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Stability of fold maps of manifolds with boundary

Naoki SHIBATA
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Abstract. Let X be a compact orientable smooth m-manifold with non-empty bound-
ary, Y a smooth n-manifold (m > n) and f: X — Y a stable map with only fold
singularities. In this paper we clarify the structure of the fold set of the stable map f
near the boundary.
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1. Introduction

In the previous paper Shibata [7], we considered the non-singular stable
maps of compact orientable 3-manifolds with non-empty boundary into R2.
In history, H. Levine [4] studied the stable maps of compact n-dimensional
manifolds (n > 2) with non-empty boundary into R? under the condition
that each singular set does not intersect with the boundary. However, as
will be explained in this paper, the notion of stability is also effective for
the case that each singular set is possible to intersect with the boundary.
In fact, we will clarify how the singular set intersects with the boundary in
the case of fold stable maps.

In this paper, the domain manifold X is a compact orientable smooth
m-manifold with non-empty boundary and Y is a smooth n-manifold, and
the stable maps X — Y will have singularities of fold points only, which
are defined in §2.

In §3, we prove which will be used for the characterization
of fold stable maps on manifolds with boundary in §4. Moreover in §3,
we prove [Proposition 1 which characterizes the stability of immersions on
manifolds with boundary. [Proposition 1 explains that the fold stable maps
restricted on the set of fold points are also stable based on in
84.

In §4, we prove our main result as which clarifies how the
singularities of fold stable maps X — Y (m > n) intersect with the bound-
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ary. The method of proof belongs to geometric topology rather than the
theory of singularity. In the proof of Theorem 1|, we give a quasi-normal
form of fold singularities around the boundary as [Lemma 7. When X is a
closed manifold, the corresponding result has been proven in Golubitsky-
Guillemin [3]. However for our case with boundary, we need some original
techniques different from the case without boundary.

2. Preliminaries

Let X be a m-dimensional smooth manifold with or without boundary
and Y a smooth n-manifold. We denote by C*°(X,Y) the set of the smooth
maps of X into Y with the Whitney C™ topology. First, we define df at
p€ 0X orat f(p) €Y. For f: X — Y, we extend f slightly to a smooth
map f: X — Y which satisfies f | X = f where X>XandY DY are
open manifolds. Then we regard T, X and Trp )Y as the tangent spaces at
p € 0X and f(p) € 9Y respectively. Therefore, the rank of df at p € 0X is
different from that of d(f|9X) at p. For a smooth map f: X — Y, S(f)
denotes the singular set of f; i.e., S(f) is the set of the points in X where
the rank of the differential df is strictly less than min{m,n}. A smooth
map f: X — Y is stable if there exists an open neighborhood N(f) of f in
C™(X,Y) such that every g in N(f) is right-left equivalent to f; i.e., there
exist diffeomorphisms ¢ : X — X and ¢ : Y — Y satisfying g = po fogp™l.

Next, we give a definition of the fold point for the case with bound-
ary. We can define J1(X,Y) in the usual way, which has a structure of a
manifold. For ¢ € JY(X,Y), let h be a representative of o in C*(X,Y)
and put corank o = min(dim X,dimY’) — rank(dh),, where dh is already
defined. Then define S, = {0 € J'(X,Y) | coranko = r}, and for a stable
map f: X — Y, define S1(f) = (51 F)~1(S1).

Definition 1 For p € S1(f), p is also in Sy o(f) if the following (i) or (ii)
is satisfied.

(i) When p is in Int X, jif is transverse to Sy at p and T,S1(f) +
Ker(df), = T, X is satisfied.

(i) When p is in X, we extend f around p to f which is a smooth
map from an extended manifold X O X to an extended manifold Y O Y
so that p € Int X and f| X = f are satisfied. Then p € S1(f ) satisfies that
jif is transverse to Sy at p and that T, Sl(f) + Ker(df) =T, X.

In addition, if p € Sy o(f) satisfies (i) or (ii) with the Condition that
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S1(f) is transverse to OX at p, then p is said to be a fold point.

Definition 2 We call f : X — Y a submersion with S10 (or folds) if
S(f) = S10(f) (resp. = {folds}).

3. Stability of immersions on manifolds with boundary

In this section, we prepare several lemmas to treat the stability of
smooth maps on manifolds with boundary. In addition, we characterize
the stability of immersions on manifolds with boundary.

