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Abstract. Let V be a finite dimensional vector space over the complex number field
C. Suppose that, by the adjoint action, a reductive subgroup G of GL(V) acts on a
subspace L of End(V) and a closed subgroup G of G acts on a subspace L of L. In this
paper, we give a sufficient condition on the inclusion (G, L) < (G, L) for which the orbits
correspondence L/G — L/G (O — O := Ad(G) - O) is injective. Moreover we show that
the ring C[L] of G-invariants on L is the integral closure of C[L]%|, in its quotient field.
Then, if the ring C[i]é|L is normal, the restriction map rest: (C[UC'v — C[LIC (f— flr)
is surjective. By using this, we give some examples for which L/G — I:/é’ is injective
and rest: (C[i]é — C[L]€ is surjective.

Key words: inclusion theorem between sets of orbits, the restriction map of rings of

invariants.

0. Introduction

Let V be a finite dimensional vector space over the complex number
field C and o: End(V) — End(V) a C-linear anti-automorphism of the
associative algebra. Let G be a subgroup of GL(V) such that o(G) = G
and 02|45 = ids. Suppose that G acts on a o-stable subspace L of End(V)

by the adjoint action. Define a subgroup G of G and a subspace L of L by
Gi={geGlalg)=g"}, L:={XeLl|o(X)=aX},

where o« € C*. Then the group G also acts on L by the adjoint action. The

following are examples of such situation (G, L) < (G, L).

(1) Put G = GL(V), L = gl(V), 0(X) ='X and @ = —1. Then G =
O(V) and L = o(V).

(2) PutV=Cm G={(% %) 91 € GLm, ©), 2 € GL(n, O)},

L=1{(%4)] A€ Matmxn(C),B € Matyxm(C)}, o(X) = X and
a= —1.
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Then G = O(m, C) x O(n,C)and L ={X € L | o(X) = —X} (L
is the —1-eigenspace of the symmetric pair (O(m + n, C), O(m, C) x
O(n, €))).

(8) PutV=Cmm G={(% 5 ) 91 € GL(m, ©), g2 € GL(n, O)},

L= {(1% 4y A € Matyxn(C), B € Matyxm(C)},

0
J— ( R )
0 1,5 O

o(X)=J"XJ and a = —/—1. Then

G=0(m,C)x Sp(n,C)and L ={X € L |o(X) =—v/—1X}

(L is the \/—1-eigenspace of the Zj-graded Lie algebra defined by

(9l(V), —0)). o
These examples (G, L) — (G, L) can be seen as inclusions of Z,-graded Lie
algebras. For these examples, it is known that the inclusions N(L)/G —
N(L)/G (O — Ad(G) - O) of nilpotent orbits holds, and as a consequence,
nilpotent G-orbits in L are classified by Young diagrams or ab-diagrams (see
for example [He], [02], [KP]). We can show that the inclusions of orbits hold
not only for nilpotent orbits, but also for general orbits (i.e., L/G — L/G).
In this paper, we show that the inclusion L/G < L/G hold for more general
situations (Theorem 1).

We are going to explain the contents of this paper briefly. In §1, we give
a sufficient condition for which the inclusion L/G < L/G holds. In §2, we
study the relationship between the rings C[L]“ and C[L]“|;, (restrictions of
G-invariants on L to L). Suppose that the inclusion L/G < L/G holds and
that closed G-orbits are mapped to closed G-orbits by this correspondence.
Then the correspondence of closed orbits L& /G — L& /G is identified
with the morphism Spec(C[L]%) — Spec(C[L]%) defined by the restriction
map rest: C[L]¢ — C[L]E (f — f|1). Since LE/G is a subset of L& @,
it is wishful that functions on L¢!/G extend to those on L& /G and the
restriction map rest: C[L]® — C[L]® becomes surjective. We show that
rest is surjective under the assumption of Theorem 1 and the condition
that the ring C[L]%|, is normal (Theorem 12).

