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Fundamental theorem for totally complex submanifolds
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Abstract. The fundamental theorem (existence and uniqueness) for submanifolds of
real space forms is well-known. We will discuss this theorem for some families of sub-
manifolds in the framework of Grassmann geometries in a unified way. In particular, we
show the fundamental theorem for half dimensional totally complex submanifolds of the
quaternion projective space HP™ or the quaternion hyperbolic space HH™. This result
is an affirmative answer to the conjecture by Alekseevsky and Marchiafava.
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1. Introduction

For Riemannian submanifolds of a real space form, the fundamental the-
orem for submanifolds is well-known. We denote by M (c) an n-dimensional
real space form, that is, a simply connected, complete Riemannian manifold
of constant curvature c¢. The fundamental theorem tells us the following:
Let M be an m-dimensional simply connected Riemannian manifold, £ —
M a Riemannian vector bundle of rank (n —m) over M with a metric con-
nection V+, and o be an E-valued symmetric covariant tensor field of order
2 on M. If they satisfy the Gauss, Codazzi, and Ricci equations for the case
of constant curvature ¢, there exists an isometric immersion f: M — M(c)
such that F is the normal bundle, V= its normal connection, and ¢ is the
second fundamental form. Moreover such an immersion f is unique up to
the action by the group of isometries of M(c). For the precise statement
and its proof, see Chapter 7 Part C in M. Spivak [12]. We will generalize
this theorem for some families of submanifolds called O-submanifolds in the
framework of Grassmann geometries introduced by Harvey and Lawson [4].

We recall O-submanifolds. Let M be an n-dimensional Riemannian
manifold. We fix an integer m (0 < m < n) and denote by Gr,,(TM)
the Grassmann bundle over M of all m-dimensional linear subspaces in the
tangent spaces of M. Let G be the identity component of the group of
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isometries of M. Then G acts on Gr,, (T M) through the differential of each
isometry. We take an orbit O in Gr,,(T'M) by this action of G. Let M be an
m-dimensional manifold and f be an immersion of M into M. If f.,(T,M) €
O for any p € M, then (M, f) is called an O-submanifold. The collection
of all O-submanifolds forms a class of submanifolds, which is called an O-
geometry. Now we assume that for some, and hence for any, V € O both
V and its orthogonal complement V- are invariant under the curvature
tensor R of M, that is, R(V, V)V c V and R(V:, VH VL ¢ VL. Then
the orbit O is of strongly curvature-invariant type and its O-geometry is also
said to be of strongly curvature-invariant type. From now on we assume
that M is a Riemannian symmetric space. Then the curvature-invariant
subspaces of M are also known as Lie triple systems. If p € M and V C
TpM is curvature-invariant, then there exists a unique connected, complete,
totally geodesic submanifold M of M with p € M and T,M = V. These
totally geodesic submanifolds are O(V')-submanifolds, where O(V') denotes
the orbit in Gr,,(TM) through V. H. Naitoh in a series of papers ([7],
[8], [9], [10]) classified O-geometries of strongly curvature-invariant type on
Riemannian symmetric spaces and determined all O-geometries containing
non-totally geodesic submanifolds.

Theorem 1.1 (Naitoh) Let M be a simply connected irreducible Rieman-
nian symmetric space of compact type or of non-compact type and O be an
orbit of strongly curvature-invariant type in Grp,(TM). All O-geometries
except the following ones have only totally geodesic submanifolds:

(1) the geometry of k-dimensional (0 < k < n) submanifolds of the sphere
S™ resp. of the real hyperbolic space RH™ (n > 2);

(2) the geometry of k-dimensional (0 < k < n) complex submanifolds of
the complex projective space CP™ resp. of the complex hyperbolic space
CH™ (n > 2);

(3) the geometry of n-dimensional totally real submanifolds of the complex
projective space CP™ resp. of the complex hyperbolic space CH™ (n >
2);

(4) the geometry of 2n-dimensional totally complex submanifolds of the
quaternionic projective space HP™ resp. of the quaternionic hyperbolic
space HH™ (n > 2);

(5) the geometries associated with irreducible symmetric R-spaces and
their noncompact dual geometries.
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In this paper, we will develop a fundamental theory of O-submanifolds
of strongly curvature-invariant type in a semi-simple Riemannian symmetric
space and discuss the fundamental theorem for O-submanifolds in a unified
way (§2 Theorem 2.8). As an application, we show the fundamental theo-
rem for the case (3) in the Theorem 1.1, that is, half dimensional totally real
submanifolds of the complex projective space CP" or the complex hyper-
bolic space CH™ (Theorem 2.9). Subsequently we study half dimensional
totally complex submanifolds of the quaternion projective space HP™ or the
quaternion hyperbolic space HH™ in detail (the case (4) in the Theorem 1.1)
and show the fundamental theorem for them (§3 Theorem 3.5). This result
is an affirmative answer to the conjecture by Alekseevsky and Marchiafava

[1].
2. O-geometry of strongly curvarture-invariant type

Let M be an n-dimensional semi-simple Riemannian symmetric space
and (G, K) be a Riemannian symmetric pair associated with M. Then
M is described as the Riemannian symmetric homogeneous space G/K.
We denote by 7 the projection of G onto M and by p the action of G
on M. We put #(K) = o. Let g be the Lie algebra of G and ¢ the Lie
subalgebra of g which corresponds to K and g = ¢ 4+ p be the canonical
decomposition associated with the Riemannian symmetric pair (G, K). The
Maurer-Cartan form @ on G satisfies the structure equation:

dw + %[w,@] =0. (2.1)

Here for g-valued 1-forms wi, we, we define a g-valued 2-form [wq, wa] by
[wi, wo] (X, Y) = [wi(X), wa(Y)] — [w1(Y), wa(X)].

We fix a linear isometry ¢: R® — p and identify p with R" via ¢. Under
this identification Ady(K') is a subgroup of O(n), where Ady: K — O(p)
denotes the adjoint representation of K on p. Then u, = Tye0t: R” — T, M
is a linear isometry and induces an orthonormal frame for T,M. Let O(M)
be the bundle of orthonormal frames over M and 7: O(M) — M be the
projection. We define a smooth map ¢: G — O(M) by ¢(g9) = p(9)solo-
Then ¢ is a K-bundle homomorphism which corresponds to the Lie group
homomorphism Adp: K — O(p) = O(n). Let 6 be the canonical form of
M, which is an R"-valued 1-form on O(M). Then, via the identification
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R™ = p, we have ¢*0) = wp, where @, denotes the p-component of & with
respect to the decomposition g = €+ p.

We fix an integer m (0 < m < n). Let Gr,,(T M) be the Grassmann
bundle over M of all m-dimensional linear subspaces in the tangent spaces of
M , which is the fibre bundle associated with O(M) with the standard fibre
Grm(R™) = O(n)/O(m) x O(n —m). For an m-dimensional subspace m in
p, we define the orbit O(m) = p(G)7sem C Gryy(TM) and the group Ky =
{k € K | Ady(k)(m) = m}. The orbit O(m) is a fibre bundle G xx K/K
associated with the principal fibre bundle 7#: G — M. Let M be an m-
dimensional manifold and f be an immersion of M into M. If f.,(T,M) €
O(m) for any p € M, then (M, f) is called an O(m)-submanifold. The
collection of all O(m)-submanifolds forms a class of submanifolds, which is
called an O(m)-geometry.

