Hokkaido Mathematical Journal Vol. 34 (2005) p. 541-586

LP-L9 estimate for wave equation
with bounded time dependent coefficient

Michael REISSIG and James SMITH
(Received October 14, 2003; Revised September 1, 2004)

Abstract. The goal of the present paper is to derive LP-L? estimates for wave equations
with a bounded time dependent coefficient. A classification of the oscillating behaviour of
the coefficient is given. This classification determines in an essential way the possibility
of deriving LP-L? decay estimates.

Key words: wave equation, oscillating time dependent coefficient, WKB-representation,
Fourier multipliers, Floquet’s theory.

1. Introduction and Main Results

Studying LP-L9 decay estimates for solutions to hyperbolic problems
goes back to [15], where, for the solution of

Pu(t, ) — Agu(t, z) =0, (¢, x) €0, 00) x R", } (L1)
u(0, ) = p(z), Jwu(0, z) =Y(x), xR, ¢, e C§o, '

the following estimate was proved:

(urlt, -), Vot Dllze < A+ 1) G0 | (Tai, )l

Heren > 2, 1/p+1/g=1,1<p <2and N, > n(l/p—1/q). We shall
use C throughout to denote a positive constant which may differ at each
occurrence and WP = WFP(R") to denote the standard Sobolev spaces.

More recently, the influence of a time-dependent coefficient on such de-
cay estimates was studied in a series of papers [11], [12], [13]. A classification
for decay estimates of solutions to the Cauchy problem

O2u(t, z) — b(t)2A ()2 Azu(t, ) =0, (¢, ) € [0, 00) X R”,} 12)
u(0, ) = p(z), Jwu(0, z) =(x), z € R", ¢, ¢ € CF°, '

is given, where b(t) is a bounded function and A(t) is a strictly increasing
function which satisfy, for some positive constants Cy, C1, C, ¢, ¢ (k =
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0, 1,2 ...),
0<Cy< b(t)2 <y, for large t;

t
A(t) = / A(s)ds — 00 ast — oc;
0

(log A()~° < co i((?) < i((f)) <o 28 < Clog A(H)C,
A . for large t;
IDFA()] < cpA(t) (A(t)) , for k=23, ... and ¢ large.

This classification is based on the interplay between b(¢) and \(t), that is
the so-called speed of oscillations; more precisely, the condition
K A(t) 5)"
|Dib(t)| < Ch i m(log[\(t)) , for all k€N and large ¢, (1.3)
plays the fundamental rdle: if (1.3) holds for 5 € [0, 1] then estimates of
the form

et Yz + [AOVau(t, -z
< 01+ A@W) DRV D ol ) (14)

hold for the solution u = u(¢, ) to (1.2) for some constant 3y which depends
on f#; here L=n(1/p—1/q)+1,1 <p<2and1/p+1/q = 1. Furthermore,
if (1.3) does not hold for § = 1 then no such estimate can be found: a
counterexample is constructed in [11].

In [14] the Cauchy problem for general second order strictly hyperbolic
operators with increasing time-dependent coefficients is studied. That is,
the problem

Ofult, x) + > b2 ult, x) = > ay(t)7,, ul(t, z) =0,
i=1 i,j=1

U(O, JJ) = (p(.i[)), ut(()? .’I)) = 1/}('%')7
where the quadratic form 377", a;;(t)§;€; satisfies

n

dov(t)?[€° < Z aij(t)&& < div(t)?[€)?,

ij=1
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for some positive function v € C*°(0, oo) and positive constants do, dj.
Also, the following conditions, which are analogous to those above for the
operator in (1.2), are assumed to hold:

v(t) _ V() v(t)

ON@ S o) S AN M

H\"
k) < o [ 24 -
|Div(t)| < cg <N(t) v(t) for k=2, 3, and t large,

t
where N (t) := / v(s)ds — oo as t — oo.
0
For this problem, only the case which corresponds to that of 8 =0 in (1.3)

is studied; that is, if the following conditions are assumed for the coefficients
for £ € R™, large t, and each k=0, 1, 2, ...

< cwto) ]”V((tt)))k €l

\szbm
=1

kna,,,, V2V(t)k2
& 3 a6g| <ty (35 1

b;(t (t
stabilization conditions: lim i )’ li ai;(t)
t—oo v(t) t—oo v(t)?

exist,

then an estimate of the form (1.4) with a, in general, nonnegative 3y holds.
However, in contrast to the problem (1.2), no classification involving the
“log-effect” (i.e. an analogue to the condition (1.3) for § € (0, 1)) is cur-
rently known. A detailed representation of all these results with proofs can
be found in [10].

In this paper, we study the limiting case of (1.2) where A(¢) = 1, which
is not covered by the above results. For this limiting case we will give
a more precise classification of oscillations and describe the corresponding
more precise classification of decay estimates. This case under consideration
corresponds in some sense (see Remark 4.5) to the case of strictly hyperbolic
equations with non-regular coefficients, a topic which has developed in the
last few years in an astonishing way (see [8] and references therein).

Indeed, we consider the following Cauchy problem for u = u(t, x):

O?u—a(t)Au=0, (t x)€[0,00)xR", }(1 5)
u(0, z) = p(z), Jwu(0, z) =Y(x), ¢, Y € C&R"), x € R", [+
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where a = a(t) is a bounded, smooth function which satisfies a(t) > C > 0
for all ¢ > 0, so the equation from (1.5) is strictly hyperbolic.

Definition 1.1 Classification of Oscillations
Let a = a(t) be a smooth function satisfying

IDfa(t)| < Ck< (log(t + 63))”)k, k € N. (1.6)

t+ed
The parameter v controls the oscillations of a. We say that the oscillations
of a are very slow, slow or fast if y =0, 0 <y < 1 or v = 1 respectively.
If (1.6) is not satisfied for v = 1, then we say a has very fast oscillations.

We show that if we have very slow, slow or fast oscillations, then LP-L4
decay estimates can be proved for the solutions of (1.5):

Theorem 1.1 Consider the strictly hyperbolic Cauchy problem (1.5) where
the coefficient a = a(t) satisfies (1.6) with v € [0, 1]. Then there exists a
constant C such that the following LP-L1 estimate holds for the solution
u=u(t, z):

1

[(we(t, ), Vau(t, -))llee <C(1 +t)‘"T_1(%‘5)+S°H(szo7 V)l

where 1/p+1/g=1,1<p<2, N, >n(l/p—1/q) and
o s9=0ifv=0; in this case C only depends on p, n;
o sop=cifye(0,1) foralle > 0; in this case C depends on p, n and €;
e o is a fized constant (which can be determined) if v = 1; in this case
C is independent of ¢, 1.

Remark 1.1 We may interpret the non-negative constant sg as “loss of
derivatives”, that is, a number which explains how the decay rate differs
from the classical Strichartz’ decay rate —{(n — 1)/2}(1/p — 1/q). If the
oscillations are very slow, slow, fast, then no loss, arbitrary small loss,
finite loss of derivatives, respectively, appears. The same influence of such
oscillations on a loss of derivatives which really exists can be proved, e.g. in
[2]. Thus, the questions of H® well-posedness for strictly hyperbolic Cauchy
problems of type (1.5) and LP-L? decay estimates for solutions of a strictly
hyperbolic wave equation with a bounded coefficient correspond to each other
from the point of view of the theory of degenerate hyperbolic problems [7].



LP-L9 estimate for wave equation 545

Example Let us consider the Cauchy problem

92u — (2 + sin(27 (log(t + €3))*)) Au = 0, }
u(0, z) = p(z), Ou(0, z) = Y(x).

The coefficient is smooth and bounded. The oscillations are very slow, slow,
fast if « = 1, a € (1, 2), o = 2, respectively. Consequently, Theorem 1.1
can be applied to (1.7).

If & > 2, then the oscillations in (1.7) are very fast. In Section 3 we show
that, from the point of view of LP-L? decay estimates, the behaviour of
solutions for (1.7) changes in a rigorous way from o = 2 to o > 2. The

(1.7)

main point is to understand how to describe such a change of behaviour.
For the moment, we restrict ourselves to formulating the main result.

Theorem 1.2 Let us consider the Cauchy problem
O?u — (2 + sin(27(log(t + €2))¥))?Au = 0,
u(to, ) = p(z), dwu(to, x) = P(z),

with « > 2. There do not exist constants p, q, M, Cy, Co such that, for all
initial times to and for all initial data ¢, 1 € CG°(R™), the following LP-L4
estimate holds for all t > tg:

E(u)(t) | o< Crexp(Ca(log(t + €))") E(u)(to) |y (1.9)

where r < o — 1. Here the (non-standard) energy E(u)(t)’wM,p is defined
by

(1.8)

B0 sy 1= [0V att, s + | soutute, o)

WM.p

with o(t) == \/{a(log(t + €3))>1}/(t + €3).

Remark 1.2 The heart of the proof of Theorem 1.2 is the use of Floquet’s
theory which is applied to, amongst other things, Hill’s equation wy +
Ab(t)?w = 0 (see [5]). The function b = b(t) is periodic; A is a constant. In
the proof we show that there is a relation between the equation from (1.8)
and Hill’s equation. For this reason we use the square in the coefficient of

(1.8).
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2. Proof of Theorem 1.1

In order to prove this, we first derive a WKB representation for the
solution to the auxiliary problem

9%v + a(t)|é[*v = 0, v(0, &) = B(€), (0, &) = P(¢), (2.1)

which is obtained from (1.5) by partial Fourier transformation with respect
to . Then we use standard techniques from the theory of Fourier multipliers
to obtain LP-L? estimates.