In §3, §4 and §5, we give some examples of inclusions (G, L) — (G, L)
for which L/G < L/G and C[L]%|;, = C[L]“ hold. In particular, in §4, we
show that FFT for O(n, C) and Sp(n, C) can be proved by using FFT for
GL(n, C) and Theorem 12, under some restriction on the size of matrices.

We mention that the results of this paper can be applied to the classical
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Zp,-graded Lie algebras to obtain classification of orbits and determination
of rings of invariants. These applications will be treated in the forthcoming
paper [O3].

1. Inclusion theorem between sets of orbits
The following theorem is a generalization of [O1, Proposition 4].

Theorem 1 Let V be a finite dimensional vector space over the complex

number field C and o: End(V) — End(V) a C-linear anti-automorphism

of the associative algebra. Let G be a subgroup of GL(V) such that

(a) (G)c N GL(V) = G, where (G)¢c denotes the subspace of End(V)
spanned by G.

(b) o(G) =G and o?|; = idg.

Let L be an Ad(G)-stable and o-stable subspace of End(V), and o an el-

ement of GL(L) such that a(Ad(9)X) = Ad(g)a(X) for any g € G and

X €L (ie, a € ZGL(i)(AdE(é)))' Define the subgroup G == {g € G |

o(9) = g '} of G and the subspace L == {X € L | o(X) = a(X)}. Then

the correspondence L/G — L/G, O — O := Ad(G) - O of adjoint orbits is

mjective.

Proof. Suppose that two elements X, Y € L are conjugate by an element
g € G; Y = gXg'. It is sufficient to show that X and Y are conjugate
under G.

Since

=a"(a(9)"o(X)o(g))

we have 0(g)gX = Xo(g)g and hence h := g lo(9)~! = (0(g9)g)~ ! €
Z&(X). Since h is invertible, there exsits a polynomial f(T') € C[T] of a
variable T' such that h = f(h)? by Lemma 2 below. Then we see

o(h)=0a(g 'a(g)™") = (c*(9) 'olg) " =g o(g) = h,
o(f(h)=f(h), g lo(g)™' =h=f(h)?*= f(h)o(f(h)),

and

1=g(g~"alg) alg) = gf (Mo (f(h)a(g) = gf (h)a(gf(h).
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Hence we have o(gf(h)) = (gf(h))~". Since f(h) € G by condition (a), we
have gf(h) € G. Since h € Z5(X), we also have f(h) € Zz(X). Then by

Y =gXg ' =gf(MXf(h) g™ = gf(M)X(gf(h) ",
X and Y are conjugate under gf(h) € G. O
The next lemma easily follows from the Chinese remainder theorem.

Lemma 2 For any invertible element h € End(V'), there exsits a polyno-
mial f(T) € C[T] such that h = f(h)>.

Remark 3 (1) Let (, ) be a non-degenerate bilinear form on V and
0(X) = X* the adjoint of an element X € End(V'). Then clearly o: End(V)
— End(V) is a C-linear anti-automorphism of the associative algebra.
Conversely, if 0: End(V) — End(V) is a C-linear anti-automorphism
of the associative algebra, we can easily show that there exsists a non-
degenerate bilinear form ( , ) on V for which the adjoint with respect to
(, ) coinsides with o.
(2) In Theorem 1, of course o € GL(L) can be choosen as a non-zero scalar
multiplication; a: L — L, a(X) = aX (a € C*). The author cannot find
meaningful example for which « is not a scalar multiplication. The examples
in §4 and §5 are all the cases where « are non-zero scalar multiplications.

By Theorem 1, L/G < L/G holds for the three examples in Introduction.

2. Invariant theory related to the inclusion theorem

(2.1) Preliminaries from invariant theory

Suppose a reductive group G acts on an affine variety X. We denote
by C[X]¢ the subring of the coordinate ring C[X] consisting of G-invariant
functions and call C[X]“ the ring of G-invariants. Since C[X]“ is finitely
generated by Hilbert’s theorem, we can consider the affine variety X//G :=
Spec(C[X]%). Tt is known that X//G is the categorical quotient of X under
the action of Gi. The morphism (g x): X — X//G defined by the inclusion
C[X]% < C[X] is called the affine quotient map under G. Clearly (G, X)
maps any G-orbit of X to a point of X//G.

