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The twisted de Rham cohomology for basic constructions
of hyperplane arrangements and its applications
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Abstract. In this paper we study the twisted de Rham cohomology for an arrange-
ment of hyperplanes. We prove formulas for basic constructions of arrangements: the
twisted Kiinneth formula for products or decompositions, the long exact sequence for
triple constructions, and the relation for coning and deconing constructions. Moreover,
we obtain the vanishing, dimension, and basis of the twisted de Rham cohomology for an
arrangement in general position and a generic arrangement with arbitrary weight.
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1. Introduction

Fundamental results of the twisted de Rham theory are founded in [De].
Let M be a complex affine manifold of dimension n. Denote the sheaves of
holomorphic p-forms on M by QF, with Q8, = Oy and denote QP(M) =
(M, ©QF)). Let w be a closed holomorphic 1-form on M. The covariant
derivation with respect to w is defined by

Vo i=d+wA

and then we have the (smooth) twisted de Rham complex (Q°*(M), V,,) of
M. Denote the cohomology of (Q*(M), V) by H*(M, V,,). Deligne gives
the twisted de Rham theorem in [De, II; 6.3]: there exists an isomorphism

HY(M, L,) ~ H’(M, V,,),

where L, is the locally constant sheaf of solutions of V,h = 0, h €
Oy, which is a complex local system of rank one on M. We note that
HP(M, L) =0 for p > n.

The twisted de Rham cohomology on complements of hyperplanes is an
important subject in the Aomoto-Gelfand multivariable theory of hyperge-
ometric functions [DM, AK, OT?2].
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An {-arrangement A of hyperplanes is a finite set of distinct hyperplanes
in the ¢-dimensional complex space V = C*. Denote the complement of A
by M(A) = C\UgeH. We define a logarithmic 1-form wy of a hyperplane
H by wy = dlog ap, where ajy is a degree one polynomial defining H.

A weight A = A(A) of A is defined by A = (Ag; H € A); Ay € C. We
call Ay the weight of H. We define the logarithmic 1-form w(A, \) by

w(A, )\) = Z )\HwH.
HeA

We obtain the twisted de Rham complex (Q°*(M(A)), V), where we denote
Vi = Vi, ), for simplicity. In the Section 2, for basic constructions of
arrangements we shall obtain twisted versions of formulas in [OT], which are
the twisted Kiinneth formula for products or decompositions, the long exact
sequence for triple constructions, and the relation for coning and deconing
constructions.

By the way, we review combinatorics of arrangements. The intersection
set L = L(A) of A is the set of nonempty intersections of elements of A.
By convention L includes V. We call an element of L an edge of A. The
rank r(X) of X € L is defined by r(X) = codim (X). Note that (V) = 0.
The rank r(A) of A is the maximum rank of any edges of A, which is the
maximum number of linearly independent hyperplanes of A with nonempty
intersection. For X € L(A), define Ax :={H € A| X C H} and Ax :=
Y oHea xcu M- An edge X € L(A) is called dense in A, if the central
arrangement Ay is not decomposable (the decomposability will be defined
in the Section 2.2). Denote the set of all dense edges in .4 by D(A). We note
that all hyperplanes of A are dense edges in A. Let Ay be the projective
closure of A which is defined in the Section 2.5.

Theorem 1.1 ([ESV, STV]) Let A be an arrangement of rank (. If a
weight A of A satisfies the condition:

Ax &€ Z>o for every X € D(Aw), (Mon)
then we have
HP(M(A),Vy) =0, forp#L.

In the Section 3, using Theorem 1.1 and a long exact sequence for triple
of arrangements obtained in the Section 2, we shall obtain the vanishing,
dimension, decomposition, and basis of the twisted de Rham cohomology
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for arrangements in general position with arbitrary weight, which does not
necessarily satisfy the condition (Mon). In the Section 4, we shall obtain
the vanishing, dimension, and basis of the twisted de Rham cohomology for
a generic arrangement. This is another example not satisfying the condition
(Mon).

