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The heat equation for the Hermite operator
on the Heisenberg group

M. W. WonNG
(Received August 5, 2003)

Abstract. We give a formula for the one-parameter strongly continuous semigroup
et t > 0, generated by the Hermite operator L on the Heisenberg group H' in terms
of Weyl transforms, and use it to obtain an L? estimate for the solution of the initial
value problem for the heat equation governed by L in terms of the LP norm of the initial
data for 1 < p < co.
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1. The Hermite semigroup on R

As a prologue to the Hermite semigroup on the Heisenberg group H?,
we give an analysis of the Hermite semigroup on R.

For £k =0, 1, 2, ..., the Hermite function of order k is the function ey
on R defined by

ex(z) !

- (Qkk!\/;)uf

where Hy, is the Hermite polynomial of degree k given by

_$2/2H]€(.I'), r €R,

d k
Hy(x) = (—1)’“@9”2 <dx> (e*xQ), z eR.
It is well-known that {ex: & = 0, 1,2, ...} is an orthonormal basis for
L3(R).
Let A and A be differential operators on R defined by
d
A=—
I +x
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and

— d
A= —— .
d:z:+x

In fact, A is the formal adjoint of A. The Hermite operator H is the ordinary
differential operator on R given by

H= —%(AZJrZA).

A simple calculation shows that

d2
The spectral analys1s of the Hermite operator H is based on the following
result, which is easy to prove.

Theorem 1.1 For all x in R,

(Aeg)(z) = 2keg—1(z), k=1,2,...,
and

(Aeg)(x) = epr1(x), k=0,1,2,....

Remark 1.2 In view of Theorem 1.1, we call A and A the annihilation
operator and the creation operator, respectively, for the Hermite functions
er, k=0,1,2,...,0onR.

An immediate consequence of Theorem 1.1 is the following theorem.
Theorem 1.3 Hep = (2k+ 1)eg, k=0,1,2,....

Remark 1.4 Theorem 1.3 says that for k=0, 1, 2, ..., the number 2k+1
is an eigenvalue of the Hermite operator H, and the Hermite function e on
R is an eigenfunction of H corresponding to the eigenvalue 2k + 1.

We can now give a formula for the Hermite semigroup e *#, t > 0.

Theorem 1.5 Let f be a function in the Schwartz space S(R). Then for
t>0,

7tHf Z 2k+1)t f7 ek)eka
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where the convergence is uniform and absolute on R.

Theorem 1.6 Fort > 0, the Hermite semigroup e *H | initially defined on

S(R), can be extended to a unique bounded linear operator from LP(R) into
L3(R), which we again denote by et and there exisis a positive constant
C such that

1

—tH 2/p—1
le™™ fllpem) < C /p 5 sinh

£l e (r)
forall f in LP(R), 1 <p<2.

Remark 1.7 In fact, by a well-known asymptotic formula for Hermite
functions,

sup{|lexllpeem): k=10, 1,2, ...} < oo
and hence C' can be any positive constant such that
C > sup{|lex|pom): k=0, 1,2, ...}.
Proof of Theorem 1.6. Let f € S(R). Then, by Theorem 1.5 and Minkow-

ski’s inequality,

e fll 2y < Y e RV (£, ep)]. (1.1)
k=0
Now, for £k =0, 1, 2, ..., by Schwarz’ inequality,
[(fs ex)| < [ fllz2(m) (1.2)

and

(s er)l < [ flprryllenl oo r)- (1.3)

But, using an asymptotic formula in the book [4] by Szegé for Hermite func-
tions, we can find a positive constant C', which can actually be estimated,
such that

llexllLoemy < C (1.4)
for k=0,1,2,.... So, by (1.3) and (1.4),
(f er)l < ClIfllrw)- (1.5)
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Hence, by (1.1), (1.2) and (1.5), we get

1
—tH
le™™ fllzem) < QSinhtHf||L2(R) (1.6)
and
1
—tH
e Fllzs < 5zCll ey (17)
Hence, by (1.6), (1.7) and the Riesz-Thorin theorem, we get
1
—tH 2/p—1
le™™ fll o) < C2/P oy A2
for1 <p<2. O

2. The Hermite operator on the Heisenberg group

Let 0/0z and 0/0% be linear partial differential operators on R? given
by

9_09 _,9
0z Oz oy
and
9_0 .0
0z Oz Oy
Then we define the linear partial differential operator L on R? by
1
L= —i(ZZ +277),
where
o 1_ _
Z—&—i—gz, zZ=x— 1y,
and
— 1
Z—§—2z, z =T +1y.

