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Abstract. We study the Grassmann geometry of surfaces in the special real linear
group SL(2,R).
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1. Introduction and the outline of Part I

This is a continuation of our previous paper [3] named Part I. Let G
be a 3-dimensional unimodular Lie group with its Lie algebra g and g a
left invariant metric on G. Then the Riemannian metric g induces an in-
ner product on g, where g is identified with the tangent space T.G at the
unit element e of G. By J. Milnor [5], it is known that such a Lie group
G is locally isomorphic to either of the unitary group SU(2), the special
linear group SL(2,R), the group E(2) of rigid motions of the Euclidean
2-plane, the group E(1,1) of rigid motions of the Minkowski 2-plane, the 3-
dimensional Heisenberg group Hj, and the 3-dimensional real vector group
R3, and moreover known that there exist an orthonormal basis {E;, F, E3}
of g and real numbers A1, A2, A3 such that

[Ea, Es] = M Ev, [Es,Er1] = X\oEs, [Ey, Es] = A\3E3, (1.1)

where the signatures of Aj, Az, A3 determine the type of G locally. The
constants A1, A2, A3 are in this paper called the Milnor constants of (G, g).

In this article we study the Grassmann geometry on such a Riemannian
homogeneous manifold (G, g). Generally, the Grassmann geometry on a Rie-
mannian homogeneous manifold (M, g) is defined as follows. Let I,(M, g)
be the identity component of the isometry group of (M, g) and for an in-
teger r, consider the Grassmann bundle Gr"(T'M) over M which consists
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of all r-dimensional linear subspaces of the tangent spaces of M. Then the
Lie group I,(M, g) acts naturally on Gr"(T'M) by the differential of map-
pings. For an I,(M, g)-orbit O, a connected submanifold S of M is called
an O-submanifold if all tangent spaces of S belong to O and the geometry of
O-submanifolds is called the O-geometry on (M, g). Grassmann geometry
is a collective name for such a geometry, and its fundamental problem is
to classify all the O-geometries such that O-submanifolds exist and more-
over for each nonempty O-geometry, to find typical O-submanifolds such
as minimal submanifolds, submanifolds with constant mean curvature, and
so on. On this point of view, we consider the Grassmann geometry on a
3-dimensional unimodular Lie group (G, g) with a left invariant metric g,
and in the previous Part I, we solve this problem for the almost cases of G
where r = 2, except one of the cases when G = SL(2,R). (See Section 3
through Section 5 in Part I.) In this part II, we will study the exceptional
case, for which the O-geometry is nonempty, and will give an example of
O-surfaces with nonzero constant mean curvature.

We now retain the notations in Part I and recall the exceptional case.
Let G = SL(2,R) and take a left invariant metric ¢ on G. Then it holds
that dim I,(G,g) = 3 or 4 and we can assume that the Milnor constants
satisfy A\; <0 < Ay < Agor Ay < 0 < Ay = Az according as dim [,(G,g) = 3
or 4. Since the Grassmann geometry for the first case was solved in Part 1
(Section 5, 5.1), we consider the second case, which we called the Grassmann
geometry of isotropy type SO(2) in Part I. Put A\ = A3 = X and let K, =
{p € I,(G,qg); ¢(e) = e}. Then if we identify g (= T.G) with R? by fixing
the orthonomal basis {E1, Fy, E3} of g, the K,-action on g is equal to the
natural SO(2)-action on R? which fixes the Ej-axis and acts on the (FyE3)-
plane as rotations. Let Gr?(g), RP?(g), S%(g) be the Grassmann manifold
of 2-planes in g, the real projective 2-space over g, and the unit sphere in g
centered at the origin, respectively, and identify Gr?(g) with RP?(g) by the
correspondence of a plane in g to its orthogonal line in g. Moreover regard
RP?(g) as the quotient space S%(g)/~ where the equivalence relation p ~ ¢
implies that p and ¢ are anti-podal each other. Then the space of I,(G, g)-
orbits in Gr?(T'G) is identified with the space of K,-orbits in RP?(g), and
moreover such a K,-orbit is represented by a small circle in S?(g) which
is parallel to the (E3FEj3)-plane and which has the height A from the plane
where 0 < h < 1. Hence the orbit space of I,(G, g)-orbits in Gr?(T'G)
is parametrized by the height h where 0 < h < 1. Denote by O(h) the
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I,(G, g)-orbit with height h.
In Part I we solved the fundamental problem for the O(h)-geometries

except the case that 0 < h < \/)\_—A)\l. In fact, if h = 1, the O(1)-geometry

is empty, and if 0 < h < 1, the O(h)-geometry is non-empty. Moreover, if
h = 0, there exists an O(0)-surface with any constant mean curvature; if h =