From now on we assume that m C p is a strongly curvature-invariant
subspace, that is, [[m, m], m] C m, [[m!, m*], m*] € m*, where m* de-
notes the orthogonal complement of m in p. Then there exists an involutive
automorphism 7 of g = € + p such that 7(¢) = ¢, 7(p) = p, 7 = —Id on
m, and 7 = Id on m* (see e.g. Naitoh [6]). The automorphism 7 induces
+1-eigenspaces decompositions ¢ =€, +&_ and p = m+m* of £ and p. We
note that [€;, m] C m, [t;, m] C mt, [f_, m] C mt, and [t_, mt] C m.
Moreover we have ¢, = {T € ¢|[T, m] C m}. Let (M, f) be an O(m)-
submanifold. Then we have the following two pull back bundles:

e the principal fibre bundle with the structure group K:

f*GLG
"l =
M TM

Here f*G is given by
ffG={lp,9) e M x G| f(p)=7(9)} CMxG,

and 7: f*G — M is the projection from M x G onto the first factor M
which is restricted to f*G.
e the associated fibre bundle with the standard fibre K /K
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=

frO(m) —— O(m)

|
M — M
f
By the definition of an O(m)-submanifold, there exists a section of the fibre
bundle f*O(m) — M. This implies that there exists a principal subbundle
P of f*G with the structure group K, such that the following diagram
holds:

P — G
wl lw
M —— M

Here P is given by
P={(p.g9) € ["G|f(p) =7(9), p(g)so(Tre(m)) = fip(TpM)}.

We restrict the pull back form f*& of the Maurer-Cartan form @ on G
to P, which is denoted by w. According to the decomposition g =t +p =
b, + € +m+mb, we decompose

W =wg, + W +Wmt+wye.

Then w1 vanishes. Moreover by (2.1) it follows that
1
dw + i[w, w] = 0. (2.2)

Consequently for an O(m)-submanifold (M, f) we obtained the pair (P, w)

of a principal fibre bundle P over M with the structure group K, and a

(6+m)-valued 1-form w on P. Moreover the 1-form w satisfies the following

conditions:

(2.3.1) The map 7’ ow: T,P — £ + m is surjective at each point u € P
(in particular, w: T,P — € 4+ m is injective), where 7': €, + €_ +
m — £, + m is the projection;

(2.3.2) Rjw = Ad(k™")w for k € K, where Ry, denotes the right transla-
tion;

(2.3.3) w(X*) =X for X € t;, where X* denotes the fundamental vector
field on P which is generated by X.

In general we define a locally ambient O(m)-geometry following Defini-

tion 5.2 in Sharpe [11] Chapter 6.
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Definition 2.1 Let P be a principal fibre bundle over an m-dimensional
manifold M (m = dimm) with the structure group K} and w be a (¢4 m)-
valued 1-form on P satisfying the conditions (2.3.1), (2.3.2), and (2.3.3) in
the above. We call such the pair (P, w) a locally ambient O(m)-geometry
on M.

By the definition, the pair (P, w) which is constructed over an O(m)-
submanifold (M, f) is a locally ambient O(m)-geometry. Moreover in this
case the 1-form w satisfies (2.2). We consider the converse. The following
result can be proved by a similar argument as for Proposition 5.8 in [11]
Chapter 6.

Proposition 2.2 Let M be an m-dimensional (m = dimm) simply con-
nected manifold and (P, w) be a locally ambient O(m)-geometry on M. If
w satisfies

1
dw + Q[w, w] =0,

then there exists an immersion f: M — M which is an O(m)-submanifold
in M such that the locally ambient O(m)-geometry which corresponds to
(M, f) is equivalent to (P, w). Moreover, such an immersion f is unique
up to the action by G.

Now let (P, w) be a locally ambient O(m)-geometry on M. We investi-
gate the geometric properties induced by (P, w) and the geometric meaning
of the integrability condition (2.2). Firstly, we decompose the equation (2.2)
according to the decomposition g = €+ p = ¢, + £_ + m+ m’. Then we

have the following.

Proposition 2.3 The equation (2.2) is equivalent to a quadruplet of the
following equations:

1 1 1
dwe, + §[WE+, we, |+ §[WL7 we |+ §[wm, W] = 0; (2.4.1)
dwe_ + [we, , we_] = 0; (2.4.2)
dwm + [we, ; wm] = 0; (2.4.3)
[we_, wm] = 0. (2.4.4)

We denote by p/: Ky — O(m) and p": K, — O(mt) the represen-
tations of K; which are obtained by restricting Ad,(Ky) to m and m*,
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respectively. We put K’ = p/(K) and K" = p”(K ) and denote by ¥ and
¢’ their Lie algebras. We put P’ = P/ker p’ and denote by h’' the projec-
tion of P onto P’. Then P’ is a principal K’-bundle over M and A’ is a
bundle homomorphism. Similarly, the representation p” induces a principal
K"”-bundle P” over M and a bundle homomorphism h”: P — P”.

Lemma 2.4 The principal K'-bundle P’ is a subbundle of the orthonormal
frame bundle O(M) over M. Let 6 be the canonical form on O(M) which
is restricted to P'. Then we have h'*0 = wn, where we identify m with R™.

Proof.  We define a smooth map ¢’ of P into the linear frame bundle L(M)
over M as follows: at u € P we define a linear isomorphism ¢'(u): m —
Tﬂ.(u)M by

¢ (u)(&) = Tuu (7' ow)y, 1 (&) for &€ € m.
Then ¢'(uk)(§) = ¢'(u)(Ady(E)(§)) = ¢'(u)(p'(k)(£)) holds for k € K. We

introduce a Riemannian metric on M such that ¢'(u) is a linear isometry of
monto 17 (,)M at any point u € P. Thus ¢’ is a bundle homomorphism of P
into O(M) with a Lie group homomorphism p’': K, — O(m). In particular
it yields an injective homomorphism /: P — O(M). We view P’ as a
subbundle of O(M) and omit the inclusion map ' and hence ¢/ = h’. By
the definition of ¢/, it follows that h'*0 = wn,. O

By (2.3.2) and (2.3.3) it follows that we, is a connection form on P.
We denote by w’ the connection form on P’ which is the pushforward form
of wg,; w' is a ¥-valued 1-form on P’ such that A"*w’ = p/wy, . Then by
Proposition 2.3 (2.4.3), we have h'*{df + w' A 0} = 0, which shows that «’
is a torsion-free connection. Hence we have proved

Lemma 2.5 ' is the Riemannian connection on M.

Corollary 2.6 The holonomy algebra of an O(m)-submanifold is a subal-
gebra of ¥'.

Suppose that (P, w) is a locally ambient O(m)-geometry constructed on
an O(m)-submanifold (M, f). By an argument similar to the case of P’, we
see that P” is a subbundle of the orthonormal frame bundle O(T* M) of the
normal bundle 7M. We denote by w” the connection form on P” which

"

is the pushforward form of we, ; w” is a €’-valued 1-form on P” such that

W' w" = p"wg,. The connection w” coincides with the normal connection
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in the normal bundle T+ M.