2.1. WKB representation of solution

2.1.1. Division of phase space into zones To find a WKB repre-
sentation for the solution of (2.1) we divide the phase space [0, c0) X Re
into two zones, the hyperbolic zone and the pseudodifferential zone, denoted
Znyp(IN), Zpa(N) respectively. These enable us to use the hyperbolicity
of our starting problem (1.5) and tools from hyperbolic theory only in the
hyperbolic zone.

Definition 2.1 Several Zones
For a given N > 0, define the zones Zyy,(N) and Z,q(N) of the phase space
[0, 00) x R™ by

Znyp(N) := {(t, &) € [0, 00) x R™: |¢](t + ) > N(log(t + €))7},
Zpa(N) :={(t, €) € [0, 00) x R"™: [¢|(t + €*) < N(log(t + €*))7}.
Here + is the parameter from (1.6).

We shall denote the line that separates these zones by t¢ = t(|¢|) which is
defined for {¢&: |¢] < po}, po := Ne 337, implicitly by the formula

1] (te + 63) = N(log(te + 63))7.

Lemma 2.1 For t¢ as defined above we have, for all multi-indices o with
|| > 1, the inequality

|08 te] < Can €71 (log(te + %))

We also subdivide Zyy,(IV) into two smaller zones, the oscillations subzone
Zosc(IN) and the regular subzone Zyeg(N).
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Definition 2.2 Several Subzones
For a given N > 0 define the subzones Zys.(N) and Zyeg(IN) of Zyyp(INV)
by

N(log(t + €))7 < [€](t+¢€?)
ZOSC(N) = (t7 5) 31)2 ’
< 2N (log(t + €”))*"

Zreg(N) == {(t, €): [€](t + €”) = 2N (log(t + €*))*7}.
We denote the separating line by & = £(|¢|) which is defined for {¢: |¢] <
p1}, p1:= 2Ne 33%7, implicitly by the formula

€](te + €®) = 2N (log(te + €*))*.
Lemma 2.2 For fg as defined above we have, for all multi-indices o with
|| > 1, the inequalities

08 Te] < Can [~ log(fe + ¢%))>.

2.1.2. Representation in the pseudodifferential zone In Z,q(N)
it is straightforward to get a representation for the solution; observe that
(2.1) can be written as the first order system

0= (g )0 v0-0=t0= (),

where D; = (1//—1)0 and

_ _ (I€lv(t, €)
v=00.9= (50 d):
Hence, we can write U(t, §) = E(t, 0, {)Up(§) where E = E(t, s, &), 0 <
s <'t, solves

DtE:<a<t(;\s| |§|> B Blesf=I:= ((1) (1)>‘

Naturally, this can be written as an infinite sum via the matrizant repre-
sentation:

Bts. =1+ [ A9 [ Ao
j=17s s

: -/tj1 Aty, §)dt; -+ dty, (2.2)
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where A(t, &) = ‘/_1(a(t(;|§| |g|). Observing that || A(¢, €)| < Ca(t)|£], we

see
t «
|E(t, s, &)| < exp </ | A(r, §)Hdr> < ¢CalN(log(t+¢%))7

with C, := Csup;a(t), for 0 < s < t < te. Later we need, for special
representations of solutions to (2.1) in subzones of the phase space, the
behaviour of [|0¢ E(te, 0, §)||-

Lemma 2.3 The following estimates hold for all multi-indices a:
10£ E(te, 0, )] < Canlg] 1! (log(te + 7))l eCaConlte+eh)”,

Proof. The proof follows from the representation (2.2) and from the state-
ment of Lemma 2.1. g

Summarising all the above information we have

Proposition 2.4 For 0 <t <t the following representation holds:

~

‘£|U(ta g) = Ell(ta 07 5)‘8@(5) + El?(tv 0’ E)d}(g)a

~

Dtv(t’ 5) = E2l(t’ 07 f)’ﬂ@(é) + EQZ(ta 07 5) (5)

and

108 Bu(te, 0, )] < Can[é] ™1 (og(te + ¢))leheCaoslict ),
for each multi-index «, for all 0 <t <t¢ and for all k, [ =1, 2.
2.1.3. Symbol classes in the hyperbolic zone The hyperbolic zone
Zhyp(IN) consists of two parts Zlg;)p(N) ={(t, &) € [te, 00) x {&: [¢] < po}}
and Zg)p(N) ={(t, &) €10, 00) x {&: [£] > po}}. In what follows, we shall

restrict our considerations to Z}%L (N). In order to give a representation for
the solution to (2.1) in Zyy,(IN), we carry out a diagonalisation procedure
with suitable remainder at each step. The following definition of symbol
classes exactly characterises the necessary properties of the remainders.

Definition 2.3 For each m; € R and mg, N > 0 we define Sy{mi, ma}
to be the set of functions o = o(t, &) € COO(Z(I) (N)) such that for all

hyp
(t, ¢ e ZI(IQD(N)7 multi-indices o and k € N
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1 mo+k
IDEDEO(t, O] < Cralel™ ! (s (toste +e)")

with nonnegative constants C}, o depending only on k and «.

Lemma 2.5 The classes Sy{m1, ma} have the following properties:
i) if o € Sy{mi, ma} then D?J € Sn{mi — |a|, ma} and
Dfd S SN{ml, mo + k};
ii) if o1 € SN{ml, mg}, o9 € SN{pl, pQ} then
o103 € Sn{m1 +p1, ma + pa};
iii) for all r > 0 we have Sxy{m1, ma} C Sy{mi +r, mg —r}.

Proof. Properties i) and ii) are clear by the definition of Sy{m1, ma}. To
show iii), simply observe that, by the definition of Zy,,(N),

(log(t + )" _ 1

It +e) — N

Hence, if o € Sy{m1, ma} then

mo—r+k
|Df Dgo(t, &) < Cralé™H 1 < (log(t + 63))y>

t+e?
L U og(t+ %))
(et +ed))r
mo—r+k
< CraN 7Tl < s (log(t + €))7 > ,
so o € Sy{mq +r, mg —1r}. O

2.1.4. Diagonalisation modulo Sn{0,1} The equation from (2.1) is
equivalent to the first order system

(g Y EBCY e

where

V =VI(t, <V ‘§|Ut§> for t > t.

Dyo(t, €)

Note that the leading matrix is in Sy{1l, 0}, and the remainder lies in
Sn{0, 1}. In order to have a useful representation for the solution to (2.1)

1nZ()

hyp(N ), we must diagonalise this system. Since the eigenvalues of the
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first matrix are 71 = 71(§) = —/a(t)|£] and T2 = 7(§) = Va(t)[], it is

simple to show that

M (73 0) M= (Jc%m J@'ﬂ) ’

(11 o 1/1 —1
v=(" 1) maam =i (0 7).

Setting Vo = Vo(t, &) := M~V (t, &), we obtain the following system for Vj:

where

R A
S (1 o) 2
We shall use the notation:
P= ( o Dga(t)/4a(t) T2(€) + D?a<t>/4a<t>> ’ 05
mo= 5t (1 o) |

The system (2.4) has diagonal leading part D € Sy{1, 0} with remainder
Ro € Sn{0, 1}. Thus, we have obtained in Z}(li,)p(N) the diagonalisation of
the system (2.3) modulo remainder Ry € Sy{0, 1}.

2.1.5. Further considerations in the oscillations subzone: Diag-
onalisation modulo Sy{—1,2} The oscillations subzone Z,s.(N) con-
sists of two parts

ZEUN) = {(t, €) € [te, Te] x {€: [¢] < po}}

and

ZEUN) = {(t, €) € 0, & x {€&: po < €] < p1}}-

In what follows, we restrict our considerations to Z[();g(N ) if we have in

mind the oscillations subzone. In Z (1)

hyp(ZV) we carry out one more step of

the diagonalisation procedure. Let
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N = NOt, €)

__Dua(?) 0 1/(m1 —72) _
T da(t) (1/(7’2 —T1) 0 ) € Sni-1, 1}

Now set N1 = Ny (t, &) := I + NU; this is invertible since
(log(t + €3))?
[E1(t + €?)

and we choose N in the definition of Zyy,(N), Zpq(IV) large enough so that
C/N < 1/2 here. Let Vi = Vi(t, &) := N 'M~'V; then we obtain the
following equivalent problem to (2.3) for V; for t > t;:

IND| < < C/N by definition of Zyy,(N),

(Di—D—-R1)V1 =0,

1 . (2.6)
Vl(tfa 5) = ‘/1,0(5) s Nl (tfa g)M V(tfa 5)1
where R; € Sy{—1, 2}. This is a consequence of
Lemma 2.6 Let Ry := —Ny {(DN® — RoND). Then in Z{)) (N) the

following identity holds:
(Dy — D —Ro)Ny = Ny(D;, — D — Ry),
where D, Ry are as in (2.5).
Proof. Follows immediately from the observation that [N (1), D] = Ry. O

Thus, we have obtained in Zlg;)p(N) the diagonalisation of the system (2.3)
modulo remainder Ry € Sn{—1,2}.