2 any (’)( L)—surface with constant mean curvature is minimal
X—A1’ P

and there exists such a minimal (’)(Mﬁ)—snrface; if /\%/\1 < h <1,

there exists no O(h)-surface with constant mean curvature. (See Theorem
5.19 in Part I.)

From now on we consider the exceptional case of O(h)-geometries where

0<h<y/ %Al This case was called the Grassmann geometry of Case (III)
in Part I. We first analyse the constant mean curvature surface equation,
shortly the CMC surface equation, of this case, by using the same way as the
one for the other O(h)-geometries which were solved in Part I. As a result

we can see that the CMC surface equation has no constant solution for the

case though it has any constant solution for the case that h = %Al
Moreover, by using a different method, we give an example of O(h)-surfaces
with nonzero constant mean curvature for all the cases that 0 < h </« 3‘)\1 .

2. CMC surface equation for Grassmann geometry of Case (III)

We first recall the CMC surface equation of general case. The solvability
of this equation implies the existence of O(h)-surface with constant mean
curvature, under the condition that among solutions of this equation there
exists one which satisfies a certain regularity condition. This condition is
weak and it may be satisfied for almost cases. The general CMC surface
equation is now given in the following form:

(zcosf + zsinf) (eta(z,w) ny d(z,w) +9b3(z,w)>

+ (y cos @ — wsin B) ((%

+ (zcosf — zsinb) <9t
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I(z,w) ,  O(w,y) Iy, 2)
K =0 2.2

* <yt 9(a,) o) T a(ab) (22)
where 0 = 4t + ¢, v = —2{(1 — h?) + %hQ}, K is an arbitrary constant,
and ¢, a, b and ¢ = ¢(a,b) are respectively the variables and the unknown
function of this equation. Moreover for our Case (III), functions x, y, z, w
are given in the following form:

z(t) = AX(t,a,b)e” + A%(t,a,b)e” 7",
y(t) = BY(t,a,b)e’" + B%(t,a,b)e” ",
(2.3)
z(t) = C*(t,a,b)e’t + C*(t,a,b)e” ",
w(t) = D'(t,a,b)e’ + D*(t,a,b)e 7"
where
Al(t,a,b)—Q‘u{cos <;t—7>\/1—a2+b2—|—sin (;t—r>a—|—sm (gt+<p>b},
o
2 _ M 2 2 > . 0 v
A (t,a,b)—QU{cos (Qt—l—ﬂ')\/l—a + b2 + sin 2t+7‘>a—sm <2t+<p>b},
1 —_H)_ ¥ —a24b2 i v nXs
B (t,a,b)—za{ cos(2t+¢) 1—a2+b +sm(2t+ga>a+sm(2t T>b},
2 _ M Y 2 2 : Y Y
B (t,a,b)—%{cos(2t+<p)\/1—a +b —sm(2t—|—<p)a—|—sm 2t+7>b},
1 LT SR 0 P —a24p2 ¥, x
C(t,a,b)_QU{ sm<2t 7'> 1—a?+b +cos(2t T>a+cos<2t+go>b},
C2(t,a,b)—2/;{—sin <gt+7>\/1—a2+62+005 (gt—i—T)a—cos <gt+¢>b},
1 N2 R e 2 2 ¥ x
D (t,a,b)—2 {81n(2t~|—¢>\/1—a +b +cos<2t—|—<p)a+cos<2t—7>b},
o
2 _ 1% Y 2 2 Y Y
D*(t,a,b) = 2U{—sm <2t+<p>\/1—a +b2 — cos (2t+<p>a+cos (2t+7)b}
(2.4)

