=D_{n} , Q_{n} or SD_{n} .

Furthermore in [3] we determined all the 2-groups G for H=D_{n} , Q_{n} ,
SD_{n} or C_{n} and \phi\in FIrr(H) with G\triangleright H and \phi^{G}\in Irr(G) . It is easily seen
that normal extension 2-groups of H=D_{n} , Q_{n} or SD_{n} (by which we mean
extension 2-groups G with G\triangleright H ) are relative to normal extension 2-gr0ups
of H=C_{n} . For H=D_{n} , Q_{n} or SD_{n} have characteristic subgroup C_{n} and
\phi\in FIrr(H) is induced from \eta\in FIrr(Gn) . Indeed we showed the following
theorem. The 2-groups in the following theorem are defined in the next
section and we use G_{0}(M_{n})^{-} instead of SD_{n} according to [3].

Theorem 1 ([3, Theorems 4 and 7]) Let H=D_{n} , Q_{n} , G_{0}(M_{n})^{-} or C_{n}

with n\geq 3 and \phi\in FIrr(H) . Let G be a 2-group which contains H as a

normal subgroup of index 2^{t}(t\geq 1) . Suppose that the induced character \phi^{G}

is irreducible. Then t\leq n-2 and the following hold:
(4) when H=D_{n} , G\cong G_{t}(D_{n}) ,
(4) when H=Q_{n} , G\cong G_{t}(Q_{n}) ,
(3) when H=G_{0}(M_{n})^{-} . G\cong G_{t}(D_{n}) or G_{t}(Q_{n}) ,
(4) when H=C_{n} , G\cong D_{n} , Q_{n} , G_{t}(D_{n}) , G_{t}(Q_{n}) , G_{t-1}(M_{n})^{+} or

G_{t-1}(M_{n})^{-}

In particular, there exists a unique 2-group G for H=D_{n} or Q_{n}(n\geq 3)

and each t(1\leq t\leq n-2) .

For a given group H=D_{n} or Q_{n} and \phi\in FIrr(H) , Theorem 1 im-
plies that a 2-group G is uniquely determined such that H is normal in G ,
[G:H]=2^{t} and \phi^{G}\in Irr(G) for any t(1\leq t\leq n-2) . This fact is different
from results of G_{0}(M_{n})^{-}(=SD_{n}) and C_{n} , and may characterize D_{n} and
Q_{n} in a sense. For example, let H be a 2-group with faithful irreducible
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characters which are algebraically conjugate to each other and \phi\in FIrr(H) .
Then the following may hold: If there exists a unique 2-group G for any
possible integer t such that G\triangleright H , [G:H]=2^{t} and \phi^{G}\in Irr(G) , then G is
isomorphic D_{n} or Q_{n} .

Now we have

Problem Let H be a 2-group with faithful irreducible characters which
are algebraically conjugate to each other. Let \phi be any faithful irreducible
character of Ht
(I) Characterize a 2-group G such that H is a normal subgroup of G and

the induced character \phi^{G} is irreducible.
(II) Determine all the 2-groups G such that H is a normal subgroup of G

and the induced character \phi^{G} is irreducible.

The purpose of the paper is to determine completely all the 2-gr0ups
G for H=M_{n} and \phi\in FIrr(H) with G\triangleright H and \phi^{G}\in Irr(G) . In fact M_{n}

satisfies the condition about a 2-group H on Problem. The results are very
complicated and different from ones of D_{n} and Q_{n} (and G_{0}(M_{n})^{-}(=SD_{n}) ).
For example in this case G/H is not always cyclic and there exist many such
2-groups G . All the 2-groups G for H=M_{n} are in Theorems 5, 6 and 8.

Remark 1 From Theorem 6 it follows that [2, Theorem 6] for M_{3} is in-
correct. G^{(8-1)} and G^{(8-2)} should be removed from [2, Theorem 6].

Remark 2 Let H be a 2-group with |Z(H)|=2 and \phi\in FIrr(H) . Sup-
pose that \phi(x)=0 for all x\not\in Z(H) . Then from [5, Lemma 2.1] it follows
that \phi is the unique faithful irreducible character of H . It is easy to see
that this 2-group H satisfies the condition on Problem and there exists no
2-group G with a normal subgroup H and \phi^{G}\in Irr(G) . For example, so
are extra special 2-gr0ups.

2. Preliminaries

We define notation of some 2-groups which are dealt with in the paper.
C_{n} is the cyclic 2-group of order 2^{n} : C_{n}=\langle a\rangle .
D_{n} and Q_{n} are the dihedral group and the generalized quaternion group,

respectively, of order 2^{n+1}(n\geq 2) :

D_{n} = \langle a, b|a^{2^{n}}=1, b^{2}=1, bab^{-1}=a^{-1}\rangle ,

Q_{n} = \langle a, b|a^{2^{n}}=1, b^{2}=a^{2^{n-1}} bab^{-1}=a^{-1}\rangle .
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We define 2-groups G_{t}(D_{n})(1\leq t\leq n-2) , G_{t}(Q_{n})(1\leq t\leq n-2) ,
G_{t}(M_{n})^{+}(0\leq t\leq n-3) and G_{t}(M_{n})^{-}(0\leq t\leq n-3) as follows:

G_{t}(D_{n})=\{a , b , x|a^{2^{n}}=1,b^{2}=bab^{-1}=a^{-1}

,
xax^{-1}1,x^{2^{t}}=a^{1+2^{n-t}}=1,

,
xbx^{-1}=b\} ,

G_{t}(Q_{n})=\{a , b , x|a^{2^{n}}=1,b^{2}=bab^{-1}=a^{-1}

.
xax^{-1}=a^{1+2^{n-t}}a^{2^{n-1}},x^{2^{t}}=1,

,
xbx^{-1}=b\} ,

G_{t}(M_{n})^{+}=\langle a, b|a^{2^{n}}=1, b^{2^{t+1}}=1, bab^{-1}=a^{1+2^{n-t-1}}\rangle ,

G_{t}(M_{n})^{-}=\langle a, b|a^{2^{n}}=1, b^{2^{t+1}}=1, bab^{-1}=a^{-1+2^{n-t-1}}\rangle .