Let X be a compact orientable smooth m-manifold with boundary and
Y a smooth n-manifold. Then we define an (s, s')-fold multi-k-jet bun-
dle JF,(X,Y). Let X% = X x - x X x9X x ---x dX and X(5) =

s,s’
W T W~

{(z1,. ., Ts, Tsi1y. .., Topsy) € X5 |z # xjfor 1 <i<j<s+s}
For a: J¥(X,Y) — X the source map, we define
o :Jk(X, Y)s’s/
= JMX,Y) x - x JH(X,Y) x JFOX,Y) x - x JFOX,Y) — X5

/

' —~
S s’

as the induced map by «. Then
T (X,Y) = (02) (X )

is called an (s, §')-fold multi-k-jet bundle.

X (%) is a manifold since it is an open subset of X**'. Thus .J f’s, (X,Y)
is an open subset of J*(X,Y)** and is also a smooth manifold.

Let f : X — Y be smooth. Then we can also define jS’is,f : X (5)
Jf, #(X,Y) by

jis’f($17""$5+s’)
- (jkf(xl)w"7jkf(x8)7jk(flaX)(xH-l)""7jk(f‘8X)($S+s’))'

Lemma 1 (Multijet Transversality Theorem; the case with boundary) Let
W C JF,(X,Y) be a submanifold. Then T, = {f € C®(X,Y) | gEGf is

s,s’

transverse to W'} is a residual subset of C®(X,Y).

Proof. 1t is sufficient to modify the proof of Theorem 4.13 in [3, p. 57] for
the case with boundary. The concept of jets is local, and local arguments
of jets on closed manifolds hold on manifolds with boundary. Since almost
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all needed lemmas depend on the local arguments of jets, they are easily
modified relatively for our proof. O

Lemma 2 (Whitney Immersion Theorem; the case with boundary) Sup-
pose that X and Y satisfy dimY > 2-dim X. Then the set of immersions
X — Y is an open dense subset of C®°(X,Y) in the Whitney C* topology.

Proof. On the proof of Theorem 5.6 in [3, p. 61], use the modified version
of Thom transversality theorem for the case with boundary. O

Lemma 3 C*(X,Y) is a Baire space in the Whitney C* topology.
Proof. It is similar with the case without boundary. O

Definition 3 Let f : X — Y be a smooth map and f(s’sl) c X8
Yt the restriction of fx - x fx(f|0X)x - -x (f|8X) : X5 —

A W

S s/
Ysts' to X&), Then f is a mapping with strictly normal crossings if
for every s, s (s+s > 1), (%) is transverse to AY*+ = {(y,...,y) €
Ysts |y € Y}

Lemma 4 The set of mappings of X into Y with only strictly normal
crossings is dense in C*(X,Y).

Proof. Use the arguments of Proposition 3.2 in [3, p. 82] with the notion of
strictly normal crossings. In addition, use Lemma 1 and for the
case with boundary instead of the corresponding facts for the case without
boundary. O

Corollary 1 Immersions with strictly normal crossings are dense in the
set of all immersions X — Y.

Lemma 5 If f: X — Y is an immersion which is stable, then f is an
immersion with strictly normal crossings and f(X) C IntY is satisfied.

Proof. If f(X)N oY # 0 is satisfied then a slight perturbation of f is
possible to change f such as f(X) N dY = 0, however this perturbation is
not expressed by the right-left equivalence. This indicates the latter claim.

Moreover, any mapping equivalent to an immersion with strictly normal
crossings is an immersion with strictly normal crossings, thus
implies the former claim. ]
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To treat manifolds with boundary, we recall a definition in Shibata [7],
and in addition, we prepare a useful lemma as follows.

Definition 4 Let & : X — Y be a smooth map and 7y : TY — Y
the canonical projection. A smooth map w : X — TY is called a vector
field along o if w satisfies @ = my o w. Then we say that a is strongly
infinitesimally stable if for every w, a vector field along «, there always
exist a vector field s on X whose restriction to 0X is a vector field on 6X
(i-e., each vector of s on X is tangent to X) and a vector field ¢ on Y
whose restriction to 9Y is a vector field on Y such that

w = (da)os+toa,
where da : TX — TY is the differential of o.

