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Flux of simple ends of maximal surfaces in R?!

Taishi IMA1ZUMI and Shin KATO
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Abstract. Simple ends of maximal surfaces in R?:! naturally correspond to catenoidal
or planar ends of minimal surfaces in R3. We study some properties of flux of simple ends,
which are different from those of catenoidal or planar ends. We also give a classification
of maximal surfaces of genus zero with 3 simple ends.
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1. Introduction

Let M be a Riemann surface, and R*! = (R3, gr2.1) be the Lorentzian
3-space. In this paper, we call a map X: M — R?! a mazimal map, and
X (M) a mazimal surface, if, roughly speaking, X|yny; is a conformal space-
like maximal immersion, where ¥ is the set of points where the extended
normal vectors are null. (We give a precise definition in § 2.)

Let M be a compact Riemann surface, and consider the case when the
domain M of a maximal map X is M punctured by n points, say M = M \
{q1, ..., gn}. As in the case of minimal surfaces in the Euclidean 3-space
R3? = (R?, grs), we can define the flur vector by p(v) = f7 nids for any
loop v in M which intersects the singular set 3 at a discrete set, where 77 is
a conormal such that (v, 77) is positively oriented, and ds is the line element
of X(M).

In particular, the flux vector at the end g¢; is defined by ¢; = ¢(v),
where 7 is a loop surrounding ¢; from the left. In general, ¢(vy) can be
described by the residue of a certain C3-valued holomorphic 1-form on M,
and is independent of the choice of v in each homology class. Hence ¢; is
well-defined. By the residue theorem, we get the flux formula 2?21 pj = 0.
Simple ends, which we study in this paper, are ends of order at most 2.
They correspond to catenoidal or planar ends in R?, which always have
order 2, although the simple ends considered here can have order either 2
or 1. In [5], the first author classified the asymptotic behaviors of simple
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ends. We call X (or X(M)) an n-noid if all of the ends of X are simple
ends of order 2.

In the case of R3, the flux vector of any catenoidal end must be parallel
to the limit normal at the end. Also in the case of R?!, the flux vector of
a simple end has the same property if its limit normal is not null, i.e. the
end is arranged to be on M \ X. However, a simple end arranged to be on
3. does not have such a property in general. We show, in § 2, that the flux
vector of such a simple end is a vector in the null plane including the limit
normal. Hence we must prepare a certain new formulation to study n-noids
with prescribed flux (see § 3-4).

Other than the property above, we can find various phenomena in the
case of R*!, which do not occur in the case of R3. For instance, there exists
a nontrivial Z-action on the space of maximal surfaces whose flux vectors
span a timelike plane. This action switches timelike flux and spacelike
flux, and preserves branch points. We also give a characterization of the
symmetry of X (M) with respect to a point, or that of the property that
the image doubles up, by using the metric X*(grs) which degenerates on
Y (see § 5).

In § 6, we give some obstructions for the existence of n-noids with
prescribed flux. Some of them apply only to the case of R*!. In § 7, we
classify all of the 3-noids of genus zero. The space of 3-noids of genus zero
is more complicated than that of 3-end catenoids in R3. In § 8, we show a
general existence result for 4-noids with prescribed flux, that corresponds
to [9, Theorem 3.6].

The authors thank Professor Kotaro Yamada for helpful advice. They
also thank the referees for useful comments.

2. Flux of simple ends

Let R*! be the Lorentzian 3-space. Set H3 := {!(x1, 29, 73) € R>! |
124 29% —w3? = —1, to3 > 0}, H? := H2 UH?Z, and S"! := {!(z1, 22, z3)
€ R?! | 112 + 292 — 232 = 1}, where ! means the transposition of rows and
columns. Let C:= CU{oo}, S':={pe C|lp| =1}, A:={(p,p)) € C*|
p=7p'}, and T? := S x S'. Define the map v: (A\T?)U(T?\ A) — C3 by

—(p+7p) 0
v(p, ) == V=1(p—p) | (p, ' #0), v(c0,0):=|0],
e pp+1 1
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and ¥: S' — C? by

-1

Let o: H2 — C \ S! be the stereographic projection from the north pole
e3 := (0, 0, 1). Then the inverse of this map is given by the following:

—2Rep
—2Imp

o' (p) =v(p, p) = W
IpI> +1

-1

On the other hand, it holds that

1 [Re@d)
V=Tv(p, p') = Imé Im(p¢)
—Reé

for any (p, p') € T? \ A, where ¢ is a unit number such that p’ = p&2. For
any p € S!, denote the null plane including ¥(p) by NP(p). Set

NPy (p):={v e NP(p) | det(es, v(p), v) > 0},

NP_(p):={v € NP(p) | det(es, v(p), v) < 0}.

Then we have v/ —1v(p, p') € NPy (p) " NP_(p') N SHL.
Define the map v*: (A\ (T? U {(c0, o0)})) U (T?\ A) — C? by

, 1 _(p2+ 1)
U*(p7p) = -~ 1 V_l(p2_]') )
pp— 2p
o*: 81— C3 by
L =1
(p) =5 | VI 1) ]
0
and v: S' — C? by
—(p*+1)

o(p) = [ V-1(r* = 1)

2p
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Then it holds that v*(p, p’) = (pp — 1)~10(p) and 5(p) = —(2p) ~'0(p). We
use these maps to describe dependence between the equations which we will
derive in § 2 and § 4.

Let M be a Riemann surface. Then, by the Weierstrass representation
formula (cf. [12]), any conformal spacelike maximal immersion X: M —
R?! is given by

z

X =Re [ (14 V11— ), ~20m, (21)
20
where ¢ is a meromorphic function on M, and 7 is a holomorphic 1-form
on M such that the 1-forms gn and g?n are also holomorphic on M. We
call (g, n) the Weierstrass data of X. g is the stereographic image of the
Gauss map G: M — R?*! of X, i.e. g := 0 o G. The induced metrics on
M are given by X*(grz1) = (1— |g2)2nf? and X*(gms) = (1 — |gf2)2Inl? +
8(Re gn)?.

Conversely, for any Riemann surface M, any meromorphic function g
on M, and any holomorphic 1-form n on M, the map X given by (2.1)

is a (branched) conformal spacelike maximal immersion on M \ ¥, where
Y:={z€ M| |g(z)] = 1}. When the map X is well-defined on M, we
call X: M — R>! a mazimal map, and X (M) a mazximal surface. We call
q € M a branch point of X if X*(grs) = 0 at q. We say X is nonbranched
if X has no branch point. The rank of the metric X*(grs) is 1 on ¥\
{branch points}. For any z € 3, we regard G(z) = o 1(g(2)) = oo x
0(g(z)) as a kind of null vector, since G(z) cannot be extended to X, but
RG(z) and ¢(z) can be naturally extended.
The map X given by (2.1) is well-defined on M if and only if

Re/(1+92, V=11 - g¢%), —29)n =0 (2.2)
gl
holds for any loop ~ in M. Set

R; := Res, g'n = (1=0,1,2).

1 i
omy/—1 /79 7
Then the condition (2.2) is rewritten as

Ry+RoeR, Ry—RyeVv—-1R, R;€R,
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and it is equivalent to
Ry=R,, Ri=Ri. (2.3)

Note here that, for any curve z = z(s) in M \ %, its conormal is given
by

' = —Tm(1 + ¢°, V=1(1 - ¢%), —2g)n(='(s))-

Hence, if a loop v in M intersects ¥ at a discrete set, then the integral
v =0p7)= fv 7ids makes sense, and satisfies

bo = —Im/(l + %, V=11 - ¢%), —29)n.
Y

Therefore, we can define ¢ = () even when the intersection of v and ¥ is
not discrete. From the equality above and (2.2), it follows that

‘p=—2mResg(1+ g%, V-1(1~¢%), ~29)1
=—271(Ry+ Ro, v—1(Ro — R2), —2Ry). (2.4)

(cf. [4] for the case when ¢ is timelike.) We call ¢ the fluz vector of the
loop 7. It depends only on the homology class of ~.

Let M be a Riemann surface, ¢ an inner point of M ,and set M := M \
{q}. Consider a maximal map X: M — R*! which cannot be extended to
q. We call the image of a neighborhood of ¢ the end ¢, and the end ¢ is
called a simple end if its Weierstrass data (g, n) can be meromorphically
extended to M, and n, gn and g?n have poles of order at most 2 at q.

Denote the residues Ry, R1, Ro for a loop ~ surrounding g once from
the left also by Ry, R1, Rs respectively. If a maximal map X given by (2.1)
has a simple end at ¢ and g(q) = p # oo, then (g — p)?n does not have a
pole at g. Hence we have

0 = Resy(g — p)*n = Ry — 2pRy + p*Ry. (2.5)

For the loop v as above, we call ¢ = () the flux vector of the end ¢, as
we have already mentioned in the introduction. We denote it by ¢ = ¢(q).
Let £ be a unit complex number such that pRy € ER. (When Ry = 0,
we may choose an arbitrary £.) Set p’ := p&2. Then we have the following:
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Theorem 2.1 Let X be a mazimal map from the universal cover of M =
M \ {¢} to R®>! given by (2.1). If X has a simple end at q, then at least
one of p =p' or |p| =1 holds. Furthermore, X is then well-defined on a
neighborhood of q in M itself if and only if it holds that (2.5) and

R if p=p
=pRy— Ry €
1 _
w* = §(p’p+ 1)Ry —p’Ry = 0.
(resp.
w:=—-—-R €R (2 7)
w* := Ry —pRy = O.) .

when the flux vector ¢(q) of the end q is not null (resp. is null). If the limit
normal G(q) is not null, then ¢(q) is proportional to G(q). On the other
hand, if G(q) is null, then ¢(q) is not necessarily proportional to G(q), but
arranged in the null plane including G(q).

Proof. 1If the end ¢ is well-defined and simple, then, by (2.3) and (2.5), we
have

0=2|p|*(R1 — R1) =5 - 2pR1 — p- 2pR1
=p(R2 + p*Ro) — p(R2 + p°Ro) = B(R2 + p°Ro) — p(Ro + P*R2)
= (1 — [p|*) (PR — pRy).

Hence, if |p| # 1, i.e. the limit normal vector at ¢ is not null, then we have
PRy = pRy = pRs, namely pRy € R. Therefore, if Ry # 0, then €2 =1 and
p=p. - o

Since PR € R, we have £pRy = EpRo = {pRy, and hence

PRy € €R, (2.8)

and
9pRy = p*Ro+ Ry = p- E PRy + Ry = (¥'p+ 1)Ra. (2.9)
If p=yp/, ie & =1, then, by (2.3) and (2.8), w = pRy — R; € R. If
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|p| = 1, then, by (2.3) and (2.5),
w= 5 (207 R0~ 20s) = 5 (207 R0 — o = p*Ro)
P WPRo — Ro) = L (v*Ro ~ Fo)
= S (oo ~ 7o) € VIR,

In particular, if |[p| =1 and p = p/, then w =0 and w = —R; = w — pRy =
—pRy € R.
On the other hand, by (2.3) and (2.9), we also have

. 1 — — 1 -2 9
w = 5(p'p+ DRy — PRy = 5(5 Ip|*> + 1)Ro — € PRy

1,2 — = 1 I
=5 (€ + DRy =€ - (&I + 1R
1,22 -
=5~ 1)(Ip]* = DRz = 0.
Now, we get (2.6) in any case, and (2.7) in the case when [p| = 1 and
p=p. B
Conversely, in the case when p’p # 1, i.e. |p| # 1 or p # p/, if we assume
(2.5) and (2.6), then, by (2.6), we have
1 — _
—5 PP+ 1) (B +w) +p'pR1 =0,
and hence
pp+1

Rlzwf )
pp—1

and
1 20/
RoZ*(Rl—l-w):wfp .
p p'p—1

Even when p = 0, this is true since Ry = 0. Moreover, by (2.5), we have

2
Ry = —p2R0 + 2pR; = w= P .
p'p—1
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Now, we have

pp+1
R = w]ip—i_ € R,
pPp—1
and
_ 20 2
Ro = w——"t— = P _ Ry,

and we get (2.3).