Moreover u, o, T are the constants given in the following way:
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A
PR, o= ViR v=vae v=1o R

o o v v

COST=———=—, 8SiN7T=——==—. 2.5

Vo2 +v2 Vo2 +v2 (25)

See Part I for the details. If ¢ is constant, the equation (2.2) is reduced to
the following equation:

v |(zcosB + zsin b)) g((z 1;])) + (ycosf — wsinh) %((w, é/))
Oy, 2) Iz w)  O(w,y) 0y, z)
+(wc080—zsm0)8(a’b)}+K< B(a.b) + 2 (ab) +wt8(a,b)>
= 0. (2.6)

Now we consider the equation (2.6). If we take notice of the variable
t, the CMC surface equation (2.2) of Case (III) is formed by using trigono-
metric functions and exponential functions. Hence we can rearrange the
equation (2.6) to the following form:

P, (t,a,b)e3 + P_(t,a,b)e 37" + Q4 (t,a,b)e’  +Q_(t,a,b)e 7 =0 (2.7)

where Py, Q4+ are the trigonometric functions with respect to the parameter
t given in the following way.

s T
+K[(B§+031)w+(cg+acl)%
+ (D} + aDl)a(aB(;:bC)l)} (2.8)
x| (5 ‘”BQ)W (e —002)%:5%
w0t =0 L] )
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o (52 o2

d(a,b)
e (8(;?; 292 a(D2 B )) 28(D1 B )
(" ff 5?2 ). ) an ff }
(100t (a(g; ff) a%f)”) (- 002)‘9%?;25)1)
+(D§+0D1)<a(§;g2) agz:gl)) +(D§—0D2)a(§;f)l) 7
(2.10)
(O e ) e
e (M ) T )
i o) (PR + P ) + o8 )
+(cF —UCQ)<B(§;:§;2) a(;if)l)) + (¢} +acl)‘9(alz2f)2)
(2.11)

where we put

T' = C'cos + A'sing, S*
72 = B! cos@—DlsiDH, 52
T3 = A'cosf — C'sing, S°

and moreover put

= C%cosf + A*sin,
= B?*cosf — D*sin,

= A%cos — C?sind,
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T* = D'cos® + B'sin0, S*= D?cosf + B?sinb.

The functions 7%, S%, 1 < i < 4, are trigonometric with respect to the
variable ¢, and particularly when ¢ = 1, 2, 3, they are defined as the following
relations hold:

zcos + xsinf = Tlet + Ste™7t,
ycosf —wsinh = T?e%t + S2e=¢,

zcosf — zsinfh = T3e%t + S3e 7t

where the terms (z cos 8 +zsinf), (y cosd —wsiné), (x cos§ —zsin 0) appear
in the equation (2.6).

Notethata>0,’y<0,andv>OsinceO<h<,/%Aland)\l<0.

Moreover note that, with respect to the variable ¢, functions 7%, %, 1 <14 <
4, and Aj, Bj, C;j, D;, j = 1,2, have the period v/2. In fact, it holds that

=273, 3= Ipt 2o Jpt opai= g2
2 2 2 2
1_ 73 3 ! 2 Y 4 4_ Y a2
=z =—= =—— = - 2.12
St 2‘S’¢ St 257 St 2S ) St 2S ) ( )

Al=2C, Cl=—JA,  Bl=1D), Di=—1B, (j=12)

Then the functions Py, Q4+ also have the period /2 with respect to the
variable ¢, and since the terms P, e3!, P_e 39t Q,e’, Q_e °! in the
equlity (2.7) are independent as real functions with respect to the variable
t, it follows that P+ = 0 and QQ+ = 0. Moreover since Py and ()4 are
trigonometric functions with respect to t, these are determined by the values
of the functions and their differentials at any fixed real number ty. Hence
Py = 0 (resp. Q+ = 0) if and only if Py(tg,a,b) = (Py)(to,a,b) = 0
(Qi(t07 a, b) = (Qi)t(t07 a, b) = 0)
We first consider the equalities Py = (0. Set

Py = [y(Pg)ly + [K(PL)]K =0

where
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[Kua”:(Bg+aBgagZi§)+(03+0056giagw
+ (D; + UDl)a((?B()clzf)l)
and
e =5 AT 4 SR T
7 = (57 =) G €80
+ (D} — aD2)‘W

Now, taking to such that (v/2)tg+¢ = 0, thus, § = 0, we calculate the terms
[’Y(Pi)](t(b a, b)? [V(Pi)]t(t(b a, b) and [K(Pi)](t(h a, b)? [K(Pi)]t(t(b a, b) by
using the explicit data (2.4) and the properties (2.12), and consequently we
have the following lemma.