We note that G_{0}(M_{n})^{-} is the semidihedral 2-group SD_{n} and G_{0}(M_{n})^{+}

is M_{n} . Namely if a nonabelian 2-group G of order 2^{n+1} has a cyclic subgroup
of index 2, then G is isomorphic to D_{n} , Q_{n} , G_{0}(M_{n})^{-} or G_{0}(M_{n})^{+} After
Theorem 8 we show that 2-groups discussed in the paper are not isomorphic
to each other.

Here we recall FIrr(Mn). The 2-group M_{n} has 2^{n-2} faithful irreducible
characters \phi_{\iota}, ( 1\leq\iota\nearrow\leq 2^{n-1} and 2 (\nu) :

\phi_{\iota/}(a^{2i})=2\zeta^{2\nu i} (1 \leq i\leq 2^{n}) , \phi_{\nu}(x)=0 (x\not\in\langle a^{2}\rangle) ,

where \zeta is a primitive 2^{n}th root of unity. Each faithful irreducible character
\phi_{\nu} is induced from the faithful linear character \eta_{\nu} of the cyclic subgroup
\langle a\rangle : \eta_{\nu}(a^{i})=\zeta^{\iota/i}(1\leq i\leq 2^{n}) . Thus it follows that the faithful irreducible
characters \phi_{\nu} are algebraically conjugate to each other.

We have the following criterion for irreducibility of induced characters.

Lemma 2 Let G be a 2-group containing a normal subgroup M_{n} and \phi\in

FIrr(Mn). Then the following statements are equivalent.
(1) \phi^{G} is irreducible.
(2) \phi^{g}(a^{2})\neq\phi(a^{2}) for all g\not\in M_{n} .
(3) C_{G}(a^{2})\subset M_{n} .

Proof. We have already seen that \phi(x)=0 for any x\not\in\langle a^{2}\rangle . Because the
subgroup \langle a^{2}\rangle is the center of M_{n} , it follows that G\triangleright\langle a^{2}\rangle . The lemma is
easily shown from Clifford’s Theorem (cf. [1, p.329]). \square

Now we have the following useful lemma.
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Lemma 3 Let G be a 2-group such that G\triangleright M_{n} and \phi\in FIrr(Mn) .
Suppose that \phi^{G} is irreducible. Then there exists an embedding

\alpha : G/M_{n}arrow Aut\langle a^{2}\rangle .

In particular, G/M_{n} is abelian. If n=3, then G/M_{n} is cyclic.

Proof. bom Lemma 2 it follows that C_{G}(\langle a^{2}\rangle)=M_{n} . Because M_{n} is a
normal subgroup of G and \langle a^{2}\rangle is the center of M_{n} , we have the embedding.

\square

We also recall the automorphism groups of \langle a^{2}\rangle and M_{n} . The cyclic
group of order n is denoted by Z_{n} :

Aut\langle a^{2}\rangle=\langle\theta\rangle\cross\langle\psi\rangle\cong Z_{2}\cross Z_{2^{n-3}} ,

where \theta(a^{2i})=a^{-2i} and \psi(a^{2i})=a^{2\cross 5i}(1\leq i\leq 2^{n-1}) .

Aut M_{n}=\{f_{i,j,k}|1\leq i\leq 2^{n} , 2 \{ i, j\in\{0,1\}, k\in\{0,1\}\}

where f_{i,j,k}(a)=a^{i}b^{j} , f_{i,j,k}(b)=a^{2^{n-1}k}b .
In order to determine groups we use the following (cf. [7, III, \S 7]):

Proposition 4 Let H be a finite group. Let G be a finite group such that
H is a normal subgroup of G and G/H=\langle xH\rangle is a cyclic group of order
t\geq 2:x^{t}=r\in H . Let \theta be a map defined as \theta(h)=xhx^{-1} for any h\in H .
Then the following statements hold:
(1) \theta\in AutH ,
(2) \theta^{t}(h)=rhr^{-1} for any h\in H ,
(3) \theta(r)=r .
Conversely, if \theta\in AutH and r\in H satisfy (2) and (3), then there exists a

unique extension group G of H such that G/H=\langle vH\rangle is a cyclic group
of order t , \theta(h)=vhv^{-1} for any h\in H and v^{t}=r .

3. Determination of cyclic extensions of M_{n}

It is easy to show the following from Theorem 1:

Theorem 5 Let G be a 2-group which contains M_{n}=\langle a, b\rangle(n\geq 3) as a
normal subgroup of index 2^{t}(t\geq 1) and \phi\in FIrr(Mn) . Suppose that G\triangleright\langle a\rangle

and the induced character \phi^{G} is irreducible. Then G\cong G_{t}(D_{n})(t\leq n-2) ,
G_{t}(Q_{n})(t\leq n-2) , G_{t}(M_{n})^{+}(t\leq n-3) or G_{t}(M_{n})^{-}(t\leq n-3) .
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So in the rest of the paper we assume that \langle a\rangle\# G .
In this section we consider the case that G/M_{n} is cyclic. Lemma 3

implies that all extensions of M_{3} are discussed here. We set G=\langle a, b, x\rangle

and x^{2^{t}}\in M_{n}=\langle a, b\rangle(t\geq 1) . Considering Aut M_{n} , we have xbx^{-1}=b or
a^{2^{n-1}}b . When xbx^{-1}=a^{2^{n-1}}b , because G=\langle a, b, ax\rangle and (ax)b(ax)^{-1}=
aa^{2^{n-1}}ba^{-1}=a^{1+2^{n-1}}a^{-(1+2^{n-1})}b=b , we may assume that xbx^{-1}=b in
G=\langle a, b, x\rangle .