On the other hand, in the case when p/p = 1, i.e. [p| = 1 and p = p/,
the two equalities in (2.6) are equivalent to each other, and (2.6) is not
equivalent to (2.3) even if we assume (2.5). However, if we assume (2.5)
and (2.7), then we have Ry = —p?Rg + 2pR1 = pR1 = pR; = Ry, and we
get (2.3).

Now, let us calculate the flux vector ¢(q) of the end q.

When p'p # 1, we have, by (2.4),

4w —(p+]7l
p==—1 | V1 —1) | = dmwulp, ). (2.10)

Hence, if |p| # 1, ¢ is parallel to the limit normal G(q) = v(p, p). On the
other hand, if |p| = 1 and p # p/, then p € NPy (p) N NP_(p').

When p'p = 1, ice. |p| = 1 and p = p/, since Ry = —wp, Ry = —,
Ry = —wp, we have ¢ = 4dmwd(p). d

Even when X satisfies g(q) = p = oo, if we choose a congruent trans-
formation F of R*! such that F(e3) # es, then the maximal map F o X
satisfies g(q) # oo, where we set § := o o F' o G. Hence the assumption
9(q) = p # oo is not restrictive.

In keeping with the notation of Kobayashi [12], we call the end ¢ sat-
isfying |p| # 1 (resp. |p| = 1 and p # p') a simple end of the first (resp.
second) kind, and the value w = w(q) the weight of the end q. w(q) is
invariant under the action of conformal coordinate transformations of M
and the orientation preserving congruent transformations of R%! (cf. § 3).

On the other hand, we call the end ¢ satisfying [p| = 1 and p = p/,
a simple end of the third kind. When the end ¢ is of the third kind, w(q)
automatically vanishes. @ = w(q) is not invariant under the action of the
orientation preserving congruent transformations. When @ also vanishes,
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we may regard such an end as being of the second kind with zero flux vector.
Any result in this paper holds independently of this choice.

For later use, we note here that w, w and w* satisfy the following
equalities, given so that the assumption (2.5) holds.

The case when p'p # 1:

1 _ ) (241
S(Ro+Ry)  =— ptp), =@ FD .
2 pp—1 p'p—1
-1 -1 o 1 2_1
Q(RO - R2):—C(p p)w—i- C(p )w* (2.11)
2 p/p_l p/p—l

_ pp+1 2p .
R, S 2

p'p—1 p'p—1
The case when p'p = 1:

1 —(p2 =1
§(R0+R2) :—Rep.w+(p2)w*
-1 1 2 1 .
—I =1-w+0-w"

For simple ends of order 1, we have the following:

Proposition 2.2 Let X: M = M \ {¢} — R>' be a mazimal map given
by (2.1), and q a well-defined simple end of X. If q is of order 1, then q is
of the third kind. In particular, the flux vector of q is a nonzero vector.

Proof.  Since (g — p)n and (g — p)gn do not have a pole at ¢, we have

{ 0 = Resy(9 —p)n = R1 — pRo,

(2.13)
0 = Resy(g —p)gn = R2 — pRi.

Since the end ¢ is well-defined, by (2.3) and (2.13), we have
Ry = Ry = pR1 = pR1 = DpRo = |p|* Ro.

Now, if Ry = 0, then Ry = Re = 0. This contradicts the assumption that
q is a simple end of order 1. Hence Ry # 0 and we have |p| = 1. Since
w = pRy— R1 =0 and w = —Ry # 0, the end q is of the third kind, and its
flux vector is a nonzero vector. U
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3. Standard examples, flux formula, and general existence of
maximal herissons

The maximal map given by the data (g, ) = (—z, z~2dz) is called a
catenoid of the first kind. This surface has two simple ends of the first kind.
The maximal map given by the data

2= 1 —/=1(z+1)?
(ga 77)— (Z—G—l’ 222 dZ)
is called a helicoid of the second kind. This surface has two simple ends of
the second kind (cf. [12]). The maximal map given by the data

—2
(9, m) = (1, o 1dZ)
has two simple ends of the third kind and of order 1. The image of this
map is not a surface but a null line. As we shall see in § 4, there exists no

maximal map of genus zero with only two simple ends of the third kind and
of order 2.

Let X: M = M\ {¢q} — R>' be a maximal map which has a simple
end at ¢, as in § 2. When w € R\ {0} (resp. vV—1R \ {0}), the simple
end ¢ is asymptotically an end of a catenoid of the first kind (resp. helicoid
of the second kind) (cf. [5]). By ¢(q) = 4mwu(p, p'), we see that w (resp.
w/+/—1) is the ratio of the size of the flux vector ¢ of the end ¢ to that of
the standard catenoid of the first kind if [p| # 1 (resp. helicoid of the second
kind if |[p| =1 and p # p/).

Let M be a compact Riemann surface, ¢z, ..., ¢, distinct points on M,
and set M := M\{q1, ..., g,}. Then, for any maximal map X: M — R>!,
by (2.4) and the residue theorem, we have the balancing formula, also called
the flux formula, 2?21 @; = 0, where ¢; := ¢(q;). In particular, in the case
when all the ends are simple, we have

> wilpy, Py + > wiv(p) =0, (3.1)
Pjpi#1 Pjpi=1

where w; := w(q;), p; == g(g;) and p is p’ for g;.
In this paper, we consider the following:

Problem 3.1 Let pj, p;- be complex numbers or co such that [p;| = |p;|7
and that p; = p’ if |p;| # 1 (j = 1,..., n). For any j such that |p;| #
1 (resp. |pj| = 1 and p; # p;-), let a; be a real (resp. purely imaginary)
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number. For any j such that [p;| =1 and p; = p;-, let @; be a real number.
Suppose that these numbers satisfy

Y alp Py + D agolpy) = 0. (3.2)

pip;#l pip;=1

Does there exists a maximal map X: M := C\ {q1, ..., ¢n} — R>! satis-
fying the following condition?

9(q5) = pj» w(g) = aj, () = ajo(p;, ) if plp; #1
) ) o . (3.3)

9(q;) = pj, w(g;) = a;, ¢(g;) = a;0(p;) if pipj=1
(j=1,...,n).

In this section, as an example of an application of the formula we derived
in § 2, we show an existence result for maximal herissons with simple ends
realizing prescribed flux, where a maximal herisson means a maximal map
whose Gauss map is of degree 1.

Theorem 3.2 For any flux data satisfying (3.2), there exists a unique
mazimal herisson X : C\{q, ..., g.} — R>! satisfying (3.3) if all the p;’s
are different from each other, and if a; or a; is nonzero for any j.

Proof. Let X: M := M\{q, .., ¢.} — R?*! be a maximal herisson with
simple ends. Since the degree of ¢ is 1, we may set M := C. By a suitable
congruent transformation of R*!, we may assume that the limit normal of
any end is not ¥(0, 0, 1) = o~ !(00) without loss of generality. Moreover, by
a suitable coordinate transformation, we may set g(z) = z.

By this normalization, the positions of the ends satisfy ¢; = g(q;) = p;
(=1, ..., n). Hence, if X satisfies the condition (3.3), then n must be of
the following form:

"= [i{ e —b;j)Q + fjpj} + ()] dz,

where b; and c¢; are complex numbers at least one of which does not vanish
for each j =1, ..., n, and f(2) is a holomorphic function on C. Hence

gn = zn = [Z{ G b—ﬂZJ)Q + bjztc;fj + cj} + zf(z)}dz,

g*n=2"n
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n b2 b0 4 cipi2
= [Z{ 3B 5+ LR o M bj +cjpj + cjz} + z2f(z)}dz
e —py) Z=pj

Denote the residues Ry, R; for 7; surrounding ¢; = p; once from the left
by Roj, R1j, respectively. Then it holds that

Roj = ¢y, le = bj + ¢;q;.

Now, for each end ¢; = p; of the first or second kind, i.e. Ep]— # 1, by (2.6),
we have

w(qj) = pjRoj — Ry = pjcj — (bj + ¢jpj) = —bj = a;

1 — _
w*(gj) = 5(]9;-10]' + 1) Ro;j — p;Raj

1 —
S(Pipj — 1)ej

1 — J— J—
= 5 Phpj + V)ej = (b + ¢jpy) = —pjbj — 5

2
=0.

\

Solving this as an algebraic equation with respect to b;, c¢j, we get the
following solution.

2(Lj]7;-
pipj —1

On the other hand, for each end g; = p; of the third kind, i.e. p?pj =1, by
(2.7), we have

w(gy) =Ry = —(bj +cjpj) = a
{ w*(qj) = Roj — pjRyj = ¢j — pj(bj + ¢jpj) = —pjbj = 0.
Solving this equation, we get the following solution.
bj =0, c¢j=—a;p;.
Now, by the assumption (3.2), we have
n
ZC] Z aj=——"+ ZHQJ —pj)
j=1 p]pj -1
= Z,aj(—vl(pj,p}) + V=1va(p;, )
+ 3 a5 (=0n(py) + V=Toa(py) = 0,
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n

Z(bj + ¢jp;) = Z/GJ pfp] o Zﬂay

j=1 pipj — 1
!/
= Z a;jv3(pj, pj) + Z a;vs(p;) =0
n
"
> (2bp; + ¢jpj®) Z aj=——"—+  a;(~p))
i=1 p]pj -1
!/
= aj(—vi(p;,p;) — V—1va(p;, )
1
+ Z a;(—01(pj) — vV—102(p;)) =0
/ " ' I .
where > = Zp—;pj#, > = Zp;.pjzl’ and v; (resp. ¥;) is the i-th compo-
nent of v (resp. v).

Hence X does not have an end at oo if and only if f(z) = 0. Now, we
get the following Weierstrass data for X satisfying (3.3):

9(z) = z,

p= [y )y i,

z = pj) Z—DPj Z—DPj

O

Theorem 3.2 is a natural analogue of [17, Theorem 2.5]. Regrettably,
generic maximal herissons with more than 2 simple ends have branch points.
To find nonbranched examples, we must consider the Gauss map of higher
order.

4. Algebraic equation for n-noids of genus zero in R%1, and rel-
ative weights

Let M be a compact Riemann surface, qi, ..., ¢, distinct points on
M, and set M := M\ {qi, ..., qu}. Let X: M — R?! be a nonbranched
maximal map all of whose ends are simple ends, and (g, ) its Weierstrass
data.

Consider the case when M = C(= C U {o0}). Assume ¢; # oo
and G(gj) # o Y(o0) = 0,0, 1), ie. pj = g(g;) # oo, for any j =
1, ..., n. Suppose that the ends q1, ..., ¢y are of order 1, and that the
ends ¢m+1, - - -, qn are of order 2. Then the divisor of 7 is given by H 1(z—
@) ITj— i1 (z — qk)?. Since oo is not an end of X, n does not have a pole
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at 0o. Hence the sum of orders of poles of 7 is m +2(n —m) = 2n —m, and
the sum of orders of zeroes of 77 is 2n — m — 2. On the other hand, since X
has no branch point,  and g?n have no common zero. Hence the zeroes of
1 must coincide with the poles of g, and the order of n at any zero is the
double of the order of g at the same point as a pole. Now, we see that the
degree of g must be equal to (2n —m —2)/2 =n —1—m/2. In particular,
the number of the ends of order 1 must be an even number.