Lemma 2.1 (1) It holds that

[v(P1)](to, a, b)

_<M>3|:cos( —|—7') ¢ + b +Sin( —1—7')
“\20 TUVT—a@ e Vi—asr Y

x [2cos(¢ + 7)) [ cos(p + T)V1 — a® + b — sin(p + 7)a]

and
[K(P4)](to, a,b)

(M>3 {cos( +7) : + b + sin(¢ + 7)
= (= T T
2) " 7 Vi—a?2+b?  V1—a?+40? 4

x [cos(p+ 7)V1 —a? +b% —sin(p + 7)al,
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and thus it holds that

2cos(p+71)+ K =0. (2.13)

Also, the equality (Py)¢(to,a,b) = 0 induces the same equality (2.13).
(2) Moreover it holds that

[y (P-)](to, a, b)

3
L a b .
_<20> [COS(SO_T)\/I—GQ—H)Q_\/1—a2+b2+sm(¢_7—)

x [2cos(¢ — 7)][ cos(p — T)V1 — a? 4 b —sin(p — 7)a]

and

[K(P-)](to, a,b)

3
1 a b .
= — cos(p — - + sin(p —
<20> 7[ (e T)\/l—a2—|—b2 V1—a?+b? (e =)

x [ = cos(p —T)V1—a?+b% +sin(p — 7)al,
and thus it holds that
2cos(p—7) — K =0. (2.14)

Also, the equality (P-)(to,a,b) = 0 induces the same equality (2.14).

The equalities (2.13) and (2.14) induce that cos ¢ = 0 and sinp = +£1.
We next consider the equality @1 = 0. In the same way as the case of
PL we put

Q+ =[(Q)ly+ [K(Q+)|K =0

and calculate [y(Q4)](to, a,b) and [K(Q+)](to, a, b) by using the explicit data
(2.4), the properties (2.12), and the result that cos = 0 and sing = £1.

We first assume that cosp = 0 and singy = —1. Then it follows that
K = —2sin7 and we have the following lemma.
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Lemma 2.2 It holds that

[V (@+)](to, a,0)
3
= <2’l;> (leﬁ) [(cos 7)(cos® 7 + 1) + (cos® 7)b® — (cos )b
— (sin7cosT)ab + (sinT)ay/1 — a? + b2 — (sin® 7)b\/1 — a2 + b?]

and

[K(Q-i-)] (to, a, b)

3
2
= (;) {<g) <m> x [(sin27) — 2(sin 27)a® + (sin 27)b>
o —a
—2(cos T cos 27)ab — (1 + 2sin® 7)ay/1 — a2 + b2
— 3(sin7)by/1 — a2 + b?]

e <\/1_zw> X (2c087) [;(sm 27)ab + (cos 7)a’

+ (sinT)ay/1 — a2 + b2 + (sin? 7)by/1 — a2 + b2] },

and then it does not hold that Q4 (tg,a,b) =0 for any a, b.

Proof. We check the last statement. To do so, we assume that
Q+(to,a,b) = 0 for any a and b and take notice of the coefficients of the
term (2a2/v/1 — a2 + b2) in the equality. Since the term does not appear in
[v(Q4)](to, a,b), we may take out it from [K(Q+)](to,a,b). Then it holds
that

g

5 X 2sin 27 + 20 cos?

7 =0, thus, ’ySinTCOST+UCOS2T =0.

Since cos T # 0, it follows that vy sin7 + o cos7 = 0, and moreover by (2.5),
it follows that vy + 02 = 0. Also, again by (2.5) it follows that

02:(;>2<;>(1h2), v:f%hz, 7:2{(1h2)+)\;h2}.
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Substituting these into the equality vy + 02 = 0, we can see that h = 0.
This is not the case. Hence we have the last claim of the lemma. O

We next assume that cos¢p = 0 and siny = 1. Then it follows that
K = 2sinT and we have the following lemma.