2. Basic constructions

In this section we study the twisted de Rham cohomology for basic
constructions of arrangements. We refer to [OT, OT2] for definitions and
fundamental properties.

2.1. Preliminaries

In this section, we work in the category of complex affine manifolds.
The twisted Mayer-Vietoris sequence and the twisted Kiinneth formula are
formulated in [IK]. In general, we can prove a twisted version of Leray-
Hirsch Theorem.

Theorem 2.1 (Twisted Leray-Hirsch Theorem) Letw: E — M be a fiber
bundle with fiber F'. Suppose that the cohomology of F' is finite dimensional
and that there exist global cohomology classes on E of which restrictions
to each fiber freely generate the cohomology of the fiber. Let w be a closed
holomorphic 1-form on M. Then we have an isomorphism

P HY (M, V) @ HI(F) = HYE, V).
p+a=Fk

Proof. 'We have only to follow the proof of Leray-Hirsch Theorem in [BT,
5.11] by replacing d to V,, over M. O

Let A be an arrangement and A its weight. A weight A is said to be
trivial, if all Ag’s are integers.

Lemma 2.2 Let X\ and X be two weights of an arrangement A. If X — N
1s trivial, then there exists an isomorphism:

H¥(M(A), VA)SHF(M(A), V)
o= f -,

where f=1]pea a}\JH_AH’.
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Proof. Since A— ) is trivial, f is a nowhere vanishing single valued analytic
function on M = M(A). Let w = w(A, ). Then we have w(A, \) = w +
dlog f. The multiplication by f induces an isomorphism of twisted de Rham

~

complexes: (Q*(M), Veidiog r) — (2°(M), V), since we have

Volfe)=(d+w)(fo) =df N+ fdo+ fwne
:f(d+w +dlogf)90 = fvardlogf((p)'
O

Write Ay 1= Y e An. The weight X is said to be standard, if A\y’s
and A 4 consist of zeros and non-integers: A\g, A4 € {C\Z}U{0} for H € A.

An /l-arrangement A is called essential if r(A) = ¢. For an (-arrange-
ment A with rank r = r(A), there exists the essential r-arrangement ess.A
such that L(A) = L(essA) and M(A) = M(essA) x C*~". By the twisted
Kinneth formula, we have the following.

Lemma 2.3 Let A be an (-arrangement with rank r = r(A) and X be a
weight. We have an isomorphism

H*(M(A), V) ~ H*(M(essA), V) forall Fk,
and thus we have H*(M(A), Vy) =0 for k > r.

In this paper, we work under the assumption that arrangements are
essential and that weights are standard.

2.2. Product and decomposition
Let A; and Aj be arrangements in V7 and V3, respectively. The product
arrangement A4; x Aj is an arrangement in Vi @ V5 defined by

Ay x Ay ={H, @ Va; Hy € A1} U{V1 @ Ho; Hy € As}.

Note that M(A; x Ag) = M (A1) x M(Az). Let A and \? be weights of A,
and Ajg, respectively. We can define the weight A of A; x As by (A!, A\?).
By the twisted Kiinneth formula, we have the following

Lemma 2.4
HY(M (A1 x A2), V)= @) HP(M(A1), V1)@ HI(M(As), Vo).
ptq=k

Conversely, an arrangement A is said to be decomposable, if there exist
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nonempty arrangements A; and Ay such that A = A; x Ay after some
linear coordinate change. A weight A = A(A) of A induces weights of A;
and Ag as subarrangements.

2.3. Deletion and restriction

Let A be an arrangement of hyperplanes and A\ a weight of A. Let B
be a subarrangement B of A. A weight A of A induces a weight A(B) of B
defined by (Ag)men. We denote A(B) by the same A. For X € L(A), define
an arrangement A% in X by

AX = {XNH|HcA\ Ax, X N H # 0},

which is called the restriction of A to X. A weight A of A induces a weight
(A\y)yeax of AX, which is denoted by A = A(AX), where

Ay = Z M.

