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Navier-Stokes equations in a rotating frame in R3
with initial data nondecreasing at infinity
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Abstract. Three-dimensional rotating Navier-Stokes equations are considered with a
constant Coriolis parameter 2 and initial data nondecreasing at infinity. In contrast to the
non-rotating case (2 = 0), it is shown for the problem with rotation (Q # 0) that Green’s
function corresponding to the linear problem (Stokes 4+ Coriolis combined operator) does
not belong to L' (R3). Moreover, the corresponding integral operator is unbounded in the
space L (R3) of solenoidal vector fields in R? and the linear (Stokes-+Coriolis) combined
operator does not generate a semigroup in L5 (R3). Local in time unique solvability of the
rotating Navier-Stokes equations is proven for initial velocity fields in the space Lgf’a(RS)
which consists of L solenoidal vector fields satisfying vertical averaging property such
that their baroclinic component belongs to a homogeneous Besov space Bgo, 1 which is
smaller than L°° but still contains various periodic and almost periodic functions. This
restriction of initial data to L3, (R3) which is a subspace of L3°(R3) is essential for the
combined linear operator (Stokes + Coriolis) to generate a semigroup. Using the rotation
transformation, we also obtain local in time solvability of the classical 3D Navier-Stokes
equations in R3 with initial velocity and vorticity of the form V(0) = Vo (y)+(2/2)es x v,
curl V(0) = curl Vo(y) + Qes where Vo(y) € Ly, (R3).

Key words: rotating Navier-Stokes equations, nondecreasing initial data, homogeneous
Besov spaces, Riesz operators.

1. Introduction

In this paper we study initial value problem for the three-dimensional
rotating Navier-Stokes equations in R? with initial data nondecreasing at
infinity:

HU+(U-V)U+Qesx U+vewrlPU=-Vp, V-U=0, (1.1)
U(t, 2)]t=0 = Uo(z) (1.2)
where x = (z1, x2, x3), U(t, ) = (Uy, Us, Us) is the velocity field and p
is the pressure. In Egs. (1.1) es denotes the vertical unit vector and €2 is

a constant Coriolis parameter; the term ez x U restricted to divergence
free vector fields is called the Coriolis operator. The initial velocity field
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Uy(z) depends on three variables x1, x2 and x3. We consider initial data in
spaces of solenoidal vector fields L°(R?) nondecreasing at infinity (L>°(R?)
restricted to the divergence free subspace). The consideration of solutions
not decaying at infinity is essential in the development of rigorous mathe-
matical theory of 3D rotating turbulence (homogeneous statistical solutions
[10]). In this paper we prove local in time unique solvability of the rotating
Navier-Stokes equations in R? under the condition that the initial velocity
Uy € L, (R?), which is a subspace of L3°(R?) having vertical averaging
property. We take initial data in the space

LY, (R¥) ={ue L®R*:u-1ue€ Bgo,l}

where ngl is a Besov space which contains various periodic and almost
periodic functions (see Appendix B). Here w denotes the vertical average
of u. We use ngl since the Riesz operator is bounded in Bng but not
in L. The space L3°,(R?) is a subspace of L°(R*) which consists of
bounded vector fields satisfying wvertical averaging property. It is shown
that the linear combined operator (Stokes+Coriolis) generates a bounded
semigroup on L, (R?) for each 2 € R.

The above initial value problem (1.1)-(1.2) for the 3D rotating Navier-
Stokes Equations is equivalent, via rotation transformation with respect
to the vertical axis eg, to the initial value problem for the classical (non-
rotating) 3D Navier-Stokes Equations with initial data of the type V(0) =

Vo(y) + (2/2)es x y:
XV +(V-V)V+rvcurl!V=-Vq, V- V=0, (1.3)

V(t, o = V(0) = Voly) + Ses xy (14)

where y = (y1, y2, y3), V(t, y) = (V1, Vo, V3) is the velocity field and ¢ is
the pressure. Since curl((Q/2)es x y) = Qes, the vorticity vector at initial
time t = 0 is curl V(0, y) = curl Vo(y) + Qez. This connection between
initial value problems for the 3D Navier-Stokes Equations is made precise
in the last section of the paper. Using the rotation transformation, our
results for initial value problem (1.1)-(1.2) imply local in time solvability of
the Navier-Stokes equations (1.3)-(1.4) in R? under the condition that the
initial velocity is of the form V(0) = Vo(y) + (/2)es x y with Vo(y) €
L3, (R3).
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Let J be the matrix such that Ja = eg x a for any vector field a. Then

0 -1 0
J=(1 0o of. (1.5)
0 0 0

We define the Stokes operator A:
AU =vcewl?U = —vAU (1.6)

on divergence free vector fields. Let P be the projection operator on di-
vergence free fields. We recall that the operator P is related to the Riesz
operators:

P ={P;}i j=1,2,3, Pij =0;; + RiR;; (1.7)

where §; ; is Kronecker’s delta and R; are the scalar Riesz operators defined
by

0

ﬁxj( A) for j =1, 2, 3; (1.8)

R;
the symbol o(R;) of R; equals i§;/|{|, where i = /—1 (see e.g. [29]).
We transform (1.1)-(1.2) into the abstract differential equation for U

U, +AQU+P(U-V)U =0, (1.9)
where
AQU=AU+QSU and S=PJP (1.10)

and we have used PJU = PJPU on solenoidal vector fields. The main
difficulty that we face in our studies of local solvability for Eqgs. (1.1)-(1.2),
(1.3)-(1.4) is that the Coriolis term is an unbounded operator in L3°(R3).
We find that it is necessary to restrict initial data on a subspace of L°(R?)
on which the combined operator (Stokes+Coriolis) generates a semigroup.

It is important to note that mathematical techniques for Egs. (1.1)-
(1.2) with initial data on compact manifolds (bounded domains and peri-
odic lattices in R?) and for initial data in LP(R3), 1 < p < +oc spaces of
functions that decay at infinity are very different from those for initial data
non-decaying at infinity in R3. In the former case, the Coriolis operator is a
bounded zero order pseudo-differential operator with a skew-symmetric ma-
trix symbol. Then local in time solvability for fixed {2 immediately follows
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by repeating classical arguments on local solvability of the 3D Navier-Stokes
equations. Uniform in €2 solvability does not always hold for bounded do-
mains and it requires careful consideration in each case. We note that for
initial data on periodic lattices and in bounded cylindrical domains in R3
the time interval [0, T'] for existence of strong solutions is uniform in €.
Moreover, regularization of solutions occurs for large 2. Global regularity
for large Q of solutions of the three-dimensional Navier-Stokes equations
(1.1)-(1.2), (1.3)-(1.4) with initial data Ug(x) on arbitrary periodic lat-
tices and in bounded cylindrical domains in R? was proven in [2], [3] and
[21] without any conditional assumptions on the properties of solutions at
later times. The method of proving global regularity for large fixed € is
based on the analysis of fast singular oscillating limits (singular limit  —
+00), nonlinear averaging and cancellation of oscillations in the nonlinear
interactions for the vorticity field. It uses harmonic analysis tools of lem-
mas on restricted convolutions and Littlewood-Paley dyadic decomposition
to prove global regularity of the limit resonant three-dimensional Navier-
Stokes equations which holds without any restriction on the size of initial
data and strong convergence theorems for large Q.

The mathematical theory of the Navier-Stokes equations in R" (n =
2, 3) with initial data in spaces of functions non-decaying at infinity is more
difficult than those on bounded domains or with periodic boundary condi-
tions and it was developed only recently although there are earlier works
to construct mild solutions for L initial data [6], [8]. Since energy is
infinite for the corresponding solutions, classical energy methods for esti-
mating norms of solutions or Galerkin approximation procedures cannot be
used and new techniques are required. For example, Giga, Inui and Matsui
[12] showed the time-local existence of strong solutions to the Navier-Stokes
equations with non-decaying initial data in LS°(R™), n = 2, 3. Moreover,
they proved the uniqueness under the same conditions. There are several
related works for L initial data [7], [20]. We do not intend to exhaust
references on this topic. Giga, Matsui and Sawada [14] proved the global
in time solvability of the 2D Navier-Stokes equations with initial velocity in
L2°(R?) without smallness nor integrability condition on initial velocity.

Although there are several earlier works on the solvability of the Navier-
Stokes equations with initial data in Besov type spaces, it requires decay
at space infinity. The space Bgo’l was first used to solve the Boussinesq
equations by Sawada and Taniuchi [27] (see Taniuchi[30] for recent improve-
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ment). Hieber-Sawada [17] and Sawada [26] constructed a unique local so-
lution for the Navier-Stokes equations (1.3) with initial data Mz + vy where
M is a trace free matrix and vy € 3807 1- This includes (1.4). However, their
existence time estimate is weaker than our estimate (4.4). This is because
they transformed (RNS) to the following integral equation;

u(t) = exp(tA)ug — /0 exp((t — s)A)

x P{div(u ®@ u)(s) + Qes x u(s)}ds fort >0

and regarded the Coriolis term as a perturbation. In this paper, we trans-
formed (RNS) into (I) (see Section 4) to estimate the Coriolis term in the
form exp(—QSt) as the leading term with the heat operator exp(tA). Then,
the behavior as 2 — oo of the operator exp(—2St) can be reduced to that
of the operator of the form exp(tR3) as t — oo.

