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Volterra integral equations: the singular case

Ravi P. AGARWAL and Donal O’REGAN
(Received January 8, 2002; Revised April 24, 2002)

Abstract. Positive solutions are established for the Volterra integral equation y(t) =
fot k(t,s) f(s,y(s))ds, t € [0,T]. Our nonlinearity may be singular at y = 0.
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1. Introduction

This paper discusses the singular Volterra equation

t
y(t):/o k(t,s) f(s,y(s))ds for t€[0,T], T >0 fixed. (1.1)

Our nonlinearity f may not be a Carathéodory function because of the
singular behavior of the y variable i.e. f may be singular at y = 0. In the
literature (see [3, 4] and the references therein) almost all results concern
the case when f is a L*°-Carathéodory function; to our knowledge only one
paper has discussed (1.1), in its full generality, when f is singular at
y = 0. We also note that only a handful of papers (see [2, Chapter 1]) have
discussed the initial value problem (which is a special case of (1.1)),

y™ = ¢(t) f(t,y) for tel0,T]

yD0)=0, 0<i<n—-1, n>1
when f is singular at y = 0. This paper presents new results for (1.1). In
particular new “lower type inequalities” on solutions to (1.1) are presented.

Also by exploiting the monotonicity of the kernel we are able to relax some of
the assumptions in [1]. For example if we consider the initial value problem

' =[]+ Aly(t)]* for te(0,T]
y(0)=4(0)=0, A>0, 0<b<1, a>0,

then the results in guarantee that (1.2) has a solution if a € (0, %)
whereas the results in this paper guarantee that (1.2) has a solution if

(1.2)
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a € (0,1). Moreover in this paper we can consider (1.2) with A = 0 (see
Remark 2.2). We were unable to discuss the case A =0 in [1] since (2.7) in
[1] is not satisfied.

The theory in Section 2 makes use of the following well known existence
principle from the literature .

Theorem 1.1 Suppose the following conditions hold:
h € C[0,T] (1.3)

(( F:[0,T] x R— R is a L*-Carathéodory function.
By this we mean:

(i) the map y— F(t,y) is continuous for almost all

< t in [0,T], (1.4)
(ii) the map tw— F(t,y) is measurable for all y in R,
(iii) for any T >0 there exists p, € L*°[0,T] such that
\ ly| < r implies |F(t,y)| < pr(t) for almost all t in [0,T)
ki(s) = k(t,s) € L'[0,t] for each t€[0,T] (1.5)

and

t*
for any t, t' € [O,T],/ \ki(s) — ky(s)|ds — 0
0 (1.6)

as t —t'; here t* = min{t,t'}.

In addition suppose there is a constant M > 0, independent of A, with
[ylo = supyo 7y [y(t)| # M for any solution y € C[0,T] to

y(t) = h(t) + /\/0 k(t,s) F(s,y(s))ds, tel0,T],
for each X € (0,1). Then

u(t) = ht) + /O k(t, ) F(s, y(s)) ds, t€0,T]

has at least one solution in C[0,T].
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2. Singular problems

In this section we consider the singular integral equation

y(t) = /0 K(t,5) o) + h(y(s))] ds for t€[0,T];,  (2.1)

here T' > 0 is fixed.
For our main result we will assume the following conditions are satisfied:

g > 0 is continuous and nonincreasing on (0, 0o) (2.2)
h > 0 is continuous and nondecreasing (2.3)
on [0,00) with A >0 on (0,00) '
ki(s) = k(t,s) € L'[0,t] for each t e [0,T] (2.4)
t*
for any ¢, t' € [0,T], / |ki(s) — ky(s)|ds — 0
0 (2.5)
as t —t'; here t* = min{t, '}
for each t € [0,T], k(t,s) >0 forae. se€|0,t (2.6)
for ti,ty € (0,T) with t; <ty we have 2.7)
k(t1,s) < k(te,s) for a.e. s€[0,t] '
Ja € L'[0,T), a>0 on (0,T] with k(t,s) < a(s) (2.8)
for a.e. s€[0,t], foreach te[0,T] '
¢ T s
/ a(s) g(a(s))ds < oo where afs) = G‘1</ k(s,x) d:z:)
 Jo 0 (2.9)

z
for s €|0,T] and G(z)= — for z2>0
\ 011 and G =265

37 € C[0,T) with /O k(x, s) — k(t, 5)) g(als)) ds

< <pr@)-r@) (210
| for t,z€[0,T] with t<z




374 R.P. Agarwal and D. O’Regan

and

/ d—wzoo for any 6 > 0. (2.11)
o h(z)

Remark 2.1 Notice (2.2) guarantees that G is an increasing function.

