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Some weak-type estimates for singular integral operators
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Abstract. We introduce a “weak CMO” space WC MO and consider the bounded-
ness of the singular integral operators from CMO to WCMO. Our result is the best
possible.
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1. Introduction

Since A. Beurling [B] introduced the Beurling algebras and their dual
spaces BP(R™), many studies have been done for these spaces (see, for
example, [AGL], [CL], [FW], [G], [GH], [H], [K], [KM], [LY] and [M]).
The BP space BP(R™) is a special case of the non-homogeneous Herz
spaces K" (R"™), introduced by C. Herz [H], precisely speaking B?(R") =
K, n/p "°(R™) (see [GH]). However the singular integral operators are
bounded on Kj"(R"), where —n/p < a < n(l —1/p), 1 < p < oo and
0 < r < oo (see [LY]). Therefore, when we consider the boundedness of
the singular integral operators on BP(R™), we can’t use the general theory
about the Herz spaces.

Y. Chen and K. Lau [CL] and J. Garcia-Cuerva [G] introduced the
CMO spaces CMOP(R™), which are the dual spaces of the Beurling-type
Hardy spaces, and proved that the singular integral operators are bounded
from BP(R™) to CMOP(R™), where 1 < p < oo (see also [AGL]). They
considered the case 1 < p < oo, only.

In this paper, we will consider the boundedness of the singular integral
operators on B(R™). But, the singular integral operators are not bounded
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from BY(R™) to CMO'(R"™) (see Counterexample 1 in Section 5). Therefore,
for our purpose, we will introduce a new function space “weak CMQO?”, i.e.
WCMO(R™), and prove the boundedness from B!(R") to WC MO (R").

Note that for the homogeneous spaces, we have the corresponding results
to those obtained in this paper. But, since their proofs are similar to those
of the results in this paper, we omit the details.

2. Definitions and results

First, following Y. Chen and K. Lau [CL] and J. Garcia-Cuerva [G], we
define a BP space BP(R") and a CMO space CMOP(R™).

Definition 1 For 1 < p < oo,

B {f € Lloc ) : ”fHB” < OO}’

where

1 1/p
p = Pd .
175 = 0 (g L P )

Here (and in the following), we denote the open ball in R", having center
0 and radius R > 0, by B(0, R) and the Lebesgue measure of a measurable
set E by |E|.

Definition 2 For 1 < p < o0,
CMOP(R™) {f e LY (R™) :||fllemor < oo},

where

1 1/p
f p—suplnf ( fx —cpd:v> .
[ fllemo B0, 1) B(OR)| (z) — ¢

Note that for 1 < p < oo,
L>°(R™) ¢ BP(R") c CMOP(R").

Secondly, we define a new function space, i.e. a “weak CMQO” space
WCMO!(R™).
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Definition 3

WCMO'(R™) = {f € Li,o(R") : | flwecror < oo},

where

I/ lweror = sup 1nfsup)\‘{x€B 0,R) :|f(x) — | >/\}‘.
>1 |B (0 R)| ¢ x>0

Next, we define a standard singular integral operator 7" and its modified
singular integral operator T.

Definition 4 We say that T is a standard singular integral operator, if
there exists a function K which satisfies the following conditions:

Tf(z)=pv. | K(z—y)f(y)dy

Rn
exists almost everywhere, where f € L?(R");

Ck

CK
and |VK(3:)|§|:U|“+1, x #0;

/ K(x)dx =0 forall 0 <e< N.
<|z|<N

[K(z)| < —

Remark We can weaken the conditions of Definition 4, but we assume
these conditions for the simplicity.

Definition 5 For a standard singular integral operator T', we define the
modified singular integral operator T" as follows:

r) =Dp.v. /Rn {K(z —y) — K(—=y)X{yermjy>13 } f (v)dy,

where x g is the characteristic function of a set E.

Note that for every f € U1§p<oo CMOP(R™), the modified operator

T of the standard singular integral operator T' is well-defined, because by
Lemma 2 of Section 3,
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|f(y)]
dy
/|y|21 jyfrit =

holds. And also note that for f € L2(R") N L®(R"), Tf(x) = Tf(z) + Cy
a.e., where C is a constant.

Now, concerning the boundedness of the Hardy-Littlewood maximal
operator M, we will recall that Y. Chen and K. Lau [CL] and J. Garcia-
Cuerva [G] showed the following theorem.

Definition 6 The operator M is called the Hardy-Littlewood maximal
operator, if for any measurable function f on R™, M f(x) is defined by

M f(x) = sup |B’/\f )ldy,

zeB
where the supremum is taken over all open balls B C R” containing .