In [17] and [26], they assume that all components of the initial data
belongs to 3207 1- We assume that only baroclinic component of the initial
data belongs to Bgo,l to our space for initial data Lg°, (see Section 3).

This is another difference between our results and theirs. Although we

o0

o q» as noticed in Remark 4.1 (iii) we may take

restrict initial data vy in L
an arbitrary element of Bgo’ 1 provided that it is divergence free.
Unfortunately, the existence time of our solution is not uniform in the
Coriolis parameter 2 € R (see (4.4)) since we can not get uniform esti-
mate for the Coriolis solution operator exp(—QtS) for ¢ > 0 in 2. We are
able to prove that its operator norm in the space BM O or the Besov space
BOQq (1 < g < o) is dominated by C(1 + Qt)%, where the constant « is
4 or (3/2 + ¢), respectively (see Proposition 2.2, Proposition 3.1). Here,
BMO is the space of functions of bounded mean oscillation (see e.g. [29])
and § > 0 is an arbitrary constant. We are skeptical the uniform bounded-
ness of the operator norm of exp(—QSt) in ¢, 2 € R but we do not have a
counterexample. The local existence with an existence time uniform in €2 is
recently proved by authors [13] by choosing a different space, the space of
Fourier images of finite Radon measures which still contains many nonde-
caying functions such as almost periodic functions. For the Euler equations
in bounded cylindrical domains Nicolaenko, Bardos, Golse and the third
author [22] proved local existence whose existence time is uniform in €.

The plan of the paper is as follows. In Section 2 we consider the lin-
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earized (i.e., Stokes+Coriolis) problem and calculate the symbol of the so-
lution operator. In Section 3 we give definition for initial data by splitting
it to 2D3C (2 dimensional 3 components) part and other baroclinic part (3
dimensional, 3 components with zero vertical average). The characteriza-
tion is natural from an observation of the symbol calculus in Section 2. In
Section 4 we give main theorems and the proofs. In Section 5 we restate
the main theorems for the equations (1.3)-(1.4) in the rotating frame. In
Appendix A we calculate the kernel of the the linearized solution operator
whose symbol is given in Section 2. It turns out the operator is not bounded
in L*°. In Appendix B and C we show key estimates for the Coriolis solution
operator. These estimates are crucial for the proof of our theorems. In Ap-
pendix D we show bilinear estimate which is used in nonlinear estimate in
Section 4. We also give fractional power estimate for readers’ convenience.

2. Linear problem and calculation of symbols of pseudo-differ-
ential operators

In this section we solve linear problem using Fourier transform and
calculate symbols of the corresponding pseudo-differential operators in R3.
We consider the linear problem (Stokes+Coriolis):

0P — VAP + Qe x ®=—-Vr, V- P =0,
‘I)(t, x)]t:() = ‘I’()(J}) (21)

After applying projection P on divergence free vector fields, the above equa-
tion (2.1) can be written in operator form as follows

q)t + AP+ QSP = 0, @(t)’t:() = (I’O. (22)

We introduce Fourier integrals:

Flv(z) =v(z) = W /]R3 ey (€)deE. (2.3)

Clearly, £ -u(€) = 0 if u is divergence free. Recall that the operators P and
curl in Fourier representation have symbols o(P) and o(curl):
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1 & && &8

o(P)=1 L& & L&,

R ;
&8 &% &3
0 & &
oleurl) =i | & 0 =& | (24)
& &0

Here 1 is the 3 x 3 identity matrix. In what follows, we shall freely denote
singular integral operator, say R; in (1.8), by its symbol, say i&;/|¢| for
simplicity.

We also define the vector Riesz operator R by introducing its symbol:

0 =&/1El &/[¢]
oR)=R(§) = | &/[¢ 0 —&1/1¢l ] - (2.5)
—&/1El &1/l¢] 0

We note that the symbol R(§) is a 3 x 3 skew-symmetric matrix. The vector
Riesz operator R acting in the space of divergence free vector fields has the

property:
R? = I (2.6)

In fact, since R(§)v = (1/[£])€ x v, we calculate for any solenoidal vector
field v

R = R(E) (% v) = g€ (€x V)

1 1
= @((E'V)i— (&-&v) = e

Here, we used divergence free condition (§-v) = 0. Because the scalar Riesz
operators R; satisfy Z?Zl RJQ- = —1, it seems natural to call the operator R
the vector Riesz operator. We now calculate 3 x 3 matrix symbol S(§) of
the zero order pseudo-differential operator S:

o(S) = S(&) = P()IP(9). (2.7)

We make an important observation that the operator S = PJP is related
to the Riesz operators and the curl operator. One can easily show by direct
matrix multiplication that

v = —v.

&3

S(©) =P©OIPE© = (5

JR(©). (2.8)
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It implies that the symbol of the operator S commutes with the symbols
of the operator curl and the Stokes operator A. The symbol S(£) of the
operator S is a homogeneous function of degree zero and it is expressed in
terms of the scalar Riesz operators R; for j =1, 2, 3 (cf. (1.8)). Egs. (2.5)
and (2.8) imply

0 Ry —Ry
S=Rs|-Rs 0 R |. (2.9)
Ry, —Ri O

We recall that the Riesz operators R; are bounded operators in LP(R?) for
1 < p < oo and BMO(R3). However, the Riesz operators are not bounded
in L=(R?). We also note that the Riesz operators R; are bounded from
L>®(R3?) to BMO(R?).

Since Riesz operators are bounded in BMO(R?) and LP(R3) (1 < p <
+00), we have

Proposition 2.1 (1) S: BMO(R?) — BMO(R3) is a bounded opera-
tor.

(2) S: LP(R?) — LP(R?), 1 < p < 400, is a bounded operator.

(3)  The symbol S(£): R — R3 of the operator S is a 3 x 3 matriz with
the following properties:

(a) (S(€)" = -S(¢) (skew-symmetric matriz),

2 £ €3 (€3 Q2 p2

b S) =—=>2I=(=)(=)I e S“=R3I 2.10
) (56)" = et = (1) (i) e

where i€3/|€| is the symbol of the Riesz operator Rs.

(4) [S(&)v| = |v| on the linear subspace of R® with the property & -v =0

(subspace of solenoidal vector fields). Here |v| denotes length of the vector

v € R3,

Remark 2.1 The operator S is not a bounded operator in L3°(R?), how-
ever, S: LL(R3) — BMO(R?).

Eq. (2.10) is useful in calculating the operator exp(S) directly using
infinite series:

+o0 1.
—S7. (2.11)

exp(S) = )
=07
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Then we can solve linear Stokes+Coriolis problem (2.1), (2.2) in BMO(R3)
and in LP (R3), 1 < p < +00. Since the operators commute, the solution
of (2.2) is given by

®(t) =exp((—A — QS)t) Py
=exp(vtA) exp(—QtS)®y  for ¢ > 0. (2.12)

Of course, in Egs. (2.12), exp(vtA) is the usual semigroup generated by
the heat kernel. Since S is a bounded operator in BMO(R3?) and LP(R?),
1 < p < +o0, the operator exp(§2St) is also a bounded operator in these
spaces for each 2 € R and ¢ € R. It is defined by convergent series:
400 1 o
exp(QSt) = > ﬁ(mysm (2.13)
§=0

We can solve linear Stokes+Coriolis problem (2.1) using Fourier trans-
form in R3. After applying Fourier transform and projecting on divergence
free subspace, we obtain

at(i'(ta 5) + V|§‘2(I,(t7 f) + QS(&)‘I’(f, 6) =0,
(t, §)|t=0 = Po(§)- (2.14)

Direct calculation using infinite series (2.13) and the property (2.10) of S
imply that

exp(QS(€)t) = cos(if"m)l + sin(fé@t) R(¢), (2.15)
where R(€) is defined in (2.5).
Then the solution of (2.14) is given by

B(t, €) = e VIt (cos(%ﬁt)l . sin(%@t) R(§)> Bo(¢).  (2.16)

In physical space the solution is given by convolution of inverse Fourier
transform of e VI¢I*t cos((&3//€))2t) and evIE sin((&3/¢))Qt)R(E) with
(I)O([L')

Thus, the symbol of the vector pseudo-differential operator exp(—A(Q)t)
corresponding to the linear problem (Stokes Operator+Q8S) is given by

o(exp(—A(Q)t)) = e VP cog (EQt) I
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- e—”|f|2tsin(§9t>R(g), (2.17)
where R is the vector Riesz operator with the 3 x 3 matrix symbol R(¢)
defined above; I is the 3 x 3 identity matrix. From the calculations outlined
in Appendix A it follows that

F! (e_”mQt COS(f;Qt)> )
Fl <e”5|2tsin(|5§|m)R(g)> € LIURY), 1<q<+oo. (2.18)

The symbol o (exp(—A(Q)t)) is discontinuous at & = 0 since the functions
e‘”|5‘2tsin((£3/|£|)9t) (&/1€]), j = 1, 2 are discontinuous at £ = 0. There-
fore, the integral kernel given by Fourier transform of the symbol cannot
belong to L'(R3). More detailed consideration of the Fourier transform
given in the Appendix A shows that it behaves as |z|~3 for large |z| and
that it is not a bounded operator in LS°(R?).