As an easy application of this observation, we give here a proof of the
fact which we mentioned in § 3. If a maximal map X of genus 0 has only
two simple ends of the third kind, then the number of the ends of order 1
is 2 or 0. When the number is 2, X is a map whose image is a null line.
We have already presented its Weierstrass data in § 3. On the other hand,
when both the ends are of order 2, by the consideration above, the degree
of g must be equal to 2 —1 —0/2 = 1. Hence the two null vectors ¢; and
2 must be linearly independent. They cannot satisfy the flux formula, and
hence we see that there exists no two-ended maximal map of genus 0 whose
ends are simple of the third kind and of order 2.

We call a nonbranched maximal map X : M — R?! an n-noid, if all the
ends are simple ends of order 2. It is a natural analogue of a minimal surface
we call an n-end catenoid. By the consideration above, the Weierstrass data

(g, m) of any n-noid X satisfying g; # oo, pj # o0 (j =1, ..., n) is given
by
P(z) 2
g(z) = , 1n=-0Q(2)dz, 4.1
6= 55 (=) (41)
where
n pib; n b
P(z)=> = Qz) =) —

) )
Z—Qj Z—q]‘

j=1

bj € C\ {0}. (cf. See [9] for the case of n-end catenoids in R3.) This data
automatically satisfies the condition (2.5).
Now, for each end g;, denote the corresponding Ry, Ri, Ra, w, w* by

*
Roj, Ruj, Raj, wj, w;

j=1

respectively. Then we have

Roj = — Res Q(z)dz
2=q;

b2 " 2bb 1
Z—Res{ij 5 — E 7jk7+...}dz
= (2 =) A k42—
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:_RQS{%_ ~ (px+pi)bibe 1 +-~~}dz
(z=a) 43, ®—G 24

=tk kTG
Ryj=— ;IEE P(2)%dz

2b;? "\ 2pipkbibr 1
:_Res{pﬂia_ 3 PjPk 20k ‘—I—---}dz
k=Tihet k. — 45 2 —4g;

n

2p;pk
=bj D b
k=Tihet qr — 45

and hence

n
2p; — (P +pj
wj=pjRoj— Rij=b; Y bkg
k=T ikt gk — 4q;

n
=Ly kT

. 1 - . (Pjp; +1) — P (P + ;)
w; = = (pipj +1)Roj — pjR1; = b; E by —2 a
277 ! , Qk — 4
k=1;k#j

n "
Pipk — 1
k=Tiket qk — 4qj

By using these equalities, we can rewrite the conditions (2.7) and (2.11),
and get the following fact.

Theorem 4.1 There exists an n-noid X: M = C \{q1, -, @u} — R*!

satisfying (3.3) if and only if there exist nonzero complex numbers by, ..., by
satisfying
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Pk — Dj T
Z by =a; if pip; #1,
k 1. k;é] gk — qj
PrtDj . T
Z bh——" =a; if pip;=1, (4.2)
k 1. k;;é] gk — 45
=t 3wl
i k ey IR
J
(j - 17 . ) n)7
and the degree of g given by (4.1) is n — 1.
In the case when ¢1 =00 # p;j (j =1, ..., n), P(z) and Q(z) are given

by

P(z) :_p1b1+z bibi. :_b1+z

_QJ _QJ

and hence, we must replace w;, wj and w; by the following.
n
wi=b1 Y bi(pk — p1),

k=2
w; = b{blpl Z bpk*pj}

km2:hotj gk — 4qj

w1 =by Zbk(pk +p1),

k=2 n
y Pkt Dj
;= =bi{bio+p) + Y b
k=zkzy kT

wi=b1 Y be(phpr — 1),

k=2
r— 1
w;f b {bl(pjpl — 1 Z bkp]p
4k — g5
k=2;k#j
(j=2,...,n).
By the flux formula, each given data p;, p}, aj (oraj) (j=1,...,n)

must satisfy (3.2). To find an n-noid satisfying (3.3), we have only to solve
(4.2) as an algebraic equation with respect to qi, ..., qn, b1, ..., by, and
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show that P(z)%dz and Q(z)?dz have no common zeroes.
In the case when ¢; # oo, pj # oo (j = 1, ..., n), define the square
matrix A = (ajk)jk=1,..n Dy

: Piok—1
aj; =0 (j=1,...,n), aj ::]7‘ (j #k).
qr — 4qj

In the case when ¢; = 00 # p; (j =1, ..., n), replace the definitions of aj;
and aix by

aj1 3217;-]71—1 (1=2,...,n),

a1k = _(Epk_l) (k:25 7n)
Set q :=(q1, ..., qn), b :=1(b1, ..., by), W := Y(wy, ..., wy), and w* :=
Y(wf, ..., wk). Then it holds that w* = —diag[by, b, b3, by]Ab. Since
bj #0 (j =1, ..., n), the third equalities in (4.2) are equivalent to Ab =

0. Hence, if there exists a maximal map satisfying (4.2), then q satisfies
det A =0, and b € Ker A.
The following lemma is also useful for solving the equation (4.2).

Lemma 4.2 Whenpi;.pj #1foranyj=1,...,n,setV:=(v(p1, p}), ...,
V(pn, Ph)) and V* := (v*(p1, p}), ..., v*(pn, Pl,)). When pipj =1 for some
j = 1,...,n, replace the j-th column v(pj,p;-) of V by 0(pj), the j-th
column v*(pj, p;) of V* by ©*(p;), and the j-th component w; of w by w;,
respectively. Then it holds that

Vw = V*w". (4.3)
Proof. By the residue theorem, it holds that » i, Ro; = > 7_; Ri; =
> j—112j = 0. Hence by taking the sum of (2.11) (or (2.12)) for ¢ = g;
(j=1,...,n), we have (4.3). O

In general, it is difficult to judge whether P(2)?dz and Q(z)%dz have a
common zero or not. We give here two criteria, that are some special cases.

Lemma 4.3 P(z2)2dz and Q(z)%*dz have no common zero if one of the
following conditions holds:

(1) 45 = Pj (J=1,...,n) and 2?2153' #0,

(2) p2=p3=-=pp#p1.
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Proof. (1) When ¢; =pjforallj=1,...,n,

Q=Y P)=2Q() - Y by
j=1 Pj j=1

Now, our assertion is clear.

(2) When p2 =p3 == py # p1,
n
b (p1 — p2)b1
z) = , Plr)=—"""—+ z).
Q(2) ;z_qj (2) = === Q)
Now, our assertion is clear since (p1 — p2)by # 0. ]

Let X be an n-noid given by (4.1) and (4.2). For any data (g,n) as in
(4.1), set
.
Pk — Dj PPk — 1
Wik = —bjbk j, U);fk = —bjbk J
qr — gy qr — gy
Gok=1,...,nj #k).

When (g, 1) satisfies (4.2), we call w;j the relative weight of the end-pair
(g5, qx) (4, k=1, ..., n;j # k) of an n-noid X given by (g, n). In the case
when g1 = 0o #p; (j =1, ..., n), replace the definitions of wj1, w};, wi,
w]; by the following:

*

wjl = —bjb1<p1 —pj>, wﬂ = —bjbl(pi;-pl — 1) (_] = 2, ey n),
wig = bibg(pr — p1),  wi = blbk(ZT’lpk -1) (k=2,...,n).

The values of wjj, are independent of the parameterizations. More precisely,
wji are invariant under the conformal transformations of C and the ori-
entation preserving congruent transformations of R?!'. We can prove this
fact in the same way as [8, Proposition 2.3].

By direct computation, we can show the following relationship between
the arrangement of the ends in the domain and the relative weights (cf. [7]).

q; — qk)\4qe — q
(4; = ar)( m) o Qs Qks Qs Gm 7 OO
WimWie — Wi Whm _ (Qj - QZ)(Qk - Qm) (4 4)

WimWie — WikWem 9t — qdm
4k — dm

for g¢; = oo,
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from which it also follows that

(WjmWie — WieWhm)WikWem (P — Pk)(Pe — Pm)

(WjmWke — WjkWerm)WieWkm (D — Pe)(Dk — Dm)
for pj # p, and  pg # pm. (4.5)

In the case when all the ends are not of the third kind, we can rewrite the
equation (4.2) by using the relative weights:

n
E wjk = aj

k=1;k#j .
k7] . - (G=1,...,n). (4.6)
. P;Pk
Yo owp= Y wip i —— =0
k=Tik#j k=Tkrj Pk TP

5. Symmetry of maximal surfaces

We observe here some natural correspondences between the Weierstrass
data of maximal surfaces in R?>! and that of minimal surfaces in R?. By
using these correspondences, we can find various examples. In this section,
we are free from the assumption in the previous sections that the genus of
a surface is zero and all the ends are simple ends.

Set e :=1(1, 0, 0), e3 := (0, 1, 0) and e3 := (0, 0, 1).

At first, we note here that, for any conformal minimal immersion
X: M — R3 given by

z

'X(z) = Re/ (1— g% V=1(1+g*), 29)n,

20

the condition corresponding to (2.3) is as follows.
Ry=—-R;, Ri=R. (5.1)
It is easy to see that (g, 1) represents a minimal surface in R? satisfying
©(v) € Reg (¥v: aloop in M) (5.2)
if and only if the condition
Ry=Ry=0, Ri=R; (5.3)

holds for any . On the other hand, (g, n) also represents a maximal surface
in R?! satisfying (5.2) if and only if (5.3) holds for any ~. Therefore the



580 T. Imaizumi and S. Kato

Weierstrass data (g, 7) of a minimal surface in R? with (5.2) can be regarded
as that of a maximal surface in R?! also with (5.2). This correspondence
is discussed in [18].

It is also easy to see that (g, n) represents a minimal surface in R3
satisfying

o(7) € Re; + Rey  (Vy: aloop in M) (5.4)
if and only if the condition
Ry=-Ry;, R =0 (5.5)

holds for any . On the other hand, (g, n) also represents a maximal surface
in R>! satisfying (5.4) if and only if the condition

Ro=Rs, R =0 (5.6)

holds for any ~y. Therefore (g, 1) is the Weierstrass data of a minimal surface
in R3 with (5.4) if and only if (g1, m) = (g, v/—1n) is that of a maximal
surface in R>! also with (5.4). By this, we can find a large family of maximal
correspondents to the family of minimal surfaces, which are called of TYPE
IT in [9], [10], [11].

We also see that (g, ) represents a maximal surface in R>! satisfying

©(7) € Re; + Res  (Vy: aloop in M) (5.7)
if and only if the condition
Ry=Ry=Ry=R;, Ri=R; (5.8)

holds for any ~, and that (g, n) is the Weierstrass data of a maximal surface
in R*! with (5.7) if and only if

g VT VI ,
(92 m) = (VI Y o+ V1)

is also. In particular, any branch point of the latter surface, if one exists,
coincides with that of the former surface. The most typical example of this
correspondence can be found between a catenoid of the first kind and a
helicoid of the second kind. In general, this correspondence gives a trans-
formation between two n-noids which trades a simple end of the first kind
with that of the second kind.
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Target space | (a) type of symmetry | (b) necessary and sufficient condition
(5.9) R? w.r.t. the zyzo-plane | gol =1/g, I'n= —g¢2n
(5.10) R>! w.r.t. a point gol=1/g, I'n=—g%n
(5.11) R>! double gol=1/g, I'n=g%n
(5.12) R*! w.r.t. the z1zs-plane | goI =g, I'n =7
Table 5.1.