Henceforth, we denote the set of vector fields along @ : X — Y by
CX(X,TY).

Lemma 6 A smooth map f: X — Y is stable if and only if f is strongly
infinitesimally stable.

Outline of proof. Necessity is obtained by modifying the argument in [3].
To begin with, we define the notion of strongly transverse stable as follows:
Let o be an (s,0)-fold multijet in Jf,o(X> Y), then, let DS be the orbit
through o under the action of Diff(X)xDiff(Y) on Jf’O(X, Y). We can prove
that D; is an immersed submanifold without boundary of JQO(X ,Y) for
each 0. Furthermore, D; is a submanifold without boundary in Jf,O(X ,Y).
Then f is said to be strongly transverse stable if for every s with 1 < s <
n+ 1 and diagonal element o in J7;(X,Y), Jsof is transverse to Dj.

First, we show that, if f is stable then f is strongly transverse stable.
Second, we show that, if a smooth map X — Y is strongly transverse stable
with f(X) C IntY, then f is strongly infinitesimally stable. In this process
of our proof, we need to use the notation C*®(TX )p (p € X)) in the sense
that C°°(T'X) denotes the set of vector fields on TX whose restrictions onto
0X are vector fields on 0X; The same for Y. Details of these modifications
are not difficult.

Sufficiency has been shown by von Essen [2] based on Mather’s theory
[6]. We can remark that the above lemma is a special case of the generalized
theorem which is obtained in Shibata [6]. O
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Corollary 2 If f: X — Y is stable, then f|0X is also stable.

Proof. Let w be a vector field along f|0X, and let w be a vector field
along f which is an arbitrary extension of w. Then by Lemma 6, @ is
expressed by w = (df) o s+t o f where s is a vector field on X tangential
to 0X on 0X and t is a vector field on Y tangential to dY on 9Y. So,
w=w|0X =d(f|0X)o(s]0X)+to(f]|0X) is satisfied. Hence, if f is
stable then f|0X is stable. O

Definition 5 Let V = R -v; + --- + R - v be a k-dimensional vector
space in R! with a fixed basis v; (1 < i < k < ). Then V? is defined by
{al-v1+a2-vg+---+ak-vk|a1 ERzo,aiéRfori#l}.

Proposition 1 Let f: X — Y be an immersion. Then f is stable if and
only if f(X) CIntY and f has only strictly normal crossings.

Proof. Necessity has been proven by Lemma 5. Hence it is sufficient to
show sufficiency. Let ¢ € f(X) and {p1,...,p,} = f~1(q). As in the proof
of Theorem 3.11 in [3, p. 85|, there exist a neighborhood W, of ¢ in Y and
neighborhoods U; of p; in X (1 <i < r) which satisfy

(1) U;nU; =0 (1 <4, j <rfori#j),

(2) f|U;isal:1 proper immersion into W,

3) f(U)cW,CcW,CntY,

4) f[7H(Wy) =Um1 Ui,

(5) W, can be chosen as small as desired.
Then put Y; = f(U;) (1 <14 < r). By using the arguments in [3], we know
that Y7, ..., Y, are submanifolds with or without boundary and assume that
only Y; (1 < i < k) have non-empty boundary for some k (< 7). Then the
assumption of strictly normal crossings implies that 9Y; (1 < ¢ < k) and Y}
(k+1 < j <r) are in general position at g. So, we may choose W, so that
Y; (1 < i < k) are simultaneously linearized orthonormally in W, although
our case permits to have boundary.

From the argument of a partition of unity, it is sufficient to prove that
f is strongly infinitesimally stable for vector fields along f whose supports
are in f~1(W,). Let t; be t; = wo (f|U;)~! which is a compactly supported
vector field on Y;, where w € C3°(X, TY) with suppw C f ~1(W,). Then we
show that there exists a vector field t on W, so that ¢|Y; —t; is tangential
to Y; and to 9Y; on 3Y; for any i.
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Y1,...,Y,. will be regarded to be subspaces in R" with admitting to
have boundary. To avoid complexity, we may assume Y; have boundary and

Y, = 171-8 (1 <4 < r) for some m-dimensional vector spaces 171 with bases in
R". By using the arguments of Lemma 3.8 in [3, p. 84], we can construct a
vector field ¢ such that t|Y; — t; is tangential to Y;.