Lemma 2.3 It holds that

[7(Q+)](t0)a7 b)
3
= <,u> [ — (sinTsin 27)m + 6(sin7)a — 6(sin® 7)b

a? ab

- (Sin27)— ——
V1 —a?+ b2 ( )\/1—a2+62

+2cos 7(1 + cos® 1)

[K(Q+)] (to, a, b)

3

_ (M> { <7> [ —2(1+ 2 sin? T)a+ 2sin7(1 + 2sin? T)b
20 2

ab

V1—a?+b?
2

a
— (sin27) ————— + (sin2 1—a2—|—b2]
(Sn2r) A T2V

+ (o) {2(sin Tsin27)b — 2(sin 27)a

+2cosT(2sin? 7 — 1)

— 4(cos? T)L + 2(cos T sin 27')ab] }
V1—a?+b? VI—aZ+02])’
and then it does not hold that Q4 (to,a,b) =0 for any a, b.

Proof. We check the last statement. To do so, we assume that
Q4+ (to,a,b) = 0 for any a and b. Noting that K = 2sin7 and substitut-
ing the above results for the terms [y(Q+)](to,a,b) and [K(Q+)](to,a,d)
into the equality

Q+(to,a,b) = [v(Q+)I(to, a, b)y + [K(Q+)](to,a,b) K =0,
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we have the following equality:

a2

v(4cos®7) [(sin 7)a — (sin® 7)b + (cos T)m

1 ab
— | =sin2 R
(2 T) \/1—a2+b2]

CL2

— o(4sin27) [(sin m)a — (sin® 7)b + (cos )

1 ab
— | =sin27 | ——=| =0,
(35m27) =)

thus, ycos T —20sinT = 0. By (2.5) and the fact that o # 0, it follows that
v —2v = 0. Again by (2.5) we can see that h = 1. This is not the case.
Hence we have the last claim of the lemma. O

Summing up Lemma 2.1, Lemma 2.2 and Lemma 2.3, we have the fol-
lowing result.

Proposition 2.4 The CMC surface equation (2.2) for Grassmann geom-
etry of Case (II1) has no constant solution.

Remark 2.5 Here a constant solution for the CMC surface equation (2.2)
means that the unknown function ¢(a, b) is locally constant. For the Grass-

mann geometry when h = 1/)\%)\1, called that of Case (II) in Part I, its
corresponding CMC surface equation has constant solutions together with

the minimality condition of (9( A%/\l)—surfaces, while Proposition 2.4 im-

plies that in our Case (III) that 0 < h < 4/ A%M the CMC surface equation
has no constant solution. This indicates that the state of Grassmann geom-
etry may change at the value h = \//\_—)‘/\1. In fact, in Grassmann geometry

of Case (II) there are no O(4/ ﬁ)—surfaces with nonzero constant mean

curvature (Theorem 5.19 in Part I), and on the other hand in Grassmann
geometry of Case (III) there exists an O(h)-surface with nonzero constant
mean curvature for any h. The latter fact will be proved in the following
sections.



Grassmann geometry on the 3-dimensional unimodular Lie groups 11 423

3. Bianchi-Cartan-Vranceanu metrics on SL(2,R)

In the previous section we have studied the existence problem of O(h)-
surfaces with constant mean curvature by analysing the CMC surface equa-
tion (2.2). In this and next sections we will consider the problem by using a
Lie-theoretic method called invariant surface, and give an example of O(h)-
surfaces with nonzero constant mean curvature for the Grassmann geometry
of Case (III) on SL(2,R).

We first consider details of the space (SL(2,R),g) whose Milnor con-
stants satisfy that A\; < 0 < Ay = A3 (= A), on which we have studied
the Grassmann geometry of Case (III). Such a metric g is called a Bianchi-
Cartan- Vranceanu metric [1] on SL(2,R).