We state a boundedness of the operator exp(—A(Q)t) in BMO(R?)
which will be needed to estimate the nonlinear term in Lemma 4.3. The
boundedness follows from Proposition B.1, which shall be shown in Ap-
pendix B. In what follows we shall denote by C' various constants. In par-
ticular, C' = C(x, ..., *) denotes constants depending only on the quantities
in the parenthesis.

Proposition 2.2 (Estimate for the Coriolis solution operator - BMO ver-
sion) There exists a constant C > 0 independent of Q@ and t such that

|| eXp(*QtS)HBMOHBMO < C(l + (Qt)4) for t>0. (2.19)

Remark 2.2 (i) The operator exp(—A(Q)t) has a sharp estimate as an
operator from ngq to itself (see Proposition 3.1). Here ngq(l < g < )
is a homogeneous Besov space whose definition will be given in Appendix
B.

(ii) The same estimate for the Coriolis solution operator as (2.19) hold as
LP — [P for 1 < p < co. Actually, we have

| exp(—QS) || Lr—1r < C(1 + ()Y, (2.20)

for t > 0. In fact, the proof of (2.20) parallels the proof of (2.19) using
the Mikhlin multiplier theorem in LP (1 < p < o0) spaces (cf. Lemma B.2).
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The norm estimate is uniform in Q and ¢ for p = 2 (cf. Lemma C.2).

3. Stokes-Coriolis semigroup and splitting of initial data having
vertical averaging property

Before defining the space for initial data we note that in the equality
(2.8) there is &3 (i.e., d/0z3 in all components). This implies that

Sf=0 hence exp(QUS)f=f fort>0 (3.1)

if the vector f is a 2D3C vector field (vector field with 3 components where
each component depends only on 2 variables x; and z2). Hence it is natural
to take 2D3C vector field from 3D3C vector field. We introduce vertical
averaging property as one of ways to take 2D3C flow.

Definition 3.1 (vertical averaging) Let U € L®(R?). We say that U
admits vertical averaging if

1
lim

L
L—+o00 ﬁ /—L U(xlﬂ T2, x3)d$3 = ﬁ(xl’ $2)

exists almost everywhere. The vector field U(x1, x2) is called vertical aver-
age of U(x1, x2, x3).

Remark 3.1 (i) Clearly, all periodic and almost periodic functions (or
vector fields) admit vertical averaging.
(ii) The vector field U(xy, x2) = (Ui(z1, x2), Ua(x1, 22), Us(x1, 22)) has

zero horizontal divergence:
V-U= ag;lﬁl + 81»2U2 =0. (3.2)

(iii) Supposing U € L5(R3) for 1 < p < oo, the vertical average always
exists; moreover, U = 0.

(iv) If U € L*°(R?) admits vertical averaging (at (z1, 2)), then we have
uniform convergence property, i.e.,

1 [
lim sup / U(x1, x2, x3 + r)drs = U(xy, x2)
L—oo r|<M 2L L

for each M > 0. Indeed, we may assume that U(z1, 72) = 0 by considering
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U — U instead of U. We suppress the dependence of (z1, z2). Since

L+r L+r
/ UIL‘3—|—’I“dl’3—</ / ) (x3)dxs,

we observe that
1 L
/ U(xs + 7)dxs
LJ_p

L+T‘ L+r
S 2L—|—r ’/ Ulzs)dzs

+ ||U||oo

We take supremum in r € [—M, M| and send L to oo to get the desired
result.

Eq. (3.2) follows if we apply vertical averaging operation to the 3D
divergence free equation V-U = 0,, Uy + 0,,U2 + 0,,,Us = 0 and notice that

L oty J
m — ——axr
L—+oo 2L J_ a$3 3

1
= LEIEOO 2L(U3(331, x, L) — Us(x1, 2, —L)) =0, (3.3)

since Us € L°°(R3).

The operation of vertical averaging defined above is called ‘barotropic
projection’ and the vector field U(x1, z2) is called ‘barotropic component’
of U(z1, xa, £3). Then the ‘baroclinic component’ U~ (z1, x2, x3) is defined
as

UJ'(.’L'l, o, .%'3) = U(.Z'l, 9, xg) — ﬁ((]?l, .’L‘Q). (3.4)
Now we define the space for initial data Uy.

Definition 3.2 (Space for initial data) We define a subspace of L3° of
the form

L‘;fa(]Rg’) = {U € L°(R?); U admits vertical averaging
and Ut e 32071}.

The space L, (R?) is a Banach space with the norm

= 1
IUllcge, = U]l oo g2y + U M50,
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Indeed, let {U;} be a Cauchy sequence of Ly°,. Since || fllco < C|lf|l g0 E

U; converges to some U € Lg° uniformly in R3. Since U, exists, so does U.

Since ||fllooc < C||flloo, We conclude that U; — U uniformly in R%. Since
{U]l} is a Cauchy sequence in Bgo’l, there is a limit v € Bgo,l' However,

U; - U, ﬁ] — U, so v must be equal to U™,

Remark 3.2 The space Lg7, has a topological direct sum decomposition
of the form

LY, =WwaeB’
with
W ={U € L®; 0U;/dz3 =0 in distributional sense R?
for i =1, 2, 3},
B°={Uc¢ B&}l NLP; Uz, 22) =0 ae. (21, 12) € R%}

Indeed, for U € Lg°, we observe that U € W and U™t € B°. Moreover, WN
B° = {0}. The closedness of W and B° can be proved using Definition 3.2.

The advantage of the Besov space Bgo,l is that the Riesz operators
and, consequently, the operator exp(—A(2)t) are bounded operators in this
space. Also, this space contains all locally Lipschitz periodic functions with
zero mean value and all almost periodic functions of the form

Zajeﬁ)‘f'“ with {a;}72, € M\ R\ {0}
j=1

We consider boundedness of the Coriolis solution operator. Let U €
Lf;?a(R?’). Then U admits vertical averaging and we have the following
representation (splitting)

U=U+U", (3.5)

where U(z1, z2) is a 2D3C vector field such that U;(z1, z2) € L>(R?) for
j =1, 2, 3. Hence we have

exp(—A(Q)t)U = exp(vtA)U + exp(—A(Q)t) U+ (3.6)
since (3.1) implies

exp(—QtS)U = U. (3.7)
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Then the first term in RHS of (3.6) can be estimated in L™ by || U]~ be-
cause of ||Gy¢||;1 = 1. However, when Q # 0, the second term still contains
the Coriolis solution operator exp(—QtS) in exp(—A(f2)t). Moreover, the
derivative estimate for the heat kernel which shall appear as Lemma 4.1
does not apply the terms (3.6) since there is no derivative in them. In
order to estimate the second term of RHS in (3.6) we need the following
boundedness in ngl. The space Bgo’l is smaller than L°°. We claim the

boundedness in Bgoﬂ with 1 < ¢ < 0.

Proposition 3.1 (Estimate for the Coriolis solution operator - Besov ver-
sion) Let1l < q < oo. Foreachd > 0 there exists a constant C = C(§) > 0
independent of q, 2, t and f such that

[exp(—QuS)||lz0 _po <O+t for t>0. (3.8)
0, q 0, q

The above proposition is an immediate consequence of Theorem C.1
whose proof is postponed until Appendix C. The estimate (3.8) in Besov
spaces is applicable for both linear (¢ = 1) and nonlinear (¢ = co0) estimates
(see Lemma 4.2 and Lemma 4.4, respectively) by virtue of the embedding
Boo1 — L® Bgo,oo, while Proposition 2.2 (BM O-version) is useful only
for nonlinear estimate due to L* — BMO.

In the remainder of this section we shall prove that exp(—A(Q)t) is a
bounded semigroup in Lg7, for each 2 € R. Since we have Proposition 3.1

together with (3.6) and (3.7), it suffices to prove

Proposition 3.2  The operator exp(—A(Q)t) maps from LS, to itself for
all t > 0.