Based on this ¢, we will construct a new vector field 9 on W, so that
t9 |'Y; —t; is tangential to Y; on Y; and to 0Y; on 9Y;. For the case of r = 1,
it is easy to find a vector field v; on W, whose elements are tangential to
Y] so that (t+v1) | Y1 —¢1 is tangential to Y7 on Y; and to Y7 on 0Y;. For
the case of r > 1, we can find a vector field v; on W, whose elements are
tangential to Y; and orthogonal to 9Y; so that (t+v;) | Y; —t; is tangential to
Y; on Y; and to Y; on 9Y;. Then by Lemma 3.7 of 3, p. 83], our condition
of strictly normal crossings means that the elements of v; can be assumed
to be tangential to Y; on Y; and to dY; on 9Y; for i # j. Hence it is
sufficient to define t by t? = t 4+ (v + --- 4+ v,), since Y —t; = (t +
v)) | Yi—ti+ (v1+ - +vi—1 + Vg1 + -+ v,). Extend t? to a vector
field on Y such as ¢t = 0 off W,. Then w? = w —t? o f satisfies that for
p € Ui, W2(p) = w(p) — t2 o (f(p)) is tangent to f(U;) at f(p) and that for
p' € 0U;, W2(p) is tangent to f(OU;) = 0Y; at f(p'). Therefore there exists
a unique vector field s? on U; such that s? | OU; is tangential to OU; and
that (df) o s? = w? holds. The remainder of our proof is similar to that of
Theorem 3.11 of [3, p.85]. Finally we obtain a vector field s? € C®(TX)
so that s7 | (f~1(W,) N0X) € C®(T(f~H(W,) N 0X)), s? =0 off f~1(W,)
and w = (df) 0 s? 4+ 19 o f are satisfied. O

Proposition 2 Let dimY = 2-dimX. Then f : X — Y is stable if
and only if f is an immersion with strictly normal crossings and satisfies

f(X)CIntY.

Proof. Tt is an easy modification of the argument in the proof of Propo-
sition 3.12 in [3, p.86] to the case with boundary. Sufficiency has been
proven. By the immersions of X into Y are open and dense,
hence every stable map X — Y must be an immersion, then
implies that any stable map is an immersion with strictly normal crossings,
and f(X) C IntY is obtained by the same reason stated in the proof of
Lemma Jl. O
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4. Characterization of fold maps on manifolds with boundary

In this section, we prove our main result as which clarifies
the structure of fold maps X — Y (m > n). X and Y are same with that
in §3.

Remark 1 Let f: X — Y be a submersion with S o, then f | S10(f) is
an immersion.

Definition 6 (Global condition (G)) Let f : X — Y be a submersion
with 510 so that f|0X is stable. Since f|9X is a Boardman map, f|dX
has the Thom-Boardman stratification. Then it is known that on every
stratum Sy, o 0(f [0X), | Sry, re0(F10X): Spy o re0(f|0X) — YVisan
immersion. We consider the tangent spaces on S; o(f) as those on S1.0( f )
with the extended manifolds X and Y in the sense of Definition 1 and define
a global condition (G) as follows:

Case 1: When dim X = dimY, for any ¢ € Y put a finite set fHe)n
(0X U S10(f)) ={p1,...,pn} s0 that DX \ S10(f) 3 p1,-.., Ny, S10(f)\
0X > PNi+15-+ -3 PN1+ N, and Sl,O(f) NoxX > PNi+Ny+1s - - -3 PNi+Ny+N3 =
pN- Then d(f |0X)p,(T5,0X), d(f]S1,0(f))p;(Tp,S1,0(f)) and d(f | S1.0(f)N
aX)pk(TPk(SLO(f) ﬂaX)) (1 <1< Nl, Ni+1 <71<MN; —}-NQ, N7+ No +
1 <k < Ni+ Ny + N3) are in general position at g.