The vector fields Z and Z, and the identity operator I form a basis for a
Lie algebra in which the Lie bracket of two elements is their commutator.
In fact, —Z is the formal adjoint of Z and L is an elliptic partial differential
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operator on R? given by
1 0 0
L=—A .2 AN .
—1—4(55 +v°) Z<$8y 8x>’

where
0? 0?
oa2 " By
Thus, L is the ordinary Hermite operator —A + (1/4)(x? + y?) perturbed
by the partial differential operator —ilN, where

0 0
N=z——y—
x@y ox

is the rotation operator. We can think of L as the Hermite operator on H!.
The vector fields Z and Z, and the Hermite operator L are studied in the
books [5, 6] by Thangavelu and [7] by Wong. The connection of L with
the sub-Laplacian on the Heisenberg group H' can be found in the book [6]
by Thangavelu. The heat equations for the sub-Laplacians on Heisenberg
groups are first solved explicitly and independently in [1] by Gaveau and in
[2] by Hulanicki.

In this paper, we compute the Hermite semigroup on H', i.e., the one-
parameter strongly continuous semigroup e~*~, ¢ > 0, generated by L using
an orthonormal basis for L?(R?) consisting of special Hermite functions
on R?, which are eigenfunctions of L. We give a formula for the Hermite
semigroup on H' in terms of pseudo-differential operators of the Weyl type,
i.e., Weyl transforms. The Hermite semigroup on H' is then used to obtain
an L? estimate for the solution of the initial value problem of the heat
equation governed by L in terms of the LP norm of the initial data for 1 <

p < 0.
The results in this paper are valid for the Hermite operator L on H"
given by
I~ = =
L=-3 > (2iZ;+Z;Z)),
j=1
where, for j =1, 2, ..., n,
0 1
Z; = + =%, Zj = x5 — 1y,
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and
- 0 1 .
Zj:£—§zj, zZj = xj + 1y;.
J
Of course, for j =1,2, ..., n,
o _9 _,0
82]' n (%j (9yj
and

o 0 .0
Section 4.4 of the book [5] by Thangavelu contains some information
on the LP—L? estimates of the solutions of the wave equation governed by
the Hermite operator L. The LP norm of the solution of the wave equation
for the special Hermite operator in terms of the initial data for values of p
near 2 is studied in the paper [3] by Narayanan and Thangavelu.

3. Weyl transforms

Let f and g be functions in the Schwartz space S(R) on R. Then the
Fourier-Wigner transform V(f, g) of f and g is defined by

V(f, 9)(q, p) = (2m)"1/? /_Z e f (y + g) g (y - g)dy (3.1)

for all ¢ and p in R. It can be proved that V(f, g) is a function in the
Schwartz space S(R?) on R%2. We define the Wigner transform W (f, g) of
f and g by

W(f, 9)=V(f 9", (3.2)

where F' is the Fourier transform of F, which we choose to define by

F(¢) = (2m) /2 / P ()dz, ¢ ERY,

n

for all F'in the Schwartz space S(R™) on R". It can be shown that

W(J. 9)(e. € = a2 [~ g (o B) g (o - Dap

—00
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for all z and £ in R. It is obvious that

W(f, 9)=Wl(g, f), [, g€SRR). (3.3)

Now, let o € LP(R?), 1 < p < o0, and let f € S(R). Then we define W, f
to be the tempered distribution on R by

Wot 9)= @02 [ [ ote gW(f, o Otnde (39

for all g in S(R), where (F, G) is defined by

(F, G) = F(2)G(z)dz
R’ﬂ

for all measurable functions F' and G on R", provided that the integral
exists. We call W, the Weyl transform associated to the symbol o. It
should be noted that if o is a symbol in S(R?), then W, f is a function in
S(R) for all f in S(R).