We can show the following facts about symmetry of minimal or maximal
surfaces, in the same way as the condition for a minimal surface to be a
double cover of a nonorientable minimal surface. Here we call a maximal
surface X(M) C R?! a double surface if there exists an antiholomorphic
involution I: M — M satisfying X(I(z)) = X(2) (z € M) and G(I(2)) =
—G(z) (z€ M\ X).

Proposition 5.1 Let X be a conformal minimal immersion into R3, or a
mazimal map into R>', defined on a Riemann surface M with the Weier-
strass data (g, ). Assume that any nontrivial holomorphic covering trans-
formation group does not act on X. Then, with (a) and (b) as in Ta-
ble 5.1, X has the symmetry of type (a) (up to parallel transformation)
if and only if (g, n) satisfies the condition (b) for some antiholomorphic
involution I: M — M, which satisfies 1?(z) = z and I, = 0.

Each correspondence we considered in the top of this section preserves
some symmetry in Proposition 5.1.

Since the condition (b) is the same for (5.9) and (5.10), we see that, if
a minimal surface with parallel flux is symmetric with respect to the xxo-
plane (or a spacelike plane), then it has a natural correspondent maximal
surface which is symmetric with respect to a point.

On the other hand, (g, n) satisfies (5.9) if and only if (g1,m) = (9, v/—1n)
satisfies (5.11). (g, n) satisfies (5.12) if and only if

(20 m) = (VI Y vn)

satisfies (5.11). Namely, any minimal (resp. maximal) surface whose flux

vectors are arranged on the common (resp. common timelike) plane has a
natural correspondent maximal double surface whose flux vectors are ar-
ranged on the common spacelike (resp. timelike) plane.
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Fig. 5.1.

The helicoid of the second kind is a double surface, which satisfies (5.11)
(cf. [12]). Any maximal correspondent to the Cosin-Ros’ family of strongly
symmetric Alexandrov embedded n-end catenoids (cf. [1]) is also a double
surface (see Fig. 5.1).

Any maximal herisson all of whose ends are of the second or third kind is
also a double surface. As we shall see in § 7, any 3-noid all of whose ends are
of the second or third kind is a double surface (cf. Proposition 7.7). However,
this cannot be expected in general when n > 4, even if the condition (5.7)
holds. For instance, consider the 4-noid given by the following Weierstrass
data:

222+ 24+1)+V=1(z2 - 2+1)
(2 +24+1)+vV-12(:2-2+1)
6(3 +2v/—1) 1 V=1z \2
13 <22—z+1+z2+z+1) dz).
Though this 4-noid has ends of the second kind only, and satisfies the condi-
tion (5.7), it is not a double surface. In any double surface, two single sheets

(9 = (

are bounded by common null curves, which are subsets of the singular set
X(%).

Another typical singularity which appears on a maximal surface is a
conelike singularity, which is a special case of degenerate null curves. The



Fluz of simple ends of mazimal surfaces in R?! 583

Fig. 5.2.

catenoid of the first kind has a conelike singularity with symmetry of type
(5.10). If a maximal surface includes a degenerate null curve, then it is
symmetric with respect to the point where the null curve degenerates (cf.
Theorem 5.4). By applying the correspondence “(g,n) with (5.9)”— “(g,7n)
with (5.10)” to a special case of [6, Example 2.6], we see that the 4-noid
given by

(g, 1) = <23+3z { 322+1) }2 z)

322+1 lz(z2-1

also includes a degenerate null curve. In this surface, two ends with van-
ishing flux are arranged on the degenerate null curve, and the singularity
is not conelike (see Fig. 5.2). It seems that maximal surfaces with conelike
singularities are less abundant than the double surfaces (cf. [13], [4], [15],

[2])-

Here we present some facts for symmetric maximal surfaces.

Proposition 5.2 Let X: M — R?*! be a nonbranched mazimal map with
the Weierstrass data (g, n). If X(M) is a double surface as in Proposi-
tion 5.1 (5.11), then any connected component of the fized point set g of 1
s not a loop.

Proof. Suppose that ¥ is a connected component of ¥¢ and that 3; is a
loop. Let z(¢t) (0 <t < /) be a regular parameterization of ¥;. Then it
holds that
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d o T 29ma)
Z3X3(2(t)) = Re —— ==

By (5.11), we have |g| = 1 on Xy. Moreover, by (5.11) again, we also get

9=y 9GO .0y 9(z(0))P* 020 T

dt dt dt Cdt
and hence

d —29M(1)

— X = —

ZX(a(t) = —

Since X has no branch point and |g| = 1 on ¥, —2¢n has no zero on X,
and hence dX3(z(t))/dt does not change sign. Hence we get

l
d
Xs(a(0) = X(:(0) = [ G Xo(=(0))dt # 0
namely X is not a well-defined map. ]

Proposition 5.3 Let X: M = M\ {q} — R?! be a nonbranched mazimal
map with the Weierstrass data (g, ) which has a simple end at q. If X (M)
is symmetric with respect to a point as in Proposmon 5.1 (5.10), and if q
is included in the fized point set 3o of I: M — M, then the fluz of the end
q vanishes.

Proof. Set R; := R;(q) (=0, 1, 2). By (5.10), we have

_ 1 .
= —?I*n = —(go I)’I"n = —I*(¢g’n),

— 1 * * *
977:—5177:—901-177:—1 (gm),

from which it holds that

Ry=

1
_— = —I*( =—R,,
21/ —1 /7] /y (9°n) = 2’7‘&’\/ / g°n 2

R = =Ry
1= 27TF/gn T /7 “(gm)= 27TF/ gn=—Ru,

where v is a loop surrounding ¢ once from the left. By these equalities
and (2.3), we have Ry = Ry = Ry = 0, which implies w = w(q) = 0 (and
w=w(q) =0). O




Fluz of simple ends of mazimal surfaces in R?! 585

In the case when M = M \ {q1, ..., ¢,} for some compact Riemann
surface M, the conclusion of Proposition 5.2 (resp. 5.3) means that X has
at least one end on each connected component of ¥y (resp. X has no simple
end with nonzero flux on ¥).

Theorem 5.4 Let X: M — R?>! be a nonbranched mazimal map with the

Weierstrass data (g, n).

(1) If X(M) is a double surface as in Proposition 5.1 (5.11) (resp. sym-
metric with respect to a point as in Proposition 5.1 (5.10)), then the
tangent space TyXg of the fized point set ¥o of I: M — M s the
nonzero-eigenspace (resp. zero-eigenspace) with respect to X*(grs) for
any q € Y.

(2) If there exists an open submanifold X1 of the singular set ¥ = {q € M |
lg(q)| = 1} such that the tangent space Ty;¥1 is the nonzero-eigenspace
(resp. zero-eigenspace) with respect to X*(grs) for any q € X4, then
X(U) is a double surface (resp. symmetric with respect to a point) for
some open subset U of M.

Proof. For any coordinate function z on a domain in M, set f(z) :=n/dz.
Then the eigenvalues of X*(grs) = (1 — |g9/?)?|n|®> + 8(Regn)? are (1 —
lg12)?|f1? and (1 — |g]|®)2|f|? + 8|gf|?, and the associated eigenspaces are
spanned by {(Imgf, Regf) and ‘(Regf, —Imgf) respectively. In particu-
lar, for any point on ¥, the eigenvalues are 0 and 8|gf|?. Note here that
8|gf|? # 0 holds at any nonbranched point.

Let z(t) be a regular curve along the fixed point set ¥y of an anti-
holomorphic involution I: M — M. Then, since dz/dt = Iz - dz/dt, the
tangent space T;Xg of ¥ at any nonbranched point ¢ € ¥y is spanned by
‘(1 + Relz,ImIz) or {(Im /5,1 — Relz). Note here that these two vectors
are linear independent, and that

ol
Regf 1+Re£ _Im(f+ fg)
—Imgf Im —
0z
ol
or |\ T gz)
—Imgf 1—Re—

0z
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ol
e Imgf 1+Re£ __Re(f+ fg)
P oI = g g 9z)
REQf Im —
0z
oI
Imgf Im —
0z ol
o1 —Im(gf—gf£>)-
Regf 1—Re—
0z

(1) If X(M) is a double surface (resp. symmetric with respect to a point),
then, by Proposition 5.1 (5.11) (resp. (5.10)), there exists an antiholomor-
phic involution I: M — M such that go I = 1/g, and

(o) o192 =5F (resp. — ) (514)

holds for any coordinate function z. In particular, |g| = 1 holds on X, i.e.
Yo C 2.

Now, by (5.14) and I|y, = idy,, the right-hand-sides of the equalities
in (5.13) vanish on ¥j. Hence any tangent vectors of ¥y at ¢ are paral-
lel to the nonzero-eigenvector (Re gf, —Imgf) (resp. the zero-eigenvector
‘Imgf, Regf)). B
(2) Define I;: C — C by I1(¢) :=1/C.

Set My := {qg € M | dg(g) # 0}. Then g|p,: M; — C is a local
diffeomorphism. Choose and fix ¢q; € ¥; N M; such that g(q;) # oo. Then
there exists a neighborhood Uj of ¢; such that Uy C M, co ¢ g(U1), and
glu, is injective. Set Vi := I1(g(Uy)) N g(Uy). Since ¥; C %, we have
lg(q1)| = 1, and hence V; NS # (. Let V be a connected component of V;
including g(q1), and set U := g~!(V)NU;. Then U is also a neighborhood of
q1, and we can define I: U — U by I := g~ 'ol 0g. I is an antiholomorphic
involution on U, and I|x,ny = ids,nu-

Set z := g|y. Then we can use z as a coordinate function on U. By the
definition of I, we have

1

9(2)

gol(z)= (5.15)
on U.

Suppose that the tangent space T3 is the nonzero-eigenspace (resp.
zero-eigenspace) with respect to X*(grs) for any ¢ € ;. Then the left-
hand-sides of the equalities in (5.13) vanish on ¥; NU, and hence gf - Iz =
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gf (resp. —gf) on ¥y NU. Now, by I|s,nv = ids;nv, we have (5.14) on
X1NU.

Since both (gf) o I - Iz and gf are antiholomorphic on U, and U is
connected, (5.14) holds also on U. By (5.14) and (5.15) on U, we get (5.11)
(resp. (5.10)) (b) on U. O

In (2), if I: U — U can be extended to M, then the assertion holds
also for X (M).
We will use the following criterion in § 7.

Proposition 5.5 Let X be an n-noid of genus 0 defined by (4.1). Let A
be as in § 4. If [pj| = |pjl = lgjl =1 (j = 1, ..., n), a; (or a;) # 0 for
some j, and rank A =n — 1, then X(M) is a double surface.