2.1.6. Further considerations in regular subzone: Diagonalisa-
tion modulo Sny{—m,m + 1} In Z(();C(N) there is no point in carry-
ing out any more steps of diagonalisation since there is no useful improve-
ment of regularity between amplitudes from the classes Sy{—(I—1), [} and
Sn{=1l, I + 1} when [ > 2. However, we get such an improvement of regu-
larity in the regular subzone Z;eg(IN). There we carry out m steps of the
diagonalisation procedure. The number m is chosen and motivated in Sec-
tion 2.2. The step depends on the next result, which generalises Lemma 2.6.

Proposition 2.7 For each m € N there exist matriz-valued functions

Npy = Npo(t, €) € Sn{0, 0},  F, = Fiu(t, §) € Sv{-1, 2},
and Ry, = Rm(t, €) € Sv{—m, m + 1}
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such that F,, is diagonal, N,, is invertible and its inverse also lies in
Sn{0, 0}, and the following identity holds in Z}(;,L(N):

(Dt — D —Ro)Np, = Nyo(Dy — D+ Fry — Rin)s
where D, Ro are as in (2.5). Also, for N (in the definition of Zuy,(N))

chosen large enough, Ny, is invertible and its inverse also lies in Sy{0, 0}.

Proof. We seek representations for N,,, F}, in the form

m m—1
Np=> NO_ Fp=3%" 7"
r=0 r=0

sty st

To do this, define inductively the matrix-valued functions B(") = (B‘” A0 )
21 22

N and F() in the manner below:
NO =1 BO .=Ry, FM) .= diag B,

D) 0 By /(1 — )
B /(s — ) 0

r+1
B+t .= (D, — D — Ry) <ZN(/J))
p=0

r+1 T
_ <ZN(p)) <Dt P Zf(m)_

p=0 p=0
We claim that N7 € Sy{—r, r} and B") € Sy{—r, r+1}. For r = 1 this
is clear from Lemma 2.6. Assume it holds for » = k; then, observing that
To—T71 = 2y/a(t)|§] € Sy{1, 0} and noting by the induction hypothesis that
B® B ¢ Sn{—k, k+ 1}, we see that N*+D € Sy{—(k+1), k + 1}
Also,

k
B(k+1):B(k)+(Dt_D_R k-‘rl ZNp)f
p=0

k
_ kD) ( D-D+Y f<p>>

p=0
— Bk _ gk) _ D, D. N L ] +
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where & = DtN(k+1) — RUN(k+1) — N(k+1) Z];:O f(p) — Zﬁ:l N(ﬂ)]:(k),
which lies in Sy{—(k+1), k4 2} by the induction hypothesis and the rules

of the symbolic calculus of Lemma 2.5. Furthermore, by definition of F*)
and N-+1D),

B® — F®) _p, 4] = 0,

Therefore, B#*+1) = S proving the induction step. So the claim is proved.
Now we claim that Ny, :=>"" (N (") is invertible; this is true because

(log(1/(t + e3>>)7)7” _C
(¢ +e?)l¢ TN
by the definition of Zyy, (V). Choose N in the definition of Zyy, (V) so that
Gy

Nr — 2r+1

The value of m shall be chosen later, but since it is fixed, this fixes N.

WO < c,(

forr=1,..., m.

Hence,

m m
1
N2l < SINO <30 A < 1
r=1 r=1

thus proving the invertibility of N,,. Finally, noting that F© = 0, so
Fm e Sy{-1, 2}, and setting R,, := —N.'B™ ¢ Sy{—m, m + 1}
completes the proof of the proposition. O
The regular subzone Z,e(IN) consists of three parts Zﬁég)(N ) = {(t, &) €
~ 2 ~

[fe. 00) x {€: 1€ < po}}, ZEd(N) := {(t, €) € [fe, 00) x {&: po < [¢] < pi}}
and Zﬁgg)(N) ={(t, &) €0, 00) x{&: |£] > p1}}. In what follows we restrict
our considerations to leelé (N) if we have in mind the regular subzone. Now
we set Vi, = Vin(t, &) := N1V, for t > t} and see that the system (2.4) for

Vo is equivalent in Zgé(]\f ) to

(Dt =D+ Fpy — Rm) Vi =0,

Vin(le, €) = Vin,0(8) := Ny, ' (I, §)Nu(le, §)Valle, €).
Thus, we have obtained in Zlgelg)(N) the diagonalisation of the system (2.3)

modulo remainder R, € Sy{—m, m + 1}, while in Z(gég(N) it is sufficient
to carry out the diagonalisation of the system (2.3) modulo remainder Ry €

2.7)
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Sn{-1, 2}.

2.1.7. Fundamental solutions and their properties Now let us con-
struct representations for the fundamental solutions to the matrix-valued
operators appearing in (2.6) and (2.7). First, let Ey = Es(t, s, &) solve

DEy —DEy; =0, Fs(s,s,§) =1,

where ¢, s > t¢ and the matrix D is as in (2.5). We see that

_ (a@®)\* (e linmadr 0
EQ(ty 57 é-) - <(]J(S)> 0 e’bfst TQ(T‘,&)dT .

Hence, by the strict hyperbolicity of our starting Cauchy problem (1.5) we
get

1/4
n@wa@m(§3> <Co forallt, s>t (2.5)

Later we need, for special representations of solutions to (2.1) in Zé;g(N )
and in Z{3)(N), the behaviour of [|8¢ Ea(te, 0, €)|| and of |98 Ea(fe, te, €)]|-

Lemma 2.8 The following estimates hold for all multi-indices «:
HagEQ(tf’ 0, g)H < Coe,N’f‘_Ia‘(log(tg + e?’))“)‘h”
108 Ea(Fe, te, )| < Can|€] ™1 (log (T + €))%,

Proof. Follows immediately from Lemmas 2.1 and 2.2 together with as-
sumption (1.6) and estimate (2.8). O

Now we define Eose = FEosc(t, s, &), te < s <t < t~§ to be the fundamen-
tal solution to (2.6) in Z(gg();(N) This can be written in the form Egs. =
EQ(ta S, £)Ql(t7 S, é) where Ql = Ql(ta S, g) solves

DiQr = Ea(s, t, Ra(t, §Ea(t, s, Q1 Quls, s, &) =1
Letting P = Pi(t, s, ) := V/—1Fs(s, t, )R1(t, £)Ea(t, s, €), we have the

matrizant representation for @1:

00 t tji—1
Qi(t, s, §) :I+Z/ Pi(ty, s, g).../ Pi(t;, s, €)dt;---dt;.
j=1 S S
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Now R1 € Sn{—1, 2}; therefore, using (2.8), we see that

(log(t + €))7 > 2

|Pi(t, s, €)| §C|£|‘1< t 1o

Hence,

t
101t 5, )l < exp ( L] dr) < (Onallosttce*))T

for all t¢ < s, t < fg.
We need, for a special representation of solution to (2.1) in Z (N) and in
leelg);(N), the behaviour of [|0gQ1(¢, te, §)|| for t € [te, te).

Lemma 2.9 The following estimate holds for all multi-indices o and for
all t € [tg, Eg]:
102 Qu (1, te, )| < Can|é] 1! (log(t + €2)) 2N eCnn loslte ),

Proof. Follows immediately from the above representation and estimate
for @1 = Q1(t, s, €), and from Lemma 2.1 together with assumption (1.6)
and estimate (2.8). O

Similarly, in Zr(elg)(N) we define Freg = Ereg(t, s, £), te < s, t, to be the
fundamental solution to (2.7). We write this in the form Eie(t, s, &) =
Es(t, s, £)Qm(t, s, &), where Qp, = Qm(t, s, &) solves

DiQn, = E2(3a t, f)Rm(ta §)E2(t7 S, g)Qma Qm(sa S, 6) =1
Here we define for t~5 <s, t,

R 1/4

EZ(tas7§) = <Zéz))>

et JL m(r ©dr—[1 £ (r, €)dr 0
x 0 oi L ma(r, €)dr— [ £5D (r, €)dr

(1)
where F,, := ( ’g f?2) ) Using F,, € Sy{—1, 2} we have

< (,, forall fggs,tand forl=1, 2.

/ 100, e)dr

Then, observing that R,, € Sy{—m, m + 1}, we see that the following
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estimate holds:
|Qm(t, s, &)| < Cy, for all fg <s, t.

We also need, for a special representation of solution to (2.1) in Zﬁjg(N ),
the behaviour of [|0g Qm/(t, te, &)| for t > te.

Lemma 2.10 The following estimate holds for all multi-indices o with
la| < (m —1)/2 and for all t < t:

Hafan(t’ Ef’ g)” < Ca,m|£’_|al fO?” all 2?5 <t.