We need the following result, which is an abridged version of Theorem
14.3 in the book [7] by Wong.

Theorem 3.1 Let 0 € LP(R?), 1 < p < 2. Then Wy is a bounded linear
operator from L%(R) into L*(R) and
IWslle < (2m) " 2llol| o (e2).

where ||Wg||« is the operator norm of Ws: L*(R) — L*(R).

4. Hermite functions on R?
For j, k=0, 1, 2, ..., we define the Hermite function e;j on R? by
ej k(e y) = V(ej, ex)(z, )

for all x and y in R. Then we have the following fact, which is Theorem
21.2 in the book [7] by Wong.

Theorem 4.1 {e; j: j, k=0, 1,2, ...} is an orthonormal basis for L*(R?).

The spectral analysis of the Hermite operator L on H' is based on the
following result, which is Theorem 22.1 in the book [7] by Wong.

Theorem 4.2 For all x and y in R,
(ZCJ"]{;)(.’E, y) = Z'(Qk)l/2ej,k—1(x’ y)7 ] = 0’ 1,2, .. K k= 1,2,...,
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and
(Zej,k)<$7 y) - Z(2k + 2)1/2ej,k+1(x7 y)7 jv k= Oa 17 27 s

Remark 4.3 In view of Theorem 4.2, we call Z and Z the annihilation
operator and the creation operator, respectively, for the special Hermite
functions e, j, k=0, 1,2, ..., on R2.

An immediate consequence of Theorem 4.2 is the following theorem.
Theorem 4.4 Lej = (2k+1)ej i, 4, k=0,1,2,....
Remark 4.5 Theorem 4.4 says that for k =0, 1, 2, ..., the number 2k+1

is an eigenvalue of the Hermite operator L on H!, and the Hermite functions
ejk,J =0,1,2, ..., on R? are eigenfunctions of L corresponding to the
eigenvalue 2k + 1.

5. The Hermite semigroup on H'

A formula for the Hermite semigroup e *%, t > 0, on H! is given in the
following theorem.

Theorem 5.1 Let f € S(R?). Then fort >0,

e—th 27‘(’ 1/22 2k+1 tV W ek’ ek)

where the convergence is uniform and absolute on R?.

Proof. Let f be any function in S(R?). Then for ¢t > 0, we use Theorem
4.4 to get

€_th = Z Z 6_(2k+1)t(f7 ej,k>ej,k7 (51>

k=0 j=0

where the series is convergent in L?(R?), and is also uniformly and abso-
lutely convergent on R?. Now, by (3.1)-(3.4) and Plancherel’s theorem,

(fs ejk) / F(2)V(ej, ex)(z)dz
RQf(C) (e, ex)(¢)dC
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- | Wl e
27r)1/ (Wex, €5) (5.2)

for j, k =0,1,2,.... Similarly, for j, k =0, 1,2, ..., and g in S(R?), we
get

(ks 9) = (9, €5,0) = 2m)Y2(Wyer, e5) = (2m)"/2(ej, Wyex). (5.3)
So, by (5.1)—(5.3), Fubini’s theorem and Parseval’s identity,
_th, 27TZ€ (2k+1 t erk, ej)(ej, Wgek)
j=
=27 Z e~ (kD Wser, W; 5€k) (5.4)

for ¢t > 0, where the series is absolutely convergent on R. But, by (3.2)—(3.4)
and Plancherel’s theorem,

(erk, WgGk)_<27T)1/2/RQ Q(Z)W(ek, erk)(z)dz

:(277)1/2 . W(erk, er)(2)§(2)dz

—=(2m)'/? y V(W ey, ex)(2)g(2)dz (5.5)

for k=0, 1, 2, .... Thus, by (5.4), (5.5) and Fubini’s theorem,

(=" f, 9)=(2m) 1/226 CEFDNV (W er, ex), 9)

[e.e]

—(2m)/? (Z 6_(2k+1)tV(erk, €k)s g> (5.6)

k=0
for all f and g in S(R?) and ¢ > 0. Thus, by (5.6),

€_th 27T 1/22 Qk‘-i-l)tv W ek’7 €k)

for all f in S(R?) and ¢ > 0, where the uniform and absolute convergence
of the series follows from (3.1) and Theorem 3.1. O
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6. An LP-L? estimate, 1 <p <2

We begin with the following result, which is known as the Moyal identity
and can be found in the book [7] by Wong.