HE.Ay\.AX

Note that the induced weight of AX depends only on the induced weight of
A\ Ax. Tt is easy to see the following.

Lemma 2.5 For X € L(A), we have M(AX) = M(A\ Ax)N X and
HE(M(AY), Vi) = HS(M(A\ Ax) N X, Vaay))-

For a subarrangement B of A and X € L(A) such that BN Ax # 0, we
have M(B) N X = M((BU Ax)%X) and

HF(M(B)N X, Vyg) = HN(M((BUAx)™Y), V).

2.4. 'Triple

Let A be an arrangement of hyperplanes. For Hy € A, a triple (A, A,
A"} of arrangements with distinguished hyperplane H consists of A, a
subarrangement A’ = A\ {Hy}, and a restriction A" = A0, Let \ be a
weight of A with Ay, = 0. The weight A induces weights of A’ and A"
as a subarrangement of A and a restriction of A, respectively. There exist
inclusions

i=igy: M(A) — M(A) and j = jy,: M(A") — M(A).

We clearly have w(A, \) = i*w(A’, \) and w(A”, \) = j*w(A’, N).
A tubular neighborhood Ty of a hyperplane H in C! can be regarded
as a trivial bundle over H with fiber F' = C. The complement of the zero
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section is denoted by T7; = Ty \ H. Since H is contractible, for any fiber
Fy of T};, we have

H'(Ry) = H'(T}y) = H'(M({H})) = C{og}.

Theorem 2.6 Let (A, A', A") be a triple of arrangements with distin-
guished hyperplane Hy € A. Let \ be a weight of A with A\, = 0. Then we
have a long exact sequence:

= HMNM(A'), Vy) — HY(M(A), V)
S HY(M(A"), V) @ HY(Tf,) > HF Y (M(A), Vi) — - .

Proof. Denote M = M(A), M' = M(A") and M" = M(A"). By [OT,
lemma 5.79], there exists a tubular neighborhood E = Ep, C M’ such that
(E, Ep) is a trivial bundle over M"” with fiber (C, C*), where Ey = EN M
is the complement of the zero section in . Then we can assume that E
is a restriction of Ty, to M’. We have H¥(F) = H*(Ty,) for any fiber
F = C of E. The cohomology of any fiber Fy = C* of Ey is generated
by the logarithmic 1-form wpy, and H'(Fp) = HI(TI";O). By the twisted
Leray-Hirsch formula and the Kiinneth formula we have isomorphisms

HY(E, V)~ @ H'(M",V) & H(Ty,)
ptq=k
~H*(M",V)

and

H*(Ey, V)~ @@ H"(M", V)& HY(T},)
ptq=k

~HE (M, V) @ [HY (MY, V) @ HY(Th,)|
where V = V. On the other hand, since
ENM=Ey and EUM =M,
we get a twisted Mayer-Vietoris sequence:
—H*M', V) — H¥(E, V)® H*(M, V) — H*(Ey, V)
ngH(M/’ V) —
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Therefore we have the following exact sequence:

[ HF(M", V)
— HYM', V) — )
| H*(M, V)
I HE(M", V)
. o S
| H* N (M", V) @ HY (T,

The third map induces an isomorphism H*(M”, V) = H*¥(M", V). So we
can delete this isomorphism from the above sequence and hence we obtain
the exact sequence in Theorem. O

Remark This is a generalization of Corollary 5.81 in [OT]. Daniel C. Co-
hen [Co| obtains this, independently.