Proof. 1Tt is sufficient to discuss the derivatives with respect to £ of the
term
t

g(t, &) := alte) M exp{z' / Va(r)dr|é] - /t £, f)dr}rm(m £)
te

te

with r,, € Sy{—m, m + 1}. Such terms appear in the matrizant represen-
tation for @,,. We have

m+1
906, 1 = Cole ™ (5 o+ ))

+ e3

Derivatives of r,, with respect to £ generate | |_|O‘|. By Lemma 2.2, as-
sumption (1.6) and the definition of Z,.s(N) we conclude that

oo(F e3))3 ~
Ty < Ctice

In the same way one can show

|0¢,a(fe) V4 < C

|02 a(te) 4| < Co,n(log(fe + €))7,
Differentiating ftf& f,,(,% )(r, &)dr with respect to & gives

t
(1) () F
ot o 0 %

The integral can be estimated by C,,|¢|7!. Taking account of f,(,}) €

Sn{—1, 2} gives the estimate
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Ot (log(te + €)™
06| = " IEP(te + )2

Higher derivatives of fg give rise to log terms. Thus, we get

< Cm,N|§|_1'

‘f“ (e, )7

t
82‘ eXP{—/fg)(r, f)dr}’ < Ca,N(IOg(Eg + e3))2|a|7.
i,

The main problem arises from ﬁ Va(r)dr||. Differentiation 0, allows
only an estimate like

t
‘851 (/~ \/a(r)dr\ﬂ) ‘ < Gyt +€?).
te
But now we can use that r,, € Sy{—m, m+1}. If we differentiate o times,

then for all ¢ > t} we have

(log(t + €3))7(m+1D)
’é“m(t+e3)m+1 ||

(8 + ) lr (2, €)] <

Cr  (log(t + €3))(m+1D)
— ’é“od ‘§|m—|a|(t + e3)m+1—|a\

_ O (log(t + €)1 V(log(t + ¢%))*
gl (lgl(t + e3))mTrlelg](t + e3)?
)

C.n (log(t + €3))>
~lgflel €] (t 4 e3)?

if o] < (m —1)/2. Consequently we earn |£|71%l and a term which is

integrable over [t¢, t] for all ¢. It remains to explain how we proceed with
the terms (log(fe + €%))2l17 arising in the above estimates. These terms we
couple with r,, also and get, for |o| < (m —1)/2,

|(log(fe + €)M (¢, €)]

< Cr|(log(t + €*)) =17

(log(t + e3))tm+1)y
€[ (¢ + e3ym+1

)
(log(t + €3))2m=17 (log(t + €%))%
ST (g4 eB))mt et 4 e)?
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Using the definition of Z,ee(IN), the first factor is uniformly bounded. The
second one is integrable over [f¢, t]. This completes the proof of our lemma.
O

2.1.8. Representation of solutions in subzones Now we are in po-

)

sition to give representations for the solution to (2.1) in Zéic and Zﬁég). The
vector-function V' = V (¢, £) is a solution of (2.3).

In Z(%z(N): For te <t < fg we have

V(tv g) = MN1<t7 f)EQ(tu 0, €)E2(07 t§7 5)
“Qu(t, te, )Nilte, &) M1

(VD) Biee 0. otnce (2.9

where we recall E(t¢, 0, £) is obtained in the representation of the solution
in the pseudodifferential zone.

In Zyeg(N): For t > t¢ we have

V(tv 5) = MNm(tv g)EQ(t7 0, E)E2(07 t~£7 &)Fm(u t~57 5)
: Qm(t7 ff) S)Nm(ffa 5)_1N1(£$7 5)
- Ba(fe, te, §)Qu(fe, te, Nilte, 7'M

. (\/"é@ (1)> E(te, 0, )Uo(§),

with
o Ji 1 0

F t t, ) = )
m(t; te, €) e D edr

0

where we have used the representation (2.9) at ¢ = .

Before we discuss the representation of the solution to (2.1) we collect
together some useful estimates.

Lemma 2.11 The following estimates hold for all multi-indices c:

10¢ Nu(te, )] < Calé] ' (log(te + €)1,
”a?Nm(Ef’ g)H < Ca‘§|_‘a|(10g(t~£ + 63))2|0‘|’Y,
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108 B, T, O)I| < Cal€] 1 (log(ie + €*))21,  for all t > i¢.

Proof. Follows immediately from the above representation for
Fp = F(t, te, £), from Lemmas 2.1 and 2.2 together with assumption (1.6)
and the definition of zones. O

Summarising all the above results we have

Proposition 2.12 The following WKB representations hold for the solu-
tion to (2.1):

[€]o(t,€) =b§?<t,£>exp{—z‘\§| /t \/@ds}m@(s)
0
+b§§)<t,5>exp{—z’|s| j mds}m
0
+b§?<t,£>exp{z'|£| /t mds}mm(s)
0
+bé§)<t,£>exp{z'r£\ /t mds}zz@,
0
Dy(t,€) =b§21)(t,£)exp{—i\§! / mds}m@(f)
0
+b{3) (t,@exp{—ﬂér ] Mds}i(@
0
+b§21)(t,€)e><p{ilfl / mds}m@(@
0

+b§?<t,g>exp{z’|s| / mds}m.
0

Here the amplitudes b](f;) (t, &), p, k, L =1, 2, satisfy the following estimates:
o in Zpa(N) U ZELN): [ (1, €)] < Oy gyeCriantost+e)),
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o in Zid(N): [0gb) (1, )] < Cnvayalé] 1l (log(t + ¢))?Mh
x exp{Cn q~(log(t + €*))7} for all |a| < (m — 1)/2, where m is the

number of steps of diagonalisation in Zr(;g)(N).

We obtain similar representations in the other parts of the phase space. The
amplitudes satisfy at worst the estimates above.

2.2. LP-L1 estimates for Fourier multipliers
Using Proposition 2.12 we can write down the following Fourier multi-
plier representation for the solution u = u(t, x) to (1.5):

t
u(t, ) =F~ (),ex —iq a(s)ds %l
(D, fu(t, =) fl<bﬁ<t 0 p{ € 0/ md}lﬁlso(ﬁ)
+ by (2, €) exp{—ilf\ / Mds}ﬁ(o
0
+b5)(t, €) exp{z'm / mds}\srm)
0
(1) exps ¢ a(s)ds S , (2.
Lo, €) p{ € O/ Va(s)d }wo) (2.10)
u(t, ) =F~ (),ex —1q a(s)ds %l
Dyt @) fl<bﬁ<t 5 p{ € O/ md}rswo
t
+(t, €) exp{—z’|£| / J@ds}zﬂ(@
0
+ by (¢, €) exp{im / mds}\srm)
0

+b53 (¢, €) exp{z'm / mds}m) (2.11)
0
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where F~! denotes the inverse to the partial Fourier transform with respect
to . Here the amplitudes b,(g;) (t, &), p, k, 1 = 1, 2, satisfy the following
estimates:
o in Zpa(N) U Zose(N): [0 (t, £)] < Oy gyeCnanloslt+en)
o i Zueg(N): 10801 (¢, €)] < Onapmalé] ™ (log(t + €))%
x exp{Cn,qy(log(t + €))7} for all |a| < (m — 1)/2, where m is the
number of steps of diagonalisation in Zr(ég (N).
Our next goal is to estimate these Fourier multipliers. We use the approach
from [10] and from [13].

2.2.1. LP-L9 estimates for Fourier multipliers with amplitudes
vanishing in regular subzone Let us choose a function ¢ € C*>°(R")
satisfying ¥(§) = 0 for || < 1, ¢(§) = 1 for || > 2 and 0 < P(§) < 1.
Further, denote K (t) := N(log(t + €3))?7/(t + €3).

Theorem 2.13 Let us consider Fourier multipliers which are defined by

() VIO e/ ) et 7))

Suppose that a = a(t, &) satisfies the following assumption:
o in Zpa(N) U Zose(N): la(t, §)] < C,ary exp{Ch.an(log(t + €))7}
Then we have the LP-L? estimate

7,\£|ft a(s)ds
Hf—l ( PV e k) e ate, 5)?@)(@) )
< Cya K () 721D exp L O o (log(t + €))7 Mol 2o,

provided that 0 <2r <n(l/p—1/q), 1 <p<2,1/p+1/q=1.

Proof. Let us consider

|| Oft vVa(s)ds

q

w7

Using the transformations £ = K (¢)n and z = K (t)z we conclude

(1= (/K ®))lel > alt, §)f(<ﬁ)(€)>

La

‘7:71 (eiK(t)|nOf\/a(s)ds

Iy = K (1) (1~ ()

q

a(t, K(OmF () (K1)

L
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The point (¢, K(t)n) with || < 2 (support of 1 — ) belongs to Zyq(N) U
Zose(N). Therefore |a(t, K(t)n)| < Cn.a exp(Cn o~ (log(t + €2))?). For I
we obtain

Iol/q < K(t)n*QT*n/q
K (®)ln] [ v/a(o)ds
[ (5 v ot @)

«FH(F (o) (K (t)n))

La

Now let us denote

t
f*1 <eiK(t)|77|0fw/a(s)ds

T (1 — @)l a(t, K<t>n>)

- exp(—Cn.q~(log(t + €*))7).
We have, together with the estimate for a(t, K (t)n),
meas{n: |F(T})| > I} < meas{n: |n| < CI7Y/C} < 1=/,

Due to Theorem 1.11 from [3] we have F(T;) € M, for all 2r < n(1/p —
1/q). Here M, denotes the set of Fourier transforms F(T') of distributions
T € L}, where L} denotes the space of tempered distributions such that
|T  ul|e < Cllul|zr with a constant C' independent of u. Hence T} € L}
and

T3« F=HF (@)K ()n))l2a < CoE (8)"" 2] o
Thus, we have proved

I,/ < CK ()2 (/p=1/0) Onan(o8t+e) o)

and

7 (Y - v opeTa 97 )]

< CK (1)~ 2r4n/p=1/0) (Cnan Q0B+ o)

La

respectively. Thus, we have derived the statement of our theorem. ]
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2.2.2. LP-L9 estimates for Fourier multipliers with amplitudes
supported in regular subzone

Theorem 2.14 Let us consider Fourier multipliers which are defined by

(" IV RO att, F(R)E) ).