Case 2: When dim X > dimY + 1, for any ¢ € Y, f~1(q) N (S(f|8X)U
S1,0(f)) is a set of discrete points in a compact set X, so this is a finite set,
hence put f~*(q) N (S(f|0X)US10(f)) = {p1,...,pn} so that S(f|8X)\
510(f) 2 p1,- -, PNy, S1,0(F)\S(f10X) 3 P41, - -, PNy 4N, and Sy o(F) N
S(f10X) 3 PNy 4No+1, - - -, PNy+No+N; = PN- Then
AF1Sr1sr,00 010Xy (TS 0 F10X)), (151001, (T, S10())
and d(f9X),, (T, (S1o(f) N 0X)) 0 d(f |0X )y, (TyStr.. 10l | 5))
(1 <i<Np,, Mi+1<j<Ni+Ny, Ni+Nog+1< k< N1+N2—|—N3) are
in general position at g, where Srtyeersy,0(f [0X) (or Styytygiy,0(f [ 0X))
is the stratum of f|JX containing p; (resp. pr) and of course So(f|HX)
means 0X \ S(f|0X).

Theorem 1 Let f: X — Y be a submersion with S10. Then f is stable
if and only if f satisfies the following conditions (1), (2) and (3):

(1) Ewvery point in Sy o(f) is a fold point.

(2) f10X is stable and f satisfies the condition (G).
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(3) f(X)CIntY.

Proof. Necessity: First, we show (3). If f(X)N9OY # 0, then a slight
perturbation of f is possible to change f such as f(X)NAdY = 0, and then,
the diffeomorphism type of f is not kept. This implies (3).

Second, we show (2). The stability of f | X is already shown by Corol-
lary 2. Next, the definition of stability implies that there exists an open
neighborhood N(f) of f in C*°(X,Y) such that every g in N(f) satisfies
g=yofop ! wherep: X — X and ¢ : Y — Y are some diffeomorphisms.
Then rank(df), = rankd(p o f o ¢ 1)y (p € X) holds, thus ¢(S1,0(f)) =
S1,0(g) holds, i.e., the right-left equlvalence preserves S1 o(f). Similarly, the
right-left equivalence preserves the Boardman sets S, . . o(f]0X) also.
Hence for each case 1 or 2, if the condition (G) is not hold then a slight
perturbation of f is possible to change the diffeomorphism type of f, i.e., f
is not stable. More precisely, we can use the arguments similar to the proof
of Proposition 5.6 in [3, p. 158].

Third, we show (1). We suppose that Sy o(f) intersects not transversely
with X at p in X. From the definition of Sy o(f), we can express f as

(z1,...,Tm) — (Z1, ..., Tp 1, Tp> % - -+ x,?) around p in X. Since S10(f)
corresponds to {z, = Tp41 = -+ = Ty, = 0}, we may assume that X
corresponds to {x,, = ¢(x1,x2, ..., Tm-1)} with a C®°-function ¢ satisfying
%(O) # 0, ggﬁ 0)=-.-= 3$?:5_1 (0) = 0, and then we may assume that

Int X corresponds to {z,, > &(z1,22,. .., Tm-1)}-
We put 7 € C°(X,TY) by

T(T1,. . Tm) = (f(a:l,...,xm);(O,...,O,Qmm)).

n—1

Then we will show that if 7 is expressed by 7 = df 0 (° + %0 f - - - (x) where
@ = ((z1,...,%m); (Wi, ..., wm)) € C®(TX) with (?]0X € C®(TX)
and 79 = ((yl, ey Un); (vl, ...,vp)) € C®(TY) with % |0Y € C=(TdY),
then this produces a contradiction. (x) means wg + vg(z1,...,Tn_1,Tn° £

ot zp?) =001 <k <n-1), 2rawy £ 2TpWoty £ -0 E 2T W +
vn(:zzl, ey Ty 1,:cn2 + - % a:m2) = 2x,,. Then the partial differential
2z, am" i :|:293m imeiQ:Um 8”” = 2 implies w,,(0) # 0. Therefore

¢9 is not tangential to 6X at p. This i 1s a contradiction. 0

Before proving sufficiency, we prepare the following Lemma 7.
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Lemma 7 Let f: X —Y be a submersion with S o(f), and suppose that
the conditions (1) and (3) of Theorem 1 are satisfied. Then, forp € Sy o(f)N
0X, there exist local coordinates t, sy, . ..,z centered at p,y1,...,Yn cen-
tered at f(p) and ¢ a C*®-function of xo,..., T, such that f is expressed

by
(t,:l‘}g, . -axm)
2 2 2
— (t+¢($2,...,xm),x2,...,:cn_l,xn tx, 1%Lz, )7
where 0X corresponds to {t = 0} and Int X corresponds to {t > 0}.