Let R be the curvature tensor of M. Since m C p is a strongly curvature-
invariant subspace, we have R(m, m)m C m. From R, we define a curvature-
like tensor field Ry; on M as follows: for a point p € M, we choose u € P
with m(u) = p, then A/(u) is a linear isometry of R™ = m onto T,M. We
put

Ry(X, Y)Z = W (uw)R(W (u) 7' X, B ()Y (u) ™1 Z
for X, Y, Z € T,M.

The right hand side in the equation above does not depend on the choice of
u € P with w(u) = p. Therefore we can define a tensor field on M. Since
R(m, m)m* C mt, similarly we can define a End(7T* M )-valued 2-form Ry
by

Rar(X, Y)& = h"(u)R(K' (u) 7' X, W' (u) 'Y )R (u) '€

for X, Y € T,M , ¢ € T,;-M, and u € P with 7(u) = p.
We introduce the second fundamental form. We define an mt-valued
bilinear form & on P as follows:

7(X,Y)=[we (X), wn(Y)] for X,Y e€T,P.

By Proposition 2.3 (2.4.4), ¢ is symmetric, that is, (X, Y) = (Y, X). The
following lemma can be proved by an argument similar to that of Proposi-
tion 3.5 in Kobayashi and Nomizu [5], Chapter VII.

Lemma 2.7 & is a tensorial form of type (p", m*) and defines a symmet-
ric tensor field o on M whose values are in the normal bundle T-M. More-

over it coincides with the second fundamental form of an O(m)-submanifold
(M, f).

Now we will describe the geometric meaning of the equations (2.4.1)
and (2.4.2). We view the T+ M-valued symmetric bilinear form ¢ on M
in Lemma 2.7 as a Hom(TM, T+M)-valued 1-form and denote by & a
Hom(m, m*)-valued 1-form on P which corresponds to such the
Hom (T M, T+ M)-valued 1-form o. Then we have

d(X)(&) =we (X), & for X €eT,P and {em.

We define a linear map 1: £ — Hom(m, m*) by ¢(T)(¢) = [T, £] for T €
t_ and £ € m. Then ¥ is injective. Since & = Ywe_, the equation (2.4.2)
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implies

0=t{dwe_ (X, Y) + [we, (X), we_ (V)] = [we, V), we_ (X)]}
=do(X,Y) + [we, (X), 6(Y)] — [we, (V), 6(X)],

where [we, (X), 6(Y)] means
[we, (X), 6(Y)](€) = p"(we, (X))&(Y)(E) — 6(Y)(p' (we, (X))E).
Therefore the equation (2.4.2) corresponds to the Codazzi equation:
(Vxo)(Y, Z) = (Vyo)(X, Z), (2.4.2)

for the tangent vectors X, Y, Z of M, where V denotes the covariant dif-
ferentiation with respect to the connection in TM & T-M.

Finally we will show that the equation (2.4.1) is nothing but the Gauss
and Ricci equations. The form we, is the connection form on P and 2 =
dwe, + (1/2)[we, , we, | is the curvature form of we, . We denote by Q' the
curvature form of the Riemannian connection w’. Since w’ is the pushfor-
ward connection of we,, p'Q = K*Q. Similarly, we have p"Q = h"*Q)",
where Q" is the curvature form of the connection w” of the normal bundle
T+M. On G, Q = dwg+ (1/2)[we, e is the curvature form of the canonical
connection on the Riemannian symmetric space M = G/K, which coin-
cides with the Riemannian connection. By the structure equation (2.1) of
the Maurer-Cartan form w, we have

N ..
de + 5 [we, @e] + 5 [wp, wp] = 0.
This implies Q = —(1/2)[@y, @p] and
Py 1oae ml 1
frQ= —g[f*wpv frwp] = —§[wm, W] € Bp.
Applying p' and p” to (2.4.1), respectively, we have

2

ey 1 -
W+ Spl (e we ) — 4 f

] 1 -
Q" + 5p”([we_, we ]) = p"fFQ=0. (2.4.1)"

=0, (2.4.1)

Let R be the Riemannian curvature tensor of M and R' be the cur-
vature tensor of the normal bundle T+ M, respectively. Then (2.4.1)" and
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(2.4.1)" are described as follows:

R(X, Y)Z = RM<X, Y)Z + SO'(Y, Z)X — SO'(X, Z)Y7 (241)’
RH(X, Y)é = Ru(X, Y)E+ 0(X, SY) —o(Y, S¢X),  (24.1)"

for X,Y,Z € TM and & € T+M, where S¢ denotes the shape operator
which is defined by (S¢X,Y) = (¢(X, Y), §).

Following the arguments above, we apply Proposition 2.2 to show funda-
mental theorem for O(m)-submanifolds. As before, M is an n-dimensional
semi-simple Riemannian symmetric space and m C p is a strongly curvature-
invariant subspace (dimm = m). Let ¢;: R™ — m and to: R”™™ — m' be
linear isometries. We define Lie group homomorphisms p;: Ky — O(m)
and pa: Ky — O(n —m) by pi(k) = o p/(k)ur and pa(k) = 157" (k)ez,
where p': K, — O(m) and p”: K, — O(m™) denote the representations of
K as before. Going backward on the way of our arguments and applying
Proposition 2.2, we can prove the following:

Theorem 2.8 (Fundamental theorem for O(m)-submanifolds)
Assumption: Let M be an m-dimensional simply connected Riemannian
manifold with the curvature tensor R, E — M a Riemannian vector bundle
of rank (n—m) with a metric connection and its curvature tensor R® and o
be an E-valued symmetric covariant tensor field of order 2 over M such that
the Codazzi equation (2.4.2)" holds with respect to the connection in TM &
E. Suppose that there exist a locally ambient O(m)-geometry (P, w) over
M and bundle homomorphisms h': P — O(M) and h"": P — O(FE) with the
corresponding homomorphisms p1: Ky — O(m) and pa: K — O(n —m)
such that the induced diffeomorphisms of M are identity, where O(M) and
O(E) denote the bundles of orthonormal frames of M and E, respectively.
We denote by P' and P" the principal subbundles h'(P) of O(M) and h"(P)
of O(E). Now we assume that they satisfy the following conditions:
(1)  For the canonical form 6 on O(M), h'*(110) = Wy,
(2) The Riemannian connection of M reduces to P' and its connection
form " on P’ satisfies h'"w' = prwe,,
(3) The metric connection in E reduces to P" and its connection form w"
on P" satisfies h"*w" = powe,,
(4) At any point u € P,

[we_ (X), wm(Y)] = woh”(w) to(m X, 7, Y),
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for X,Y eT,P,
(5) They satisfy Gauss and Ricci equations: at any point p € M,

R(X,Y)Z = Ru(X,Y)Z + Sorv, )X — Sox,2)Y,
RE(X, V)¢ = Ru(X, Y)E+ (X, S¢Y) — (Y, SeX),

for X, Y, Z € T,M, ¢ € E,.
Conclusion: there exist an isometric immersion f: M — M which is an
O(m)-submanifold in M and a vector bundle isomorphism fE—T'M
which preserves the metrics and the connections such that for every X, Y €
TM,

5(X,Y) = fo(X,Y),

where & is the second fundamental form of f. Moreover, such an immersion
f is unique up to the action by G.