Proof. 1t suffices to show that exp(—A(Q)t)U = exp(—S) exp(vtA)U €
BY if U € B°. We first prove that exp(vtA)U € B if U € BY. Since

(exp(vtA)U)(z)

= /2 (/ U(xz1 —y1, ©2 — Y2, T3 — y3)th(y3)dy3>
R —00

X Gut(y1, y2)dy1dys

with the Gauss kernel g,¢, it suffices to prove that

L [e's)
lim / / U(x1 — y1, 22 — Y2, 23 — y3)Gut(y3)dysdzs = 0
—L J—o0
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for a.e. (x1—y1, z2—y2). This follows from the uniform convergence property
Remark 3.1(iv), since the Gauss kernel G¢(ys3) is integrable for large y3. We
thus proved that exp(vtA)U = 0. The divergence free property is clear, so
we conclude that exp(vtA)U € BY if U € B°. The proof will be complete if
we prove

exp(—QtS)U € B® if U € B,

We give the proof of this fact in Lemma B.4. O

4. Local existence and uniqueness

In this section we prove time-local existence and uniqueness for (1.1)-
(1.2). The differential equations are formally transformed into the integral
equation of the form:

(I) U(t) = exp(—A(Q)t) Uy — N(U, t;Q) for ¢t > 0.
Here the nonlinear term N (U, ¢;Q) = N(U, U, ¢;Q) is defined by

N(U, V, £:0) = /0 Cexp(—A(Q)(t - )P div(U @ V)(s)ds.

We call a solution of the integral equation (I) a mild solution of the rota-
tional Navier-Stokes equations. Since PU = U for divergence free vector
field and PA = AP, we have

AQ)=-PA+QOPJ =-A+QPJP =-A+QS.
Note that

exp(—A(Q)t) = ' exp(—QtS),

where et

is the solution operator of the heat equation (in what follows
we put v = 1 for simplicity). For an interval I C [—o0, co] and a Banach
space X let C(I; X') denote the space of all continuous functions with valued
in X. The space Cy(I; X) denotes the space of all X-valued star weakly
continuous functions.

The goal of this section is to prove the following theorems.

Theorem 4.1 (Existence and uniqueness of mild solution U) Suppose
that Ug € Lg?a(R3). Then
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(1)  There exist Ty = To(2) > 0 and a unique solution U = U(t) of (I)
such that

U € C([n, Tol; Lg") N Cw ([0, Tol; L") (4.1)
for any n > 0.
(2) The solution U satisfies
sup [[t/2VU| 1= < oo and VU € O([n, Ty}; LY) (4.2)
te(0,To)
for any n > 0.

Theorem 4.2 (Existence of classical solution U) Suppose that
Uy € LY, (R?). Let U =U(t) be a solution of (I) satisfying (4.1) and (4.2).
If we set

3 A Rl(RQUl — R1U2)
Vp(t) =V > RjRyUU(t) - Q | Ry(RU' — R U?)
J. k=1 R3(R2U1 — R1U2)

fort >0, (4.3)
then the pair (U, Vp) is a classical solution of (1.1)-(1.2).

Such a solution (satisfying (4.1)-(4.3)) is unique. In fact a stronger
version is available.

Theorem 4.3 (Uniqueness of classical solution U) Suppose that Uy €
L2, (R3). Let

Ue L>((0,T)xR%), pe Li,.(0, T); BMO)

be a solution of (1.1)-(1.2) in a distributional sense for some T' > 0. Then
the pair (U, Vp) is unique. Furthermore, the relation (4.3) holds.

Remark 4.1 (i) For a lower estimate for Tj > 0 we get

C
To(1+QTp)6+ > —— (4.4)
T0ulZ5,
where 6 > 0 can be taken arbitrarily, and C = C(J) > 0 is a constant
independent of v, 2, T, and || U], ,-
(ii) For regularity we can get the same results as in [12]. The remark
except (i) after Theorem 1 in [12] holds for our equation (I).
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(iii) From the proof given below it is rather clear that one can take initial
data in W + Bgovl, which is larger than Lg°,. In particular, this class
includes Bgo’l N L for which local existence is discussed in [26].

(iv) If in addition we assume that Uy € BUC so that Uy € BUC, then
by construction our solution U € C([0, Tp]; BUC); here, BUC' denotes the
space of all bounded uniformly continuous functions in R3. Indeed, since

Bgoi C BUC (see e.g. Example 2.3(iv) in [26]), Uy € BUC'. Since
2Ty € C([0, 00); BUC)  (see Proposition A.1.1 in [12])
and
exp(—US)Uy € C([0, 00); By, 1),
it is easy to see that U; € C([0, o0); BUC). Thus its uniform limit U
belongs to C([0, Tp|; BUC).

We note that Theorem 4.2 follows from Theorem 4.1 as observed in
[12], where the case 2 = 0 is discussed. We also note that the uniqueness
(Theorem 4.3) can be proved along the line of [15], [19], where the case
Q = 0 is discussed. We won’t repeat the proofs. The proof of Theorem 4.1
is based on a standard iteration method, and is similar to that of [12]. We
have already prepared two estimates for exp(—QtS) in BMO and Besov
spaces (Proposition 2.2 and Proposition 3.1). We further estimate its spatial
derivatives.

Lemma 4.1 (Estimate for derivative of the heat operator) There exists
a constant C > 0 (depending only on space dimensions) that satisfies

(1) Ve fllze < Ct™2 fllBmo

fort>0 and f e BMO, (4.5)
(2) IV fllgo , < OIS llgs,

fort >0 and f € ngoo. (4.6)

Remark 4.2 (i) Because of || - ||pymo < || - ||z~ it follows from (4.5)
that

Ve flloe < Ct 2| fllpe fort >0 and f e L™. (4.7)
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Since || - flpe < || - [[go  and || - ||z < || - ||z, the above estimate
oo, 1 00, 0o

s

(4.7) is derived from (4.6), too.

(ii) In the case of Q@ = 0 (non-rotating case), the estimate (4.5) without
using Besov spaces yields the boundedness of the nonlinear term in L°,
that is, we get

[PV - (U@ U)||p~ = ||V - *P(U @ U)| 1
<[V - || Brro—r=|P(U @ U)| zrmo
<Ct™V?||P(U ® U)||smo
<Ot ?||U @ Ulgmo
<Ct V2| U@ U= < Ot 12| U3 .

Here we used the boundedness of the operator P. The above estimate
follows from the Besov estimate (4.6), too if we use the boundedness of the
operator P in the Besov spaces.

Proof. Since the estimate (2) shall be proved in Appendix D, here we show
only (1). In [9, Lemma 2.1] Carpio obtained for the Gauss kernel G; = G(z)
that

IVGy|lp < CEV2, t>0.

Here, H' denotes the Hardy space. Since the dual space of the space H! is
BMO, we have

Ve fllzee < IVGillsr | £ a0 < CEY2| £l Baro-
Lemma 4.1 has been proved. O

Using the above lemma and Proposition 3.1, the linear term is estimated
as follows.

Lemma 4.2 (Estimate for the linear term) For each 6 > 0 there exists a
constant C (independent of Q, t, f) that satisfies

lexp(—AQ)) f|| o < COL+ Q) f| e, t>0, and
[V exp(—AQ)t) || oo < Ct2A+ Q) DT fll e >0

for all f = (fi)i<i<s € L,
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Proof. By (3.6), Proposition 3.1 and || - ||z < || - || 50 . we get for any
§ > 0 that '

lexp(=A(Q)D) fllzoe = "] + ' exp(—98) f* | 1=
<[l Fllzoe + [le" exp(—tQS) |z
<|[fllpee + || exp(—tQ8) [+ | =
<l + I exp(—tQ8) [ 50,
<l + O+ Q0D o
<CL+ Q)M f| e,
Similarly Lemma 4.1 implies that
IV exp(—A(Q)t) f =
= |Ve!2F + Vel exp(—tQS) f || 1
< IV Fll e + Ve exp(—tQS) f+ ||
< CE P Fllaro + Ct 2] exp(—198) o
< Ct7 (I Fllmao + (1L + Q)P f 4| g )
< OV 4+ Q0T + g )
< CrVA(1 4 0O f
We have proved Lemma 4.2. [l
Next we prepare estimates for the nonlinear term.

Lemma 4.3 (Estimate for the nonlinear term - BMO version) There ex-
ists a constant C' > 0 independent of ), t, F' and f such that

| exp(—A(Q)H)P div Fl|p~ < Ct™Y2(1 4+ (Qt)Y)||F| Bpo, ¢ >0,
and
IV exp(— AP fl| e < CtY21 + Q)Y fllsro t >0

for all F = (F j)1<ij<3 € BMO, with divF € BMO and for dll f =
(fi)1<i<s € BMO.
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Proof. 1t is easy to see that
Pdiv F = div F + div(P — I) F",
where F! is transposed matrix of F'. We rewrite
exp(—A(Q))P div F = ' exp(—QtS) div{F + (P — I)F'}.