2.5. Coning and deconing

An arrangement is called central if the intersection of all its hyperplanes
is nonempty. This intersection is called the center. Let C be a nonempty
central arrangement in C**! with center T = T/(C) := NgecH # 0. We may
assume that 0 € T'(C). Recall the Hopf bundle p: C*1\ {0} — P¢ with fiber
C*, which identifies € C**1\ {0} with ¢z for t € C*. For a hyperplane H
in C*1 containing 0, we get a projective hyperplane PH in P,

Projective quotient: The projective quotient PC of C is a projective /-
arrangement given by PC := {PH ; H € C}.

Deconing: Fix a hyperplane Hy € C. A decone dg,C of C with respect
to Hy is an arrangement of hyperplanes in C* = P\ PHy defined by

dp,C =PC\PHy = {dp,H :=PH\PHy ; H €C\ {H}}.

Note that M (PC) = M (dg,C). A weight A = (Ag; H € C) of C with A\¢ =0
induces a weight A = A(dg,C) of dp,C defined by )\dHOH =My for HeC\
{Ho}.

Theorem 2.7 Let C be a central arrangement of hyperplanes and \ a
weight of C. If A\c = 0 then we have an isomorphism:

HYM(C), V) ~ @ HP(M(dy,C), Vo) ® HY(C).
p+q=k
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Remark We can choose any one of wy, H € C as a basis of the one-
dimensional vector space H!(C*). Through the isomorphism above,
H*(M(C), V) is generated by exterior products of the forms wy — wg,,
HeC.

Proof. By [OT, Proposition 5.1], the restriction of the Hopf bundle p: M (C)
— M(dC) is trivial bundle with fiber C*. By simple computations, we have

pfwag = wH — WH,, prw(dC, \) = w(C, N),
dt

cr = WHlc =5 w(C, A)

where H € C\ {Hp} and C*(t) is each fiber. Then the (twisted) de Rham
cohomology of the fiber is

wH ce = 0,

H°=C, H' =C ~C{wy,}, H* =0, k#0, 1.

The restriction to each fiber C* of the logarithmic form wg, for Hy is a
basis for the de Rham cohomology of the fiber. Moreover, by applying to
the twisted Leray-Hirsch Theorem, we obtain this theorem. ]

Coning: An affine f-arrangement A give rise to a central (¢ + 1)-arrange-
ment cA, called the cone over A. The cone cA has the additional hyperplane
Hy so that d,(cA) = A. A weight A of A induces a weight A of c.A defined
by Ag, = —Aa. Note that Ac4 = 0.

Projective closure: Let P! be the complex projective space, which is a
compactification of C!. Denote by H the projective closure of an affine
hyperplane H and by H,, the infinite hyperplane. For an arrangement A
in C*, we define an arrangement A, in P¢ by Ay, == {H ; H € A}U{H},
which is called the projective closure of A. Note that A, = P(cA).

Corollary 2.8 (Yuzvinsky [Yu]) Let cA be the cone over A and \ a
weight of A. Then we have

H (M (cA), Va)=H"(M(A), V)& [HE1 (M(A), V)@ H(C)]
In other words, there exists a short exact sequence:
0— H*(M(A), Vi) = H*(M(cA), V) — H 1 (M(A), Vy) —0.

Remark An algebraic proof is given by [Yu]. This is a generalization of
Corollary 3.57 in [OT] which gives a short exact sequence of Orlik-Solomon
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algebras.
3. An arrangement of hyperplanes in general position

Definition 3.1 For an arrangement A and a weight A of A, we define a
decomposition A = G(A, \) UN (A, X) of A by

G=G(A, \):={Hec A g eC\7Z}
and
N=N(A, N\ :={H € A;\yg € Z}.

Moreover, subarrangements G and N has weights A(G) and A(N) in-
duced by A(A), respectively. Since A(N) is trivial, by Lemma 2.2 we can
assume that ) is standard, i.e., Ay = 0 for H € N.