Proof. Theorem 4.5 in [3 p. 88] has shown that in the previous extended
manifolds X O X and Y D Y such as p € Int X with an extended C°°-
function f of f, f is expressed by (1, ..., &m) — (T1,. .., Ty 1, x02 £ %
Tm?) around a neighborhood U, of p, and a nelghborhood V of f ( ),

where S o f ) corresponds to T, = Tp41 =+ = Ty = 0.

Since the codimension of 90X is one, by the condition (1) we may as-
sume that X is a graph of zo,..., 7, in X for 1 = ¢(xa, ..., Ty) with
a C>°-function ¢. Through a change of coordinates such as x} = 1 —
¢(z2,...,Tm), Th = Ta,...,2,, = Ty, we can write f by (xf,...,x)) —
(=) + o(ah, ..., xh,), Thy ..l al® +al 2+ -+ %) where {z| = 0}
corresponds to dX and we may assume {z} > 0} corresponds to Int X. This
induces our conclusion. O

Remark 2 By calculating the rank of Jacobian matrix of f based on
[Lemma 7, we know that S; o(f) N OX C S(f|X).

Proof of the sufficiency of [Theorem 1. We use the notion of stability ap-
peared in the proof of Lemma 6, i.e.; we will show that if f satisfies the
conditions (1), (2) and (3) then for every v with 1 < v < n + 1 and any
diagonal element o in J7o(X,Y), jy'of is transverse to Dj.

From the arguments in the case of manifolds without boundary, if the
source of ¢ does not contain a point on 0X, Juof is transverse to Dy.
Therefore, we may assume that the source of o contains a point of 0.X. We
give a proof by two steps.

Step 1. [If f satisfies the conditions (1), (2) and (3) then it will be shown
that there exists a sufficiently small neighborhood N of f in C*°(X,Y) such
that for any g in D(f )—{he C’°°(X Y) | E’g00fo b 1—h}mNW1th
diffeomorphisms ¢ : X — X and ¢ : Y — Y, two maps f = fl]X and
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g =g | X are R-L (i.e., right-left) equivalent.]

Indeed, the global condition (G), the condition of transversality between
S1,0(f) and 0X, and f(X) CIntY guarantee the existence of the following
diffeomorphism ¢ : X — X which satisfies from (i) to (iii). (See Figure 1.)

i) ¢ Lo H(X)=X (¢ o¢ 1(0X)=OX automatically.)
() 971067 (50,0001 9)) = Srral10X)
(iii) If p1,p2 € X SatISﬁeS fod™ (p1) = fod™!(p2) then f0¢'_10¢_1(p1)

fod'log™ !(ps) is also satisfied. Oppositely, if fod t(m) # foqg_l(p;
holds then fo ¢ ~1og¢™ Ypy) # fodtog 1(py) is also satisfied.

~ @) . BB (Sl
10 PS03 0 3" y)

Fig. 1.

By the assumption of sufficiency, there exist diffeomorphisms #° : 90X —
0X and cpa Y — Y such thatap o(~|(9X) (%)~ =g | 0X. Here we
extend ¢? to a diffeomorphism ¢? : Y — Y with holding <pa |Y = % Thus
we may assume that the previous ¢ satisfies (¢ 1op™1) | 0X = ((ba)

With respect to the above @', we can find a diffeomorphism Qo Y — Y so
that 3 ogofod tog™ =gand @ "op(Y) =Y are satisfied, because %o
¢! :Y — Y is a diffeomorphism such as (¢ 0@~1) 0@ = 2. Thus we can

deform (¢’ d:ef) 090 @1 outside Go f(8X) so that g ogofodlogt =g
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holds. Then (¢' o p|Y) o fo(dod|X)! = g gives a R-L equivalence
between f and g.

Step 2. [We will show that, if f : X — Y is not stable then all of the
previous conditions (1), (2) and (3) are not satisfied, i.e., the non-existence
of N in the claim of Step 1 follows.]