Let us denote by H?(—4) the hyperbolic 2-space of constant curvature
—4 realized as the upper half plane equipped with the Poincaré metric:

dz? + dy2>

0 = ({e) e B2 [y > o), 2

Then SL(2,R) acts isometrically and transtively on H?(—4) as linear frac-
tional transformation group. The isotropy subgroup of SL(2,R) at (0,1) is
the special orthogonal group SO(2). The natural projection 7 : SL(2,R) —
H?(—4) is given explicitly by

a b 1

Here we recall the Iwasawa decomposition of SL(2,R). It is given as
follows: SL(2,R) = NAK where

{6
{0 o)

cosf sind
K= { (—sin@ cos@) '9 GR} = 5002).

We refer (z,y,0) as a coordinate system of SL(2,R) and denote by 1 the

T € R} ~ (R, +),



424 J. Inoguchi and H. Naitoh

mapping of coordinate system, i.e.,

v = (5 1) (0 10m) (oo s

where the coordinate point (0, 1,0) corresponds to the identity I of SL(2,R).
Then, by a direct computaion we have the following formulas:

¢—16£ = 1(cos2 OF — sin? OF — sinf cos 0H),
or y
9% _ L Gh09E 4 sin20F 20H 3.15
¥ By = 2y<sm + sin + cos ) (3.15)
Wl% =FE-F,

where

01 00 1 0
e=(00) #=(0) #-(h)
Evaluating these at the identity (0,1,0), we get

L8
¢ 1-— - )
010 2 90

_ —10¢
ox ¥

, i, 2
(0,1,0) Ay

=F-F.
(07170)

These vectors E, (1/2)H and E— F form the basis of the Lie algebra s[(2, R)
of SL(2,R) which corresponds to the basis {(9/0x)r,(0/9y)r,(0/0z)r} of
coordinate vectors at I.

On the other hand, in Part I, Section 5.2.1, we equiped a basis of s(2, R)

/\<0 1>7 62:\/A|Tl<0 1>’ e3:\/W<1 0>’

‘=51 21 0 2 10 2 \0 —1

so that they satisfy the relation (1.1) and the triple {e,e2,es} is an or-
thonormal basis of s[(2,R) with respect to the considered left invariant
metric g. Hereafter, for simplicity of computations we choose the Milnor
constants as A = 2 and A\; = —2. Namely,
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(0 1 (01 (1 0
“a=\10) 271 0) B \o 1)

In fact, we can choose such a basis by changing each original vector e; where
1 = 1,2,3 with a suitable scalar multiple. Though this choice also change
the left invariant metric g, it has no effect on the following argument. The
inner product (, ) on sl(2,R) induced by the changed metric g is given in
the following:

(X,Y)=-(*'XY), X,Y €sl(2,R).

1
2
The metric on SL(2,R)/SO(2) induced from g¢ coincides with the Poincaré
metric (dz? 4 dy?)/(4y?) and the natural projection 7 is a Riemannian sub-
mersion with totally geodesic fibers. We here note that the left invariant
vector fields Ey, Fs, Fs5 satisfying (1.1) correspond to eq, e and es, respec-
tively, i.e., (E;); = e; where i = 1,2, 3.

4. Invariant surfaces

In this section we consider a surface S in SL(2,R) invariant under the
action of nilpotent group N. Such a surface is called an N -invariant surface.

The position vector field ¢ of S is parametrized as ¢(u,v) = (v, y(u),u).
In matrix form,

et =5 1) (V87 1) (S o)

The surface S is an orbit of a curve (y(u),u) in AK C SL(2,R) under the
action of V. Then the partial derivatives of ¢ are given by

Y n 0 1( te)
f— = —€ €3, = = — (€ €3),
14 du 2y 2 3, @ v 2 1 3
where
0 0 0 0

61:2y87x_%7 62:2y67y7 63:%'

Hence, by (3.15) the induced metric ds? on S is:
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2 1 1
{1 + (y) }alu2 + —dudv + ——dv>.
2y y 292

Take a unit normal vector field 7 as

1y Y
n—a<2y€1+€2—2y63

where « is a function given by

v\’
= /142 L) .
“ +<2y>

Then the second fundamental form II of S is given by

20+ "y =)+ 2
(00, 00) =~ 3, T(@,8,) = =7
1
H(@v,&,) == O[in > 0

These formulas imply that S has no geodesic points. The mean curvature
function H is given by

= W(y"y + 2y%).