Since the symbol of the operator e'® exp(—QtS) div is represented by

exp(—t\§|2){cos<|€|ﬂt>l R(€) si <|é§|§2t>}z§k

= i€ exp(—t[¢| )cos(f;’ )I

— &R (&) exp(—[¢ >sm(‘ 510). (4.8)
one sees from Proposition 2.2 that
|2 exp(—QtS) div || prro— oo (4.9)
<|IVe'|| aro— Lo || cos(—iRsQt)|| Baro— o
+|lcurle’®|| paro— o= || sin(—iRsQt) || Byro— ol R Brro—Byo
<Ot 121+ ()Y, (4.10)

where C' > 0 is independent of 2 and t. Thus, by Lemma 4.1, Proposi-
tion 2.2 and boundedness of the operator P in BM O we have

| exp(—A(Q)t)P div F| 1~
<Ct7 21+ (Q)Y||F + (P — D) F'|| smo
< Ct™ 1/2(1 + QY (|IFlsrmo + (P = DFY pumo)
< GtV (14 (") | F |l Baro-
Similarly, we get by (4.9)
IV exp(~A@)Pf|| . < CtV2(1+ ()" [ B30

because the symbol of the operator V exp(—A(£2)t) is the essentially same
as that of ! FE(—Qt) div. We have proved Lemma 4.3. O
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Lemma 4.4 (Estimate for the nonlinear term - Besov version) For each
d > 0 there exists a constant C = C(6) > 0 independent of Q, t, F and f
such that

Hexp(—A(Q)t)PdivFHBgoJgCt*l/z(l+Qt)<3/2>+5uFHng, >0,
and

IV exp(~A@))Pflz <O+ fll - t>0
for all F = (F; j)1<i j<3 € B o, with divF € BY,
(fi)i<i<s € By, oo

Proof. For the operator e'®E(—Qt)div whose symbol has the form (4.8)
we get from Proposition 3.1 and Lemma 4.1(2) that

and for all f =

tA g - .
lle"=E( Qt)dw||380,oo—>320,1

A .
<|IVe gy, o Ilcos(=iRs2t)ll g o

Hlewlego o Ilsin(=iRsQ) g0 g0 IR0 o
where C' > 0 is independent of ) and t. We have proved Lemma 4.4. O

Proof of Theorem 4.1. Since we can employ both Lemma 4.3 (BMO esti-
mate) and Lemma 4.4 (Besov estimate) for estimating the nonlinear term in
L*°, in this proof, read the power « = 4 when X = BMO or a = (3/2) 4+ ¢
with any 6 > 0 when X = Bgo,oo, respectively. The proof parallels in both
cases. We use the following successive iteration:

Ui (t) = exp(—A(Q2)t) U,
Uj1(t) = exp(—A(Q)1)Ug — N(Uj, £; Q) for j > 1.

For j > 1 and T > 0 we set

Kj = K;(T) = sup [[Uj(s)|[L~
0<s<T

and KJ’ = KJ’(T) = sup (sl/zHVUj(s)HLoo).

0<s<T

Put Ko = ||Uo||re, and note that Ko is independent of 7" > 0. It follows
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from Lemma 4.3 and || - ||x < - ||z that

IN (U, 1)1
< [ lexp(~AQ)(t — )P div(U; © U;)(s)| ds

= [exp(=A(Q)(t — 5))P div || x— = [|(U; @ Uj)(s)l|xds

=, Ot — )72 (L+Q(t = 5))*(U; © Uy)(s) | xds

< CHP(1+Q0)* sup [[(U; @ Uj)(s)|x
0<s<t

< CH2(1+ Q)™ sup [(U; @ Uj)(s)| e
0<s<t
< CHP(14+91) sup ([Uj(s)[7e)
0<s<t
< CtY2(1 4+ Q) (sup |U;(s)]| )" (4.11)
0<s<t
Similarly we have from Lemma 4.3

VN (U, Q)] 1o

t
< [ IV esp(A@)(t = )P div(U, £ U)(3) =

<c / T2(14Q(t — )| div(U; @ U;) (s)] | xds

<c/ U214 Q(t - )| div(U; © Uj)(s) 1= ds

<C/ 1/2 1+Q( ))as_l/Zsl/zHVUj(S)HLOOHUj(S)HLOOdS

SO+ sup (s2VU;(s)|se) sup [U; ()]l (412)
<s<

By the above estimates and Lemma 4.2 there exist constants Cy, C7, Co
and C'3 independent of €2 and T such that

Kj1(T) < Co(1+QT) Ko + CYT? (1 + QT)*(K;(T))?,
(1) < Co(1+ QTP Ko + CsTV*(1 + QT)“K;(T)K}(T)

for j > 1. Here, § := (3/2) + ¢ for any 6 > 0. Taking 7j small so that
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Ty?(1+ QT)* 8 < 1/(4(CoCh + CaC3)Kop), we get
sup K;(T) < 2CoKo(1 + QT)? and
Jj=1

sup K/(T) < 2C3Ko(1+QT)° if T < Ty. (4.13)
Jj21

Next we shall prove the convergence. For 7 > 1 and 0 < T < T put

Lj=L;(T)= sup [[U;(s) —Uj-1(s)| L=,
0<s<T

Ly =L(T)= sup (s2VU;(s) — VU;_1(8)]| 1)
0<s<T

Since
Uj+1(t) — Uj(t) = N(Uj, Uj, t; Q) - N(Uj, Uj—17 t;Q)
+ N(Uj, U1, ¢ Q) — N(Uj_l, Uj;_1, t; ), (4.14)
similarly as in (4.11) and (4.12), we get from (4.13) that
[Uj41(t) = U(8)[| e
t
< / Clt— ) 2 (140t — )
0
< (10;()llzoe + [Uj-1(8) | ) (U = Uj1)(s)| oo dls
< CUPA+ 0" sup ([0~ + [Uj-1(9)]1)

x sup [[(Uj = Uj-1)(s)l|z
0<s<t

< Ct'V2(1 4 Qt)ets sup. 1(U; —Uj_1)(s)]| (4.15)

and
VU +1(t) — VU;(#)|| oo
< c/ (t—s) 21+ Q- s)"
0
x s 22 VU (s) | oo | (U = Ujm)(s) | 2o
+ 521 U() L= [V (U = Ujo)(s)l| = }ds
T c/ (t—s) 2(1 40t — )

0
x 571V WU (5) | 1ow (U — Uja)(s)
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+ 82U 1(8) | IV (U = Ujo1)(s) || oo b
< C(1+9t)*{ sup [|(U; —Uj_1)(s)]|
0<s<t
+ sup [[V(U; —Uj_1)(s)[|=} (4.16)
0<s<t

for ¢t < Tj. Hence there exist Cy, C5 > 0 independent of €2 and T such that

Lij(T) < CuEKoTY2(1 + QT)* P Li(T),
Ly (T) < CsKoTY?(1+ Q1) (L;(T) + L)(T))

for j > 1 and T < Ty. Taking 77 small so that Tll/2(1 + Q)8 <
1/(2(Cy + C5)Ky), it is easy to see that

L (T 1 Li(T)+ L, (T
sup il )<7and sup i+1(T) ]H( )<

1
YL S - T <T.
>1 LJ(T) 2 §>1 L](T)—FL;(T) 2 =1

Thus, choosing T < min(Ty, 71), the approximations {U;(¢)};>1 and
{t'/2VU;(t)}j>1 are Cauchy sequences in L>((0, T) x R?®). Denote its
limits by U(t) and V(t), respectively. Since U; satisfies (4.1), so does U.
Similar calculation as in (4.15) and (4.16) yields that

N(U;, Q) — N(U, Q) in L®((0, T) x R*) as j — o,
VN(U;, Q) - VN(U, Q) in L®((0, T) x R*) as j — oo,

which guarantees that t'/2VU = V and that the limit U solves the integral
equation (I). The properties (4.2) for U are also inherited from Uj’s.

It remains to prove the uniqueness. We set W = U; — Uy and observe
that

W(t) = N(U17 Ula l; Q) - N(U27 U27 L Q)
Then the same calculation as (4.14) and (4.15) gives us W = 0. O

5. Concluding remarks

The above results for the 3D rotating Navier-Stokes Equations can be
formulated for solutions of the three-dimensional Navier-Stokes Equations
with initial data of the form V (¢, y)|t=0 = V(0) = Vo(y) + (2/2)es x y:

IV +(V-V)V+rveurl!V=-Vq, V-V=0, (5.1)

V(t, limo = V(0) = Voly) + Ses x y (52
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where y = (y1, y2, y3), V(t, y) = (V1, Vi, V3) is the velocity field and ¢ is
the pressure. In Egs. (5.1) es denotes the vertical unit vector and 2 is a
constant parameter. The field Vo(y) depends on three variables y, y2 and
y3. Since curl((Q/2)63 X y) = Qegs, the vorticity vector at initial time ¢ = 0
is

curl V(0, y) = curl Vo(y) + Qes. (5.3)

In (5.2) we take Vo(y) € L2, (R3).