We separate the proof into two cases depending on the action of x on
a^{2} . We note if n=3, then we have only Case I.

Case I : xa^{2}x^{-1}=a^{-2} . Since x^{2}a^{2}x^{-2}=a^{2} and \phi^{G}\in Irr(G) , we have
x^{2}\in M_{n} and t=1 . This case is treated in [2]. We demonstrate the proof
again for the completeness.

We set xax^{-1}=a^{i}b . Then xa^{2}x^{-1}=(a^{i}b)^{2}=a^{2i(1+2^{n-2})}=a^{-2} and
i\equiv-1+2^{n-2} (mod 2^{n-1} ). So we have xax^{-1}=a^{-1+2^{n-2}}b or a^{-1+3\cdot 2^{n-2}}b .
If xax^{-1}=a^{-1+3\cdot 2^{n-2}}b , we have (bx)a(bx)^{-1}=a^{(-1+3\cdot 2^{n-2})(1+2^{n-1})}b=

a^{-1+2^{n-2}}b by n\geq 3 . Since G=\langle a, b, bx\rangle , we may assume that xax^{-1}=
a^{-1+2^{n-2}}b in G=\langle a, b, x\rangle . Now because (a^{-1+2^{n-2}}b)^{2}=a^{-2} we have

x^{2}ax^{-2}=xa^{-1+2^{n-2}}bx^{-1}=(a^{-1+2^{n-2}}b)^{-1+2^{n-2}}b

=b^{-1}a^{1-2^{n-2}}a^{-2^{n-2}}b=a

and so x^{2}=a^{k} for some integer k . From x^{2}bx^{-2}=a^{k}ba^{-k}=b we have 2|k .
Let x^{2}=a^{2k} for some integer k . Then a^{2k}=xa^{2k}x^{-1}=(xa^{2}x^{-1})^{k}=a^{-2k}

and 2k\equiv 0 (mod 2^{n-1} ). Hence we have x^{2}=1 or x^{2}=a^{2^{n-1}} Consequently
G=\langle a, b, x\rangle(\triangleright M_{n}) in this case has one of the following relations:

xax^{-1}=a^{-1+2^{n-2}}b , xbx^{-1}=b , x^{2}=1 ,
xax^{-1}=a^{-1+2^{n-2}}b , xbx^{-1}=b , x^{2}=a^{2^{n-1}}

Case II : xa^{2}x^{-1}=a^{2(\pm 1+2^{n-t-1})} . In this case we have n\geq 4 and 1\leq

t\leq n-3 . We set xax^{-1}=a^{i}b . Then xa^{2}x^{-1}=(a^{i}b)^{2}=a^{2i(1+2^{n-2})}=

a^{2(\pm 1+2^{n-t-1})} and i\equiv(1+2^{n-2})(\pm 1+2^{n-t-1}) (mod 2^{n-1} ). So we have
xax^{-1}=a^{(1+2^{n-2})(\pm 1+2^{n-t-1})}b or a^{(1+2^{n-2})(\pm 1+2^{n-t-1})+2^{n-1}}b .

If xax^{-1}=a^{(1+2^{n-2})(\pm 1+2^{n-t-1})+2^{n-1}}b , we have

(bx)a(bx)^{-1}=ba^{(1+2^{n-2})(\pm 1+2^{n-t-1})+2^{n-1}}bb^{-1}

=a^{(1+2^{n-2}+2^{n-1})(\pm 1+2^{n-t-1})+2^{n-1}}b
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=a^{(1+2^{n-2})(\pm 1+2^{n-t-1})}b .

Since G=\langle a, b, bx\rangle , we may assume that xax^{-1}=a^{(1+2^{n-2})(\pm 1+2^{n-t-1})}b

in G=\langle a, b, x\rangle .

When xax^{-1}=a^{(1+2^{n-2})(1+2^{n-t-1})}b , we have

x^{2}ax^{-2}=(a^{(1+2^{n-2})(1+2^{n-t-1})}b)^{(1+2^{n-2})(1+2^{n-t-1})}b

=a^{(1+2^{n-t-1})\{(1+2^{n-2})(1+2^{n-t-1})-1\}}a^{(1+2^{n-2})(1+2^{n-t-1})}bb

=a^{(1+2^{n-t-1})(1+2^{n-t-1}+2^{n-1})}

=a^{(1+2^{n-t-1})^{2}+2^{n-1}}

because (a^{(1+2^{n-2})(1+2^{n-t-1})}b)^{2}=a^{2(1+2^{n-t-1})} .
If t=1 , we have x^{2}ax^{-2}=xax^{-1}=a . So x^{2}=a^{k} for some integer k

and x^{2}bx^{-2}=(a^{k})b(a^{k})^{-1}=a^{2^{n-1}k}b=b . Hence we have 2|k . Let x^{2}=a^{2k}

for some integer k . Since a^{2k}=xa^{2k}x^{-1}=a^{2k(1+2^{n-2})} and 2|k . So we get
x^{2}=a^{4k} . If x^{2}=a^{4k} , then we have

(a^{2k(-1+2^{n-3})}x)a(a^{2k(-1+2^{n-3})}x)^{-1}=ab ,
(a^{2k(-1+2^{n-3})}x)b(a^{2k(-1+2^{n-3})}x)^{-1}=b

(a^{2k(-1+2^{n-3})}x)^{2}=a^{4k(-1+2^{n-3})(1+2^{n-3})+4k}=1 .