For more informations on N-invariant surfaces, we refer to [2].
Let us consider the height function h = g(7i, E1). Direct computations
show that

W)= —— Y (4.16)

/ 22y
2y

We now assume that h is a constant. Since E; and 71 have unit length, we
have 0 < h < 1. Put 7 = (logy)/2. Then we have

(T/)2 = h2(1 + 2(7”)2), equivalently, (1 — 2h2)(7-’)2 — 2.
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This equation implies that h # 1/1/2. Now we solve the equation

dr\*_ _n
du) — 1—2h2"

Since the left hand side is non-negative, we have 0 < h < %

Remark 4.1 1In Part I, we distingushed the cases h = \/A_—A)\l or h #

2. In our choice, these two cases correspond to the cases h = —= or
A= ’ V2

h # %, respectively. Moreover the condition 0 < h < 1/ V2 corresponds to

A
A=A ”

our case (III) 0 < h <

Under the condition that the height function h(u,v) is a constant h, the
ODE (4.16) has the general solution

2hu
y(u)zaexp ﬁ y a > 0.

Since the choice of the constant a has no effect on the following argument,
we assume that ¢ = 1. Then we get an N-invarinat surface

s (o 255)-),

and it satisfies the following conditions:

1
QO(0,0) = (O, 1,0) = I, a(u,'l)) = ﬁ, H(U, 'U) =\ 1— 2h2,

and
i(0,0) = {h(e1 — e3) + V1 — 2h%ex } }(O o1y = M—e1+e2) + V1 = 2h%e;.
The last condition can be moreover rewritten as follows:

7(0,0) = /1 — h2(sineq — cosdes) — hey,
V1 —2h2 h

where cost¥ = ——————, sind =

Vin2’ Vi
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Compare this with the expression (5.55) in Part I. By these consideration
we can see that this N-invariant surface is an O(h)-surface with constant

mean curvature v1 — 2h2 < 1.

Remark 4.2 When h = 0, we have ¢(u,v) = (v,1,u). Thus the resulting
surface is the Hopf cylinder over the curve v = {(z,1) € H?(—4)}. This
Hopf cylinder has non-zero constant mean curvature 1. Note that, a Hopf
cylinder is of constant mean curvature 1 if and only if its base curve is a
horocycle or a line y = constant. (See [2, Proposition 2.3], [4, Proposition
4.3]).

Summing up the argument in this section, we have the following exis-
tence theorem for the Grassmann geometry of type (III).

Theorem 4.3 Let h be a constant such that 0 < h < /\%/\1 Then there

exists an O(h)-surface with nonzero constant mean curvature in the space
(SL(2,R), g) with Bianchi-Cartan-Vranceanu metric.

References

[1] Belkhelfa M., Dillen F. and Inoguchi J., Surfaces with parallel second fun-
damental form in Bianchi-Cartan-Vranceanu spaces, In: PDE’s, Submani-
folds and Affine Differential Geometry, Banach Center Publ. Vol. 57 (2002),
Polish Acad. Sci., 67-87.

[2] Inoguchi J., Invariant minimal surfaces in the real special linear group of
degree 2. Ttalian Journal of Pure and Applied Mathematics. 16 (2004),
61-80.

[3] InoguchiJ. and Naitoh H., Grassmann geometry on the 3-dimensional uni-
modular Lie groups I. Hokkaido Math. J. 38 (2009), 427-496.

[4] Kokubu M., On minimal surfaces in the special linear group SL(2,R).
Tokyo J. Math. 20 (1997), 287-297.

[5] Milnor J., Curvatures of left invariant metrics on Lie groups. Advances in
Math. 21 (1976), 293-329.



Grassmann geometry on the 3-dimensional unimodular Lie groups 11 429

Jun-ichi INOGUCHI

Department of Mathematical Sciences
Faculty of Science

Yamagata University

Kojirakawa-machi 1-4-12

Yamagata 990-8560, Japan

E-mail: inoguchi@sci.kj.yamagata-u.ac.jp

Hiroo NAITOH

Department of Mathematics
Yamaguchi University

Yamaguchi 753-8512, Japan
E-mail: naitoh@yamaguchi-u.ac.jp