After Theorem 2.8, it becomes a problem how to construct a locally am-
bient O(m)-geometry (P, w) from the geometric ingredients (a Riemannian
manifold, a Riemannian vector bundle F, and an FE-valued tensor field).
In the rest of this section, we deal with the case (3) in Theorem 1.1 as an
example.

Let M™(¢) be a (complex) n-dimensional simply connected complete
Kéhler manifold of constant holomorphic sectional curvature ¢ (¢ # 0),
that is, a complex projective space CP™ or a complex hyperbolic space
CH™ according as ¢ is positive or negative. We denote by I and ( , ) the
complex structure and the Kihler metric on M™ (&), respectively. Let M™
be a (real) n-dimensional Riemannian manifold isometrically immersed in
M™(¢) which satisfies IT,M = T;-M for all p € M. Then M is called
a totally real submanifold. Totally real submanifolds have the following
remarkable properties (cf. Chen and Ogiue [2]): The complex structure I
defines a bundle isomorphism of TM to T*M which preserves the metrics
and the connections. For the second fundamental form o, we define an
End(T'M)-valued 1-form 6 by 6(X)(Y) = —Io(X, Y). Then it satisfies

(@(X)(Y), 2) = (¥, 6(X)(2)), o(X)(Y)=a(Y)(X). (2.5)

Moreover we have S;xY = 6(Y)(X), where S;x denotes the shape operator
for the normal vector IX. Then the Gauss equation is given by
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¢
1

The Ricci equation coincides with the Gauss equation by the bundle iso-

R(X,Y)Z = S{(Y. 2)X — (X, 2)Y} + [6(X), 6(V))(2).

morphism [.
Now we show the fundamental theorem for half dimensional totally real
submanifolds of CP™ or CH".

Theorem 2.9 Let M™ be an n-dimensional simply connected Riemannian
manifold and 6 an End(T M)-valued 1-form on M which satisfies the iden-
tities (2.5). Suppose that & satisfies the following equations of Gauss and
Codazzi

R(X, Y)Z= (Y, 2)X — (X, 2)Y} +[6(X), 6(V)](2),
(Vx3)(Y) = (Vy ) (X).

Then there exists an isometric immersion f: M™ — M"™(&) which is a to-
tally real submanifold in M™ (&) = CP™ or CH™ according as ¢ is positive
or negative such that the second fundamental form of f coincides with &.
Moreover, such an immersion f is unique up to the action by holomorphi-
cally isometries of M"™(¢).

Proof. First we will investigate the structure of Lie algebras of the ambi-
ent space. Let (G, K) be the Riemannian symmetric pair associated with
M"™(¢). Let g be the Lie algebra of G' and £ the subalgebra of g which
corresponds to K and g = £+ p be the canonical decomposition. Let C™ be
the complex vector space of column n-tuples of complex numbers with the
standard Hermitian inner product ( , )¢ and U(n) be the unitary group.
Then K is isomorphic to U(n) and p is isomorphic to C™ and the adjoint
representation Ad,(K’) of K on p is given by the canonical action of U(n)
on C". We define a real linear endomorphism I of C" by I(x) = iz for
x € C". We denote by (, ) the real inner product on C™ defined by taking
the real part of { , )c. The curvature tensor R of M™(&) on p is of the form

R(@, y)z = {{(y, 2o — (&, 2y
+ (ly, z)Ix — (Iz, z)ly — 2(Iz, y) Iz} (2.6)

for @, y, z € p = C". We define real subspaces m and m* of p = C" by
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I

m= : | eC |z eRp =R",
T,
1

mt =< : €C"|z; eR) ~R"
In

Then m and m* are mutually orthogonal with respect to ( , ). Since Im =
m*, both m and m* are totally real subspaces. By (2.6), we see that both m
and m™ are curvature-invariant and in particular m is a strongly curvature-
invariant subspace of p. It is evident that the class of n-dimensional to-
tally real submanifolds in M™ (&) coincides with that of O(m)-submanifolds,
where m C p is given above.

Let K4 be the subgroup of K = U(n) which leaves the subspace m
invariant. Then K consists of unitary matrices whose entries are all real
numbers and hence K coincides with the orthogonal group O(n). The
representation p’': Ky — O(m) is the canonical action of O(n) on R™ and
P Ky — O(m%) is equivalent to p’ under the isomorphism by the complex
structure I. The Lie algebra £, of K coincides with the Lie algebra so(n)
consisting of real skew-symmetric matrices. We define the subspace £_ of £
as follows

b= {iX ‘ X € Sym(n, R)} ~ Sym(n, R),

where Sym(n, R) denotes the space of real n x n symmetric matrices. Then
we have the direct sum decomposition ¢ = £; + ¢_ and adp(¢_)(m) C m*,
adp(e_)(mL) C m. Let Sym(m) be the space of symmetric transformations
of m. We define a map ¢: ¢ — Sym(m) by ¢¥(X)(x) = —iXx for X € ¢_
and © € m = R™. Then 1 is a real linear isomorphism and we identify €_
with Sym(m) by .

To apply Theorem 2.8, we will construct a locally ambient O(m)-geom-
etry (P, w) which satisfies the assumptions in Theorem 2.8. Let O(M) be
the bundle of orthonormal frames over M with the Riemannian connection
form w’ and the canonical 1-form . We put P = O(M), which is the
principal fibre bundle with the structure group K1 = O(n). We view forms
w' and 6 on P as a £ -valued 1-form and a m-valued 1-form, respectively.
Under the identification of ¢_ with Sym(m), we put
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we (X)=ulo(mX)u for X e T,P, ueP=0(M),

where m: P — M denotes the projection. Now putting w = w’' +we_ +6, we
define a £ + ¢_ 4+ m-valued 1-form w on P. It is easily seen that (P, w) is
a locally ambient O(m)-geometry. If we view the tangent bundle TM as a
Riemannian vector bundle E in Theorem 2.8, the conditions in Theorem 2.8
are satisfied. Therefore Theorem 2.9 has been proved. g

3. Totally complex submanifolds

In this section, applying the results in §2 we show the fundamental
theorem for half dimensional totally complex submanifolds of the quaternion
projective space HP"™ or the quaternion hyperbolic space HH™.

First we recall the basic definitions and facts on totally complex sub-
manifolds of a quaternionic Kéhler manifold. Let (M*", §, Q) be a quater-
nionic Kéhler manifold with the quaternionic Kahler structure (§, Q), that
is, g is the Riemannian metric on M and Q is a rank 3 subbundle of End T'M
which satisfies the following conditions:

(a) Foreachpe M , there is a neighborhood U of p over which there exists
a local frame field {I, J, K} of Q satisfying

r’P=J’=K?=—-id, —JI =K,

JK=-KJ=1I KI=-IK=1.

.l

(b) For any element L € Qp, gp is invariant by L, i.e., gp,(LX,Y) +
Gp(X, LY) =0 for X, Y € T,M, p € M.