Theorem 2.1 Suppose (2.2)—(2.11) hold. Then (2.1) has a solution y €
C[0,T) with y(t) > a(t) fort € [0,T] (here a is as in (2.9)).
Proof. Let Ny ={1,2,...}. We first show the nonsingular problem

t

) = =+ [ k(69 5" 0(s) + b)) ds. € 0.T] (212)"

has a solution for each m € Ny; here

1
m
1

g*(u) = g(%) wsl

Fix m € Ny. To show (2.12)™ has a solution we will use [Theorem 1.1], so
as a result we consider the family of problems

) = A [ RS ) +h)] ds, e D.T] (a3

for 0 < A < 1. Let y € C[0,T] be any solution of (2.13)}". Then y(t) >
for t € [0,T]. Also for t € [0, T] we have from (2.8) that

w0 < 2+ [ als) o (o) + o)) as
t
y(t) < Ko + /0 a(s) h(y(s))ds for t € [0, T]; (2.14)
here K, = L + g (1) f(;F a(s)ds. Let

u(t) = Ky, +/0 a(s) h(y(s))ds for t e [0,T].



Volterra integral equations: the singular case 375

Then u/'(t) = a(t) h(y(¢t)) < a(t) h(u(t)) for t € (0,T), so as a result

u(t) du T
/Km ha) S/O a(z)dz for t e [0,T]. (2.15)

Let

:
Jm(z):/ TZ) for z> Ky,

so (2.14) and (2.15) imply

<yt) <u) <J}! (/OT a(x) da:) for t € [0,T).

1
m
[Cheorem 1.1 guarantees that (2.12)™ has a solution y,, € C[0,T] with

ym(t) > L for t € [0,T], and of course yy, is a solution of

u(t) :%+ [ k(t.5) o(u(s) + Ay(9)] ds for ¢ 0.1, (210

We will now obtain a solution to (2.1) by means of the Arzela-Ascoli The-
orem, as a limit of solutions of (2.12)™. To this end we will show

{ym}men, is a bounded, equicontinuous family on [0,T]. (2.17)
However before we prove (2.17) we will show
t
Ym (t) > G—l(/ k(t, s) ds) = a(t) for t€[0,T], (2.18)
0

for each m € Ny. Fix m € Ny and ¢, z € [0,T] with t < x. Then (2.7)
implies

Yon () — Ym(t) = /0 k(. 8) — K(t, )] [9(um(s)) + h(ym(s))] ds
T / (@ 5) [0 (m(s)) + hlym(s))] ds

20,

SO Y, is nondecreasing on (0,T"). As a result for ¢ € [0, 7] we have

ym(t)Z/O k(t,S)g(ym(s))dsZg(ym(t))/o k(t,s)ds.
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That is

G(ym(t)) = gé;nm(zt))) 2/0 k(t,s)ds for t e [0,T],

so (2.18) holds; note G is an increasing function since g is nonincreasing.
Next we show {ym }men, is a bounded family on [0,T]. Fix m € Ny. For
t € [0,T] we have from (2.18) that

®) = =+ [ k(t,3) o(0m(5)) + Al (5)] ds

<14 /0 a(s) [9((s)) + h(gm(5))] ds,

ym(t) < K+/O a(s) h(ym(s))ds for t € [0,T];
here K =1+ fOT a(s) g(a(s))ds. Let
w(t) = K+/0 a(s) h(ym(s))ds for t € [0,T].
Notice w'(t) = a(t) h(ym(t)) < a(t) h(w(t)) for t € (0,T), so
0 < ym(t) <w(t) <J? (/T a(a:)da:) =M for te|0,T];
_— m _— —_ O ) Y

here

 du
Jz:/ —— for z > K.
(=) K h(u)

Thus |Ymlo = supsejo,1) |ym(t)| < M for m € Ny. To show the second part
of (2.17) fix m € Ny, and note for ¢, x € [0, T] with t < = that

0 < Yom() — ym(t) = /0 [k, 5) — k(t, 9)] [9(um(s)) + hlym(s))] ds
¥ / (2, 5) [0(um(S)) + h(ym(5))] ds
< /0 k(z, 8) — K(t, )] g(a(s)) ds
+ h(M) /O k(z, s) — k(t, s)| ds
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here we used (2.10). Now this together with [2.5), (2.9) and (2.10) implies
{Ym}meN, is a equicontinuous family on [0, T.

The Arzela-Ascoli theorem guarantees the existence of a subsequence
N of Ny and a function y € C[0, T] with y,, converging uniformly on [0, 7]
to y as m — oo through N. In addition a(t) < y(t) < M for t € [0,T].
Next fix ¢t € [0, T]. Then

n(®) = =+ [ H(85) lon()) + W) .

Let m — oo through N, and use the Lebesgue dominated convergence
theorem with (2.9), to obtain

u(t) = [0 K(t, 3) [o(y(s)) + h(y(s))] ds.