An /l-arrangement A is said to be in general position if r(Hy N ---N
H,) = p for every subset {Hy, ..., H,} of Awithp </and HiN---NH, =
() when p > £. In the case where an arrangement is in general position, we
obtain the the following:

Theorem 3.2 Let A be an {-arrangement of hyperplanes in general posi-
tion and A a non-trivial weight. Then we have

HY(M(A), V)) =0, fork#¢, (3.1)
dim HY(M(A), V) = (“4‘ . 1>, (3.2)
and HY(M(A), V) is isomorphic to
P EMmIWMG) nX, Vi) @ HOME) (M (N)). (3.3)
XeL(N)

Moreover, for Hy € A such that Mg, is a non-integer, we write
A:={Hy, Hy, ..., H,}
and w; = wp;. Then the set
{wiy Nov-ANwjy; 0<idp <+ <ip<n} (3.4)

is a basis of HY(M(A), V).
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Remark The vanishing (3.1) is the twisted de Rham cohomological ver-
sion of the result [Ha]. When every weight Ay of H € A and A4 are not
integers (V' = ) and A = G), this theorem is obtained in [AK].

We note that the rank of A is equal to ¢ in our assumption. By (3.3),
since L(N) contains V = C* as the zero-codimensional space, H(M(G), V)
is a subspace of HY(M(A), V). For X € L(N) with dim X = 0, we have

H™X) (M(G)N X, Vy) ~ H'(X) = C,
because M(G) N X = X is a point. Then
) H'(M(Nx))

XEL(N),dim(X)=0
is also a subspace of HY(M(A), V).

3.1. One-dimensional case

Let A be a finite set of points in C and X its weight. We use a coordinate
z of C. Note that w(A, \) = Y c 4 Ap(dz/(z = p)). Recall G := G(A, )
and N := N(A, )\) defined by Definition 3.1. We shall prove the following:

Proposition 3.3 Let A be an arrangement of points in C and X\ be a
non-trivial weight. Then we have

H¥(M(A), V\) =0 fork#1, (3.5)
dim HY(M(A), Vy) = |A| — 1,
H'(M(A), Vy) = H'(M(G), Vi) & H' (M(N)),

and, when we fix py € G, the set
dz
{{E e avimi) (3.9

is a basis of HY(M(A), V).

Proof. Since \ is non-trivial, we have G # () and H*(M(A), V,) = 0 for
k> 1. A weight A of A satisfies the condition (Mon), if and only if, A\, ¢
Z>q for every p € A and A4 &€ Z>¢. In this case, this proposition is known
(cf. [AK]).

For p € A, we take a sufficiently small open disc T, around p and let

Ty =T, \ {p}. We fix p € N, namely \), =0 € Z. Let M = M(A), A’ =




The twisted de Rham cohomology for basic constructions 499

A\ {p} and M’ = M(A"). Note that M = M(A) Cc M' = M(A") Cc M(G).
Since V) = d on T}, we have
HY (T, Vy) = HNT,), HM(T, V) = HE(T).

Since T, UM = M' and T, "N M = Ty, we obtain a twisted Mayer-Vietoris
sequence for T, and M. Since 0 — HO(T},) = H°(T}) — 0, we have two
exact sequences:

0— HY(M', V) = HO (M, Vy) — 0
and

0— H'(M',Vy) — H' (M, Vy) — H(T}) — 0.
Therefore we have

HY(M, Vy)=H'(M', V) ® H\(T}).
We repeat this and eventually obtain

HO(M, V) ~ HO(M', V) ~ -~ H(M(G), V»)
and

HY(M, Vy) = H'(M(G), V) & P H'(T}).

peEN

Hence, we get (3.7). If A4 = Ag is a non-integer, the weight A of G satisfies
the condition (Mon) and then (3.5), (3.6) and (3.8) clearly hold.