Since G=\langle a, b, a^{2k(-1+2^{n-3})}x\rangle , we get x^{2}=1 in G=\langle a, b, x\rangle . Conse-
quently G=\langle a, b, x\rangle(\triangleright M_{n}) has the following relations:

xax^{-1}=a^{1+2^{n-1}}b , xbx^{-1}=b , x^{2}=1 .

Remark 3 We may set xax^{-1}=ab in G =\langle a, b, x\rangle as in [2, Theorem 5].

If t\geq 2 , we have

\{(1+2^{n-t-1})^{2}+2^{n-1}\}^{2^{t-1}}\equiv(1+2^{n-t-1})^{2^{t}}\equiv 1+2^{n-1} (mod 2^{n} ).

Hence x^{2^{t}}ax^{-2^{t}}=a^{1+2^{n-1}} So x^{2^{t}}=a^{k}b for some integer k and x^{2^{t}}bx^{-2^{t}}=

a^{k}ba^{-k}=a^{k}a^{-k(1+2^{n-1})}b=a^{2^{n-1}k}b=b . Hence we have 2|k . Let x^{2^{t}}=

a^{2k}b for some integer k . Since a^{2k}b=xa^{2k}bx^{-1}=a^{2(1+2^{n-t-1})k}b , we have
k\equiv(1+2^{n-t-1})k (mod 2^{n-1} ) and 2^{t}|k . So we get x^{2^{t}}=a^{2^{t+1}k}b .

Set r=1+2^{n-t-1} . There exists a solution \mathfrak{l}J satisfying

2l/ \frac{r^{2^{t}}-1}{r-1}+2^{t+1}k\equiv 0 (mod 2^{n} ),
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because 2^{t}|| \frac{r^{2^{t}}-1}{r-1} So we have

(a^{2\nu}x)a(a^{2\nu}x)^{-1}=a^{(1+2^{n-2})(1+2^{n-t-1})}b ,
(a^{2\nu}x)b(a^{2\nu}x)^{-1}=b

(a^{2\nu}x)^{2^{t}}=a^{2\nu\frac{r^{2^{t}}-1}{r-1}+2^{t+1}k}b=b .

Since G=\langle a, b, a^{2\nu}x\rangle , we have x^{2^{t}}=1 in G=\langle a, b, x\rangle . Consequently
G=\langle a, b, x\rangle(\triangleright M_{n}) has the following relations:

xax^{-1}=a^{(1+2^{n-2})(1+2^{n-t-1})}b , xbx^{-1}=b , x^{2^{t}}=b .

When xax^{-1}=a^{(1+2^{n-2})(-1+2^{n-t-1})}b , we have

x^{2}ax^{-2}=(a^{(1+2^{n-2})(-1+2^{n-t-1})}b)^{(1+2^{n-2})(-1+2^{n-t-1})}b

=a^{(-1+2^{n-t-1})\{(1+2^{n-2})(-1+2^{n-t-1})-1\}}a^{(1+2^{n-2})(-1+2^{n-t-1})}bb

=a^{(1+2^{n-t-1})(1+2^{n-t-1})}

=a^{(1+2^{n-t-1})^{2}}

because (a^{(1+2^{n-2})(1+2^{n-t-1})}b)^{2}=a^{2(1+2^{n-t-1})} . We have

x^{2^{t}}ax^{-2^{t}}=a^{(-1+2^{n-t-1})^{2^{t}}}=a^{1+2^{n-1}}

by t\geq 1 . So x^{2^{t}}=a^{k}b for some integer k and

x^{2^{t}}bx^{-2^{t}}=a^{k}ba^{-k}=a^{k}a^{-k(1+2^{n-1})}b=a^{2^{n-1}k}b=b .

Hence we have 2|k . Let x^{2^{t}}=a^{2k}b for some integer k . Since a^{2k}b=

xa^{2k}bx^{-1}=a^{2(-1+2^{n-t-1})k}b , we have k\equiv k(-1+2^{n-t-1}) (mod 2^{n-1} ) and
2^{n-2}|k . So we get x^{2^{t}}=a^{2^{n-1}k}b .

Set r=-1+2^{n-t-1} . If x^{2^{t}}=a^{2^{n-1}}b , then we have

(a^{2}x)a(a^{2}x)^{-1}=a^{(1+2^{n-2})(-1+2^{n-t-1})}b ,
(a^{2}x)b(a^{2}x)^{-1}=b ,

(a^{2}x)^{2^{t}}=a^{2\frac{r^{2^{t}}-1}{r-1}+2^{n-1}}b=b

because 2^{n-2}|| \frac{r^{2^{t}}-1}{r-1} . Since G= \langle a, b, a^{2}x\rangle , we get x^{2^{t}}=b in G=
\langle a, b, x\rangle . Consequently G=\langle a, b, x\rangle(\triangleright M_{n}) has the following relations:

xax^{-1}=a^{(1+2^{n-2})(-1+2^{n-t-1})}b , xbx^{-1}=b , x^{2^{t}}=b .
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Summarizing, we have

Theorem 6 Let M_{n}=\langle a, b|a^{2^{n}}=1, b^{2}=1, bab^{-1}=a^{1+2^{n-1}}\rangle(n\geq 3)

and \phi\in FIrr(Mn) . Let G be a 2-group containing a normal subgroup M_{n} of
index 2^{t}(t\geq 1) . Suppose that G/M_{n} is cyclic, G\mu \langle a\rangle and \phi^{G}\in Irr(G) .
Then G is isomorphic to one of the following:

(1) G_{1}^{D}=\langle M_{n}, x|xax^{-1}=a^{-1+2^{n-2}}b, xbx^{-1}=b, x^{2}=1\rangle ,