We now detail the canonical rotation transformation between the orig-
inal vector field V (¢, y) and the vector field U(t, x). Let J be the matrix
such that Ja = eg x a for any vector field a. Then

0 —1
J=|1
0

o O O

0
0
cos(2t/2) —sin(Qt/2)

0
Y(t) = M2 = | sin(Qt/2)  cos(Qt/2) 0]. (5.4)
0 0 1

For any fixed parameter ) we introduce the following fundamental ro-
tation transformation:

Q0
V(t,y) = e*mtﬂU(t, e*Q‘]t/Qy) + EJy, z = e W2y, (5.5)
The transformation (5.5) is invertible:
Q
U(t, z) = e M2V (¢, e ™12 — 5.]1‘, y = et M2y, (5.6)

The transformations (5.5)-(5.6) establish one-to-one correspondence between
solenoidal vector fields V (¢, y) and U(¢, ). We note that x = y for t = 0
and therefore Vo(y) = Vo(z). Let = (25, #3) where 2, = (z1, x2, 0),
|zp|? = 2% + 23 and similarly for y.
The following identities hold for the vector fields V (¢, y) and U(t, z)
and pressure 7:
1. Vy-V(t,y) =V, Ut x).
2. Vym=7Y(t)V,m.
3. curl, V(t, y) = Y(t) curl, U(t, ) + Qes,
curliV(t, y) = Y(t) curl2 U(t, z).
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4. (D/Dt)V(t,y)=Y(t)((D/Dt)U(t, x)+QIJU—(Q?/4)x) where D/Dt
are the corresponding Lagrangian derivatives, JU = e3 x U.

The above identities 1-4 imply that the transformation (5.5)-(5.6) is canon-
ical for Egs. (5.1)-(5.2). From the property 1 it follows that V,-U(¢, ) =0
since V- V(t, y) = 0. Now using 2-4 and the fact that Y (¢) is unitary, we
can express each term in (5.1) in z and ¢ variables to obtain the equations for
U(t, z). Under the canonical rotation transformation (5.5)-(5.6) Egs. (5.1)-
(5.2) turn into Navier-Stokes system (5.7)-(5.8) with an additional Coriolis
term Qes x U and modified initial data and pressure:

U+ (U-V,)U +veurl2U + Qes x U = —V,p,
V,-U=0, (5.7
U(t, z)|i=0 = U(0, z) = Vo(z), (5.8)

where © = y at ¢ = 0 and xp, = (21, 2). The systems Egs. (5.1)-(5.2)
and (5.7)-(5.8) are equivalent for every € and the pair of transformations
(5.5)-(5.6) establishes one-to-one correspondence between their fully three-
dimensional solutions.

We now state our theorem for the initial value problem (5.1)-(5.2).

Theorem 5.1 (Existence of classical solution v)  Suppose Vo € L%, (R?).
Then there exists a classical solution (V, Vq) of (5.1)-(5.2) satisfying

3
Va(t) =V Y RRyVIvF(t)
g, k=1
Rl (RQVl — R1V2) 2 2
1 2 Q% |yn|
-0 RQ(RQV —R1V ) +VT fOT't > 0.
R3(R2 V! — R1V?)

Such a solution is unique provided that v — (/2)Jy € L= (R™ x (0, T)).
This follows from Theorem 4.2 and Theorem 4.3.

A. Appendix: Calculation of integral kernels

In this section we analyze inverse Fourier transform of
evIE*t cos((&3/]€])Q2t), which gives the integral kernel in the convolution
operator with ®¢(z) (diagonal terms in (2.16)-(2.17)). The calculation of
the inverse Fourier transform of e /€%t sin((&3/1€))) (&5/1€]) (off-diagonal
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terms in (2.16)-(2.17)) is similar. The integral kernel is obtained in the form

3/2p1 Pt o (3.0 — eI gin (B qr) &
(2m) 32 F 1(6 tcos(|§|§2t) e 1tsm<‘§| >|§]|>

since F~'mF f = (2r)~3/2(F~'m) % f for a symbol m and a function f.
We have

F! (e‘”gl% cos (&)’Qt>>
€]
= 1/ cos( Qt) vl gia- Sde, (A1)
(2m)3/2 i
where x = (21, 22, x3) and we denote |z|> = 23 + 23 + 23, |2/|* = 27 + 23.
Using spherical coordinates with center at 0 and azimuthal angle § measured
from the axis determined by the vector x, one has (0 <0 <7, 0 < < 2,

p=1¢)

/
& *—|x—smesmw+—0059 (A.2)

IS ]

/ cos(é,Qt) eIt e e
= [ e smosine)

Qt
X cos( ‘;’;3 cos 9) —vpteilelpeost 52 Gin o pdypdd

oo Qt ! Ot
= 271-/ / Jo | |‘/E | sin 0) cos( | x|3 cos (9) e VPt
x z

etlelPeos? )2 sin Odpde, (A.3)

Then

where we have used the identity

21 9] / 0 /
/ cos( '] sin 6 sin 1,!)) dy = 27TJ0( '] sin 9). (A4)
0

|| ]

Here, J,(z) denotes the Bessel function for n =0, 1, 2, .. ..
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Let o = cosf. Then we have from (A.3)

/ cos (g—th) e_"'f‘%eiw'gdé’
R3

€]
“oe [ [ 0 VI)
Qtx _
xcos( |I’3,u>e p2tcos(|x]pu)p2dpd,u (A.5)

since the function sin(|z|pp) is odd in p and other functions are even in p.

Now we calculate the integral in (A.5) involving integration with respect
to p. We have after somewhat lengthy but elementary calculations (which
also involves shifting contour of integration in complex plane) or from the
Table of Integrals in [16, page 529, 3.952]:

+o0 9
/0 et cos(|z| pp) pdp

2,2

_ ﬁ (1 B |l‘| o >ef\x|2u2/(4yt)' (AG)
4(\/vt)3 2ut

Substituting (A.6) into (A.5), we obtain

88 (o) e vIElt e
cos| —=Qt Je VISt
L) :

s ! x
= agvaap L AR )

Mg 2PN ez
X COS( 2] u) (1 — T/?ﬁ)e dp. (A7)

For © = 0 the above expression reduces to the heat kernel G ¢(z) =
(1/(4mwt)3/2) e~ l#1?/ (WD) 1 fact, since

JO<Qt|:c’| T2 M2>

|z

=1
Q=0

Otxs
y)
||

=1, cos<

Q=0
and

1 2,,2
/ (1 _ M)e—m%/(m)du — 9p-lal /()
—1 2ut
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we get

VT /1 PN o2 )
2m _1(1_ 2ut )e du

VT 32 L /(awt) (3/2):2
—or— YT o)t = __lal?/vt) _ (g Goi(z).
W4(m)3 ( 7”/) (47I‘Vt)3/26 ( 7T) t('r)

Hence the kernel is given by

(2m) 321 (e‘”'gl% cos (ﬁ;ﬂt)) = Gui(x)
if Q=0.

Let © and t be fixed. The asymptotics of the integral kernel in |z| can
be analyzed using (A.7). Clearly, it is bounded for || — 0. Now we deduce
the behaviour for large |z|. The main obstacle to a rapid decay of the kernel
for large |x| is that the term e~ 212/ (41) appears in combination with |2 |2
and e~ l2l*w?/(4v1) |u=0 = 1. The main contribution to the kernel asymptotics
for large |x| is given in the integral (A.7) by a small interval containing p =
0. If we expand the expression Jo((Qt[z'|/|z])/1 — p?) cos((Qtas/|z|)p)
under integral in powers of u (valid uniformly in |z| since |z3|/|z|, |2/|/]z] <
1), then first we recover the term (heat kernel) x Jo((€t[z'|/|z|)) which
clearly rapidly decays as |z| — +o00. Since the function under integral is
even in p, the next term will be of the form (function independent of ) x
p?(1— ]x\2u2/(21/t))e_|9”|2“2/(4”t). Its asymptotic behaviour for large |z| is
given by the integral:

1 2,,2
/ 2 (1 |zl )e—\x|2u2/(4yt)du
1 2l/t

- — e A gy
P /—m| n (1 21/75)6 dn FE for large |z|.

Therefore, the integral kernel behaves as 1/|z|® for large |z|. In par-
ticular, the integral kernel does not belong to L'(R®). The corresponding
integral operator cannot be viewed as a bounded operator in L>(R?) since
a characteristic function of the outside of a large ball is always mapped to
oo by this operator.

The above analysis and similar considerations for

F! (e”ﬂ% sin(féﬂt) fé)
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show that

F1 (e”'ﬂ% cos (EQt)) ,

F! <e—”5|2t sin(g"m)R(g)) € LYR?), 1<q< +ox.
It is clear without any calculations that F~! (e""ﬂQt sin((&3/]€))Qt)R(€))
does not belong to L' (R3) since e *I¢/*t sin((&3/1€))Q¢) (&5/1€]) ( = 1, 2) are
discontinuous at & = 0.

B. Appendix: Estimate for the Coriolis solution operator

In this section we introduce the homogeneous Besov spaces B; g =
B; 4(R™) and show boundedness of the Coriolis solution operator exp(—tS)
in the Hardy space, BM O, and the Besov spaces.

All assertions in the Appendixes B, C and D except Lemma B.4 hold in
the general space dimension n =1, 2, 3, ... although the Rotating Navier-
Stokes equations is valid only when n = 3.