(¢c) The vector bundle Q is parallel in End TM with respect to the Rie-
mannian connection V associated with §.

In this paper we assume that the dimension of M*" is not less than 8
and that M*" has nonvanishing scalar curvature. A submanifold M2?™ of
M is said to be almost Hermitian if there exists a section I of the bundle
Q|ar such that (1) I? = —id, (2) ITM = TM (cf. D.V. Alekseevsky and
S. Marchiafava [1]). We denote by I the almost complex structure on M
induced from I. Evidently (M, I) with the induced metric g is an almost
Hermitian manifold. If (M, g, I) is Kahler, we call it a Kdhler submanifold
of a quaternionic Kihler manifold M. An almost Hermitian submanifold
M together with a section I of Q|M is said to be totally complex if at each
point p € M we have LT,M L T,M, for each L € Q, with §(L, I,) = 0
(cf. S. Funabashi [3]). It is known that a 2m (m > 2)-dimensional almost
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Hermitian submanifold M?™ is K&hler if and only if it is totally complex
([1] Theorem 1.12).

Let M?™ be a 2m (m > 2)-dimensional totally complex submanifold
of (M*", §, Q) together with a section I of Q|3;. The bundle Q|y; has the
following decomposition:

Qv =RI+Q, (3.1)

where Q' is defined by @}, = {L € Qpl3(L, I,) = 0} at each point p € M.
Then the section I of Q| m and the vector subbundle Q' are parallel with
respect to the induced connection V on Q|y; ([13] Lemma 2.10). At each
point p € M, we define a complex structure I on the fibre Q; by IL = IL
for L € Q;,. Hence Q" becomes a complex line bundle over M. Moreover
the induced connection V is complex linear on Q’. The curvature form R’
of the connection V on @’ is given by

F

R(X,Y) =~

QX, Y)I,

where 7 is the scalar curvature of M and © is the Kéhler form of M defined
by Q(X,Y) = g(IX,Y) for X,Y € T,M. Since the curvature R is of
degree (1, 1), there is a unique holomorphic line bundle structure in Q" such
that a (local) holomorphic section L is defined by V;xL = IVxL for any
vector field X. The normal bundle T-M is a complex vector bundle with
the complex strucutre I induced from I which satisfies V)%I = 0, where
V1 denotes the connection of T+M. Let o be the second fundamental
form of M in M. Then we have the following at each point p € M ([13]
Proposition 2.11 and Lemma 2.13):

(1) o(IX,Y)=0(X,1IY)=10(X,Y) for X,Y € T,M,

(2) 9(o(X,Y), LZ) = g(o(X, Z), LY) for L € Q,,, X, Y, Z € T, M.

We study half dimensional totally complex submanifolds of the quater-
nion projective space or the quaternion hyperbolic space from the view
point of a locally ambient O(m)-geometry. For this purpose, we describe
the structure of Lie algebras of the ambient space. Let (G, K) be a Rieman-
nian symmetric pair associated with a (real) 4n-dimensional quaternion pro-
jective space HIP™ or a (real) 4n-dimensional quaternion hyperbolic space
HH". Let g be the Lie algebra of G and £ the Lie subalgebra of g which
corresponds to K and g = £ + p be the canonical decomposition. First
we describe the adjoint representation of K on p. Let H" be the space
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of column n-tuples with entries in the field H of quaternions. The space
H™ is considered as a right H-vector space, i.e., vectors are multiplied by
quaternions from the right. We define a H-Hermitian inner product (, )g
by

n
<33, y>H = Zflyla T,Yc H"™
i=1

and its real inner product (, )r by
(x, y)r = the real part of (x, y)u.

Let Sp(1) be the Lie group of unit quaternions, i.e.,

Sp(1) = {u € H | (u, p)r = 1}

and Sp(n) be the Lie group of H-linear transformations of H" which leave
the H-Hermitian inner product invariant. The Lie algebra sp(n) of Sp(n)
is the space of H-linear transformations which are skew-Hermitian with
respect to ( , )g. The product Lie group Sp(n) x Sp(1) acts on H" as
R-linear transformations which leave the real inner product ( , )gr invariant
by letting Sp(n) act on the left and Sp(1) act on the right:

(Sp(n) x Sp(1)) x H* — H" ((A4, \), z) — Azl = Az,

We remark that the right multiplication by a quaternion A € H is real linear
but not necessarily quaternion linear. We put p = H” and K = Sp(n) x
Sp(1). Then the action of K on p is the adjoint representation of K on p
which corresponds to the Riemannian symmetric pair of HP™ or HH™. We
put real linear transformations I, J, and K as follows:

Iz =xi, Jr =xj, forxzeH', and K=1J, (3.2)
where {1, 7, j, k} denotes the standard basis of H. Then it follows that
Rojp_g?_ _
JK=-KJ=1 KI=-I
The Lie group Sp(1) is given by
{aoid+a1]~+a2j+a3f( ‘ aq € R, ag%—a% +a§+a§ = 1}

and its Lie algebra sp(1) is spanned over R by I, J, and K. The curvature



Fundamental theorem for totally complex submanifolds 657

tensor R on p of HP™ or HH" is of the form

R(x, y)z= Z{(y, zyx — (x, z2)y + (fy, z)fa: - (fm, z>fy +
(Jy, z)Jx — (Jz, z)Jy + (Ky, 2)Kx — (Kz, 2)Ky
— 2w, y) [z —2(Jx, y)Jz — 2(Kz, y>Kz}, (3.3)

for x, y, z € p = H", where ¢ is a positive or negative constant according
as the space is HP™ or HH" and we simply write ( , ) for (, )g.

The quaternion vector space H™ can be considered as a complex vector
space in a variety of natural ways. We choose a real linear transformation
I defined by (3.2) as a complex structure and define a complex scalar mul-
tiplication on H” by (a+ bi)x = (aid +bI)x for a, b € R and 2 € H". From
now on we fix this complex structure I on H"”. We denote by Endy (H™) the
space of H-linear transformations of H" and by Endc(H", I ) the space of
C-linear transformations of (H", I). Clearly Endg(H") C Endc(H", I). Tt
is known that for A € Endg(H"), the complex determinant detc A viewed
as a C-linear transformation of (H", I) is a non-negative real number. If
L =aJ+bK, a, b € R, then L is a semi-linear transformation of (H™, f),
ie.,

L(\z) = AL(z) for x ¢ H",\ € C.

Given A € Endc(H", I), we see that A € Endy (H") if and only if AJ = JA.
As usual we use the subfield C C H generated by 1 and ¢ and put

(x, y)c = the complex part of (x, y)u.