Theorem 6.1 For all f and g in S(R),

V(£ Dll2wey = 1l 2w llgll 2w

We can now prove the following theorem as an application of the formula
for the Hermite semigroup on H' given in Theorem 5.1.

Theorem 6.2 For t > 0, the Hermite semigroup et on H', initially
defined on S(R?), can be estended to a unique bounded linear operator from
LP(R?) into L*(R?), which we again denote by e, and

(27T)1/2 1/p

le ™ fllrzme) < 1 £1 e (r2)

2sinht
for all f in LP(R?), 1 <p<2.

Proof. Let f € S(R?). Then, by Theorems 5.1 and 6.1, and Minkowski’s
inequality

le™ fll 2 ey < (27 1/22 DYV (W ser, en) | L2(re)
27T 1/2 Z 2k+l)t ’erkHLQ(R)HekHLQ(]R{)

=(2n 1/22 CEFDNW rer | L2 w) (6.1)
for t > 0. So, by (6.1) and Theorem 3.1, we get for ¢t > 0,

le™ fll 2@z <(2n 1/22 ERHDL2m) 72| £ Lo ey

1
et | 1) (6.2)

for all f in S(R?). Thus, by (6.2) and a density argument, the proof is
complete. 0

:(27_‘_)1/271/1)




The heat equation for the Hermite operator on the Heisenberg group 403

Remark 6.3 Theorem 6.2 gives an L? estimate for the solution of the
initial value problem

?;(z, t) = (Lu)(z, 1), z€R? ¢ >0, (6.3)
u(z, 0) = f(2), ze R

in terms of the L? norm of the initial data f, 1 < p < 2.

Remark 6.4 Instead of using Weyl transforms, Theorem 6.2 can be proved
using an LP—L? restriction theorem such as Theorem 2.5.4 in the book [5] by
Thangavelu. To wit, we note that the formula (5.1) for the special Hermite
semigroup gives

e thp =Y e CEIQLf,  fe SR,
k=0

where @) is the projection onto the eigenspace corresponding to the eigen-
value 2k + 1. Thus, by Theorem 2.5.4 in [5], the estimate for p = 1 follows.
The estimate for p = 2 is easy. Hence the estimate for 1 < p < 2 follows if
we interpolate.

7. An LP-L? estimate, 1 < p < oo

Using the theory of localization operators on the Weyl-Heisenberg group
in the paper [8] or Chapter 17 of the book [9] by Wong, we can give an LP—L?
estimate for 1 < p < co. To this end, we need two results.

Theorem 7.1 Let A be the function on C defined by
A(z) = e PP zecC.

Then for all F € LP(C), 1 < p < oo,
Wrin = L,

where Lp is the localization operator on the Weyl-Heisenberg group with
symbol F'.

Theorem 7.1 is Theorem 17.1 in the book [7] by Wong.
Theorem 7.2 Let F € LP(C), 1 <p < oo. Then
L]+ < @1) 7P F ) o e)-
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Theorem 7.2 is Theorem 17.11 in the book [9] by Wong.
The main result in this section is the following theorem.

Theorem 7.3 Let g € LP(C), 1 < p < 00, and let u be the solution of the
initial value problem (6.3) with initial data (g* A)Y, where \ is the inverse
Fourier transform. Then

1
1/2-1
|ull L2 (r2y < (27) / /pmHQHLP(Wy

The proof is the same as that of Theorem 6.2 if we note that, by The-
orem 7.1, Wf = Wysn = Ly and hence the estimate follows from Theorem
7.2.
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