Suppose that a = a(t, £) satisfies the following assumption:
o in Zeg(N): |0¢a(t, €)| < Onapalé] 1 (log(t + €?))2h

X exp(C,q,(log(t + €*))7)
for all |a| < (m —1)/2.
Then we have the LP-LY1 estimate

oo

(&/(K1)))[E] " alt, €)f(sa)(§)) Lo
< CK(t)ferrn(l/pfl/q) (log(t + 63))2Mv€CN,a,7(log(t+e3))” ol e

provided that 1 < p <2, 1/p+1/¢=1, ((n+1)/2)(1/p —1/q) < 2r <
n(1l/p—1/q) and with a suitable positive constant M.

Proof.  We generalize the proof of [6] to Fourier multipliers depending on a
parameter. If (¢, §) € supp¥(§/(2K(t))), then (¢, §) € Zeg(N). We choose
a nonnegative function ¢ = ¢(§) having compact support in {£ € R": 1/2 <
€] < 2}. We set

$r(€) 1= ¢(27%¢) for k € Nwhile ¢o(¢) :=1-_ ¢(&).
k=1

The function ¢g has its support in {{ € R™: |{| < 2}.
The Li-norm of

F (S e RO aole/ RNl 9F)E)

can be estimated as in Theorem 2.13. Thus we can restrict ourselves to
considering the integral

[ (Y ek

o€/ CEO)IE ¥ alt, O F (2)(0))|

La
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with k € N. First we study this integral for t > tg, to large.

a) L'-L® continuity: To estimate

o= (Y v

k(€] CEW))IE| ™ alt, OF(2)(©) )|

we set £/(2K (t)) = 2Fn. We are going to apply Lemma 3 from [1]. For this
reason we use the inequality

oV

La

W(E/ @K ®))enle/ CEM)IE ™ at, )]

282K (t) \77|f a(s)ds

< 2K (1) | F 7 (e (@ n)o(n)

nla(t, 2 K (0m) )| -

Let us denote vi(t, 1) := ¢(n)1(2n)a(t, 2" K (t)n). These function have
their supports in {n € R": 1/2 < |n| < 2}. According to [4] (see also [1] or
[6]) we have (here we need tg large)

B P2k K (¢ \17|f a(s)ds .
|7 (e ot )|

<ot [ Vaiis) T S igal s )l

la|<M
According to the assumption for a = a(t, £) we have
105 (112" v (6, m)) | oo <Oy, (log -+ €7)) 2101 O (o8t

for all |a| < (m —1)/2. If we use m = 2M + 1 steps in our diagonalisation
procedure in Zyeg(IN), then the last inequality holds for all || < M. Hence,

i ol vt m) |

< Clyya2” F/20= 1)< / Vva ds) (/e

- (log(t + €))7 Uos(i+eh).

1( i2F 1K (1) \77|f a(s)ds
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All together we have shown

71 (Y g

- oR(E/ (2K () IE]" 7 alt, &) F (o )(5))
< CN’a7%M2k((n+1)/272r)K n— 2r / ﬁds

(log(t + ¢ >>2MWeCNw<log<t+e el

-
(n—1)/2

b) L?-L? continuity: To estimate L?>-norms we apply Lemma 3 from [1].
To this end we take into consideration

i)&| ft Va(s)ds
e 0

V(E/RE()on(e/ K@) alt, ©)||

< sup €17 a(t, €)]
2k-1<el/ (2K (1) <28+

< CN,a,’y,OQ 2er(t)—2reCN,a,7(log(t+63))'Y.

Hence,

| ("5” O e 2 (1))

o€/ (K (0))E| > a(t, OF(#)(6) )|

< On 02 25 K (£) 72 eOnan Qo) o) o,

L2

c) Interpolation argument: An interpolation argument between L!-L> and
L2-L? estimates from a) and b) yields

| ("5” O e 2 (1))

o€/ CEW))IEI ™ alt, OF(#)(©))|
< CN7Q7%M2/§(((n-‘rl)/?)(l/p—l/q)—Qr)K( )n(l/p_l/q)_%

- (log(t + €3))2M7eCnanlost+e) | o),

La

for t > to, to large, provided 1 <p <2, 1/p+1/qg=1, ((n+1)/2)(1/p —
1/q) <2r <n(1l/p—1/q). Applying Lemma 2 from [1] proves the statement
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of the theorem for t > ty, tg large.

d) Estimates for small t: It remains to estimate the L9—norms of

t
_ il¢] [v/a(s)ds B
F (YT /2K (1)) au(e/ R O) el alt ) F(2)(E))
for t € [0, tg]. Here we will not use the stationary phase method, the
key tool to get the above estimates for ¢ > t3. Instead we apply the
Hardy-Littlewood inequality as we did to get the estimates in Theorem 2.13.

Let us sketch the differences in the proof. Using the transformations & =
2K K (t)n and z = 281K ()2 we conclude for k € N

Ik — (2k+1K(t))nq—2'rq—n

P KOl [ /a(s)ds
0 (e 0

at, VK (O F ()@ K (0m))||

La
The point (¢, 2" K (t)n) with |n| € [1/2, 2] (support of ¢) belongs to

Zyreg(N). Therefore |a(t, 2k+1K(t)77)| < OnN,a,y,0 €xp(Cn,a, (log(t + e3))).
For I, we obtain

I/t < MK ()

[ YO s ate, 24w om)

 FUFQ) K (0n)

La

Now let us denote

t
iK(t)|n| [ v/a(s)ds
Ty g = Fi (e ! { P

@ m)emlnl > alt, 24 K (1))
- exp(=C (g (t + €%))7).

Then T; ;, has the same properties as described for T} in the proof to Theo-
rem 2.13. Thus we can derive

[ (Y e e

o€/ CEO)IE ¥ alt, OF(@)(©))|

La
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< C(28K (1))~ +n(1/p=1/0) Cnvan (ogt+e™ ) o

Lemma 2 from [1] proves with 2r > n(1/p — 1/q) the statement of the
theorem for ¢ € [0, tg]. This completes the proof. ]

2.3. End of the proof

Proof. The statements of Theorems 2.13 and 2.14 applied to the represen-
tations (2.10) and (2.11) enable us to derive the estimates from Theorem 1.1.
If ¢ € (0, to], then we choose in the estimates from Theorems 2.13 and 2.14
the parameter 2r = n(1/p — 1/q). This fixes the necessary regularity N, =
n(l/p—1/q). If t € [ty, 0o), then we choose in Theorem 2.14 the parameter
2r = ((n+1)/2)(1/p — 1/q). Now let us distinguish the different cases for
~v. If v = 0, then we directly obtain the classical Strichartz’ LP-L? decay
estimate from Theorem 1.1 with so = 0. If v € (0, 1), then the main influ-
ence on changes to the classical Strichartz’ decay rate comes from the term
exp(Cn,q(log(t + €))7 in Theorems 2.13 and 2.14. For each ¢ this term
can be estimated by C.(1+¢)¢. Thus sg = ¢ for all € > 0. Finally, if v =1,
then this term produces, together with the log terms, a factor like (14 1¢)%,
where sy eventually becomes a large positive constant. O

Let us formulate a corollary of Theorem 1.1. At first sight, the statement
of this corollary does not seem to be very surprising, but its meaning lies in
a comparison of the cases v € [0, 1] and v > 1 in (1.6).

Corollary 2.15 Consider the strictly hyperbolic Cauchy problem
O2u—a(t)Au=0, (¢ z)€0,00)xR", }
u(t07 .T) = QO(:L‘)a 8tu(t0) J") - w(x)u tO Z T7

where T is large and the coefficient a = a(t) satisfies (1.6) with v € [0, 1].
Then there exists a constant C which is independent of to > T and t > tg
such that the following LP-L? estimate holds for the solution uw = u(t, x):

[(ue(t, ), Vau(t, -))llze < CA+)"(Vap, ) llyynp,

where 1/p+1/g=1,1<p<2, N,>n(l/p—1/q) and
e 5o =0 ifv=0; in this case C only depends on p, n;
o sop=cifye(0,1) for all e > 0; in this case C' depends on p,n and €;

(2.12)

e o is a fized constant (which can be determined) if v = 1; in this case
C is independent of ¢, 1.
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Proof. The transformation ¢ := ¢y + 7 transfers the above Cauchy problem
to

872'u — Qi (T)Au =0, u(ov :C) = “P(x)a 87'u(07 x) - ¢(90),

where ay, (7) 1= a(to + 7). The coefficients a,(7) satisfy, for all to > T, the
estimates (1.6) with the same constants Cj. Thus we can follow the proof
of Theorem 1.1 and obtain the LP-L? estimate

[ (ur (7, ), Vau(r, =)L
<C(1+ T)_((n_l)/z)(l/p_l/QHSO||(Vx<,0, w)HWvaP-

Setting 7 = t — tg in the last inequality gives the statement of the corollary.
O

3. Proof of Theorem 1.2

The proof is based on an application of Floquet’s theory, an idea used
in [16] to show that the Cauchy problem for 97 —exp(—2t~%)b(t~1)92 is not
C*> well-posed when 0 < o < 1/2, where b = b(t) is a positive, smooth,
1-periodic function. A similar idea is used in [11] to study LP-L? estimates
for hyperbolic equations with increasing coefficients.