(2) G_{1}^{Q}=\langle M_{n}, x|xax^{-1}=a^{-1+2^{n-2}}b, xbx^{-1}=b, x^{2}=a^{2^{n-1}}\rangle ,

(3) G_{1}^{+}=\langle M_{n}, x|xax^{-1}=a^{1+2^{n-1}}b, xbx^{-1}=b, x^{2}=1\rangle(n\geq 4) ,

(4) G_{t}^{+}=\langle M_{n}, x|xax^{-1}=a^{(1+2^{n-2})(1+2^{n-t-1})}b, xbx^{-1}=b, x^{2^{t}}=b\rangle

(2\leq t\leq n-3) ,

(5) G_{t}^{-}=\langle M_{n}, x|xax^{-1}=a^{(1+2^{n-2})(-1+2^{n-t-1})}b, xbx^{-1}=b, x^{2^{t}}=b\rangle

(1\leq t\leq n-3) .

4. Determination of noncyclic extensions of M_{n} (n \geq 4 )

We consider noncyclic extensions of M_{n} of index 2^{t+1}(t\geq 1) . In this
case it follows from Lemma 3 that

G/M_{n}\cong\langle\theta\rangle\cross\langle\psi^{2^{n-t-3}}\rangle\cong\langle-1\rangle\cross\langle 1+2^{n-t-1}\rangle ,

where n\geq 4 and 1 \leq t\leq n-3 . So we may set G=\langle M_{n}, x, y\rangle=

\langle a, b, x, y\rangle with

xa^{2}x^{-1}=a^{2(1+2^{n-t-1})} , ya^{2}y^{-1}=a^{-2} and yxy^{-1}\in M_{n}x .

Furthermore we suppose that G\mu \langle a\rangle . Then we have the useful lemma,
which is due to K. Sekiguchi.

Lemma 7 Let M_{n}=\langle a, b|a^{2^{n}}=1, b^{2}=1, bab^{-1}=a^{1+2^{n-1}}\rangle(n\geq 4)

and \phi\in FIrr(Mn) . Let G be a 2-group containing a normal subgroup M_{n}

of index 2^{t}(t\geq 1) . Suppose that G\mu \langle a\rangle and \phi^{G}\in Irr(G) . Then the
normalizer N_{G}(\langle a\rangle) of \langle a\rangle is a subgroup of G of index 2.

Proof. Let x , y\in G\backslash N_{G}(\langle a\rangle) . Let xax^{-1}=a^{i}b(2 \{ i) and yay^{-1}=a^{j}b

(2 ( j) . Then because xbx^{-1}=a^{2^{n-1}k}b (k=0 or 1) and j is odd,

(xy)a(xy)^{-1}=xa^{j}bx^{-1}=(a^{i}b)^{j}a^{2^{n-1}k}b\in\langle a\rangle .

So we have xy\in N_{G}(\langle a\rangle) . This lemma is completely proved. \square
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First we consider H=\langle M_{n}, x\rangle=\langle a, b, x\rangle . This group H satisfies
that H\triangleright M_{n} , \phi^{H}\in Irr(H) and H/M_{n} is cyclic of order 2^{t}(t\geq 1) . From
Theorem 5 and Theorem 6 it follows that H\cong G_{t}(M_{n})^{+} , G_{1}^{+} or G_{t}^{+} , because
xa^{2}x^{-1}=a^{2(1+2^{n-t-1})} .

Case I : H=G_{t}(M_{n})^{+}=\langle M_{n} , x|xax^{-1}=a^{1+2^{n-t-1}} , xbx^{-1}=b , x^{2^{t}}=

b\rangle(1\leq t\leq n-3) .

a^{-2}=ya^{2}y^{-1}=(a^{i}b)^{2}=a^{2i(1+2^{n-})}ByLemma7wehaveN_{G}(\langle a\rfloor)\geq yandwehavei\equiv-(1+2^{n-2})(mod 2^{n-1})yay^{-1}=a^{i}b(2(i).Because

.
So yay^{-1}=a^{-1\pm 2^{n-2}}b . If yay^{-1}=a^{-1-2^{n-2}}b , then (by)a (by)^{-1}=
a^{(-1-2^{n-2})(1+2^{n-1})}b=a^{-1+2^{n-2}}b . Hence we may assume that yay^{-1}=
a^{-1+2^{n-2}}b in G= \langle a, b, x, y\rangle . We have already yby^{-1}=a^{2^{n-1}}b or b .
If yby^{-1}=a^{2^{n-1}}b , then

(aby)b(aby)^{-1}=aa^{2^{n-1}}ba^{-1}=b ,
(aby)a(aby)^{-1}=aba^{-1+2^{n-2}}a^{-1}=a^{-1+2^{n-2}}b

and G= \langle M_{n}, x, aby\rangle . So we may assume that yby-1=b. Because
y^{2}\in M_{n} and y^{2}ay^{-2}=(a^{-1+2^{n-2}}b)^{-1+2^{n-2}}b=a^{-2^{n-2}}b^{-1}a^{1-2^{n-2}}b=

a^{-2^{n-1}+(1+2^{n-1})}=a , we have y^{2}\in \langle a\rangle . We set y^{2}=a^{k} . Because
a^{k}=ya^{k}y^{-1}=(a^{-1+2^{n-2}}b)^{k} , we have 2|k and a^{k}=a^{-k} . So k\equiv 0

(mod 2^{n-1} ). We have y^{2}=1 or a^{2^{n-1}}

Next we determine the action of y on x . From yxy^{-1}\in M_{n}x we have two
cases, i.e., yxy^{-1}=a^{i}x or a^{i}bx . If yxy^{-1}=a^{i}bx , then because xbx^{-1}=b

we have (a^{i}bx)b(a^{i}bx)^{-1}=a^{i}ba^{-i}=a^{2^{n-1}i}b=b and 2|i . Then because
xax^{-1}=a^{1+2^{n-t}} ,

(a^{i}bx)a^{-1+2^{n-2}}b(a^{i}bx)^{-1}=a^{i}a^{(-1+2^{n-2})(1+2^{n-t})(1+2^{n-1})}a^{-i(1+2^{n-1})}b

=a^{-1-2^{n-2}-2^{n-t}}b

\neq(a^{-1+2^{n-2}}b)^{1+2^{n-t}}=a^{-1+2^{n-2}-2^{n-t}}b .