Then ( , )¢ is a C-Hermitian inner product on (H", I). Since (z, y)y =
(x, y)c + j{Jx, y)c, we can show that

Sp(n) = {A € Ende(H", 1) | AJ = JA,
(va Ay>(C - <$, y>(C for T, Y E Hn}a (34)

sp(n) = {X € Endc(H", I) | XJ = JX,
(Xx, y)c + (x, Xy)c =0 forx, yecH'}. (3.5)
Let {e1, ez, ..., e,} be the standard quaternion basis of H" (i.e., e; is the

vector of H" whose i-th component is 1 and the other components are zero).
Then {e1, e, ..., e, Jei, Jea, ..., Jep} is a unitary basis of (H", I) with
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respect to (, )c. Using this complex basis, we identify H" with C?": for
x = Y(x1, 22, ..., 1) € H", we put 2o = Vo + jWa, Vo, We € C (a =
1,2,...,n) and v = Y(vy, v, ..., v,) and w = Y(wy, we, ..., w,). Then
the identification of H” with C?" is given by H” > = <:;> c C.

Given A € End¢(H", I ), we represent A by 2n x 2n-matrix with entries in
C with respect to the basis {eq, €2, ..., e, Je1, Jea, ..., Je,}. Then the
Lie group Sp(n) and its Lie algebra sp(n) are given as follows:

Sp(n) = {(ji ‘fjl) ‘ Ay, Aoy € Mn(C)} NU@n)  (36)

X1 —X21>
sp(n) = S—
p(n) {<X21 X1
where M,,(C) denotes the space of n x n-matrices with entries in C. For
Sp(1), we have

(o) =) 1) = () #(0) = ()

We define complex subspaces m and m* of p = H" ~ C?" by

() rec}. {(Q)ee

Then m and m* are mutually orthogonal with respect to ( , )¢ and hence
(, )r. Since J(m) = m*, both m and m* are totally complex subspaces.
By (3.3), we see that m and m*
m is a strongly curvature-invariant subspace of p. We will describe the
decomposition of the Lie algebra & = sp(n) @ sp(1) corresponding to the
subspace m. We use the same notations as in §2. Let K be the subgroup
of K = Sp(n) x Sp(1) whose adjoint representation leaves the subspace m
invariant. Then K is given as follows:

K+:{(<61 3) aid—i—bf) ‘AeU(n), a,beR, a2+b2:1}

U{((Z _0A>’ aj+bf(> ’AeU(n), a,beR, a2+62—1}

. Xn, Xy € M, (C) (3.7)
Xi1+X11=0,'Xo1=Xo1 [

wG(C”}.

are curvature-invariant. In particular
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In particular the identity component (Ky), of K is given by

{<<§ 2), aid+bi> ’AeU(n), a,beR, a2+62:1}.

Therefore (K ), is identified with the product Lie group U(n) x U(1) by
the isomorphism <<g1 2) , aid +blz) — (A, a+bi). From now on we use
this identification. The Lie algebra ¢, of (K), is given by

E’L:{(()O( ;), xf) ’Xeu(n), :z:eR}

and we denote the ideals of £, by

E}":{()O( ;) 'Xeu(n)} and ?i:{mf}meR}.
Then ¢} and #2 are naturally identified with u(n) and u(1) by the iso-
orphisms X0
morphisms ("
homomorphisms p’: (Ky), — O(m) and p": (K;), — O(m™’) are written

> — X and 2l — i, respectively. The Lie group

as follows:
P ((4, N))(v) = Mo, (3.8)
p"((4, X)) (v) = XA, (3.9)
for (A, \) € U(n) x U(1) = (K4+), and v € C", where we identify m and

m* with C", respectively. The Lie algebra homomorphisms p’: £, — so(m)

and p": £, — so(m') are written as follows:
P (X, zi)) (v) = Xv + ziv, (3.10)
p"((X, zi))(v) = Xv + ziv, (3.11)

for (X, xi) € u(n) @ u(l) ~ 4.
The subspace €£_ of the Lie algebra ¢ = sp(n) @ sp(1) is given by

{’:{<<§, _0X>, :Uj+yf(> ‘XGSym(n,(C), x,yER},

where Sym(n, C) denotes the space of complex n x n symmetric matrices.
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We put the subspaces €& and €2 as follows:

el—{(; _OX) ’XGSym(n, C)} C sp(n)
e3={xj+yf(]:c,yeﬂe<}  sp(1).

Then we have the direct sum decomposition ¢ = ¢! @ ¢2. We consider £2
as a 1-dimensional complex vector space with the complex structure I, i.e.,
i(xJ +yK) = I(xJ + yK) = —yJ + 2K. Then the adjoint representation
of (K4 ), on €2 is given by

Ad((A, V) (@ + yK) = N (z] + yK),

for (A, \) e U(n) x U(1) =~ (K4),.

Lemma 3.1 The space m* is equivalent to the tensor product ¥2 ®c m

over C as the representation spaces by (K4 ),, where m denotes the complex
conjugate vector space of m.

Proof. We define a map ¢: £2 x m — m™* by go((L, v)) = Lo, for L €
t2 v € m. Then ¢ is a complex linear map for the first factor €2 and a
semi-linear map for the second factor m. For (A, \) € U(n)xU(1) =~ (K4 ),,
we have

P((A, N) - (L, ) =¢((Ad((A, V) (L), p'((A, V) (v)))
= p(\2L, M\ Av)
=N L(\Av) = N2 AL(v)
=AL(v) = p"((A, N)) (L, v).

Therefore there exists a (K ),-equivariant complex linear map ¢: £ ®c
™ — m' which satisfies (L ® v) = ¢((L, v)). Since J is a semi-linear

€

isomorphism of m onto m—, ¢ is a linear isomorphism. O

Let t: £ — Hom(m, m*) be a linear map defined by the action of &_
on m. It is injective as is stated in §2. The image ¢ (£!) is characterized as
follows:

Lemma 3.2 For C € Hom(m, m*), C is in ¥(EL) if and only if C is a
complex linear map which satisfies (Cv, Lw)g = (Cw, Lv)g for any L € 2
and v, w € m.
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Proof. ForT € £', T is a H-linear transformation of p and skew-symmetric
with respect to ( , )i and hence (, )r. Therefore we have

(Tv, Lw)gr = —(v, TLw)r = — (v, LTw)g
= (Lv, Tw)r = (Tw, Lo)g.

This implies that C' = ¢(T") satisfies the requirements.

Conversely let C' be a complex linear map which satisfies (Cv, Lw)g =
(Cw, Lv)g. We define a linear map C* of m* into m by (C*¢, v)gp =
—(&, Cv)g for v € m, £ € m*. Then C* is a complex linear map. We define
a complex linear transformation T of p by T'(v + &) = Cv + C*¢. Then T
is skew-symmetric with respect to ( , )r. Using the equation (Cv, Lw)g =
(Cw, L)k, we can easily prove T'J = JT. Therefore T is a H-linear trans-
formation of p and hence T is in sp(n). Moreover since T'(m) C m* and
T(mt) Cm, Tisin €L, 0

It is evident that a 2n (n > 2)-dimensional totally complex submani-
fold of M = HP™ or HH" is an O(m)-submanifold and vice versa, where
m is a totally complex subspace discussed above. Let M be a (real) 2n
(n > 2)-dimensional totally complex submanifold of M = HP" or HH".
For simplicity we assume that M is simply connected. Let (P, w) be the
corresponding locally ambient O(m)-geometry on M. Now we may assume
that the structure group of P is the identity component (Ky), of K. Let
Po: (K4+)o — End(sp(1)) be the representation of (K ), which is obtained
by restricting the adjoint representation of (K4 ), to sp(1) and sp(1) = €2 &
2 be the decomposition to the invariant subspaces by this representation.
Then we have

kerpo = {(A, £1) | Ac U(n)} cU(n) x U(1) =~ (K4),

and the identity component of ker p, is isomorphic to U(n). We put P, =
P/U(n) and denote by h, the projection of P onto P,. Then P, is a principal
fibre bundle with the structure group U(1). Let Q[y = RI + Q' be the
decomposition of the quaternionic Kihler structure @ given by (3.1). Then
Q' is the complex line bundle with the standard fibre 2 associated with the
principal fibre bundle P, corresponding to the representation p,(\) = A\?id¢
for A € U(1). The 1-form w on P is decomposed as follows:

w=wey twe Fwm=wy twe twp twe +wn (3.12)
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Let w, be the connection form on P, which is the pushforward form of
the connection form we, on P; w, is a u(1)-valued 1-form on P, such that
hiwo = we2 - We obtain the following for w2 and w.