Proof. In order to apply Floquet’s theory, it is necessary to first transform
(1.8) so that the coefficient is periodic. This idea is used in [2] when studying
the C'°° well-posedness of strictly hyperbolic equations with non-Lipschitz
coefficients. Then, a lower bound is found for a suitable energy of the
solution of the transformed problem via estimates for an auxiliary problem.
Finally, we derive a contradiction to (1.7) by obtaining a lower bound for
the non-standard energy of Theorem 1.2 of the solution to (1.8).

3.1. Transformation of the Cauchy problem (1.8)
Let

s = s(t) := (log(t + €%))¥, (with inverse t(s) := e°
w = w(s,z) = \/7(s)u(t(s), x),

where 7(s) := (ds/dt)(t(s)) = ast=(/@)e=s"" "and, instead of (1.8), con-
sider the Cauchy problem obtained after this transformation. By simple
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calculations, we have

welos )= 5 T (s, ) + ), o)
1 /27"(s)1(s) — 7'(s)2
Wss(s, ) = i ( ( )7-((3))2 () )w(s, x)
+ 7(2)2 (2 + sin(27s)) > Aw(s, )
= 4a1232 (s —a® + 1w

1 «
+ ?e%l/ s2/0)=2(2 4 sin(27s))% Aw,

since t'(s) = 1/7(s). Transforming the initial data, we obtain the following
conditions for w(s, x) at s = sq:

w(so, ¥) = \/7(s0)p(x) = ¢(x),
1 7'(s0) 1 oy (3.1)

2 T(so)gp(x)jL 7(so)

The problem is now in the form

ws(So, x)

wss — v(5)?0(s)*Aw + p(s)w = 0,
w(so, ) = ¢(x), ws(so, ) = (z), } (3.2)

where
v(s) = esl/as(l/a)_l, b(s) := (2 4 sin(27s))/a,

wu(s) = (0 —1— s = 0(s#2) as s — o0.

4a?s?
Note that b(s) is a non-constant, smooth, positive, periodic function with

period 1. This is now in a form where the application of Floquet’s theory
is possible.

3.2. Application of Floquet’s theory
Consider the second order ordinary differential equation for v = v(s),

vss + Ab(s)%v = 0.

Let X be the fundamental matrix corresponding to this problem. That is,
X = X(s, sp) solves the first order system of ordinary differential equations
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d X = <(1) _A%(SV) X, X(so, s0) = (é (1)> . (3.3)

We recall the following lemma from Floquet’s theory (see for example [5],
[16]):

Lemma 3.1 Suppose b(s) is a 1-periodic, non-constant, positive and
smooth function on R and so € NU {0}. Then there exists \g > 0 such
that the fundamental matriz X (s, sg) corresponding to vss + Aob(s)?v = 0
evaluated at s = so + 1 (i.e. X(so + 1, s0)) has eigenvalues po, pg"' and
o] > 1.

We use this to approximate the solution to the ordinary differential equation
Vss + )‘(87 f)b(8)2’U =0, (34)
with suitable Cauchy data, where A(s, &) = A\i(s, &) + A2(s) and

A (s, €)= |€]2u(s)? = |¢[2sF/@)—2e28Y 7

w(s) a?—1-—s%°

S b(s)2 4a2s?b(s)?

Observe that 94\ (s, €) = |€]225"° (((2/a)—2)s@/D34(2/a)sB/¥=3) > 0
for s > Ty for large enough Ty. Henceforth, we shall always assume s > Tj.
So, for each £ € R™, A\{(s, £) is a monotonically increasing function in s on
its domain [sg, 00). Also, it is clear that \a(s) — 0 as s — oo.

We also define s¢ € N implicitly by the formula A(s¢, §) = Ao, where Ao
is from Lemma 3.1. In addition, we require that s¢ > T where T is large
enough to ensure that s¢ — oo as |{| — 0:

Lemma 3.2 There ewists T' > 0 such that for s¢ as defined
s¢ =00 as | —0.

Proof. Since \a(s) — 0 as s — 0o, we can choose T7 > 0 such that s > T}
implies that [A2(s)| < Ao/2. Then, by definition, as we insist s¢ > 77,

AM(se, &) X Aa(se) S Ao oo as g — 0.

€2 IR e T 2K

Now, since A1 (s, £)/|¢€|? is monotonically increasing for s > Ty, by setting

T := max{Tp, T1} it follows that lim¢_ s¢ = oo. O
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We remark that this result allows us to take s¢ € N for any (large) integer—
simply choose |£| appropriately small enough.

3.3. Properties of A(s,£) and X (s¢ + 1, s¢)
For the function A(s, £) we have the following result.

Lemma 3.3 There exist constants 0 < p < 1 and K > 0 such that if
0<6<ps— K then

IAL(5,€) — Ai(s — 6, )] < CoAi(s, &)sH/01
and  |Xa(s) — Xa(s — 0)| < CsH/@)=1,
for some positive constant C.

Proof. For the first part we apply the mean value theorem; this implies
that there exists a constant § € (s — J, s) such that

[A1(s, €) = Ai(s =6, &)

_ ]f\Q‘s(Q/a)*QeQSI/& —(s— 5)(2/01)7262(576)1/‘*‘
< z|§’2562§1/‘1§3((1/a)71)|1 + (1 o a)gfl/oﬂ
«

< 053(1/04)—1)\1 (s, 5)62(5'1/“—51/“)(5/5)3(1—(1/60)
< CosM N (s, €),
since €25/ s=3(1-(1/a)) jg monotonically increasing for large s (we define K
so that this is for s > K) and s — § > K by hypothesis.
For the second part, simply observe that, with by := ming b(s),

[A2(s) = Aa(s — 9]

1

< - 2 1 -2 2 (2/a)—2 _ \(2/a)—2
< o (@ = D17 = =0) 1+ s (s - §)-2))

L= (si5>2‘ + ’1 B (sié>2_(2/a)

< C52/0)-2 ((a2 _1)s2/

)

when 0 <9 < ps — K for some 0 < p < 1. O

< Cs/e-1,

Now consider the fundamental matrix X (s, sg), which was defined as the
solution of the system of ordinary differential equations (3.3), evaluated at



572 M. Reissig and J. Smith

the point s = s¢ + 1, sp = s¢. We write this matrix as

11 T12
Alsg 1, 00) = (9021 :v22> ‘

By Lemma 3.1 this matrix has eigenvalues pg, 1y " where || > 1. Observe
that

140 —I—,uo_l =tr X(s¢ + 1, s¢) = w11 + @22,
and so,
It — pol < |lz11 — pol + |222 — pol-

Hence,

1, _
max{|r11 — pol, [r22 — pol} > §|Mo1 — pol > 0.

The last inequality follows from |uo| > 1. We can assume, without loss of
generality, that

1, _
|11 — pol > §|M01 — o, (3.5)

and then we also have
_ 1 _
w22 — pg | > =gt — pol. (3.6)

3.4. Auxiliary family of ODEs
Consider the family of ODEs

vss + A(sg — k45, )b(se +5)*0 =0, keNU{0},
where s¢ € N is as in Section 3.2 and Ag is as given in Lemma 3.1. Here we
are using the 1-periodicity of b(s).
To each problem associate the fundamental matrix Xy(s, s1) which satisfies

0 —A(s¢ —k+ 5)b(s¢ + 5)2 10
dst _ (1 (3§ 05) (Sf 5) >Xk:a Xk(Sla 51) — (O 1)

We study these matrices evaluated at (s, s1) = (1, 0); write

_ (zu(k) x12(k)
) -
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Denote the eigenvalues of this matrix by g, p; ' where [ug| > 1 (in fact,
later we see that |ug| > 1 for all suitable k). That this matrix has determi-
nant 1 is an immediate consequence of the formula for the derivative of the
determinant of a matrix and the fact that tr(Ag(s, £)) = 0 where

0 —M(sg —k+ s, )b(se + 5)?
O (S R T (38)
The matrices Xg(1, 0) are uniformly bounded for suitably large k:
Lemma 3.4 Let F(s) be a function satisfying
lim s(/)71F(s) = 0. (3.9)

§—0Q

Then we have

max || Xg(s, s1)|| < eCHo
s,51€[0,1]

for 1 <k < cF(s¢) and some positive constants C, c.

Remark 3.1 Note that F(s) := s”, where 8 < 1—(1/a), satisfies require-
ment (3.9).

Proof. 'We have the following representation for X(s, s1):

Xl s) = I+ 5 [ Au(r, ) [ Axlra,
k 1 ng/s1 E\T'1 / E\T2

r
51

ri_1
/ ’ Ak(’l“j, {)drj---drgdrl,

S1

where Ag(s, £) is as in (3.8). Now, by Lemma 3.3,
1Ak (s, )] < 1+ b Sl(l]pl]l)\(% —k+5,8)|

KIS

< 1—|—b%‘>\1(55 —k+1,& + sup /\2(5)‘

8>S0

— 14 bﬂAl(s§ —k+1,€) — M(se, €) — Aalse) + Ao + sup AQ(S)‘

>80

< 1+ B} (Clk = Dilse, st/ 7+ A +2 sup A (s)])

$>80

provided 0 < k —1 < psg — K; here by = max,b(s). So, by (3.9),
| Ak(s, &)|| < 1+ C1b3N for large s¢ when 1 < k < c¢F(s¢); here c is chosen
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to ensure that k — 1 < psg — K is satisfied when k < c¢F(s¢). Therefore,

max [ Xu(s. 50)]| < exp ([ ulr ©ldr) < CoeCrt = e,

s,81€[0,1] 51
provided 1 < k < cF(s¢). The lemma is proved. O

The next lemma shows that in some sense X (s¢ 4 1, s¢) is “near” to the
Xk(1, 0) for suitable k.