Proof. Let (q, b) = (Y(q1, ..., qu), (b1, ..., by)) be a solution of the equa-
tion (4.2) realizing the given n-noid X. Then we have

n

T —Pk —DPj
aj:*j:bj Z b =2

k=1;k#£j Qk;_QJ
__V-lpjb; zn: V- pkbkpk;—pg
G iy I U — a5’
G — Z bkpk +Dj
T T —qj
k 1;k#] J
__ V= PJ Zn: V=1 pby pr + p; )
qj kmTihet qk dk — g5
_pipe — 1
B P L
Ry 9k — G5
V-1 z”: V=1 prby, Pipr — 1
Gy lire B BT

Hence, if we define b = (by, ..., by) by b; := V=1pib; /G (j=1,...,n),
then (q, b) is also a solution of (4.2). If rank A = n — 1, then it holds that
b = tb for some t € C, since b, b € Ker A. By the equalities above, we
have t = +1, and we get (b) in Proposition 5.1 (5.11). O

For the behaviors of singularities in a general situation, see [18], [3].
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6. Obstructions for the existence of n-noids of genus zero with
prescribed flux

Denote
v(pj, p;) if |p;| #1 (the first kind)
vj = ¢ V—1v(p;, p;) if |pj| =1 and p; # p} (the second kind)
0(pj) if [pj| = 1 and p; = p; (the third kind).
In the same way as for the Euclidean case, we can show the following fact.
Theorem 6.1 There exists no n-noid X : C \{q1, ..., g} — R>! satis-
fying (3.3), if one of the following conditions holds:
(6.1) pr=pa=--=py,
(6.2) all v; are not null, —vy = -+ = =N = UN41 = -+ = Up, and
N
> =1 a;® # Yy @k’
(6.3) allvj are not null, —vi = —vy =v3 =+ = vy,

(6.4) m =4, vy and vy are not null, —vy = v9, v3 = vy # V1.

Proof. The condition (6.1) implies that the degree of the Gauss map is at
least n. This contradicts the fact that the degree of the Gauss map must
be n — 1.

When all of the flux vectors are parallel and not null, by a suitable
rotation in R%!, we may assume that the given flux data satisfies (5.2)
or (5.4) without loss of generality. In each case, there exists a maximal
surface with the given flux data if and only if there exists a corresponding
minimal surface as in § 5. Since, by [16, Theorem 1], the condition (6.2)
is an obstruction for the existence of such minimal surfaces, it is also an
obstruction for maximal surfaces.

In the case when the condition (6.3) holds, one of the following holds:

(i) Ipjl=L0p;#p G=1...,n),p1=p2=ps=--=pp, p) =ps =
J
Ps =" =Dn.
In each case, it holds that wj, # 0 and wj, = 0 (kK = 3, ..., n). Hence

w] = wjy # 0, i.e. the condition (4.6) cannot be satisfied.
In the case when the condition (6.4) holds, one of the following holds:
(i) || # 1, py = p1, p2 = 1/P1, Py = P2, P3 = pa # p1, P2, and p3 = pl,
(i) |2l =1, P} # p1, p2 = Ph, Py = p1, P3 = pa, P = P,
and one of the following holds:
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P3 #P1, P2i P3 =D, Py # P15 D3 = P2, Py # Ph,
In each case, it holds that wsy = wgz = 0 and wi, = 0 = w3;. By (4.6), we
have

wfg + 'LUT4 =0= 'w;3 + 'LU§4. (65)

On the other hand, by (3.2) and the assumption that v; and vz are linearly
independent, it holds that

a; =az, az+aqg=0.
By (4.6) again, we also have

w12 + w13 + W14 = wo1 + Wo3 + Wa4, W31 + W32 + way + wyo =0,
which implies that

w1z + wig = 0 = waz + was. (6.6)

Since p3 # p1, p2, Or p3 # p1 = Py, Or p3 # pg = pj holds, we have, by (6.5),
(6.6) and bl, bQ 75 0,

1 1 1 1
bs + by =0, bs + by = 0.
q3 —q1 q4 — q1 q3 — q2 q4 — g2
Since b3, by # 0, it must hold that
1 1 1 1

0= —
g3 — 41494 — 42 g4 —q1 493 — G2

(fh - Q2)(Q4 - Q3)
(g3 — Q1)(Q4 - Q1)((J3 —q2)(qa — CI2).

This contradicts the assumption that q1, g2, q3, g4 are different from each
other. ([l

We can also show the following fact, which has no analogue in the
Euclidean case.

Theorem 6.2 There exists no n-noid X: C\ {q1, ..., g} — R?! satis-
fying (3.3), if one of the following conditions holds:

(6.1) Ipol =1 and py # phy = ps =+ = pu,
(6.8) allvj are null, vn41 =+ =vp #v1, ..., N (N <n/2).
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Proof. In the case when the condition (6.7) holds, it holds that w}, = 0
(k=3,...,n). By (4.6) with j = 2, we have w}; = 0. Since we assume
p1 # Py, we have bab; = 0.

In the case when the condition (6.8) holds, it holds that

PN41 =" =Dn F#PL, ---, PN
and |pj]:1,p;-:pj (j=1,...,n),
andhencew;k:O(j,k:N—&—l,...,n). By (4.6) with j =N +1, ..., n,
Wehavezgzlek:O(j:N+l,...,n). Since pj =pny1 #0 (j =N+
1, ..., n), we have
Z bp(pk —pn+1) =0 (J=N+1,...,n).

e 1Qk—

Since by (pr — pn+1) #0 (=1, ..., N), it must hold that

0 :det< )
qk — qj/ j=N+1,..2N:k=1,....N

2N N
1)/2 Hj,j’:N+1;j<j (4 — a5) Hk: k'=1; k<k:’(Qk —q)
HJ =N+1 Hk (@ — q5)

This contradicts the assumption that q1, ..., ¢, are different from each
other. ]

= (e

7. Classification of 3-noids of genus zero

In this section, we solve the equation (4.2) with n = 3, and classify
3-noids of genus zero.

In the case of R?, the space of 3-noids of genus zero essentially consists
of only two 1-parameter families. One is the family of 3-end catenoids which
includes the Jorge-Meeks’ 3-noid. The other is the family of surfaces called
Lopez-Ros’ surfaces, each of which has 2 catenoidal ends and 1 planar end
(cf. [14]).

On the other hand, the space of 3-noids in R*! is more complicated.
Let pj, p;-, a; (or a;) (j =1, 2, 3) be as in Problem 3.1 with the condition
(3.2). Assume that p; # 00 (j =1,2,3). Let v beasin § 6 (j =1, 2, 3),
and denote (vi, vg, v3) := Rv; + Rvg + Rus. Set a; := 0 if |p;| = 1 and
pj = Pj. Recall here that, if |[p;| = 1 and p; # pjj, then v; € NPy (p;) N
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NP_(p;) N Sl In the same way as in (4.6), the equation

3

Pk — Dj .
wj = — Z b;by, - qj_ =a; (j=1,2,3) (7.1)
k=1;k#£j J

is rewritten as Zizl;k# wir = a; (j =1, 2, 3). This is also equivalent to

1
Wi = 5((1].3 +a; — ap)
for (k, 1, m)=1(1,2,3),(2,3,1),(3,1,2). (7.2)
By this equality, we get the following:

Lemma 7.1 There exists no 3-noid X : C \ {q1, q2, @3} — R>! satisfying
w(gqj) = a; (j =1, 2, 3), if the following condition holds:
(7.3) ar =0, ag = ap, for (k,l, m)=(1,2,3) or(2,3,1) or (3, 1, 2).

Proof. By (7.2) and (7.3), we have wgy = wgy,, = 0, from which it must
hold that py = pr = pm, i.e. p1 = p2 = p3. However, by Theorem 6.1 (6.1),
there exists no n-noid satisfying such a condition. ([

In particular, there exists no 3-noid all of whose ends have weight 0.
Note here that, if an end is of the third kind, i.e. its flux vector is null, then
the weight of the end is 0 even when the flux vector does not vanish. By
Theorems 6.1, 6.2 and Lemma 7.1, we have the following:

Theorem 7.2 There exists no 3-noid X: C \ {q1, q2, @3} — R>! satisfy-
ing (3.3), if one of the following conditions hold:
(7.4) V1 = Vg = U3,

(75) —V1 = V2 = VU3,
(7.6) —v; = vy # tus,
(7.7)  £v1 # vy = v3, and ve, v3 are null,
(7.8) w1 is null, and vy, v3 € NPy (p1) UNP_(p1).
(7.9) V1, V2, U3 € NP+(p1),
(7.10) w1 € NPy (p1), and va, v3 € NP_(p1),
(7.11) dim(vl, v2, ’U3> = 3.

Proof. 1f (7.4) or (7.9) (resp. (7.5)) holds, then our assertion follows from
Theorem 6.1 (6.1) (resp. (6.3)) with n = 3.

If (7.6) holds, then, by the assumption (3.2), we have a; = a2, ag = 0.
If (7.7) holds, then, by the assumption (3.2), we have a; = 0. Since vy
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and vs are null, we also have ay = az = 0. If (7.11) holds, then, by the
assumption (3.2), we have a; = ag = ag = 0. Hence our assertion follows
from Lemma 7.1 in each of these cases.

If (7.8) holds, then, since vy is null, we have a; = 0. Since (vy, va, v3)
is a null plane, we also have as = ag or as + ag = 0. If ao = as, then, by
Lemma 7.1, there exists no 3-noid satisfying (3.3). On the other hand, if
az + az = 0, then we have ps = p3 = p1 or p) = py = p1(# p3). Now our
assertion follows from Theorem 6.1 (6.1) or Theorem 6.2 (6.7).

If (7.10) holds, then |p2| = 1, p3 # p4y = p1, and our assertion follows
from Theorem 6.2 with (6.7). O

By Theorem 7.2 with (7.4), (7.5), (7.11), we see that, for any 3-noid of
genus zero, the wv;’s must span a 2-dimmensional vector space, i.e.
dim(vy, va, v3) = 2. We call this space the flux plane of X.

By Theorem 7.2 with (7.7), we see tlgat if p1 # p2 = p3 and ]TgpQ =
phps = 1, then there exists no 3-noid X : C\ {q1, q2, g3} — R*! satisfying
(3.3). Hence, in all other cases, one of the following conditions holds if we
make a suitable change of the indices of the ends:

(7.12) p1 # p2 = p3 and p3ps # 1,

(7.13)  p1 # p2 # p3 # p1-
To solve the equation (4.2) with n = 3, we prepare the following;:

Lemma 7.3 Set (q, b) = (Y(q1, q2, q3), ¢ (b1, b2, b3)).

(1) In the case when (7.12) holds, if (q, b) satisfies (7.1) and w3 = 0, then
(q, b) is a solution of the equation (4.2).

(2) In the case when (7.13) holds, if (q, b) satisfies (7.1), then (q, b) is a
solution of the equation (4.2).

Proof. (1) The 2 x 2 minor determinants of the matrix (v(p1), v(p2)) are

2v=1(p1 —p2)(p1p2 +1), —2(p1 —p2)(p1p2 — 1) and 2/ —1(p1 — p2)(p1 +p2).
By the assumption p; # po, at least one of them does not vanish, and hence

v(p1) and v(pe) are linearly independent.
(1) The case when pip; #1 (j =1, 2, 3).
By the assumption wj = 0 and (4.3), we have

2 3
Zw;fv*(pj, p;) = Zw;v*(pj, p;) =V'w" =Vw=Va=0.
j=1 j=1

Since v*(p1, p}) = (]71]91 —1)"'%(p1) and v*(p2, ph) = (172]72 —1)"'%(pg) are
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linearly independent, we get wj = w3 = 0. Hence (q, b) is a solution of the
equation (4.2). o B

(ii) Ilze case when pip1 =1 and p;pj #1(j=2,3).