Now, assume that A4 is an integer, namely A4 = 0. There exist at
least two points in A whose weights are not integers. Then we fix such two
points pg, ¢ € A with Ay, Ay & Z. We consider the affine line C!(z) as in
the projective line P*. We take another affine line C!(w) such that z = ¢ is
the point at infinity. Let ¢ be the transition function from C!(z) to C!(w):
w = p(z) =1/(z — q). Define the arrangement

A= {pp);pe A\ {g}}U{w=0}

in C'(w) and the weight A of A is defined to be Ap(p) = Ap and Ay—o = Ay =
0. Then we have p*w, ) = wp —wy for p € A\ {q} and ¢ wy=0 = —wy.

Note that M(A) = M(A) and w(A, \) :fp*w(fil A). Since HY(T_,) has a
basis wy—o and the induced weight A of G = G(A, ) satisfies the condition
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(Mon), then we have
HO(M(A), Vy) = HY(M(A), Vy) ~ H'(M(G), V) = 0.

Moreover, the set {wy=0} U{wyp); p € A\ {po, q}} is a basis of HY(M(A),
V). Thus, the set {—w,} U{w, —wq;ip € A\ {po, ¢}} is a basis of
H'(M(A), V) and then the set {wp;p € A\ {po}} is so. Hence, we
obtain (3.8) and (3.6). O

3.2. Proof of Theorem 3.2

Proof of the vanishing (3.1). We may assume that A4 is not a integer.
Since A’ and A” is in general position, we shall prove vanishings for 0 <
k < ¢, using the double induction for dimensions ¢ and the cardinality s
of N(A, \). When ¢ = 1, it is (3.5). When s = 0, it is well-known (see
[AK, ESV, STV]). The long exact sequence in Theorem 2.6 implies that, if
(3.1) holds for (¢, s — 1) and (¢ — 1, s — 1), then so does for (¢, s). O

Clearly, by (3.1), the long exact sequence in Theorem 2.6 induces the
following.

Lemma 3.4 Let A be an £-arrangement in general position and let (A, A,
A" be a triple of arrangements with distinguished hyperplane Hy € A. Let
A be a weight of A with A\g, = 0. Then we have a short exact sequence:

0 — HY(M(A'), V) = H(M(A), V)
— H"H(M(A"), Vy) @ H(T};,) — 0.

Remark This short exact sequence is a twisted version of the short exact
sequence for a triple [OT, Theorem 5.87], in the case of general position.

Proof of the decomposition (3.3). We shall prove that H*(M(A), V) is
isomorphic to (3.3), using the double induction for the dimension ¢ and the
cardinality s of N'(A, A). When s = 0 for each dimension ¢, it obviously
holds. When ¢ = 1, it is just (3.7). Now we assume that it holds for (¢, s —
1) and (¢ —1, s —1). Let A be an arrangement in general position and A
a weight of A. Assume that the cardinality s of N' = N(A, \) is positive.
We take a triple (A, A’, A”) with distinguished hyperplane Hy € N'. Then
both of the cardinalities of N'(A’, \) and N (A”, \) are s — 1. By the short

exact sequence in Lemma 3.4 and the inductive assumption, we have
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W) ® [HYH(M(A), Vo) @ HY(Th,)|

2
T
=
=

[ — \‘4 ~

Hdim (X)(M(g) N X, vwo) ® Hcodim(X)(M(NX))]

o @ [ HYmo V) (M(G) N HyNY, Vi )® ]
codimg (Y) Hg 1 /s )
YL o) H (M(NF0)y)) ® HY (T,)

where dimgy and codimg denote the dimension and the codimension in Hy,
respectively. Since the arrangements A and A are in general position, L(N)
is a disjoint union

L(N) = LN\ {Ho}) U L),
where we consider Y € L(NH0) of Hy to be an affine subspace of C¥. Note
that dimg (Y) = dimY’, codimg (V) = codimY — 1, and (NH0)y = A5y \
{Hp}. Then we have

Hcodimo (Y)(M((NHO)Y)) ® HI(TI*{Q) ~ Hcodim (Y) (M(NY))
This implies that it holds for (¢, s). O

Proof of a basis (3.4). We shall prove that (3.4) is a basis of H*(M(A),Vy).
Note that if it holds, then (3.2) holds.