It is sufficient to prove that if there is a diagonal element ¢ in Joo(X,Y)
fora v (1 <v < mn+1)sothat j7,f is not transverse to DY, then for any
neighborhood N’ of f in C®(X,Y), there exists a ¢’ in D(f) N N’ which
does not have definitely diffeomorphisms ¢ : X — X and ¢ : Y — Y such
aspofopl =g.

We will explain that for the above any N’, there exists such a g’ by
separating the assumption into the following two cases.

Case 1: [0 is an isolated point in j7f N DY.]

Let X , Y be extended manifolds of X and Y respectively due to the
definition of S o( f) First, we can regard that j;of is in j; f and DY is
in J"O(X Y) by vo(X,Y) C J”O()A(: SN/) For an appropriate manifold X_
diffeomorphic to X and an appropriate diffeomorphism qS — )? such
as X_ CIntXCXCXanqu( ~) = X, put § = idg of ¢~ where
idy : Y — Y is the identity, and then we may assume that § is sufficiently
close to f. Then we show that f and g = g| X are not R-L equivalent.
If f and g are R-L equivalent then there must exist diffeomorphisms ¢ :
X — Xand ¢:Y — Y such as g = po fo¢~l. However, by taking an
appropriate X_ close to X, it is possible to the image of R-L equivalence of
0, Jyoidy oo o jq’}’oqg"l, is not in DY from the assumption of Case 1. Hence
it is shown that f and g are not R-L equivalent.

Case 2: |0 is not an isolated point in j7,f N D}.]
Let X : Y be extended manifolds of X and Y respectively due to the
definition of S; o(f). Then the non- transversality condition between j f

and D admits to the existences of f with X Y and a neighborhood of o
in Ji'g (X,Y), N(0), so that (]vof\jvof) NDY N N(o) =0 is satisfied, or

so that for any neighborhood of o in N (o), N'(0)(C N( ), (jv,of\jﬁ,of) N
D2 N N'(0) has more than two components in J”O(X Y) (i.e., it seems to
be ramified.), where Dy is defined in the subspace J7o(X,Y) C J7'o(X,Y).
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For an appropriate manifold X diffeomorphic to X and an appropriate
diffeomorphism ¢: X — X such as X C Int Xy C Xy C Int X C X and
¢(X+) X, put g =idy of 0 ¢! where idg : Y — Y is the identity. Then
we may assume that § is sufficiently close to f, and then we show that f
and g = §| X are not R-L equivalent. Indeed, since a diffeomorphism on X
induces a diffeomorphism of X onto 0.X, if f and g are R-L equivalent by
g = o fo¢ ! with some diffeomorphisms ¢ : X — X and ¢ : ¥ — Y,
then the above induced R-L equivalence on X must map the point ¢ into
an empty set or at least two distinct points from the assumption of Case 2.
This is a contradiction. U

Appendix

We give an appendix as the following [Lemma 8. This will be welcomed
for reader who requests for severe explanations in the proof of [Theorem 1.

Lemma 8 Let Y be a manifold with submanifolds Y1,...,Y,. Suppose
qgqe YinN---NY, and Yy,...,Y, are in general position at q. Then, for
diffeomorphisms f; : Y; — fz( ;) C Y close to the identity idy, : Y; - Y; C
Y with the Whitney C°-topology, there exists a diffeomorphism ® :Y — Y
which satisfy ®(Y1U---UY, NN) = fi(Y1)U---Uf(Y,)N®(N) and &(Y;N
N) = fi(Y;)N®(N) (1 <i<r) for a neighborhood of q inY, N.

Proof. (sketch) First, we can find a diffeomorphism ® : R4mY (5 N) —

RY™Y and ¢’ € Y such that ®(T,Y; U---UT,Y, N N) = T,y fi(Y;)U---U
Ty fr(Y;) N ®(N) with &(T,Y; N N) = T, fi(Y;) N B(N) (1<i<n).

Next consider a deformation by diffeomorphisms <I>1, ®, : RdmY (5

N) — RIMY 50 that ®1(T,Y;) N N = Y; N N with ®1(¢) = ¢ and

2(Ty fi(Y))NB(N) = fi(Yi)N®(N) with ®a(¢') = ¢/ (for L <i<r). O

Problem 1 For the stable maps treated in this paper, consider the cor-
responding theorem with that in Levine [4, p. 2567].
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