Lemma 3.3 The 1-form wy vanishes on P. The curvature form dw, of
wo s given by dw, = —(¢/2)Qi, where Q; is the R-valued 2-form on P,
defined by Q;(X,Y) = g(Im. X, 7,Y) for X,Y € T,P,, where m: P, — M
1s the projection.

Proof. We put Wei(X) = a(X)I and we (X) = B(X)J +v(X)K for X e
T, P at any point v € P, where «, §, and  are R-valued 1-forms on P. By
taking the ¢ -component of the equation (2.4.2), we have dwg +[w&’ we | =
0. Therefore

df+2yNa =0, (3.13)
dy+2aAf3=0. (3.14)

By taking the #2 -component of the equation (2.4.1), we have
1 e
dwg + 5[‘*}@2_7 we | = (" Qe .

Here Q is the curvature form of M = HP™ or HH". From the form (3.3)
of the curvature tensor, it follows that ( f*Q){,_z+ = —(¢/2)Q;1. Therefore we
have

do+ 26 AN~y = —%Qf. (3.15)

Differentiating (3.13), we have dy Aa—~yAda = 0. By (3.14) and (3.15), it
follows (¢/2)yAQ; = 0. Similarly differentiating (3.14), we have —(&/2)Q2; A
6 = 0. Since dimg M = 2n > 4, we obtain § = v = 0. This together with
(3.15) implies that do = —(¢/2)Q; and hence dwp = —(¢/2)Q;1. Since
hi(dw,) = dhiw, = dwp = —(&/2)Q;1, the curvature form dw, of w, is
given by —(&/2)8yi. O

Let p': (K4), — O(m) be the representation of (K ), on m. Under the
identification of m with C", by (3.8) it follows that p’((K4),) = U(n). By
Corollary 2.6, M is a Kahler manifold. We note that this property holds
for totally complex submanifolds in a quaternionic Kéahler manifold with
nonvanishing scalar curvature as explained in the beginning of this section.
The normal bundle T M is the complex vector bundle with the standard
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fibre m* associated with the principal fibre bundle P corresponding to the
Lie group homomorphism p”: (K.), — O(m*) given by (3.9). Then by
Lemma 3.1 we obtain the following.

Lemma 3.4 The normal bundle TM is naturally isomorphic to the ten-
sor product Q' @c TM , where TM denotes the complex conjugate bundle of
the tangent bundle T M .

As is shown in §2, the second fundamental form o is obtained from the
Hom(m, m*)
Therefore & has its value in ¥ (€L). Then for X € T,,P, 5(X) is a complex
linear map which satisfies (6(X)v, Lw)r = (6(X)w, Lv)r for any L € £
and v, w € m.

Now we show the fundamental theorem for totally complex submani-
folds of M = HP"™ or HH". We assume that the scalar curvature of M is
4n(n + 2)¢. First we prepare geometric objects and the assumptions which
they need to satisfy so that we can apply Theorem 2.8. Let M be a (real)
2n (n > 2)-dimensional simply connected Kéhler manifold with the com-
plex structure I and the Kéhler metric ( , ). We denote by € its Kéahler
form. Let P, be the principal U(1)-bundle over M with the connection w,
whose curvature form is given by —(¢/2)(n*Q)i, where 7: P, — M is the
projection. Let @’ be the complex line bundle over M associated with the
principal fibre bundle P, corresponding to the homomorphism p,: U(1) —
End(C), A — A?idc. Then Q' has the Hermitian fibre metric { , ) and
the metric connection induced from P,. Here we mean by the Hermitian
fibre metric a real inner product ( , ) which satisfies (ia, ib) = (a, b) for
a, be Q;,, p € M. We denote by TM the complex conjugate vector bundle
of the tangent bundle T'M with the complex structure I = —I. Let £ =
Q' ®c TM be the tensor product of Q' and TM over C with the complex
structure I and the Hermitian fibre metric (, ) (an I-invariant real inner

-valued 1-form ¢ = ¢ owe_ on P. By Lemma 3.3, w2 = 0.

product), where I and ( , ) are given by
Ia®X)=(ia) X =a®IX = —a®IX,
and

(@®X,00Y) = (a, b)(X, V) — (ia, {IX, Y)
= (a, B)(X, V) + (ia, B)(IX, V),
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for a, b € Q;, X,Y € T,M, pec M. The connection in F is induced from
those of Q' and T M. We define a smooth section

¢ € I'(Hom(Q', Endg(TM + E)))
as follows: for a, b€ @), X, Y € T,M,pe M
@a(X):a®Xa ¢a(b®y):_<av b>Y+<Za, b>IY

Then ¢, satisfies the following properties:
0o 18 a semi-linear map, i.e., ¢, 0 I = —I 0 v, on and @, 0 =
1 i i-li i I I T,M and I
—Top,on E,=(Q ®cTM),.
(2) @2 = —[af?id,
(3) g is skew-symmetric, i.e.,
(Pa(X +bRY), X' +V @YV + (X +bRY, pu (X' +V @Y")) =0.

We consider a Hom(T'M, E)-valued 1-form & on M which satisfies the fol-
lowing conditions: for X, Y, Z € T,M, a Q;,, peM

(X)IY)=16(X)(Y), (3.16.1)
&<X><Y>, #u) = (H(X)(2). oY), (3.16.2)
X). (3.16.3)

T M-valued covariant tensor field o of order 2 on
for X, Y eT,M,pec M.