Before introducing the homogeneous Besov spaces, we prepare some
notations. By S we denote the class of rapidly decreasing functions. The
dual of S, the space of tempered distributions is denoted by S’. By H! we
denote the Hardy space. It is well known that the dual space of the Hardy
space H! is BMO, the space of functions of bounded mean oscillation. Let
{¢; 72— be the Littlewood-Paley dyadic decomposition satisfying

$;(€) = do(277¢) € CZ(RM),

— (1
supp ¢o C {5 <[¢] < 2},

ST 66 =1 (€£0). (B.1)

j==o0

Definition B.1 (See, e.g. [5] page 146) The homogeneous Besov space
B, ,= B, ,(R") is defined by

By ={fez;|f:B; Il < oo}
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for s € Rand 1 <p, ¢ < oo, where

o 1/q
s [Z 25+ f5 LP|* if ¢< oo,
1f5 Bpgll = § 9=
sup 2%\« fi LP|| if g = oo
—00<j <00

Here Z’ is the topological dual space of the space Z, which is defined by
Z ={fe8;D*f(0) =0 for all multi-indices a = (v, ..., an)}.

The above definition yields that all polynomials vanish in B; ¢» however,
it is well known that

B;,qg{f68/3‘|f;B;qH<OO and sz(bj*finS’} (B.2)

j=00
if

s<mn/p or (s=n/pandq=1). (B.3)
For the indices s € R, 1 < p, ¢ < oo satisfying the negation of (B.3);

s>n/p or (s=n/pandp#1) (B.4)
we define the space B;, ¢ by duality as follows.

. . 1 1 1 1

(s Y _ _

st),q‘_ (Bp’fq’) fOl” 5“‘?—1, 5"{'?—1
In particular, we define B’go’oo = (3?71)’ . We do not define Bqu for the
case p =1 or ¢ = 1 satisfying (B.4) since we do not use the spaces. In this
paper by abuse of notation we denote Bj , simply by B, ,. For the details
and examples one can consult e.g. [26], [27], [30].

The key lemma of this section is as follows.

Lemma B.1 (Boundedness of convolution-type operator) Let 1 < q <
o0o. For h € 8 let T = hx be a convolution-type operator defined on S.
Assume that T is regarded as a bounded operator H' — H'. Then, the op-
erator T is bounded from Bng to itself. Its norm HTHBQO B is bounded

by C||T |31 30 with C = C(n) > 0 independent of q, h.
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Proof. We give the proof only when ¢ = 1. The proof can be easily mod-
ified to the case 1 < ¢ < oo. By the definition of the Besov norm we
have

TS B all= Y 6% Tfllo= D ll6j%h* fllo.
j=—o0 j=—o0

Since only three terms in the family {supp q?]}] are nonzero for any fixed
point £ € R™, we derive

ITFBooall= D gy hox édrex fllc

J, k€L, |j—k|<2

< D gy hlilidn * fllo

j7 keZ? ‘]_k|S2

The fact || - [[z1 < || - |7 and the assumption yield

T Booall< - 65 % hllsgt e * flloc

J, k€L, |j—k|<2

<C > bilalion * flloo-

jv keZv ‘]_k‘SQ

Here, [|¢jll20 = ||é5ller + D p_y [|iRk®;||L1 is a constant independent of j
since ||¢j]l31 = ||¢ol|7. Indeed, we obtain that

Il = [ 16 \dx/\ (F6;)(©) (@) dr
/ |(F~1(F0)(277€)) (x)|da

o [ / P (P (6)) (2)
=2 [ Jou@a)lde = | joota)ide = ool

and similarly

liRed;l = /Rn |iRy¢;(x)|da :/

_/n

(P (Po))(©)) (0) |

€l

(r- é’; (Foo)(276) ) (2)]d

n

X
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/ 6217 5L (g (€)) () i d
n

=oJn

L. m

—gin / i Ruo(2 )| dr = / i Riol)|dx = |iReco |
Rn R

for all £ with 1 < k < n. Thus we conclude

ITf: Boall <Cligollra D low* flloo

J, k€L, |j—k|<2

<3C|gollrr Y 5 * flloe = CIIf; Boo -

j=—00
This establishes the result. O

Lemma B.2 (Theorem 7.30 in [11], [18], Mikhlin-type theorem in the
Hardy space and BMO) Suppose k > n/2. Let m(¢) € C*R™\ {0})
satisfy

[D*m(¢)] < Cale] 1 (€ £0)
forall || =a1+ - +an, < k. (B.5)

Then the operator defined by T,, = F~'mF is bounded from H' to itself
and from BMO to itself.

Lemma B.3 (Boundedness of resolvent operator) Let1 < g < co. Con-
sider the operator \—iR;: ngq — ngq forj=1,2,3. Then, Spec(iR;) C
R. Here Spec(K) denotes the spectrum set of an operator K.

Proof. Assume A € C\ R. Since it is easy to see that m(&) = 1/(\ +
(&/1€])) satisfies (B.5), Lemma B.2 guarantees that (A —iR;)~" exists and
bounded from H' to itself. So, it follows from Lemma B.1 that (A —iR;)™!
exists and bounded from ngq to itself. Thus A € C\ R belong to the
resolvent set. g

Proposition B.1 (Estimate for exponential of the operator tR; - (n + 1)-
power version) Let X be H', BMO or ngq for 1 < g < oo. Then we
have

lexp(tR;)|lx < C(L+ ") fllx  fort>0.

Remark B.1 In the case X = Bgo?q, the power n + 1 of ¢ in the above

estimate can be improved to 6 + n/2 with any 6 > 0 (see Theorem C.1).



354 Y. Giga, K. Inui, A. Mahalov and S. Matsui

Proof. In the proof we omit j and write R for R;. Consider the Yosida
approximation Ry (A € N) for R defined by Ry := RJ) where Jy := A(A —
R)~!. Since Ry = —\ + \Jy, we see

| exp(tRy) | x—x=e""|| exp(tAJy) | x—x

e (EAN)F
<o Bt
k=0

To estimate ||(Jy)¥||x_x we get pointwise estimate for its symbol m(§) :=
(M) (X = i&/I€])%) to derive

1
C A E
AF max sup|£||a‘|Dam(f)| <
ol <n 1 e ci(ﬁy”l'fA<k
W\ '

for some numerical constant C' > 0. Hence, applying Lemma B.2 as k =
n+ 1, we see

| exp(tRy)|lx—x

A 0
N tA)F (tA)F fhy\ntt
<cen (L 5+ 3 GR ()
k=0 k=X+1
3 1 & (t)\)k:—n—l
tA
sC+Ce NHlE:(k—n—D!
k=)\+1
kn—l—l il
oy Yy sy G
n+1_—t\ - (t)‘)m
<O+ Ct"tle Z -
m=A—n

< C(1 4",

Then the estimate for exp(tR) in H' and BM O follows from the convergence
exp(tRy) — exp(tR) as A — oco. The same estimate in the Besov spaces
ngq follows from Lemma B.1 since exp(tR) = (F~'exp(ti(¢/|€])) * f is a
convolution type operator. ]

Lemma B.4 (Persistency of vertical averaging property) Assume that
n=3. If U e BY, then E(—t)U € B°, where E(—Qt) = exp(—t0S).
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Proof. 1t suffices to prove that R;f = 0if f =0 for f € Bgo’l, where R;
is a scalar Riesz operator and f is a scalar function. We approximate f by
a finite sum ) ¢; * f.

We set f; = Zlk\él o * f for [ > 0. By a similar argument to prove that
exp(vtA)U = 0 for U = 0 in the proof of Proposition 3.2 we obtain that
Rjgr = f = 0if f = 0, since R;¢y is a rapidly decreasing function. This
implies that m = 0. Since f; — f in ngl as [ — oo, the Riesz operator
R; is bounded and the subspace of the zero vertical average is closed in

BY . we conclude that R;f =0. U

0o, 1»

Remark B.2 The fact that Mikhlin’s condition (B.5) implies that a bound
for the operator T},, = F~!mF in ng ¢ can be proved directly without using
Lemma B.1; see e.g. Amann [1]. However, Lemma B.1 is not included in [1]
and seems to be new.