Consequently we have yxy^{-1}=a^{i}x . Because y^{2}\in Z(G) , which is the center
of G, we have x=y^{2}xy^{-2}=(a^{-1+2^{n-2}}b)^{i}a^{i}x and 2|i . Hence b=yby^{-1}=

yx^{2^{t}}y^{-1}=(a^{i}x)^{2^{t}}=a^{i\frac{r^{2^{t}}-1}{r-1}}x^{2^{t}}=a^{i\frac{r^{2^{t}}-1}{r-1}}b , where r=1+2^{n-t-1} . Because
2^{t}|| \frac{r^{2^{t}}-1}{r-1} , we have 2^{n-t}|i . Then (a^{i}x)^{2^{t}}=a^{i\frac{r^{2^{t}}-1}{r-1}}x^{2^{t}}=b . Now from
2^{n-t}|i there exists a solution \lambda satisfying

i-2^{n-t-1}\lambda\equiv 0 (mod 2^{n} ) and 2 |\lambda .
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Then we have

(a^{\lambda}y)x(a^{\lambda}y)^{-1}=a^{\lambda}a^{i}xa^{-\lambda}=a^{\lambda+i-\lambda(1+2^{n-t-1})}x=x ,
(a^{\lambda}y)a(a^{\lambda}y)^{-1}=a^{\lambda}a^{-1+2^{n-2}}ba^{-\lambda}=a^{-1+2^{n-2}}b ,

(a^{\lambda}y)^{2}=y^{2} , (a^{\lambda}y)b(a^{\lambda}y)^{-1}=b and G=\langle M_{n}, x, a^{\lambda}y\rangle . So in this case we
have the following relation in G=\langle M_{n}, x, y\rangle :

yay^{-1}=a^{-1+2^{n-2}}b , yby-1=b, yxy^{-1}=x , y^{2}=1 or a^{2^{n-1}}

Case II : H=G_{1}^{+}=\langle M_{n}, x|xax^{-1}=a^{1+2^{n-1}}b, xbx^{-1}=b, x^{2}=1\rangle

(n\geq 4) .

By Lemma 7 we have N_{G}(\langle a\rangle)\ni y and yay^{-1}=a^{i}(2 ( i) . Be-
ca se a^{-2}=ya^{2}y^{-1}=a^{2i} we have i\equiv-1 (mod 2^{n-1} ). So yay^{-1}=a^{-1}

or a^{-1+2^{n-1}} If yay^{-1}=a^{-1+2^{n-1}} , then (by)a (by)^{-1}=a^{-1} . Hence we
may assume that yay^{-1}=a^{-1} in G= \langle a, b, x, y\rangle . We have already
yby-1=a^{2^{n-1}}b or b . If yby-1=a^{2^{n-1}}b , then (ay)b(ay)^{-1}=aa^{2^{n-1}}ba^{-1}=b ,
(ay)a(ay)^{-1}=a^{-1} and G=\langle M_{n}, x, ay\rangle . So we may assume that yby-1=
b . Because y^{2}\in M_{n} and y^{2}ay^{-2}=a , we have y^{2}\in\langle a\rangle . We set y^{2}=a^{k} .
Because a^{k}=ya^{k}y^{-1}=a^{-k} , we have 2^{n-1}|k . We have y^{2}=1 or a^{2^{n-1}}

Next we determine the action of y on x . From yxy^{-1}\in M_{n}x we have
yxy^{-1}=a^{i}x or a^{i}bx . If yxy^{-1}=a^{i}x , then because xbx^{-1}=b we have
(a^{i}x)b(a^{i}x)^{-1}=a^{i}ba^{-i}=a^{2^{n-1}i}b=b and 2|i . Then because xax^{-1}=
a^{1+2^{n-1}}b , (a^{i}x)a^{-1}(a^{i}x)^{-1}=a^{i}(a^{1+2^{n-1}}b)^{-1}a^{-i}=ba^{-1+2^{n-1}}=a^{-1}b\neq

a^{-1+2^{n-1}}b . Consequently we have yxy^{-1}=a^{i}bx . Because xbx^{-1}=b ,
we have (a^{i}bx)b(a^{i}bx)^{-1}=a^{i}ba^{-i}=a^{2^{n-1}i}b=b and 2|i . Then (a^{i}bx)^{2}=

a^{i}ba^{i(1+2^{n-2})}b=a^{2i(1+2^{n-3})}=1 . Consequently we have 2^{n-1}|i . Namely
yxy^{-1}=bx or a^{2^{n-1}}bx . When yxy^{-1}=a^{2^{n-1}}bx ,

(a^{2}y)x(a^{2}y)^{-1}=a^{2}a^{2^{n-1}}bxa^{-2}=a^{2+2^{n-1}}ba^{-2(1+2^{n-2})}x=bx ,