Theorem 4 (See [PV, Thorem 4.6 and Corollary to Theorem 4.7] for ex-
ample) 7 x): X — X//G is surjective and any fibre of 7 x) contains
exactly one closed G-orbit.
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For a G-stable subset Y of X, we denote by Y/G the set-theoretical quo-
tient, that is, the set of G-orbits in Y. We denote by X the set of points
xz € X for which the orbit G -z is closed in X. The map 7 x) defines a
map T(g x): X/G — X//G and the restriction T(g x)| xc-c1 /¢ X6/,
X//G is bijective by Theorem 4. Hence we can identify X//G with the set
XG¢l/G of closed G-orbits in X.

Next, we consider the following situation. Suppose a reductive group
G acts on an affine variety X and a reductive closed subgroup G of G acts
on a closed subvariety X of X. We denote such a situation by (G, X) —
(G, X). For an orbit O € X/G, we denote by O := G- O € X/G the
G-orbit generated by ©. We also denote by O the unique closed G-orbit
in the closure @. Thus we obtain a map

XG—cl/G - Xé—cl/a O @@—cl'

Proposition 5 Let r: X//G — X//G be the morphism defined by the
restriction map rest: (C[f(]é — C[X]9, f ~ flx. Then by the above identi-
fication X/ /G = X 9/G and X /)G = Xé'd/é, the morphism r coincides
with the map O — OG-l

Remark 6 Let us consider the correspondence
X/G—-X/G, 0—0:=G-0.

Suppose that any closed G-orbit in X is mapped, by this correspondence,
to a closed G-orbit in X. Then the morphism r: X//G — X //G coincides
with the natural correspondence

XdG - f(é_d/é, O—0:=G. 0.

In particular, if this correspondence is injective, so is 7.

Let us give a geometric interpretation of the ring C[X]%|x (the image
of rest: C[X]¢ — C[X]%).

Proposition 7 Suppose that a reductive algebraic group G acts on an
affine variety X and that X is a closed subvariety of X.

(i) Let us consider the é—stablp subvariety N := G- X of X. Then the
restriction map rest: C[X]¢ — C[N|%, f — f|n is surjective.
(ii) From (i), we obtain a ring homomorphism C[N]® — C[X]%|x, f —
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flx. This is an isomorphism. In paticular, we obtain Spec(C[X]%x)

~ N//G. ) o )
(iii) Let 7 = mg )2 X — X//G be the affine quotient map un~der G.

Then the closure w(X) of the image w(X) is isomorphic N//G:

7(X) ~ N//G ~ Spec(C[X]%|x).

Proof. (i) Since G is reductive and C[X] — C[N], f — f|n is a surjective

G-module homomorphism of the locally finite G-modules, the sum of trivial
representations in (C[X] is mapped by this homomorphism onto that in
C[N]. This means (C[X]é — (C[N]é is surjective.

(ii) Since X C N and (C[X]é — C[N]é is surjective, we obtain a surjec-
tive homomorphism (C[N]G — C[X]G\X. Since G- X is dense in N, this
homomorphism is injective.

(iii) Let us consider the commutative diagram

C[N] « (C[X']
T

C[N]¢ « C[X]“

and the corresponding diagram

N — X
- R
N//G — X /]G

Since the vertical arrows in the first diagram are surjectuve, those in the
second diagram are closed immersions. Hence we have N//G = 7w(N).
Since 7 is continuous and 7(N) is a closed subset of X //G, we easily see

that 7(X) = 7(G - X) = n(N). O

(2.2) An application of Luna’s criterion

As an application of Luna’s criterion, let us give a condition on (G, L) —
(G, L) for which the correspondence L/G — L/G maps a closed orbit to a
closed orbit and the ring extension C[L]“|;, c C[L]% is integral.