Case 1:  Assume that A4 &€ Z. In this case A\(G) satisfies the condition
(Mon). For X € L(N) with dim X = p, the p-arrangement (G UNx)¥ is in
general position with M((G U Nx)¥) = M(G) N X and the induced weight
AM(G U Nx)X) also satisfies the condition (Mon). Then, by [ESV, STV],
HP(M(G)N X, V) has a basis:

Wiy /\---/\wip; {Hil, ey Hip} QQ\{HO}

On the other hand, since Nx is a boolean arrangement, H" P(M (Nx)) is
one-dimensional and generated by

wjl AR /\wjnfp N {Hj17 ey Hjnfp} :Nx.
Thus HP(M(G) N X, V)) ® H" P(M(Nx)) has a basis:

Wiy /\---/\wip/\wjl /\---/\wjnfp;
{Hiy, ..., Hy,} CG\{Ho}, {Hj,, ..., Hj,_,} = Ny.
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By the decomposition (3.3), thus, (3.4) is a basis.

Case 2: Assume that Aq = 0. We fix F' € A\ {Hp} such that A\ is not an
integer. We take an affine coordinate x = (1, 2, ..., 2¢) of C* such that
F = {xy = 0}. We consider C*(z) to be embedded in the projective space
Pf. We take another affine cover

(Cg(y)’ Yy = (3/07 Y, -y yé—l)

such that F' is the hyperplane at infinity. Let ¢ be the transition function
from C/(z) to Ct(y):

Iz Tp—1
(y07y17-~'ay€—1): — Ty ey, — ]

xp xp’ Ty
We set the hyperplane G := {yo = 0} and the arrangement
A= {p(H); H e A\{F}}U{G}

in C*(y) and define the weight \ of A by Aoy = Ax and Ag = —Ayq = 0.
Then we have

Y'wogy =whg —wr, for He A\{F}, and ¢ wg=—wr.

Note that M(A) = M(A) and w(A, \) = p*w(A, \), by a simple computa-
tion. By applying to Case 1, we have the following basis of H*(M(A), Vy):

Wipg N Nwiy s {Hil,...,Hiz}gfI\{(pH()}.
So HY(M(A), V) has a basis:
wip N ANwg, + [Z(_l)*wh A @i Awi, | Awrs

k
{Hi, ..., Hi,} © A\ {Ho, F}

Wiy A ANwijpy AWF 5 {Hj17"'7Hje—1}gA\{H07F}'

Therefore this basis induces a basis (3.4). O

4. Generic arrangement

A central f-arrangement C is said to be generic if the hyperplanes of
every subarrengement B C A with |B| = ¢ are linearly independent. Note
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that a decone of a generic arrangement is an arrangement in general posi-
tion. If the cardinality of a generic f-arrangement C is greater than ¢, then
D(Cx) consists of hyperplanes in C and the center T'(C) = NgyecH of C.
The following gives an example that does not satisfy (Mon).

Proposition 4.1 Let C be a generic (¢ + 1)-arrangement and X\ a non-
trivial weight of C with A\¢ = 0. Then we have

HY(M(C), V) =0, fork#¢( (+1 (4.1)

and

14

Moreover, for Hy € A such that Ag, is a non-integer, we write
C = {H(), Hl, “eey Hn+1}

and w; = wy,. Then the set

dim H (M (C), V) = dim HY(M(C), V) = <‘C| - 2). (4.2)

{wiy N - ANwiy Awpyr; 0<ip < -+ <ig <n} (4.3)
is a basis of H*1(M(C), V) and the set

{0(wiy, Ao ANwiy Awpg1); 0<ip <--- <ip<n} (4.4)
is a basis of H*(M(C), V), where we define

p
Owiy A Awi) =3 (=DF lwgy Ao NG A Aw;,
k=1

forp > 2.