(a^{2}y)a(a^{2}y)^{-1} = a^{-1} , (a^{2}y)b(a^{2}y)^{-1} = b , (a^{2}y)^{2} = y^{2} and G =
\langle M_{n}, x, a^{2}y\rangle . So in this case we have the following relation in G=
\langle M_{n}, x, y\rangle :

yay^{-1}=a^{-1} , yby-1=b, yxy^{-1}=bx , y^{2}=1 or a^{2^{n-1}}

Case III: H=G_{t}^{+}=\langle M_{n} , x|xax^{-1}=a^{(1+2^{n-2})(1+2^{n-t-1})}b , xbx^{-1}=

b , x^{2^{t}}=b\rangle(2\leq t\leq n-3) .
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As well as Case II it follows that we may assume that in G=
\langle M_{n}, x, y\rangle

yay^{-1}=a^{-1} , yby-1=b and y^{2}=1 or a^{2^{n-1}}

We determine the action of y on x . From yxy^{-1}\in M_{n}x we have yxy^{-1}=a^{i}x

or a^{i}bx . If yxy^{-1}=a^{i}x , then because xbx^{-1}=b we have (a^{i}x)b(a^{i}x)^{-1}=

a^{i}ba^{-i}=a^{2^{n-1}i}b=b and 2|i . So because xax^{-1}=a^{(1+2^{n-2})(1+2^{n-t-1})}b ,

(a^{i}x)a^{-1}(a^{i}x)^{-- 1}=a^{i}(a^{(1+2^{n-2})(1+2^{n-t-1})}b)^{-1}a^{-i}

=(a^{(1+2^{n-2})(1+2^{n-t-1})}b)^{-1}

=a^{-(1-2^{n-2})(1+2^{n-t-1})}b\neq a^{-(1+2^{n-2})(1+2^{n-t-1})}b .

Consequently yxy^{-1}=a^{i}bx . Because xbx^{-1}=b , we have (a^{i}bx)b(a^{i}bx)^{-1}=

a^{i}ba^{-i}=a^{2^{n-1}i}b=b and 2|i . Then it follows that

(a^{i}bx)^{2^{t}}=(a^{2\iota(1+2^{n-t-2})}x^{2})^{2^{t-1}}=a^{2i(1+2^{n-t-2})^{\frac{r^{2^{t}}-1}{r^{2}-1}}}b=b

.

From 2^{t-1}|| \frac{r^{2^{t}}-1}{r^{2}-1} we have 2^{n-t}|i . Then there exists a solution \lambda such that

i-2^{n-t-1}\lambda\equiv 0 (mod 2^{n} ) and 2 |\lambda .

Then we have

(a^{\lambda}y)x(a^{\lambda}y)^{-1}=a^{\lambda}a^{i}bxa^{-\lambda}=a^{\lambda+i}a^{-\lambda(1+2^{n-t-1})}bx

=a^{i-2^{n-t-1}\lambda}bx=bx .

(a^{\lambda}y)a(a^{\lambda}y)^{-1} = a^{-1} , (a^{\lambda}y)b(a^{\lambda}y)^{-1} = b , (a^{\lambda}y)^{2} = y^{2} and G=
\langle a, b, x, a^{\lambda}y\rangle . So in this case we have the following relation in G=
\langle M_{n}, x, y\rangle :

yay^{-1}=a^{-1} , yby-1=b, yxy^{-1}=bx , y^{2}=1 or a^{2^{n-1}}

Summarizing, we have

Theorem 8 Let M_{n}=\langle a, b|a^{2^{n}}=1, b^{2}=1, bab^{-1}=a^{1+2^{n-1}}\rangle(n\geq 3)

and \phi\in FIrr(Mn) . Let G be a 2-group with a normal subgroup M_{n} of index
2^{t}(t\geq 1) . Suppose that G/M_{n} is noncyclic, G\mu \langle a\rangle and \phi^{G}\in Irr(G) .
Then G is isomorphic to one of the following:

(1) G_{t}(M_{n})^{+D}=\langle M_{n} , x , y|xax^{-1}=a^{1+2^{n-t-1}} , xbx^{-1}=b , x^{2^{t}}=b ,
yay^{-1}=a^{-1+2^{n-2}}b , yby^{-1}=b , yxy^{-1}=x , y^{2}=1\rangle(1\leq t\leq n-3) ,
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(2) G_{t}(M_{n})^{+Q}=\langle M_{n} , x , y|xax^{-1}=a^{1+2^{n-t-1}} , xbx^{-1}=b , x^{2^{t}}=b ,
yay^{-1}=a^{-1+2^{n-2}}b , yby^{-1}=b , yxy^{-1}=x , y^{2}=a^{2^{n-1}}\rangle(1\leq t\leq

n-3) ,

(3) G_{1}^{+D}=\langle M_{n} , x , y|xax^{-1}=a^{1+2^{n-1}}b , xbx^{-1}=b , x^{2}=1 , yay^{-1}=
a^{-1} , yby^{-1}=b , yxy^{-1}=bx , y^{2}=1\rangle(n\geq 4) ,

(4) G_{1}^{+Q}=\langle M_{n} , x , y|xax^{-1}=a^{1+2^{n-1}}b , xbx^{-1}=b , x^{2}=1 , yay^{-1}=
a^{-1} , yby^{-1}=b , yxy^{-1}=bx , y^{2}=a^{2^{n-1}}\rangle(n\geq\backslash 4) ,

(5) G_{t}^{\tau^{I}D}=\langle M_{n} , x , y|xax^{-1}=a^{(1+2^{n-2})(1+2^{n-t-1})}b , xbx^{-1}=b , x^{2^{t}}=b ,
yay^{-1}=a^{-1} , yby^{-1}=b , yxy^{-1}=bx , y^{2}=1\rangle(2\leq t\leq n-3) ,

(6) G_{t}^{+Q}=\langle M_{n} , x , y|xax^{-1}=a^{(1+2^{n-2})(1+2^{n-t-1})}b , xbx^{-1}=b , x^{2^{t}}=b ,
yay^{-1}=a^{-1} , yby^{-1}=b , yxy^{-1}=bx , y^{2}=a^{2^{7\iota-1}}\rangle(2\leq t\leq n-3) .