Theorem A If1 < p < oo, then the Hardy-Littlewood maximal operator
M is bounded on BP(R™), that is for f € BP(R"),

1M fllgr < C|lfll B

On the contrary, when 1 < p < oo, for a standard singular integral
operator T', T' is not bounded on BP(R™), but Y. Chen and K. Lau [CL] and
J. Garcia-Cuerva [G] proved the following theorem.

Theorem B If1 <p < oo and T is a standard singular integral operator,
then the modified singular integral operator T is bounded from BP(R™) to
CMOP(R™), that is for f € BP(R™),

ITf||lcaror < Cllf |l 5o

On the other hand, for a standard singular integral operator T, in gen-
eral, T is not bounded from B*(R") to CMO(R") (see Counterexample
1 in Section 5). But we can show the boundedness of T' from B!(R™) to
WCMO'(R™). Moreover, we can obtain the following weak-type estimate
of T on CMO'(R™). This is the most important reason why we introduce
a new function space WCMO*(R™).

Theorem 1 IfT is a standard singular integral operator, then the modified
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singular integral operator T is bounded from CMOY(R™) to WCMO (R"),
that is for f € CMOY(R"),

HTVvavczwo1 < O|fllemor-

Furthermore, we can generalize Theorem 1. For this purpose, we define

new function spaces C’MO;(]R”) and WC’MO}Z(R") (cf. [GH]).

Definition 7 For 0 < ¢ <1,
CMOL(R") = {f € Lipe(R") : || fllearor < o0},

loc

where
Iflesroy = supin [BO.R) [ |5(2) - clde
R>1 ¢ B(0,R)

Definition 8 For 0 < g <1,
WOMO,R™) = {f € Liye(R") : || fllearor < oo},
where

I lwenror = sup | B(0, R)|~/%inf sup A|{z € B(0, R) : |f(x) — ¢| > A}|.
R>1 € >0

Note that, in particular, when q = 1,
CMOL(R™) = CMO'(R") and WCMOL(R") = WCMO(R™).

Then, we can show the following weak-type estimate of the boundedness
of the modified singular integral operator T' on CM O; (R™).

Theorem 2 Ifn/(n+1) < q <1 and T is a standard singular integral
operator, then the modified singular integral operator T is bounded from

CMO}(R™) to WCMOL(R™), that is for f € CMOJ(R"),

1T fllwenmor < Cllfllemor-

Remark In Theorem 2, the condition n/(n + 1) < ¢ is natural. See



120 Y. Komori-Furuya and K. Matsuoka

Counterexample 2 in Section 5.

3. Proof of Theorem 2

Throughout this section, we set for j € N, 2/ B = B(0,2/ R) and for any
open ball Q C R™,

1
fo= 5 /Q f(a)da.

In order to prove Theorem 2, we need the following two lemmas.

Lemma 1 IfT is a standard singular integral operator, then T is bounded
from LY(R™) to LY*>°(R"™).

This lemma is well-known (see, for example, [T, p.290]).

Lemma 2 Let0<¢g<1and f € C’MO}I. Then,

[ 1)~ fenldy < CHE B flowoy (G =1,2.3....).
2i+1B
Proof.  First, note that
P [ 15(@) - faplds 2] learo;
27 B

Thus, we have

/_ |f(y) — faBldy
2i+1B

J
= /A+1 |f(y) —f2j+1B|dy+|2J+lB|Z|f2kB — fors1p]
2i+1 8

k=1
< 2. 127 BV fllensor + C 1271 B) ST 125 BV florson
k=1
Cil2 BV flleamor, if g=1,
< :
B fllemoy, i 0<g< L
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Now we are ready to prove Theorem 2.

Proof of Theorem 2. Let n/(n+1) < g <1, and take R > 1.
First of all, we shall show that for = € B(0, R),

p.v. - {K(z —y) = K(=y)X|yz1}dy = 0.

Now, take N sufficiently large. Then,
p-V-/R {K(z —y) = K(=y)x)y|>1}dy
= p.v./ {K(CE‘ —y) — K(—y)X|y|21}d?/
le—y|<N
w [ K@) - Ky
lz—y|>N

—/ K(—y)X|y|>1dy+/
lz—y|<N

|lz—y|>N

{K(z —y) — K(-y)}dy.