Since pip1 = 1, we have w] = pjw1 = pra; = 0. By the assumption wj = 0
and (4.3), we have

(1 = da1)(=0(p1)) + w5v* (p2, Ph)

3
= (w1 — a1)(=v(p1)) + Zw;ﬂ*(pja P)
j=2
3
= (w1 — a1)(—0(p1)) + w10(p1) + >_ wiv(p;, p}) — wiv*(p1)
j=2
3
= ad(p1) + Y ajo(pj, pj) — 0-0*(p1) = 0.
j=2

Since —(p1) = (2p1) "' 0(p1) and v*(pa, ph) = (Pypa —1)"10(pa) are linearly
independent, we get w; — a1 = wj = 0. Hence (q, b) is a solution of the
equation (4.2). o B

(iii) The case when p7’2p2 =1 and pip; # 1 (‘L: 1, 3).

(iv) The case when p;-pj =1(j=1,2) and phps # 1.

We can prove our assertion in the same way as in the second case.

(2) Set V= (v(p1), v(p2), v(p3)). Then we have detV = 4v/—1(p; —
p2)(p2 — p3)(ps — p1) # 0.

(i) The case when pip; #1 (j =1, 2, 3).

By (4.3), we have V*w* = Vw = Va = 0. Since det V* = H?Zl(p?pj -
1)~1det V #£ 0, we get w* = (V*)~10 = 0. Hence (q, b) is a solution of the
equation (4.2). B o

(ii) The case when p;-pj #1(j=1,2) and phps = 1.

Since p4p3 = 1 we have w3 = pgws = p3az = 0. Set

‘/(ﬂi) = (v*(pla pll)a v*(p27 p/2)7 _6(])3))
By (4.3), we have
wi

2
Vin | ws | =D wivt (v, ) + (3 — ) (—0(p3))
w3 — a3 j=1
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I
-M“

w;iv(p;j, P) + w3t (p3) — wid*(p3)

<
I
—_

— (w3 — as)o(ps)

”M“

v(pj, pj) — 00" (p3) + asv(ps) = 0.

Since det V) = H?Zl(p?pj —1)"1(2ps) L det V # 0, we get Hws, wi, w3 —
as) = (V(1)) 10 = 0. Hence (q, b) is a solution of the equation (4.2).

(iii) The case when pip1 # 1 and p;-pj =1(j=2,3).

(iv)  The case when pip; =1 (j =1, 2, 3).

We can prove our assertion in the same way as in the second case. O

Now, let us solve the equation (4.2) with n = 3. In the case when (7.12)
holds, we have the following:

Lemma 7.4 For any flux data satisfying (3.2) and (7.12), there exists a
unique 3-noid X : C\ {q1, q2, @3} — R>! satisfying (3.3) if and only if the
following condition holds:

ax #0, az3#0, and phpy # 1. (7.14)
Proof. In this case, by Lemma 7.3 (1), we have only to consider data (g, 1)
satisfying (7.1) and w; = 0. We may set ¢; =p; (j =1, 2) and ¢3 = (p1 +
pg)/Q. Under this setting, it holds that w1, = —blbg — 2b1b3, W = —blbg,
w3 = —2b1b3, and

2bs3

p2—n
Note here that, by (7.12) and the assumption (3.2), it holds that a; = as +
a3. Then the equation “(7.1) and wj = 07 is rewritten as

{(Php1 — 1)b1 — (Pyps — 1)ba}.

ws =

as — e
biby = —agz, bibz = 5 (php1 — 1)b1 = (phps — 1)ba.
By solving this, we get
—1 Php — 1
b2 = _a2% by = p—f’plibb bs = ﬁbz
php1 — 1 phps — 1 2ay

This solution makes sense if and only if (7.14) holds. By the criterion in
Lemma 4.3 (2), the given surface has no branch points. O
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In the case when (7.13) holds, we have the following:

Lemma 7.5 For any flur data satisfying (3.2) and (7.13), there exists a
unique 3-noid X : C\ {q1, q2, q3} — R>! satisfying (3.3) if and only if both
of the following conditions hold:

ag +ag # apy,  for (k, L, m)=(1,2,3),(2,3,1), (3, 1, 2),(7.15)
D = a12 + a22 + a32 — 2(0,2613 + azai + alag) 7& 0. (7.16)

Proof. In this case, by Lemma 7.3 (2), we have only to consider data (g, n)
satisfying (7.2). We may set ¢; = p; (j = 1, 2, 3). Under this setting, it
holds that wj; = —b;by, and the equation (7.2) is rewritten as

1
brby = —i(ak +ay — am)
fOr (k’ E’ m) = (]'7 2’ 3)7 (27 37 1)’ (37 ]'7 2)'

By solving this, we get

(a1 + a2 — a3)(az + a1 — az)

b12:— ’
2(ag+a3—a1)
b2=a2+a3_a1b1, b3:a2+a3_a1b1.
a3 +a; —az ay +ag —as

This solution makes sense if and only if ay + ay # an, for (k, £, m) =
(1,2, 3),(2,3,1), (3,1, 2). By the criterion in Lemma 4.3 (1), the given
surface have no branch point if and only if

D= —4b1b2l)3(b1 + by + bg)

=a1? + ag® + az? — 2(azaz + azay + ajaz) # 0.
O

Describing the conditions (7.14), (7.15) and (7.16) by using the layout
of the v;’s, we have the following:

Theorem 7.6 For any flux data satisfying (3.2), there exists a unique 3-

noid X: C \ {q1, @2, g3} — R>! satisfying (3.3) if dim(vy, vo, v3) = 2, the

conditions (7.6), (7.7), (7.8) do not hold, a; # 0 for some j, and if one of

the following conditions holds:

(7.17)  (v1, vo, v3) is timelike, and, for any Lorentzian transformation F,
{F(v1), F(v2), F(v3)} does not coincide with any of the following
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sets:
0 sinh ¢ — sinh ¢’
0], 0 , 0 ;
-1 cosh 6 cosh ¢’
-1 cosh cosh 0’
01, 0 , 0
0 sinh @ —sinh ¢’
where 6 and 0’ are positive numbers satisfying cosh(0+6") = cosh 6+
cosh ' + 3,
0 V2 V2 1 -1 1
O,101],(0 , 0]1,107],10 )

1 1 —1 0 V2 V2

(7.18) (v, v, v3) is spacelike,
(7.19) (v1, ve, v3) is null, and vi, vy € NP (pk), vm € NP_(pg)
for (k, £, m) = (1, 2,3) or(2,3,1) or (3, 1, 2),
(7.20)  (v1, ve, v3) is null, and vy, vy, v3 € NP_(p) for some p # p1, p2, p3.

Proof. Note here that, if the assumption of this theorem is satisfied, then
all of the conditions (7.7) (¢ = 4, ..., 11) do not hold, and either (7.12)
or (7.13) must hold. In the former part of this proof, we show that, if
(7.12) (resp. (7.13)) holds, and if (7.14) (resp. (7.15)) does not hold, then
one of the conditions (7.7) (i = 4, ..., 11) holds. Since this contradicts
our assumption, we see that (7.14) or (7.15) must hold, and we can apply
Lemma 7.4 or 7.5. Thereafter, we rewrite the condition (7.16) to a more
concrete form.

First, we consider the case when (7.12) holds. By p1 # p2 = ps, it holds
that vq # va, v3 and “vy = v3 or ve, v3 € NP (p2)U{0(p2)}”. By phps # 1,
v3 is not null.

If ao = 0 and w9 is null, then, since ps = p2 and v3 is not null, we have
v3 € NP4 (p2). Moreover, since p; # p2 and vg # v3, we have v1 € N P_(p3).
This is the case of (7.8).

If ag = 0 and vy is not null, then, since ai1v; + asvs = 0, a1 or ag # 0,
and p; # ps3, we have —v; = v3. If a3 = 0, then, in the same way as above,
we have —v; = wvo. If php; = 1 and |p4| # 1, then, since p} = p3 and
pap1 = 1, we have —v; = v3. These are the case of (7.6).
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If php1 = 1 and |ps| = 1, then p§ = p; implies v3 € NP_(p1). Since
ps = p2 and vs is not null, we also have vs € NPy (p3). If vg = v3, then
vy = v3 € NP_(p1). This is the case of (7.8) or (7.10). If vy # v3, then
v1 € NP(p2). Since p; # pa, we have v1 € NP_(p2) N NPy (p1), and hence
—v1 = v3. This is the case of (7.6).

Hence, if (7.12) and the assumption of this theorem hold, then (7.14)
holds.

Secondly, we consider the case when (7.13) holds. Since the p;’s take
distinct values, the v;’s are also different from each other. Moreover, since
we assume that (7.6) does not hold, all the fv;’s are different from each
other,

Suppose that a; = aa + as. Note here that, if a; € R\ {0} (resp.
v—1R\ {0}), then as, a3 € R (resp. v/—1R). Denote the Lorentzian inner
product by (-, -), and its corresponding norm by || - ||.

If vy is timelike (resp. null), vy and v3 are timelike, and agag # 0, then,
by

—a22 — a32 + 2&2&3(@2, ’03) = ||a2U2 + (131}3”2

=l - arua]]* = (a2 + a5)”
(resp. =|| — av1|]* = 0),
we have (ve, v3) = —1, from which it follows that vo = v3. This is not our

case.
If vy is spacelike (resp. null), v and w3 are spacelike, and agag # 0,
then, by

—a22 — a32 — 20@@3(112, ’U3) = H —V —1a21)2 —V —1a3v3||2
= H\/ —1a1v1H2 = —(CLQ + a3)2
(resp. =|| — é1v1\|2 =0),

we have (v, v3) = 1 from which it follows that ve, v3 € NPy (p) or vy, v3 €
NP_(p) for some p € S!. Since py # p3, we have vo, v3 € NP_(p) for
p # p2, p3. Since vg # vs and a; = ag + az, we have v; € NP, (p) (resp.
v; = 0(p)) and p = p;. This is the case of (7.10) (resp. (7.8)).

If ag = 0 (resp. a3 = 0), then a; = az # 0 (resp. a1 = ag # 0), and
v1 and vs (resp. v1 and v9) are not null. Hence we have —v; = v3 (resp.
—v1 = vg). This is the case of (7.6).

Hence, if (7.13) and the assumption of this theorem hold, then (7.15)
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holds.

Next, let us rewrite the condition (7.16), or its negation D = 0, under
the assumption that the condition (7.15) holds. If (7.15) holds and a; = 0
for some k, then D = (a; — a,,)? # 0, where {k, £, m} = {1, 2, 3}. Hence
we have only to consider the case when a; # 0 for any j.
(i) The case when vj is timelike (j =1, 2, 3).
Let 0; be 1 or —1 such that ojv; € Hi (j = 1,2,3), and 6 the hy-
perbolic distance between o;v; and ojvg. Set cj, := coshfj;, and sj, :=
sinh@;;. Then the Lorentzian inner product of v; and vy is given by
(vj, Vi) = —0jokC)). Since Z?:l ajvj =0, a="(a1, az, a3) is an element of
Ker((vj, v))jr=123 = Ker(—o;jorcjk)jk=123- By changing indices of the
v;’s if necessary, we may assume that the v;’s are arranged so that 0124023 =
013 holds. Under this assumption, it holds that ¢19 = c13co3 — S13523, C23 =
C12€13— 512513, C13 = C12C23+ 512523 and s13 = S12¢23+C12523. By using these
equalities, we have Ker((vj, vi))j k=123 = Rt (0903893, —0103513, 0102512).
Hence D = 0 holds if and only if

2 2 2
0=s12° 4+ 523" + 513° — 2(—0102513523 — 0203512513 + 0103512523)
= D[(D] — 40’10’3),
where we set
Dy := 0103(0102¢12 + 0203¢23 + 0103¢13 + 1)
= (c12 + 0102)(c23 + 0203) + S12523.