C. Appendix: Improved estimate for the Coriolis solution oper-
ator in the homogeneous Besov space

In the previous appendix we already obtained an estimate for the Cori-
olis solution operator exp(—$tS) with the power n + 1 of Q¢. Although the
estimate in Proposition B.1 is valid in 3 kinds of spaces, H!, BMO, and
BgQ ¢ We can get sharper estimate if we restrict function space to ng g

Theorem C.1 (Estimate for exponential of the operator tR; - ((n/2) +
5)—power version) Let 1 < g < oo. For each § > 0 there exists a constant
C = C(d, n) > 0 independent of q, t, j, and f such that

l(exptR;) gy, < CO+DH fllgg

forallt >0 and f € ngq.
For the proof the first step is to observe

Lemma C.1 Let 1 < q < oo. Let ¢g be the function of the Paley-
Littlewood decomposition in the definition of the Besov norm. Then

[(exptR;) fll o, < 3l(exptR;)¢ollotll [l (C.1)

Proof. By definition
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0 1/q
leswtr) g, = (3 Nexwtm)(on < DL )

k=—o00

1/q
<Z > ll(exptRy) ¢k*¢h*f)|go>

h=—o0 |h—k|<1

1/q
(S5 Mewmonltlone )
h=—00 |h—k|<1

Since [F~1fallp = [|F=1f |1 for fo(€) = F(AE), A > 0 and &/J¢] is invari-

ant under this scaling, we have

 (m(00)
= [[(exptR;)¢ol| -

[(exp tR;) ¢l L1 =

Lt

Hence one sees that

1/q
(exp(tR;) 1l sy . <3l exp(tR;) ¢o||L1< S llon* FlL )

h=—00
< 3]l exp(tR,)doll 11l .
The proof is now complete. O

We shall estimate ||(exp tR;)¢o| 1 in RHS of (C.1) by using an weighted
L? estimate.

Lemma C.2 For each o > 0 there ezists a constant K, = K(o) > 0
independent of t > 0 such that

(1 + |2*)7 (exp tR;j) dol| 2 < Ko(1+ )27 for all t > 0.

Proof. 'We shall prove this Lemma only for o € [0, 1] since we only use
such a ¢ and the idea of the proof for large o is the same. By the Parseval
equality we have

101+ o) exp ey )onlze = (1= ) (expi £ ) ()

< Nldollzz + 1 A¢dollzz + £]11€] ol 2 + 2¢[€] 1V§¢0HL2-

Since gfgo € C° and 0 ¢ supp (;ASU, we have the desired estimate for o = 1.
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The case o = 0 directly follows from the Parseval equality. For o € (0, 1)
we use the Holder inequality to get

I+ [2*)7 Rl 2 < 1L+ )R || s 1Rl 2r0-0)
<L+ [ *)hlIF2 IRl
for any measurable function A > 0.

We thus interpolate the estimate for ¢ = 0 and ¢ = 1 to get the desired
inequality for o € (0, 1). O

Proof of Theorem C.1. By Lemma C.1 it suffices to prove that
[(exptR;)dollpr < Cs(1+ )™ ¢ >0
with Cs independent of ¢t > 0. By the Schwarz inequality we have
Al < 1L+ |2 2) 77l 22 1L+ [2[*) 7Rl 2
We take h = (exptRj)¢o and apply Lemma C.2 with o = §/2 + n/4 to get
our desired estimate for 0 = §/2 + n/4. The proof is now complete. O
D. Appendix: Estimate for fractional power of Laplacian of the
heat kernel

In this appendix we give the proof of Lemma 4.1(2). For this we need
an estimate for convolution in the Besov space Bgo,l. We shall also show
estimates for derivative and fractional powers of the heat kernel.

Lemma D.1 There exists a constant C > 0 independent of f and g such
that

Hf*QHBO J(Rr) = CHfHBO L(R7) HQHBO o (R™)
for f e B‘il(Rn) and g € ngoo(R”).
Proof. By Young’s inequality we have
Hf*gHBgo’lSZHsbj Frglioe < Y e * (f *g) = dull s

JEZ 7, keZ

< S U6y # Fllillg * el

J, k€L, |j—k|<2
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<3sup g+ dllo 3 16 fll < 3llgllgg 11150,
keZ ez ) ,

g
Then we turn to the proof of Lemma 4.1(2).

Lemma D.2 Let G; be the heat kernel (4nt)~"/? eXp(—|x]2/(4t)) fort >
0. Then
(1) VGl oy < O

() (Lemma 41(2)) [V g0 gy < CEV2 gy _qaoy
for f € ngoo(R").
Proof. (1) Since ¢;(z) = 2"¢o(2x), we see
165 % VGilli =1V (¢5) * Gilla
[ @Gt - i

<227 (Vo) (2 hlIGellr < 27[[VolllIGells. (D.1)

—9J

On the other hand, we get by the mean value theorem and [ ¢o(z)dz =0
(¢ * VGy)(z) = A ¢ (Y)(VGy)(x — y)dy
= [ 2 @)(VGi)(a - )y

= b0(2)(VGy)(x — 279 2)dz
RN

= [ @@AVE) (@ ~2772) = (VGi)(x)}d=

= [ ¢o(2)2772 </01(V2Gt)(x - 92‘jz)d0> dz.

R

Hence,

llp;j * VGi]1 <277 /R" d)o(z)z/o (V2Gy)(x — 6279 2)d)|dz

<27 [ i@l VAl s
<27 o) =ll], [ Vel - (D-2)
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We set Cy = ||Voll1, Ci = ||¢o(z)|z||li. Then the inequalities (D.1), (D.2)
and ||Gy||1 = 1 yield
Co27,
i+ VGyi||1 < .
16 Vil < { i

Here, Oy = C1||V2G||1t is independent of . Thus we get for any N € Z

IVG @)y @y = 3 165 VGl

j=—o00

(3 3 ey,

j=—00 j=N

N o0
<Cy Z 2J + CQtil Z 277
j=N

j=—o0

= CoQN_H + CQQ_Nt_l.

Taking N € 7Z such that (Cy/C)t~1/2 < 2N < (1/2C)t~/2, we obtain the
desired result.
(2) This is a direct consequence of (1) and Lemma D.1. O

The above estimates can be generalized to the fractional power of the
Laplacian.

Lemma D.3 Let0 < a < 1. Then there ezists a constant Co, = C(a) > 0
such that
(1) I(~A)Gell gy < Cat™ for £ >0,
(2) [(=A)%exp(tA) fllgo | mny < Cat™ [ fllg, _mn)
fort>0, f¢e Bgo,oo(]R").

Proof.  Since the estimate (2) is a direct consequence of (1) and Lemma D.1,
we show only (1). Setting z = t'/2z, it is easy to see that

((=A)*Gy)(z) = t—2D=((=A)*Gy)(z) for t > 0. (D.3)

Hence, it is sufficient to show only the case ¢ = 1. In fact, by scaling
invariance ”f()")HB? (R © >‘_anHBg (®™) for A > 0 we get

I(=2)*G)@)ll gy | =t D=0 (~A)*G) 2l gy
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< Ct—(n/2)—o¢tn/2”(_A)aGl HB? 1
< Cut™ @
For any fixed j € Z one sees that
65 % (—0)*Gr = ¢ % (FH(|EPGh)) = F(@51¢*Gh).
Since q@(g) = ¢0(2*J§), we continue
01+ (-81°G1 = [ ¢ Go(2I) g Ca(€)de
‘/ TG0 (€)] 2P Cr (2 €) 2 dg
=i [ e (e

_ 2jn+j2a [f—l(‘£|2a@(£)é\l (235))]/(\2]1’)
= 2R FET (€[ 00(€)) * FH(G1(2€))) (2 ).

It follows from

FUGE) =7 (55 |7 (5))]©) = 56 (5)
and F1(|¢2260(€)) = (—A)%gy that

;% (—~A)°Gy = 2i% [(-A)%O el (2])} (2z). (D.4)
Hence Young’s inequality yields

g % (=2)*Gr[ls =27

[(—A)“qﬁo el (Q'j)} (27z)

(a1 6i(5)] @)
<22 (=8) 6l |G (55) |

=272 (=A)*¢o|[1]|G1 11
< 0,27, (D.5)

1

— 2j2a—jn

1

Here we used ||G1||1 = 1 and |[(—A)%po]1 = HF*I(\&’\M%)Hl < C, because
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\§|2°‘q/ba € S. We next shift (—A)* to G1(-/27) in RHS of (D.4) to get
6y (-0 Gr=22 [on s (-)°a (57) | )
_9j2a [(( A)~ B¢O) % (— )a+BG1<2 )](QJx)

Here we set (—A)?~% =1 for # > 0. Then by Young’s inequality for any
fixed j € N we have

65 % (~8)Gall
((=8)P00) + (-2)476 () | 22)

[(( DY Pg0) # (~A)HG, (2 )}
m(Gl( ))

Noting that (—A)(G1(-/a)) = a_>((=A)'G1)(- /a) for a > 0, v > 0,
and [|(—=A)Pgolly = [F1(1€]7*¢o)|1 < Cp for some Cg > 0 because
1€]72Ppg € S we continue

— 2j2a

— 2j2a—jn

1

< 2%TIM|(-A)7

H‘b] % (—A)aGl ||1 < CBQanfjn 272(a+ﬂ)j ((_A)aJrﬂGl) <2j >

S 052]204—]712—2(01+ﬁ)]2jn

(a)™7en) (E)
= Cg2 2| ((-A)*TPGy) (2)

1
Iy

Since

|(=A)YGi|1 < Cy for vy >0,
we get

165 % (~A)2Gi [y < Co 52729 0.6)
Fix § > 0 to get from (D.5) and (D.6) that

||(_A)aGt($)||Bgyl(Rn) < Z Coa27%® 4 2002—12,8 < Ca.

§<0 >0
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