Proof. Assume that C = {Hyp, Hi, ..., Hyy1} and that Ay, is a non-
integer. Let A = {dH; | i =0, 1, ..., n} be a decone dg,_,C of C with
respect to H, 1. Then A is in general position. By (3.2) and Theorem 2.7,
we get (4.1). Furthermore, since A\qm, = Am, is non-integer, by (3.4), the
set

{@iy N AN@ s 0<idp <+ <idp<n}

is a basis of HY(M(A), V), where &;, = wam,, - Due to Theorem 2.7, the

set

{(wiy, —wng1) A A (wiy —wng1) Awpgr; 0<ip <---<ip<n}
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is a basis of H*'(M(C), V) and the set
{(wil—wn+1)/\---/\(w¢£—wn+1); 0<i1<"~<ig§n}

is a basis of HY(M(C), V). By direct computations, we make sure the
following:

(Wiy —wnt1) A A (wiy — wig1) = (=1)"0(wiy A Awiy Awnt1).
We have thus proved the proposition. ]

By the same argument as the proof of Theorem 3.2 using Theorem 2.6,
if A¢ is non-integer then we have H*(M(C), V) = 0 for all k.

Acknowledgment I would like to thank Professor Mutsuo Oka for his
invaluable support and guidance. I would like to thank Professor Hiroaki
Terao for many helpful suggestions and valuable discussions. I am grate-
ful to Professor Daniel C. Cohen for pointing out the mistake and helpful
suggestions.

References

[AK] Aomoto K. and Kita M., Hypergeometric functions. (in Japanese), Springer,
Tokyo, 1994.

[BT] Bott R. and Tu L.W., Differential Forms in Algebraic Topology. Springer, 1982.

[Co] Cohen D.C., Triples of arrangements and local systems. Proc. Amer. Math. Soc.
130 (10) (2002), 3025-3031.

[De] Deligne P., Fquations defférentielles d points singuliers réguliers. Lecture Notes
in Math. vol. 163, 1970.

[DM]  Deligne P. and Mostow G.D., Monodromy of hypergeometric functions and non-
lattice integral monodromy groups. Publ. Math. 1. H. E. S. 63 (1986), 5-90.

[ESV] Esnault H. Schechtman V. and Viehweg E., Cohomology of local systems on the
complement of hyperplanes. Invent. Math. 109 (1992), 557-561; Erratum 112
(1993), 447.

[Ha] Hattori A., Topology of C™ minus a finite number of affine hyperplanes in general
position. J. Fac. Sci. Univ. Tokyo, Sect. IA 22 (1975), 205-219.

[IK] Iwasaki K. and Kita M., Exterior power structure on the twisted de Rham coho-
mology of the complements of real veronese arrangements. J. Math. Pures Appl.
75 (1996), 69-84.

[0T] Orlik P. and Terao H., Arrangements of Hyperplanes. Grundlehren der mathe-
matischen Wissenschaften 300, Springer-Verlag, (1992).

[OT2] Orlik P. and Terao H., Arrangements and Hypergeometric integrals. MSJ, Mem.
9, Math. Soc. Japan, 2001.



The twisted de Rham cohomology for basic constructions 505

[STV] Schechtman V. Terao H. and Varchenko A., Local systems over complements of
hyperplanes and the Kac-Kazhdan conditions for singular vectors. J. Pure Appl.
Algebra, 100 (1995), 93-102.

[Yu] Yuzvinsky S., Cohomology of the Brieskorn-Orlik-Solomon algebras. Comm. Al-
gebra, 23 (1995), 5339-5354.

Department of Mathematics

Tokyo Metropolitan University
Minami-Ohsawa 1-1, Hachioji
Tokyo 192-0397, Japan

E-mail: ykawa@comp.metro-u.ac.jp