Moreover, since

‘ / K(_y)Xy|21dy‘
|[z—y|<N

/ K(=y)X|y/>1dy — /
|lz—y|<N

ly| <N —|z|

K(—y)X|y\21dy

C
</ —dy — 0, when N — o0,
Nzl <lyl<N+|z| Y]

and

|G-y - Ky
|z—y|>N

||
< C ‘ SN Wdy - O, when N — oo,
r—y

we can get ().

121
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Applying (%), we have for = € B(0, R),
Tfa) = p. | {K@=1) = K(=p)xy1} /)y

=pv. | {K(x—y) = K(=y)xjy/>1} (f(y) — faB)dy

= v [ {K (@ =) = K(=0)x021} (7 ) = Fan)xan(o)dy
tov | {K(@@—y) = K(=y)xjyi=1}(F¥) = fan)Xre\25(y)dy

T((f = Ponean) @) = [ K(=9x21(/0) = fan)an ()i
" /y|>2R{K<x — )~ K(~y)}(f(y) — fam)dy.
Hence, putting

Cr=— . K(=y)xjy>1 (f(y) — f2B) x2B(y)dy,

it follows that

sup 2A|{z € B(0, R) : |Tf(z) — Cr| > 2)\}|
A>0

< z{ig%A\{x € B0, R) : [T((f ~ fan)x2p)(@)| > A}

+ sup A
A>0

{ac € B(0,R) :

) - KCpH) - fzs)dy' > A}]}
_ oI+ 1), say.

First, to estimate I7, we apply Lemma 1. Then,
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L <C||(f = f2B)x2B]| 2 = C/ — fopldx

< C|BO, R)|["|| fllcaroy-
Therefore, we obtain
B0, R)| 1, < C|fllearon-

Next, we estimate I5. Using the condition of K, Lemma 2 and the
assumption n/(n + 1) < g, it follows that for x € B(0, R),

’ / |>2R{K($ —y) — K(=y)}f(y) — fap)dy

< Z i K0 = KIS @)~ Fanly
3 2
¢ ~ fosld
<c3 Lo e ) = Fosts

IN

= R
Cz:l <2jR)n+1/2j+lB |f(y) — faBldy

_ R
(2] R)n+1

IN

M3

) 2BV fllcaros

< C- RV fllemo.
Therefore,
B0, R)|"YI, < C|B(0, R)| /1R 7D]| f|carox B(O, R)| < C| fllearos-
Thus,

B0, R)| /9 iu%)\‘{x € B(0,R) : [Tf(z) — Cr| > A}| < C|fllcaor-
>

This proves the theorem. [l
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4. Remark

We can also prove the strong boundedness of the modified singular in-
tegral operator T" on the following function space C'MOP(R"™).

Definition 9 For 1 <p<ooand 0 < ¢ <1,

CMOL(R") = {f € L, (R") : |flloaroy < oo},

loc

where

1

1/p
—_— fz) — c|pdw) .
|B(0,R)| JB(o,r) |

HfHCMog = sup inf | B(0, R)’11/q<
R>1 ¢

Theorem 3 Ifl <p<oo,n/(n+1) <q<1andT isa standard singular
integral operator, then the modified singular integral operator T is bounded

on CMO¥(R™), that is for f € CMOL(R"),

1T flleamror < Cllflleaor-

Proof.  In the proof of Theorem 2, use the LP boundedness of T" to estimate
1. O
5. Counterexamples

By virtue of some counterexamples, we shall show that our results are
the best possible.
For the simplicity, we consider the Hilbert transform H, i.e.

< fly
Hf(z)= p.v./ Ldy.
—00 -y
Counterexample 1  The modified Hilbert transform H is not bounded
from BY(R') to CMO'(RY).
Proof.  Let

1

f(z) = (1 — 2)(log (1 J;))2 X{x€R1:1/2<m<1}(x)'
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Then, f € B!(RY).
Now, for 1 < z < 3/2, putting x =1+ h (i.e. 0 < h < 1/2), then

1

~ 1 1
|H f(z)] > Qh/lhf(y)dy: W'

Thus, we obtain

3/2
/1 T f()dze = oo,

ie. Hf ¢ CMOY(RY). 0

Counterexample 2 When 0 < ¢ < 1/2, the modified Hilbert transform
H is not defined on CMO}I(]Rl).

Proof.  Let

flz)= Z Qk(flﬂ/q)X{zeRl:zk*l<m§2k}(95)~
k=1

Then, f € CMO;(]Rl).
Now, for 1/2 < x < 1,

|H f(z)| > /100 %f(y)dy > Cigk(*ﬂl/q).

k=1

Thus, by the assumption ¢ < 1/2, we have

|H f(2)| = o, D
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