Lemma 3.5 Under the assumptions of Lemma 3.4 we have
1/a)—1
1Xk(1, 0) = X(s¢ + 1, s¢)|| < Chosg’ ™ F(se)
for 1 <k < cF(s¢) and some positive constants C, c.

Proof. First, note that X(s¢ + s, s¢) = X (s, 0), since s¢ € N and b(s) is
1-periodic. Now, X (s, 0) satisfies

ds X (s, 0):(? _A(sf’of)b(3)2> Xi(s, 0)

N (8 (A(se, €) = A(Séo— ks, f))b(8)2) Xi(s, 0),

with Xx(0, 0) = I. Thus,

—A(S 82
ds(Xp(s, 0) — X (s, 0)):(? Al 5’05)b( ) > (Xi(s, 0) — X(s, 0))

0 (A(se, &) — M(se — Kk + s, £))b(s)?
(0 Plse s, )R

X Xk(57 O)a

with initial data X3 (0, 0) — X (0, 0) = 0; here 0 denotes the zero matrix.
Now, by Lemma 3.3,

Ai(se, €) = Ai(se — b+, €) < Clk — s)h(sg, )5t/
and |Aa(s¢) — Aa(s¢ — b+ 5)] < Osg/ ™7 < OAT s T N\ (s, €)
for 0 <k — s < ps¢ — K. Therefore,

‘)\(Sfa 5) - A(Sﬁ —k+ s, €)| < Ck)\osél/a)—l
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for 0 < k — s < ps¢ — K. Hence,

| Xk(s, 0) — X (s, 0)]| < /08 CXo|| Xk (r, 0) — X (r, 0)||dr

+ /O Chost’ | X (r, 0)]|dr

So, by Lemma 3.4, Gronwall’s inequality and the hypotheses on k,
1Xk(1, 0) = X(1, 0)[| < Chgs /710 < Oxgsl V7 P (se),

where 1 < k < cF(s¢); c here is chosen as in the proof of Lemma 3.4. This
completes the proof of the lemma. O

Also, the X (1, 0) are, in a similar sense, “near” to each other.

Lemma 3.6 The following inequality holds for all 1 < k < cF(s¢), with c
as in Lemma 3.4,

1Xk41(1, 0) = Xi(1, 0)]| < Chost/ 7,
where C' is a positive constant and F(s) satisfies (3.9).

Proof. Observe

ds(Xk(37 0) - XkJrl(Sa 0))

N(se — s, £)b(s)?
_ <$ A(se (k+01)+  )b(s) ) (Xi(s, 0) — Xppa (s, 0)
N (8 (A(se — (k+1) +5, €) N Msg =k +s, f>)b(s)2> Xp(s, 0).
By Lemma 3.3,

Ai(se = (k+1)+s,8) — Mi(se —k+s, &)

< CM(se—k+s, €)(se — k+s)H/0)1

and [Aa(se — (k4 1) +8) — Xa(se — k + )| < O(se — k + s)H/0) 71
for 1 < p(s¢ — k4 s) — K. This latter condition is satisfied when 1 <
k < cF(s¢), where ¢ is as in Lemma 3.4, for s¢ chosen large enough. Now,

A (t, €)t1/®)=1 is increasing for large ¢ (see the proof of Lemma 3.3); in
particular, it is increasing for ¢ > s¢ — k + s when s¢ is chosen large enough
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since
11/ 1
s§—k+szs§—cF(§)25§—§s§ > —s¢

by the hypotheses on k and F'(s). Also, using the argument above and the
hypothesis on F(s),

2\ 1-(1/a) _
Cha -1 o (2 < oy (/)1
(85 k+ 8) < (Sg) < C)\()Sg

when k < cF(s¢). Thus,
A(se — (k+1) + 5, €) = Ase — ki + 5, §)] < Chgst /7

for 1 <k < cF(s¢). So, by a similar argument to that used in the proof of
Lemma 3.5,

1Xk41(1, 0) = Xp(1, 0)]] < Chgst/ ™~ e < Oxgs /@
for 1 <k < cF(s¢), as required. O

These “nearness” lemmas give information about the relations of the eigen-
values of these matrices.

Corollary 3.7 For 1 <k < cF(s¢), where F(s) satisfies (3.9) and ¢ > 0
is as in Lemma 3.4, the following relations hold for suitably large s¢:
1. for each € > 0, we can choose s¢ large enough so that

|l — pol <ee, (3.10)
hence, for suitably chosen €,
Ikl = |pol —e > 1; (3.11)
2. there exists C' > 0 such that
ok — pi—1| < Chost ™7 (3.12)
3. there exists C > 0 such that
| — ' > C (3.13)
4. there exist constants C1, Cy > 0 such that

e — w11(k)| = C1, (3.14)
i = waa (k)| > Co. (3.15)
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Proof. to1l. By Lemma 3.5,
e+ it = o — g | = lena (k) + @z (k) — 211 — 2o
<lw11(k) — z11| + |w22(k) — 222
< C’)\osél/a)_lF(sQ — 0 as sg — o0.
On the other hand

ke + it — o — gt = (ke — p0) (1 — (prpo) )| > Cluk — pol,

where C' > 0, since |pp| > 1. Combining these two observations proves
(3.10).
to 2. By Lemma 3.6

|t — p—y + g — 1t
= |x11(k‘) — xu(k — 1) + .1‘22(]{}) — x22(k — 1)| S C)\()Sél/a)_l.

Choosing s¢ large enough so that (3.11) holds, we see, by a similar argument
to 1., that (3.12) also holds.

to 3. This is clear since (3.11) holds for large enough s.

to 4. By (3.5), Lemma 3.5 and part 1. of this corollary we have the follow-
ing for large enough s¢:

\ie — w11 (k)| = [ — po + po — w11 + 211 — 211 (K)|
> |po — x11| — | — pol — |11 — 211(K)|

Zg\ﬂo—ﬂo |—§|M0—Ho |—§|H0—Mo |
1 1
:ZLUO_MO | > 0.

This proves (3.14). The proof of (3.15) is similar, but we use (3.6) in place
of (3.5). O

Henceforth, we assume that s¢ is chosen large enough so that all of the
inequalities in Corollary 3.7 hold.

3.5. Lower bound for solution to auxiliary Cauchy problem
We are now in a position to give a lower bound for the solution to a
Cauchy problem for (3.4).
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Proposition 3.8 Consider the Cauchy problem

vss + s, §)b(s)*v =0,
T12(no) (3.16)
v(se —mng, &) =1, vg(se —ng, §) = —————,
(5¢ 2 o(5e 2 Png — T11(N0)
where cs? —1<ny < cs? for 1/a < < 1—1/a and c is some positive
constant. Then the following estimate holds for the solution v = v(s, &) at

SZS&.‘

[v(se, &)] + |vs(se, £)] > Cexp(a(log‘é‘)W)

where v = af € (1, « — 1) and C, a are positive constants.

Proof. Throughout this proof we assume that k£ < ng at each occurrence
of k.
Observe that

<U3(8§’ 5)> = X (1, 0)X»(1, 0)

v(se, §)
vs(s¢ — no, §)
Xno(1, 0) <U(S§ o, §)> : (3.17)

where X (1, 0) is as in (3.7). Now,

B, — <$12(k)/(uk — z11(k)) 1 )
k= —1 ’
1 wo1(k)/ (g — w22(k))
is a diagonaliser for Xy(1, 0). This is a consequence of the facts that
det Xi(1, 0) = 1 and tr Xg(1, 0) = z11(k) + x22(k) = px + u;l.
Observe that

| Bx|l < C, (3.18)

for some constant C' independent of k; this follows from Lemma 3.4 and
inequalities (3.14) and (3.15). Furthermore, By, is invertible for each k since

_ —1
dov By = M
- — w22(k)

and (3.13) ensures that this is non-zero, together with Lemma 3.4 and
lu | < 1. From this and (3.18), it follows that, in addition, || B, '|| < C for
some constant independent of k.
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Also, by (3.14), (3.15), Lemma 3.4 and (3.12),
| Br+1 — Bl
< max [1Xk(L, 0)|(Culu = ] + Colpit = picyy )
< Orgsg/ ™71, (3.19)

Hence, (3.17) can be rewritten as

vs(se, §)) pr 0 -1 p2 0 1
Q@@@)_&<0/5031&<0/5032

_ B (yn y12> <1>
yo1 Y22/ \0/°
Set B} 'Byy1 = I + Gy. So,
Y11 Y12 pr 0 p2 0 )
= _ I1+G _
<y21 y22> <0 u11>( 1) <0 py'
ne O
G (M L) e

g

il 0

= (Hkol bk o /Jl_1> + M1 + .4 Mnofla
k=1Fk

where M; is the matrix which is the sum of all the products of matrices
from (3.20) containing exactly [ of the G} matrices; observe