Theorem 8 Let G be a reductive algebraic group over C and 0: G — G an
automorphism of G. We denote by 0: Lie(G) — Lie(G) the corresponding
automorphism of the Lie algebra of G. Let G be a 0-stable reductive subgroup
of G and L a @-stable, Ad(G)-stable subspace of Lie(G). Define a closed
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subgroup G’ ofé by G' = {g € G | Ad;(g9) = Ad;(0(9))}. Let o be an
element of GL(L) such that a(Ad(g)X) = Ad(g)a(X) for any g € G and
Xel. Define an element ¢ € GL(L) by o(X) = a Y H(X)) (X € L). Put
L={XeL|pX)=X (& 0X)=aX))}. Suppose that ¢ has finite
order. Then Ad;(G') is reductive and we have the following:

(i) For the correspondence

L/G' = L/G, O— O:=Ad(G)-0,

O is closed in L if and only if O is closed in L.

(ii) The morphism L//G' — L//G corresponding to the restriction map
rest: C[i]é — C[L]%" is finite, that is, C[L)%" is integral over the
image C[i}]é|L.

(iii) Suppose that the morphism L]/G' — L//G of (ii) is injective. Then
the morphism L//G' = Spec(C[L]¢") — Spec(C[i]é\L) corresponding
to (C[I:]G|L < C[L]S" is bijective and birational (i.e., the quotient
fields of C[i]é\L and C[L]" coinside). In particular, since C[L]“
is normal (i.e., integrally closed in its quotient field), C[L]" is the
integral closure of (C[f)]é]L in its quotient field.

By Proposition 7, we have the following:

Corollary to Theorem 8 In the setting of Theorem 8, (iii), if T(GE) (L)

is a normal variety, we have C[ﬂ]é\L = C[L]Y, that is the restriction map
rest: C[L]¢ — C[L]“" is surjective.

We begin the proof of Theorem 8 with showing the following lemma.

Lemma 9 In the setting of Theorem 8, let H be the subgroup of GL(L )

generated by Ad; (G) and ¢; H := (Adj ( DU {e}).

(i) Forge G, we have cpoAd (9)op™" = Adj(0(g)). Therefore Adj (é)
is a normal subgroup of H and the zdentzty component of Ad; (G)
comszdes with that of H. In particular H is a reductive subgroup of
GL(L).

(ii) Let H := () be the finite subgroup of H generated by . Then the
fized points set LH = {(XeL|h- X=X forany h € H} of L under
the action of H coinsides with L.

(iii) We have Zz(H) = (Ad; (G")U{p}). Moreover Ad;(G') is reductive.
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Proof. For g € G and X € L, since 0(g) € G and o commutes with
Ad;(0(g)), we compute

poAdz(g) o™ (X) = a7 (B(Adj(9)0 (a(X)))
= o~ (Ad;(0(9))a(X)) = Adf(0(g)) X.

Hence (i) follows.

(ii) is obvious.

By (i), any g € H can be written as § = Adj(g) o @ for some g € G
and an integer k > 0. Again by (i), we have

pogop !t =po{Adi(g)op top!
= o {Ad;(g)op '} op" = Ad;(6(g)) o &,
Therefore we see

GeZyH)epogop ' =G & Adz(0(9) o ¢" = Adj(g) o o
< Adz(0(9)) = Adj (9).

Hence Z;(H) = (Ad;(G') U {p}). Since H is reductive and H is a finite
subgroup of H, Z5(H) is reductive by [LR, Lemma 1.1]. It is clear that
the identity component of Ad;(G’) coincides with that of Z;(H). Hence
Ad;(G’) is also reductive. O

In the setting of Lemma 9, we notice that (C[E]ﬁ = ((C[I:]G)W> — C[I:]é,
ClL)?aM) = (L)Y, and H- O = (p) - (G- O) for O € L)G' = L/Z7(H).
Then Theorem 8, (i) and (ii) follow from the next theorem due to Luna.

Theorem 10 ([L], see also [PV, Theorem 6.16 and Theorem 6.17]) Sup-

pose that a reductive group H acts on an affine variety X and that H is a

reductive subgroup of H. Let X = X" .= {x € X | h-2 =z for any h €

H} be the fized points set of X under the action of H. Then we have the

following.