G
–

o_{rder}^{---} Involutions Z(G) G’ G/G’

G_{t}(D_{n})---
1\leq t\leq n-2--

2^{n+t+1} 3\cross 2^{n-1} 2 2^{t} 2^{n-t} \cross 2^{t} \cross 2

G_{t}(Q_{n}) 1\leq t\leq n-2 –2^{n+t+1} 2^{n-1} 2 –2^{t} 2^{n-t} \cross 2^{t} \cross 2

G_{t}(M_{n})^{+}- 1\leq t\leq n -3 2^{n+t+1}- –0 2^{n-t-1} 2^{t+1} 2^{n-t-1}\cross 2^{t+1}

G_{t}(M_{n})^{-} 1\leq t\underline{\leq n-}3 2^{n+t+1}- 0 -\underline{2}
2^{n-1} 2^{t+1}\cross 2

G_{1}^{D}

n=3 2^{3+1+1} 2^{3} 2 2\cross 2 4\cross 2

–n\geq 4 2^{n+1+1} 2^{n} 2 2^{n-1} 4\cross 2

G_{1}^{Q}

n=3 2^{3+1+1} 0 2 2 \cross 2
\underline{4\cross 2}

n\geq 4 2^{n+1+1} 0 2 2^{n-1} \overline{--4\cross 2}

G_{1}^{+} n\geq 4
-

2^{n+1+1} 4 2^{n-1} 2\cross 2
2^{n-1}\cross 2-

G_{t}^{+} 2\leq t\leq n-3 2^{n+t+1}- -^{\underline{0}}--
2^{n-t} 2^{t+1} 2^{n-t}\cross 2^{t}

G_{1}^{-}

-

-n\geq 4
2^{n+1+1} 2^{n-1} 2 2^{n-1} 4\cross 2

G_{t}^{-}

—

2\leq t\leq n -3 \underline{2^{n+t+1}} 0 2 2^{n-1} 4\cross 2^{t}

G_{t}(M_{n}\overline{)}^{+D} 1\leq t\leq n-3 2^{n+t+1+1} 3\cross 2^{n-1} —2 2^{n-1} 4\cross 2^{t} \cross 2

G_{t}(M_{n})^{+Q} 1\leq t\leq n -3 2^{n+t+1+1} 2^{n-1}- 2 2^{n-1} 4\cross 2^{t} \cross 2

G_{1}^{+}D n\geq 4 2^{n+1+1+1} 4+2^{n+1}
\underline{2}

2^{n-1}\cross 2 2\cross 2\cross 2

G_{1}^{+}Q n\geq 4 2^{n+1+1+1}- -4 \underline{+2}^{n} 2 2^{n-1}\cross 2 2\cross 2\cross 2

G_{t}^{+D}
2\leq t\underline{\leq} n-3– –2^{n+t+1+1} 3\cross 2^{n-1} 2 2^{n-1}\cross 2 2\cross 2^{t}

\cross 2-

G_{t}^{+Q}--- 2\leq t\leq n -3 2^{n+t+1+1} 2^{n-1}
\underline{2}- -2^{n-1}\cross 2 2 \cross 2^{t} \cross 2
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We note that 2-groups G in Theorems 5, 6 and 8 are groups by PropO-
sition 4. In order to show these 2-groups G that contains M_{n} of order 2^{n}

are not isomorphic to each other, we have the above table and a fact. In
the table Order is the order of G and Involutions is the number of involu-
tions outside M_{n} . Furthermore in center Z(G) , commutator subgroups G’
and G/G’ we have the form as the direct product of cyclic 2-groups. For
example, 2^{n-t}\cross 2^{t} means the direct product of two cyclic 2-groups of order
2^{n-t} and 2^{t} .

Finally we need to show that G_{1}(M_{n})^{-}\not\cong G_{1}^{Q} for n\geq 4 . This is shown
from a fact that G_{1}(M_{n})^{-} has a normal subgroup of order 2^{n} and G_{1}^{Q} has
no such subgroup (cf. [2, p.343]).

Acknowledgment The author would like to express his sincere grati-
tude to Professor Toshihiko Yamada and Professor Katsusuke Sekiguchi for
their useful suggestions. In particular, Problem in introduction is based on
an idea of Professor Yamada. The idea of Lemma 7 is due to Professor
Sekiguchi.

References

[1] Curtis C. and Reiner I., Representation theory of finite groups and associative alge-
bras. Interscience, New York, 1962.

[2] Iida Y., Extensions and induced characters of some 2-groups. SUT J. Math. 29
(1993), 337-345.

[3] Iida Y., The p-groups with an irreducible character induced from a faithful linear
character. (Preprint)

[4] Iida Y. and Yamada T., Extensions and induced characters of quaternion, dihedral
and semidihedral groups. SUT J. Math. 27 (1991), 237-262.

[5] Gagola S.M., Jr, Characters vanishing on all but two conjugacy classes. Pacific J.
Math. 109 (1983), N0.2, 363-385.

[6] Yamada T., Induced characters of some 2-groups. J. Math. Soc. Japan 30 (1978),
29-37.

[7] Zassenhaus H., The theory of groups. Chelsea, New York, 1949.

Department of Mathematics
Faculty of Science
Science University of Tokyo
Shinjuku, Tokyo 162-8601
Japan
E-mail: iida@ma.kagu.sut.ac.jp


	1. Introduction
	Theorem ([4, ...
	Theorem 1 ...

	2. Preliminaries
	3. Determination of cyclic ...
	Theorem 5 ...
	Theorem 6 ...

	4. Determination of noncyclic ...
	Theorem 8 ...

	References