Note here that cj; > 1 and sj;, > 0 holds for any j # k under our assump-
tion. Then we see that, if 01 = 09 = 03, then Dy > 4 = 40103 > 0. We

also see that, if —oqy = 09 = 03 or 01 = 09 = —o3, then D; > 0 > —4 =
40103. On the other hand, we see that, if 01 = —09 = o3, then Dy > 0,
but 40103 = 4 > 0. Hence D = 0 holds if and only if 01 = —09 = 03

and D; = 4, i.e. c13 = c12 + co3 + 3. Z?:l a;v; = 0 is satisfied only if
F(Ul) = t(Slg, 0, 012), F(’Ug) = t(O, 0, —1), F(’Ug) = t(—823, 0, 623), hold for
some Lorentzian transformation F'.

(ii) The case when v; is spacelike (j =1, 2, 3), and (vi, va, v3) is a time-
like plane.

In this case, we also get the quite similar conclusion by the quite similar
calculation as in (i). This fact is shown also by using the correspondence

(g, m) < (92, m2) given in § 5.
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(i) The case when v; is spacelike (j = 1, 2, 3), and (vi, v, v3) is a space-
like plane.

Let 0, be the angle between v; and vy, chosen to satisfy 012 + 023 = 013.
Set c¢j, := costj; and sj; := sinf;;. Then the Lorentzian inner prod-
uct of v; and vy is given by (vj, vi) = cji. By the choice above, we
have c12 = c13co3 + 813823, C23 = C12C13 + S12513, C13 = C12C23 — 512523
and $13 = s12¢23 + C12823. By the same reason as in the case (i), a =
t(al, az, ag) € Ker((vj, ’Uk))j’k:LQ’g = Kel"(cjk)j,k:LQ’g. In this case, we
have Ker((vj, Uk))j,k:1,2,3 = Rt(Sgg, —S513, 812). Hence D = 0 holds if and
only if

0= 5197 + 5237 + 513° — 2(—513523 — 512513 + 512523)
=—Dy1(Drr —4),

where we set

0 ) 0
Diri=cia+cos+czs+1= 4cos$c0s%cos #

However, since —1 < cos(f;;/2) < 1 and cos(6;/2) # 0 for any j # k under
our assumption, we have Dj; < 4 and Dy # 0. Hence we get D # 0.

(iv)  The case when v; is spacelike (j =1, 2, 3), and (vi, v2, v3) s a null
plane.

Since we assume that the p;’s take distinct values and that (7.15) holds, we
have only to consider the case of (7.20). In this case, since a1 +ag +ag = 0,
we have

D= a12 + a22 + (—a1 — a2)2

—2{a1a2 + az(—a1 — az) + (—a1 — az)ar}
= 4((112 + airag + a22) #0.
(v) The case when vy is timelike, and vy, v3 are spacelike.
Note here that D = {a1? + (a2 — a3)?} — 2a1 (a2 + a3). Since a;? + (az — a3)?
is real and a1(ag + a3) is purely imaginary, D = 0 holds if and only if a;? +
(a2 — a3)? = 0 and a;(as + az) = 0. Since a; # 0, D = 0 is equivalent to

ap:ag:az==42v—-1:1:(=1)=42:(—/—1): /1.

Z?:l a;jv; = 0 is satisfied only if F(v) = (0, 0, £1), F(v2) = 1(v/2, 0, 1),
F(v3) = %(v/2, 0, —1) hold for some Lorentzian transformation F. Now, if
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d | directions of flux flux plane | additional conditions Does X exist? | cf.
1| v =vr =vm No (7.4)
—Vp = Vg = U No (7.5)
—vk = V¢ # £um No (7.6)
+vg # v = vypinull No (7.7)
Clm = Cke + Com + 3 No(branched)
timelike gt ae:am=2y/—1:1:(—1) No(branched) | (7.17)
otherwise Yes
2 spacelike Yes (7.18)
otherwise v;mull (35) No (7.8)
Uk, Vg, Um € NPy (pr) No (7.9)
null vk, V¢ € NPy (pr), vm € NP_(pk) Yes (7.19)
vr € NPy (pr), ve, vm € NP_(p) No (7.10)
Uk, Ve, Um € NP_(p), p # Pk, Pe, Pm | Yes (7.20)
3 No (7.11)
Table 7.1.

we transpose vo and vs, then £ are interchanged. Hence these two obstruc-
tions are essentially the same as each other.

(vi) The case when vy is spacelike, and ve, vs are timelike.

In this case, we also get the quite similar conclusion by the quite similar
calculation as in (v). This fact is shown also by using the correspondence

(g, m) < (92, n2) given in § 5. O

Theorems 7.2 and 7.6 complete the classification of 3-noids of genus
zero in R?1.
We can show the following fact about the symmetry of 3-noids:

Proposition 7.7 Let X: M = C \ {q1, g2, g3} — R>! be a 3-noid all of
whose ends are of the second or third kind. Then X (M) is a double surface.

Proof. Let A be the matrix as in § 4. Since all the v;’s are spacelike or
null, [p;| = |pi| = 1 for any j. In the case when (7.12) holds, by p2 = p3 and
pigpg # 1, we have %pg =% 1. Moreover, by p1 # p3, we also have pi’Zpl #1
or ]T’ng # 1. Hence we get rank A = 2 = 3 — 1. On the other hand, in
the case when (7.13) holds, by py # pe, we have p/ pp # 1 or pl,p; # 1 for
(k, ¢, m) = (1, 2,3),(2,3,1), (3, 1, 2). Hence we get rank A =2=3—1
also in this case. Since n = 3, we may choose g;’s so that |¢;| = 1 for any j.
Therefore, by Proposition 5.5, we get our assertion. O

In the remainder of this section, let us remark on the case when some
end is of order 1. Let X: C\ {q1, ¢2, g3} — R?*! be a maximal map all
of whose ends are simple ends. By the consideration in § 4, the number
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Fig. 7.1.

of the ends of order 1 must be even, if X has no branch point. Hence, if
n = 3, then all the ends are of order 2 or two ends are of order 1. Here
we consider the latter case. In this case, the degree of the Gauss map must
be 3 —1—2/2 =1, and hence X must be a maximal herrison, which we
have already considered in § 3. Let ¢; and g2 be of order 1, and g3 of order
2. Then, by Proposition 2.2, v; and vy is null and both &; and dy do not
vanish. Moreover, since the degree of the Gauss map is 1, p; # p2 and hence
v1 # vy. Therefore vs cannot be null, by the flux formula.

Conversely, if the given data satisfies these conditions, then, by Theo-
rem 3.2, we have the following;:

Proposition 7.8 Given limiting normals v; and values a; (or a;), there
exists a corresponding nonbranched maximal herisson X : C\{ql, q2, q3} —
R2! satisfying (3.3), if dim(vy, vo, v3) = 2, az # 0, and if the following
condition holds:

(7.21) (v1, va, v3) is timelike, vi, vy are null, and vs is not null.

We present here figures of two 3-noids with the same flux data. One
has two ends of order 1 (Fig. 7.1). The other has ends of order 2 only (Fig.
7.2).

8. General existence of 4-noids of genus zero with prescribed
flux

In this section, we show that there exists a nonbranched 4-noid for a
generic flux data. Let p;, p}, a; (or ;) (j =1, 2, 3, 4) be as in Problem 3.1

with the condition (3.2), and V, V*, w, w* as in § 4. When p/p; # 1 for
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Fig. 7.2.

j=1,2,3, 4, set a:=!(ay, as, ag, as). When p?pj = 1 for some j, replace

the j-th component a; of a by a;. Let A be the matrix as in § 4 with n = 4

and g1 =00 #p;j (j=1,2,3,4), and A the cofactor matrix of A. Let vj be

asin §6 (j=1,2,3,4). We fix ¢ = 00, q2, g3 € C (g2 # q3), and regard

each component of w, w*, 4 and A as a function with respect to gs. We

keep these assumptions throughout this section unless otherwise stated.
To solve the equation (4.2) with n = 4, we prepare the following:

Lemma 8.1 Assume that dim(vk, vy, vm) = 3 for some distinct k, £, m €

{17 27 37 4}7 q4 7é QJ (] = 17 27 3)7 and a 7é 0. If (q7 b) = (t(CIh q2, 43, Q4)7
t(by, by, b3, by)) satisfies w* = 0 and w # 0, then there exists a nonzero
complex number t satisfying tw = a.

Proof. By (3.2), we have Va = 0, namely a € Ker V. On the other hand,
by our assumption and (4.3), we also have Vw = V*w* = V*0 = 0, namely
w € Ker V. Since rank V = 3, we have dimKer V = 4 — 3 = 1. Therefore,
if w # 0, then w spans Ker V', from which we get our assertion. O

In general, the following holds:

Lemma 8.2 Let B be an n X n matriz. If rank B =1, and if bjs;) # 0
(j=1,...,n) for some o € Sy, then bj, #0 for any j, k € {1, ..., n}.

Proof. Since rank B = 1, any two columns of B are proportional to each
other. Hence, for any j, k, it holds that bjrb,-1(1)o(j) = bjo(j)bo—1(k)k =
bjo(nbo1(k)o(o-1 (k) # 0- =

By using Lemma 8.2, we get the following:
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Lemma 8.3 Assume
dim(vg, v, vm) =3 for any distinct k, £, m € {1, 2, 3, 4}, (8.1)

and qs # ¢; (j =1,2,3). Ifdet A =0, then rank A = 3, rank A = 1, and
aj # 0 holds for any j, k € {1, 2, 3, 4}.

Proof. dim(va, vs, v4) = 3 is equivalent to

—(p2 + ph) —(ps + ph) —(pa + 1))
0# |V—1(p2 —ph) V—1(ps —ps) V—1(ps—21})
Phpa + 1 php3 + 1 pyps +1

= —2v—1{(Pyphps + 1)) (P2 — p3)
+ (Pspip2 + Ph) (p3 — pa) + (Phphps + ) (pa — p2)}
=2v—1(q2 — ¢3)(q3 — qa)(qa — q2)an.

Hence we have a1 # 0, rank A > 1, and rank A > 3. In the same way, we
can show a;; # 0 also for j = 2, 3, 4.

Since we assume det A = 0, we have rank A = 3, and hence dim Ker A =
4—1=3. Since AA =det A-E =0-E = O, each column vector of A4 is an
element of KerA. Hence rankA = 1. Now, by Lemma 8.2, we have ajr # 0
V7, k). O

We also prepare the following;:

Lemma 8.4 Assume that the condition (8.1) holds, and q1 # q; (j =
1,2,3). Ifw*=0,w=0, and b; #0 (j =1, 2, 3, 4), then it holds that

(p1 — p2)(p3 — pa) _ or e
(pl - p3)(p2 - p4) =G CG (8'2>

and

(1 —@)(@3—q1) \B—@ — .
(((h —q3)(q2 — q4) _) @ —q S C6 (8.3)

where (g 1= 2V =1/6,

Proof. Recall here that w is defined by replacing w; by w; when ;;pj =1.
By the assumption, it holds that w; = Zizl;k# wp; =0 (7 =1,2,3,4),
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from which it follows that
Wiz = W34, W13 = W24, Wi4 = W23. (8.4)

Suppose that p; = py for some distinct j, k € {1, 2, 3, 4}. For instance, if
p1 = p2, then, by (8.4L we have w3y = wiz = 0, which implies ps = p4.
When pip1 # 1 (resp. pip1 = 1), by w; =0 (resp. w; = 0) and wj = 0, we
have

(3 — p1)b1(bs +bg) =0

(resp. 2p1biba + (p3 + p1)b1(b3 + bs) = 0)
(Pip1 — 1)b1ba + (pips — 1)b1(bg + bg) = 0.