\_/bﬂ/\

We define an E = Q' ®¢
M by o(X,Y) =06(X)(Y

Theorem 3.5 (Fundamental theorem for totally complex submanifolds)
Let M be a (real) 2n (n > 2)-dimensional simply connected Kdhler manifold
with the Kdhler form Q and P, be the principal U(1)-bundle over M with the
connection whose curvature form is —(¢/2)(7*Q)i. We define the complex
vector bundle E = Q' ®c TM as above. Let & be a Hom(TM, E)-valued 1-
form on M which satisfies (3.16.1), (3.16.2), (3.16.3). In addition, suppose
that the tensor field o satisfies the following equations of Gauss and Codazzi

R(X,Y)Z = Z{(Y, Z)X — (X, Z)Y + (1Y, Z)IX
—(IX, Z)IY —2(IX,Y)IZ}
+ Sov, 20X — So(x,2)Y,
(Vxo)(Y, Z) = (Vyo)(X, Z)
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for the tangent vectors X, Y, Z of M, where R denotes the curvature tensor
of M and V denotes the covariant differentiation with respect to the con-
nection in TM + E. Then there exist an isometric immersion f: M — M
which is a totally complex submanifold in M = HP™ or HH™ according as
¢ 1s positive or negative and a vector bundle isomorphism f: E = Q ®c
TM — T+M which preserves the complex structure, the metrics and the
connections such that for every X, Y € TM, 6(X,Y) = fa(X, Y), where
o is the second fundamental form of f. Moreover, such an immersion f
is unique up to the action by G, where G 1is the identity component of the
isometry group of M.

Remark 3.6 In Alekseevsky and Marchiafava ([1] p. 889) it was con-
jectured that the fundamental theorem of submanifold geometry holds for
half-dimensional totally complex submanifolds in M = HP™ or HH". The-
orem 3.5 gives an affirmative answer to this conjecture.

Proof of Theorem 3.5. To apply Theorem 2.8, we will construct a locally
ambient O(m)-geometry (P, w) which satisfies the assumptions in Theo-
rem 2.8. At first we construct the principal fibre bundle P with the struc-
ture group U(n) xU (1) ~ (K;),. At each point p € M, we view the tangent
space T, M as a C-Hermitian vector space and consider a C-linear isometry
uw: C" — T,M, which is called a unitary frame at p € M. Let P’ be the
bundle of unitary frames over M. Then it is a principal fibre bundle with
the structure group U(n). We denote by P = P’ x; P, the fibre product
of two principal fibre bundles P’ and P, with the structure groups U(n)
and U(1). Now we define a new right action R4y on P = P’ xp P,
for (A, X) € U(n) x U(1) by Ra, x)(u, a) = (u(AA), a)). Let h': P — P’
be the projection from P = P’ x,; P, onto the first factor P’. Then A’
is a bundle homomorphism corresponding to the Lie group homomorphism
P (Ky)o~U(n)xU(l) — U(n) C O(m) given by (3.8). Let h,: P — P,
is the projection from P = P’ x s P, onto the second factor P,. Then h, is
a bundle homomorphism corresponding to the homomorphism p: (K4 ), >~
Un)xU)—U(@1), (A, N) — A

Let P” be the bundle of unitary frames of the complex vector bundle
E = Q' ®cTM. We will construct a bundle homomorphism A" of P onto
P”. We recall the construction of the associated fibre bundle @’ from P, (cf.
Kobayashi and Nomizu [5] Vol. I, Chapter 1, §5). We define the right action
of U(1) on the product manifold P, x C as follows: an element A\ € U(1)
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maps (a, z) € P, x C into (aX\, A™2z). Then @’ is the quotient space of
P, x C by this group action. We denote by u the projection of P, x C onto
Q@' and simply write p(a) for the mapping a € P, into u(a, 1) € Q'. Then
w is the fibre-preserving immersion of P, into Q" which satisfies u(a)) =
Apu(a) for A € U(1). Let 7 be the complex conjugation of C" defined by
7(v) = v for v € C". For (u, a) € P = P’ xp1 Py, the mapping ¢,y ouor
is a C-linear isometry of C" onto E, = (Q' ®c TM),, p = m(u, a), where
Pu(a) is a semi-linear map of T),M into E, defined by ju(a) € @}, and hence
Ppu(a)0uOT is a unitary frame of Ej,. We define a mapping h” of P into P” by
h"(u, a) = @, q)ouoT. Then A" is a bundle homomorphism corresponding
to the homomorphism p”: (K ), ~ U(n) x U(1) — U(n) € O(m') given
by (3.9). We note that each a € P, gives an identification of €2 with Q)
p = w(a) by the mapping zJ + yK, =,y € R into p(a, z + i) € Q-
Moreover the linear map ¢: €2 — Hom(m, m*) is equivalent to the linear
map ¢: Q, — Hom(T,M, E,). That is, we have

h”(u, a)il © Pu(a, z+iy) © h/(u7 a)(v) = ¢($j + yf()(’v) (317)

forve C"=m, z,y € R, at (u, a) € P. Here as usual we identify m
and m' with C", respectively and remark that under these identifications
Y(J)(v) = v and Y(K)(v) = iv.

Next we construct a €4 + t_ + m-valued 1-form w on P. Since M is
Kéhlerian, the Riemannian connection of M is reduced to the bundle of
unitary frames P’, whose connection form is denoted by w’. We denote by
6 the canonical 1-form on P/, i.e., a C"-valued 1-form which is defined by
0(X) = u ! (mX) for X € T, P'. We define a £} = u(n)-valued 1-form we
a 82 = u(1)-valued 1-form we and a m = C"-valued 1-form wy on P as
follows:

wy = R W — (hiwe)In

we = hiwe

wm=h"0,
where I,, denotes the n x n-identity matrix and w, is the connection form
on P,. Then we have h'*w' = p'wy, and ho*w, = plwe, . Let w” be the con-
nection form on P” which corresponds to the connection on £ = Q' ®@cTM

induced from those of Q' and TM. By the straightforward computation,
we see that h”*w” = p"we, . Using ¢ we will define a ¢! -valued 1-form wy
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on P. As previous arguments, we identify both m and m* with C", respec-
tively and hence Hom(m, m*) with End(C"). At (u, a) € P, we define an
End(C")-valued 1-form & as follows:

5(X)(v) = 1" (u, a) (6 (m.X) (W (u, a)(v)))
for X S T(u7a)P, veC".

Then by (3.16.1), 5(X) is a complex linear endomorphism of C" and by
(3.16.2) and (3.17) we have (5(X)v, Lw)g = (5(X)w, Lv)g for any L € £2.
By Lemma 3.2, it follows that &(X) € ¢ (€L). Since ¢: ¢ — Hom(m, m")
is injective, we can define wa by ¥(wa (X)) = &(X).

Now puting w = W —i:wggr + wé + wm, we define a &, + €. + m-
valued 1-form w on P. By straightforward computation, we can show that
w satisfies (2.3.1), (2.3.2) and (2.3.3). Consequently we have constructed a
locally ambient O(m)-geometry (P, w). By the construction, it follows that
the conditions (1) ~ (4) in Theorem 2.8 are satisfied. The condition (5) in
Theorem 2.8 is equivalent to that of (2.4.1) in Proposition 2.3. We denote
by ¥ the £;-valued 2-form defined by the left hand side of (2.4.1). We apply
pl to U, where pl: €4 ~u(n)@®u(l) — u(1) is the projection. Then we have

P = diioe, + soblin., w )+ o, we ]+ b fm wa
= h;';dwo — Q&,

where Q) denotes the curvature form of M. Since dw, = Q"i = —(¢/2)(7*Q)1,

piU = 0. By the Gauss equation, it follows that p'¥ = 0. These imply
¥ = 0. Thus the requirements of Theorem 2.8 are all saitisfied. Therefore
Theorem 3.5 has been proved. [l
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