We can do this argument for each ¢ € [0, T. O

Remark 2.2 If h = 0 in (2.1), then the result in [Theorem 2.1 is again
true with (2.3) and (2.11) removed.

Remark 2.3 Suppose there exists p, 1 < p < oo and g, }1—) + % = 1 with

¢
/0 g% (a(s)) ds < o0 (2.19)
and

t*
for any t, t' € O,T,/ ki(s) — ky(s)|Pds — 0
rany ¢ € 0.7, [ lki(s) ~ ke (o) 220

as t — t/; here t* = min{¢,t'}

Then (2.10) (and of course [2.5)) is not needed in [Theorem 2.1.
To see this notice (2.10) is needed to show (2.17) in [Theorem 2.1. How-
ever this is automatically true in this case since if ¢, z € [0,T] with ¢t < x
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then
1, T 1
(@) ~um(0) < ([ 1)~ k) ([ Tatats)) + (o as)’
/t als) [g(a(s)) + (M) ds.
Remark 2.4 If we replace (2.3), (2.8), (2.9) and (2.11) in [Theorem 2.1
by
h > 0 is continuous on [0,00) and
(2.21)
E is nondecreasing on [0, oc)
t
sup / k(t,s) g(a(s))ds < oo (2.22)
t€[0,T]
and
31 constants a, b and M (which may depend on
a and b) such that 0<z§a+b{1+%} (2.23)
9

implies z < M,

then the result in [I'heorem 2.1 is again true.
To see this notice if y € C[0, T] is any solution of (2.13)}" then

ly(t)] <1 +/0 k(t,s) g(y(s)) {1 + %} ds for te[0,T],

o1+ (o) s [ re0as) e Gt

Then there exists a constant M, (independent of any solution y to (2.13)7")
with |ylo < M,,. [Theorem 1.1 guarantees that (2.12)™ has a solution y,
and it is easy to check that y,,(t) > «(t) for t € [0,T] and

h(lymlo) | !
[Ymlo <1+ 1+ sup k(t,s) g(a(s))ds.
9(|ymlo) te[o, 7] Jo

SO
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Then there exists a constant M (independent of m) with |y,|lo0 < M. Es-
sentially the same reasoning as in [[’heorem 2.1 establishes the result.

Example 2.1 Consider

y(t) = /0 (ko) {0 + Afu(o)} ds for 1€ (0.7]  (2:24)

with A >0,0<b<1and a > 0. Assume (2.4)—(2.8) hold and in addition
suppose the following conditions are satisfied:

/OTa(s) [/OS k(s,x) da:]_aaT ds < o0 (2.25)

and

((3r € C|0,T] with

/|k:vs £ s)| {/Osk(s,u)du]_a(_ilds (2.26)

| <|r(z)—r(t)| for t,z€[0,T] with t <z.

L.

Then (2.24) has a solution y € C[0, T] with

THIEE ]— for £ (0.7].

To see this apply [[’heorem 2.1 with

g(y) =y h(y)= Ay’ and note G7'(z) = zalﬁ;

note if A =0 we can apply Remark 2.2. Clearly (2.11) holds since 0 < b <
1.

Example 2.2 Consider

t
)= [ (t=5)0(s) {W@) ™+ A} s for te0.7]
(2.27)

with A > 0,0 < b <1 and a > 0. Assume the following conditions are
satisfied:

¢ € C(0,T]NLY0,T] with ¢ >0 on (0,T) (2.28)
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and

T s s
/ 4(s) [ / (s — ) $(2) d:z:] ds < oo. (2.29)
0 0
Then (2.27) has a solution y € C[0, T| with

1
a+1

/Ot(t — ) ¢(x) da:] for t € [0,T).

To see this we apply Example 2.1 with k(t,s) = (t — s) ¢(s) for 0 <
s < t. Clearly (2.4)-(2.7) hold and in addition (2.8) is satisfied if we choose
a(s) = (T — s) ¢(s). Also is immediate since

/OT a(s) Uosk(s,x) dx]_;% ds

= [0 [s-00w dx]_ ds,

which is finite from [2.29). Finally (2.26) holds with a linear function r(z)
of z since if t, x € [0,T] with ¢t < z then

/Ot k(z, ) — k(t, 5)| [/Osk(s,u) du]_ﬁ_l ds

R /Ot 6(s) Uos(s — ) $(u) du]_ﬁ ds.

Remark 2.5 In Example 2.2 if ¢ = 1 then (and automatically
(2.28)) is satisfied if 0 < a < 1 since

/OT é(s) UOS(S‘ ) 6() da:]_ﬁ_l ds = /OT (%)_T ds.

Remark 2.6 The results in this paper can easily be extended to the
Volterra equation y(t) = h(t) + fg k(t,s) f(s,y(s))ds for t € [0, T).

y(t) >
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