This and b1by # 0 imply ps = p1, and we get p;1 = ps = p3 = ps. However
this contradicts (8.1). Hence the p;’s must be different from each other, i.e.

Dlogs = (p1 — p2)(p3 — p4)
"~ (p1—p3)(p2 — pa)

under our assumption.
In the case when pip; # 1, set

#0,1, c0

_ Phpe—1
Pk — D1
Then wi, = Fipwii (k =2, 3, 4). Note here that

Fyy,

—(Pyp1 — 1) (px — po)
(P — p1)(Pe — P1)

holds now. By w; = wis + wis + w4 = 0 and w{ = Fwio + Fiswis +
F14w14 = O, we have

Fig — Fip = 5&0 (k7£:2a3747k7£€)

wie  Fi3— Fig
wyz  Fig— Fio

= —D1234.

By this equality, (4.5), (8.4), and wi4 = —wi2 — w13, we have

(wigwas — wiswag)wiowss  (wi4? 2

P1234 = = — w132)w12
(wiawa3 — wigwss)wizwas (w142 — wi2?)wi3?
_ (%)3 (wiz/wiz) +2 (= praga)? 212 +2

wiz/ 2(wig/wiz) +1 —2p1o3a + 1
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from which we get the equation

p1234(P123a — 1) (p1234° — p1aza +1) = 0.
Since pioss # 0, 1, we get (8.2). Now, by

((Q1 —q2)(q3 — q4) :) 43— qa _ o w13Wa4
(1—®B)e—au) /e—aq Wi2W34
w132 1
=prasa——— = ,
w12 P1234

we also get (8.3). B
In the case when pip; =1, set

Fip _Bth (k=2,3,4).
Pk — D1
Then, by
. . —9 _
Flk_FIZ: <pk pe) #O (k7€:213a47k7££)7

(pr — p1)(Pe — P1)

w1 = wio + wig +wig = 0 and w1 = F12’LU12 + F13w13 + F14w14 = 0, we can
derive the same conclusion (8.2) and (8.3). O

The condition (8.2) means that the arrangement of the p;’s is “confor-
mal” with that of the vertices of a regular tetrahedron.
Now, for any nonnegative integer ni, no such that ni; + ng = 4, set

O _ / / ! / 8
Forme = {2 = (21, 21, 22, 25, 23, 25, 24, 24) € C° |

zi=z (j=1,...,m), x| = |2k =1 (k=n1+1,...,4)}
(= C™ x (Sh)*=).

We regard Fy,, n, as a set of parameters

P= (p17 ]717 D2, g, D3, ]7&’ D4, IZ)v

a collection of the directions of flux of 4-noids with n; (resp. na) ends of the
first (resp. second) or third kind. Note here that the ratio of components of
a is uniquely determined by p when dim(vi, ve, v3, v4) = 3. Hence Fy,, p,
can be regarded also as a parameter space of flux data of 4-noids with
dim(vy, ve, vs, v4) = 3.
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Recall here that we fix ¢ = 00, g2, g3 € C (g2 # ¢3). Set q := g4, and

Folq) :==det A+ (g2 — g3)*(q — 42)*(q — 3)*.

Then Fy(q) is a polynomial with respect to ¢ whose degree is at most 4,
and whose coefficients are polynomials with respect to p (and fixed g2, ¢3).

Lemma 8.5 Assume
Then the degree of Fp(q) ts 4, and Fp(g;) #0 (j =2, 3).

Proof. By direct computation, we have

the top term of Fy(q) = (p\ps — 1)(php1 — 1)(phps — 1) (Pyp2 — 1)g",

Fy(a2) = (Phps — 1) (psp1 — 1) (Phpa — 1) (Dyp2 — 1) (a2 — a3)?,
Fp(g3) = (pyp2 — 1) (php1 — 1) (Phpa — 1) (Phps — 1) (a2 — ¢3).
Hence we get our assertion. ]
Set

4
Pue) =TI, g1 2,000 Pl + 7)o =) .
=1

J:
Fy(p) := (p1 — p2)*(p3 — p4)* — (p1 — p2)(p3 — 1) (p1 — P3) (p2 — pa)
+(p1 — p3)*(p2 — pa)*,
Fy(p):==[[Wjpr — 1)
jk
Fi(p) # 0 (resp. F»(p) = 0, F5(p) # 0) is satisfied if and only if the
condition (8.1) (resp. (8.2), (8.5)) holds.
Let p be an element of F,,, n, satisfying Fi(p) #0 (i =1, 2, 3).
Since F3(p) # 0, by Lemma 8.5, F,(¢) = 0 is an equation of degree
4. Let ¢ be a solution of F(¢) = 0. By Lemma 8.5 again, we see that
q # q2, q3. Hence we have det A(q) = 0. )
Let b(q) = Y(b1(q), ba(q), b3(q), ba(q)) be the first column vector of A(q)
multiplied by (g2—¢3)?(¢—q2)*(¢—g3)*. Then all the b;(q)’s are polynomials
with respect to p and ¢ (and g2, g3). Since Fi(p) # 0, all components of

A(q) do not vanish, and hence b;(q) # 0 (j = 1, 2, 3, 4). Note here that
A(g)b(q) = 0 implies w*(q) = —diag[bi(q), ba(q), b3(q), ba(q)]A(g)b(q) =
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0.

Since Fy(p) # 0, by Lemma 8.4, we have w(q) # 0. Hence, by
Lemma 8.1, there exists a nonzero complex number ¢(q) satisfying ¢(q)w(q)
=a, and (q, b) = (q, v/t(q)b(q)) satisfies (4.2).

Define P(z) and Q(z) as in § 4 with this (q, b). Let Gp(q) be the
resultant of P(z) and Q(z), Hp(q) the remainder of the integral quotient of
Gp(q)'?, the twelfth power of Gp(q), by Fp(q). Then Hp(g) is a polynomial
with respect to ¢ whose degree is at most 3. Let Hy(p) be its coefficients
of the term of degree d (d =0, 1, 2, 3). Hy(p)’s are rational functions with
respect to p (and fixed g2, ¢3).

If Hy(p) # 0 for some d, then, for at least one solution ¢ of Fy(g), the
degree of g(z) = P(z)/Q(z) is 3, i.e. the maximal map given by (4.1) has
no branch points, and hence we get a desired solution of Problem 3.1.

In the same way as in [9], we have the following lemma.

Lemma 8.6 If there exists a nonbranched 4-noid whose flux data is given
by one particular element p € Fy, n,, then for almost all other elements
P € Fny ny, there exists a nonbranched 4-noid realizing p as its flux data.

Proof. 1If there exists a nonbranched 4-noid whose flux data is given by
an element p € F,, n,, then Hy # 0 on C?8 for some d = 0, 1, 2, 3. Since
Frims = C™ x (S1)22 it also holds on F,, p,. Indeed, Hyo ¢t is a non-
constant meromorphic function on C™ x R?"2, where ¢ is a local coordinate
function on F,,, ,, given by

gp(z) = (217 sy Rnpy QDO(ZTllJrl)a SOO(Z;LH-I)? cees ‘100(24)7 QDO(ZAII))v

1—2z _ V-1—2z
wo(z) :== \/—7114_27 0o 1(3:) = m

Hence the subset

/
fnlynQ

={p € Fnim | Fi(p) #0 forany i=1,2,3,
Hy(p) #0 forsome d=0,1,2,3.}

is open and dense in F,, n,. By the consideration before this lemma, there
exists at least one 4-noid which is a solution of Problem 3.1 for any p €
F, O

ni,n2°

Now, we present examples of nonbranched 4-noids, i.e. sampling points
for Hy(p) # 0 for some d, for each pair (ni, na).
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Example 8.7 Let ¢1, @2, v3, ¢4 be nonzero null vectors in R?! such that
Z?:l ¢; = 0. By a suitable Lorentzian transformation, they can be trans-
formed to av(1), av(—1), —av(¢), —av(—C) for some ¢ € S!. If this col-
lection is realized as the flux vectors of some 4-noid, then, by Theorem 6.2

(6.8), ¢ # +1.
Now, solving the equation (4.2) with

pr=pi =1 pr=ph=-1 p3=ps=(, ps=p)=—C (8.6)
alzagzd,a3:a4:—d,d7€0, ’
we get the following solution
=1 @=-1¢=q¢ @u=—q
g — ¢ 2_1 8.7
b= by = L)y oy, D=L &7
q+¢ 2¢(q - ¢)
where ¢ is an arbitrary solution of the equation
F(g):=(¢" = 1)* = 4¢q(q — O)* = 0. (8.8)

By det A(q) = 0, we also have another equation (¢> — 1)? — 4q(q — ¢)? =
0. However, for any solution ¢ of this equation, ¢g~! is a solution of (8.8),
and C\{l, —1, g7, —¢~ '} is conformally equivalent to C\{l, -1, q, —q}.
Hence we have only to consider the equation (8.8) to classify the solutions
of (4.2) with (8.6).

For any solution ¢ of (8.8), it is clear that ¢ # 0. Moreover, by ¢ # +1,
we see that ¢ # +1, ¢, and hence by, bg # 0.

Now, g(z) is given by

(2) = b+ b3C@)2® = (brg + bs)g
T = +03)2% — (b1g? + b3)}

Since ¢ # 0 and

(b1 + b3Cq) (b1g® + bs) — (brq + b3C)q(by + bs)
= ¢(q = {)(q® — 1)bibg # 0,

deg g < 2 holds only if by + b3 = 0 or b1q + bs( = 0. However, both of these
equalities do not hold in our case. Indeed, by (8.8), we have

bs ¢ -1 29(¢— ()

b 20(q—0) > —1"
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from which it follows that

b1+b3:b1(1+b—3)

b1
21 —b
(70 S S L (2 —20q+1),
Mg g Eery
n{1- 20 = )

Hence, if by 4+ b3 = 0 holds, then we have ¢> —2(¢+1=0=¢> —2(q + 1,
which implies 2¢(¢? — 1)g = 0. This is not our case. In the same way, we
can show that b;q + b3( = 0 also does not hold.

Hence, for any ¢ € S!\ {£1}, the solution (8.7) gives the Weierstrass
data of nonbranched 4-noids satisfying (3.3) with (8.6).

Since

Flg) = (g~ OF(a) = 3(¢* ~ ala - 0,

the equation (8.8) has no multiple root, and hence we get 4 distinct solutions
for any ¢ € S!\ {#1}. These solutions are essentially different from each
other, since wiy = —a(q — ¢)/(q + () takes different values. This completes
the classification of 4-noids all of whose ends are of the third kind.

Since each data p given by (8.6) is an element of F,,, ,, for any ni, no
such that n; 4+ no = 4, by Lemma 8.6, we conclude the following:

Theorem 8.8 For generic flux data satisfying (3.2) with n = 4, there
exists a corresponding nonbranched 4-noid X : C\ {q1, q2, 3, ¢4} — R>!
satisfying (3.3).
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