[ Mi]] < (i{l\uk!) > li[IIGijll

1<iy<--<ij<ng—1 j=1
By (3.18) and (3.19)
|G|l = | By ' Brs1 — I|| = || B, ' (Br+1 — By)||
< 1B IBrir — Bell < Chose /7

Therefore,

= ng— 1 a)—
il < (TTmad ) ("1 ) sy
k=1
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Thus,

= — CSﬁ
ly11| > (H’Mk\) (2 - (1 +C)\0821/ ) 1) g)-
k=1

Taking account of § < 1 — 1/« gives immediately

1/
ol 2 5 (1Tl )
k=1

On the other hand, |y21| is very small—it is less than v [ [, |u|, where we
can take v as small as we like. Hence, using

<1;j((;€g’,§§))> _ <$12(1)/(Mi —z11(1)) $21(1)/(u111$22(1))> <z;)

and (3.11), it follows that

CLSB
|vs(se; )]+ [v(se, E)] = Clpo| — €)™ = Ce™,

for some positive constants a, C. Finally, for large s¢,

1\«
s¢~ <log @> , (3.21)
and so we have the desired inequality. The proposition is proved. O

3.6. Lower bound for the energy of w(s¢, x)

We return to the transformed Cauchy problem (3.2) with initial time
chosen as sy = s¢ — ng and seek a representation for the solution at time
s = s¢ in the unit ball B1(0). By the existence of a cone of dependence,
this only depends on the initial data in the ball Br(0) at s = s¢ —ng, where
R = R(np, b) < Cngming b(s). Set

z12(no)

mewfx(x/RQ) (3.22)

P(x) = " x(x/R?), ¥(x) =
to be the data at s = sg, where x(x) is a smooth cut-off function which is
identically 1 on |z| < 1. By the uniqueness of solutions to strictly hyperbolic
equations, the solution can be represented in the cone of dependence, and
therefore in B;(0) at s = s¢, by

w=w(s, z) = eTv(s, £);
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here v(s, z) is the solution to (3.16) at time 5. Use w(s¢, @, &) = e v (s¢, €)
to denote this solution. Then the following lower bound holds for w:

[Vaw(se, ) lLa + llws(se, )| La
> [[Vaw(se, ) Ly o)) + llws(se, )l La(sy o))
= (I&]lv(se, )] + [vs(se, €)]) meas(By(0))M/

> C|¢| exp <a(log |2>7>, (3.23)

where L7 = L1(R").

3.7. Lower bound for the energy of u(r¢, )
Finally, we return to the original problem (1.8).
Set to = t(s0) = t(s¢ —ng) = el% —n0)/* _ ¢3 and choose the following initial
data:
1

N o G (L e ) (3.2

=(/7(s zia(no) _7'(s(t))
Qp(x)—< ((tO))uno—iﬂll(”O) 2:/7(s(to))

(s x12(no) _ a'(to) e (o) R
_< (tO)HnO —x11(ng) g(t0)2> x(xz/R7), (3.25)

where o(t) is as in Theorem 1.2. Here we have taken into account (3.1) and
(3.22). Now, by (3.23), the energy defined in Theorem 1.2 for v = u(t, )
3

)eix-ﬁxwﬁ)

can be estimated as follows:

E(w)(7e)| o =||rlre) Ve, |, + Ha(;)?&f (ult, o ()],

=[Vaw(se, -)l[pa + [[ws(se, -l s

> Cle]exp (a(logé)”)

JLe! 8
—i—acng]

=Cexp [—c1log(re +€°) +aca (log(re +¢%)) 7], (3.26)

1/«
at t =7¢ :=1t(sg) = e’ —e

La

>Cexp [—clsé

and 1 < v < a— 1; here we have used (3.21) in the final equality. If we now
assume (1.9) holds with the initial data (3.24), (3.25), then, for 1 < r <
vy <a-—1,
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E(u)(¢)] , < Crexp (Ca(log(re +€)") E(u)(to)]

_ Oy Catiogtrerey (4 T12(m0) N\ we o p2
* +:U’no_:L’11(n0) He X((IZ/ )”WM+1,p7

which contradicts (3.26) since r < 7. The proof of Theorem 1.2 is complete.
O

4. Concluding remarks

Remark 4.1 We observe that the LP-L9 estimate from Corollary 2.15
derived for the cases very slow, slow, fast oscillations is of the form

E(u)(t)] ,, < C(1+1)* B (u)(to) |y xp (4.1)

with a positive constant C independent of tg > T and t > t3. However,
Theorem 1.2 states that in the case of very fast oscillations we cannot have
an estimate of the form

E(u)(t)] ,, < Crexp(Ca(log(t + )" ) E(u)(to)] vy (4.2)

for 1 < r < a — 1 with positive constants C7 and Cs independent of ty > T
and t > to. Comparing (4.1) with (4.2) we have indeed an essential change
in the behaviour of solutions to (1.5) from fast to very fast oscillations.

Remark 4.2 A special case of (4.2) is the L2-L? estimate
E(u)(t)] 2 < Crexp(Ca(log(t + €%))") E(u)(0)] .,

which cannot hold for 1 < r < a— 1. But the critical case r = o — 1 cannot
be excluded. In the case of very fast oscillations this critical L?-L? estimate
is much better than the L?-L? estimate we obtain by applying Gronwall’s
inequality.

Remark 4.3 If we apply the change of variables t = A(t) := fot Va(r)dr

to (1.5), then we obtain the damped wave equation

aigu —Au+ b(f)agu =0 with b(f) = W.

Choosing a(t) = 2 + sin((log(t + €%))®) with a € [1, 2] we get
at?u — Au+b(t)ou =0
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acos((log(A~1(t) + e3))*)(log(A~1 (%) + 63))0‘_1.

with  b(f) = a32(A1(1)(AL(D) + €3)

The term b(t) represents an oscillating dissipation with changing sign and
with asymptotic behaviour O((log(f + €3))*~1/t) for £ — co. Here we have
used t ~ t. The LP-L? decay estimate from Theorem 1.1 implies that
~ ~ ~ _Lﬂ(l_l)+30
[(ug(t, -), Vault, -))l[pe < C(A+28) 2 7 70 [(Vap, ) lyyapn
for the solution to the Cauchy problem
Btgu — Au+b(#)9u =0, u(0, z) = ¢(z), (0, z) = P(z).

Thus, we have an example for LP-L? decay estimates for solutions to the
Cauchy problem for damped wave equations with non-monotone weak dis-
sipation changing its sign. This result stimulates further considerations,
generalizing the results of [17] and [9] for damped wave equations with
monotone weak dissipation.

Remark 4.4 More general models which will be considered in forthcom-
ing papers are uy — a(t)Au+m(t)u = 0 or uy — a(t)Au+b(t)ur = 0, where
a = a(t) is a bounded coefficient. The following questions appear:
e How do the mass or dissipation change the classification of oscillations?
e How can we derive statements like those of Theorems 1.1 and 1.2 for
solutions to more general models? How do we feel weak damping or
overdamping?

Remark 4.5 The results of this paper complete the picture about the
theory of degenerate hyperbolic problems [7]. This picture can be presented
now in the following form:

strictly hyperbolic theory
with non-Lipschitz continuous

coefficients

!

LP-L9 decay estimates
for wave equations with
bounded speed of propagation

weakly hyperbolic theory

!

LP-19 decay estimates
for wave equations with
increasing in time coefficients
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Remark 4.6 The construction of counterexamples via Floquet’s theory,
as used in the proof of Theorem 1.2, can be adapted to constructing blow-up
solutions for related nonlinear Cauchy problems. This is done in [18], where
it is shown that, for carefully chosen initial data, no global solution exists
to the Cauchy problem (a € (—oo, —1))

O2u — exp(2t*)b(t)? Au + (dpu)? — exp(2t*)b(t)? Zn:(axjuf =0,
j=1
u(L :1:) = (70(‘/17)7 Ut(l, IE) = 711(33)

(Here b(t) is as in the Introduction.)
This result shows us that it is reasonable to use the results of the present
paper to study the global existence of small data solutions. We have the
following two conjectures:
e Conjecture 1 (Floquet effect).
In general, we have no global existence of small data solutions for the
Cauchy problem
0?u — (2 + sin(27 (log(t + €3))¥))?Au + (Opu)?—

n

(2 + sin(2m(log(t + €3))*))? (8xju)2 =0,

[y

<

u(17 1:) = 80(50)7 ut(17 1:) = 1/)(9«“),
when a > 2.
o Conjecture 2 (LP-L9 decay estimates).
We have the global existence of small data solutions for the Cauchy
problem
0?u — (2 + sin(27 (log(t + €))¥))?Au + (Opu)?—

(2 + sin(27 (log(t + €*))*))? ; (0p,u)?* =0,
j=1

u(17 JI) = QO(.T), ut(17 JI) = 1/)($)7

when «a < 2; or, more generally, for the Cauchy problem

O*u — a(t)Au + (Opu)* — a(t) i(@xju)2 =0,

j=1
u(la l‘) = cp(x), ut(la l‘) = ’Lﬁ(x)’
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when a(t) satisfies the assumption (1.6) for v € [0, 1].
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