(i) The morphism X//Z7(H) — X//H defined by the resrtriction map
rest: C[X|" — C[X]%aH) is finite (i.e., C[X]%aH) is integral over
CIXT|x). ) )

(ii) For a point x € X, the orbit H-x is closed in X if and only if Z5(H)-x
1s closed in X.

Let us give a proof of Theorem 8, (iii). Since the restriction map
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(C[IN/]G — C[L]¢" is decomposed as

CILI — L)), — L),
the morphism L//G’ — L//G is also decopmosed as

L//G' % Spec(CILI%|) — L/ /.
Since  is finite (closed map) and dominant, 7 is surjective. On the other
hand, since L//G' — L//G is injective, so is . Then the birationality of 7
follows from the next theorem.

Theorem 11 ([Hu, Theorem 4.6]) Let m: X — Y be a dominant, injec-
tive morphism of irreducible varieties over an algebraically closed field K.
Then via , the function field K(X) is a finite, purely inseparable extension

of K(Y).
(2.3) Inclusion theorem and rings of invariants

Theorem 12 In the setting of Theorem 1, we assume the following in

addition to (a), (b) of Theorem 1.

(¢) The element ¢ € GL(L), defined by o(X) = o~ (o(X)) (X € L), has
finite order.

Then we have the following:

(i) For the correspondence

L/G — L/G, O O:=Ad(G) -0,

O is closed in L if and only if O is closed in L.

(ii) The morphism L//G — Spec(C[lNL]G|L), defined by C[E]G|L — C[L]%,
is bijective and gives a normalization of the wvariety Spec(C[i]éh)
(i.e., L//G is normal and the morphism is finite, birational). In par-
ticular, if the ring (C[I:]éh; is normal (it is equivalent that TG Q) (L) s
normal by Proposition 7), then (C[i]é\L = C[L)® and the restriction
map rest: (C[f/]é — C[L)€ is surjective.

Proof. Let us consider the automorphism 6: GL(V) — GL(V) defined by
0(g) = o(g)~* (9 € GL(V)). Then the corresponding Lie algebra automor-
phism 0: gl(V') — gl(V) is given by (X ) = —o(X) (X € gl(V)). Moreover
the group G and the subspace L can be written as

G={9€G|0(g) =g}, L={XeL|O(X)=—-a(X)}
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We also consider the subgroup G/ = {g € G | Adj(g) = Adp(6(g))} of G
which contains G. Since the correspondence L/G — L/G decomposed as

L/G - L/G' - L/G
and L/G — L/G is injective by Theorem 1, the correspondence
L/G — L/G" (0O~ Ad(G")-0)

is bijective. This means that, for any point € L, two orbits Ad(G)z and
Ad(G")x coinside. In particular, we have C[L]Y = C[L]%". Therefor we can
apply Theorem 8 by taking G instead of G’ and obtain Theorem 12. g

3. Examples

Let us give some examples for which Theorem 1, Theorem 8 and The-
orem 12 can be applied.
(3.1) (Q(TL, C), o(n, (;)) — (GL(n, C), gl(n, C))

Put G = GL(n, C), L = Mat,«,(C) (the set of n x n-matrices) and
consider the anti-involution

0: Maty,xn(C) — Mat,xn(C), X +— ‘X,
We take

G:={geCGlo(g)=g '} =0(n,C)
and L:={X ¢ L|o(X)=—-X}.

By Theorem 1 and Theorem 12, we have
(1) L/G — L/G is injective.
(2) The quotient fields of C[IN/]G| r and C[L]¢ coinside and C[L]% is the
integral closure of (C[l]é] 1, in its quotient field.
Let us show that C[i]él 1 = C[L]%. Define functions P; € C[L] by

det(T1, — X) =T" + P/(X)T" ' + ... + P,(X), (X € L).

It is well known that P, ..., P, are algbraically independent and C[L]¢ =
ClP, ..., Pl.
For X € L, it is clear that P;(X) = 0 for odd j. Hence

C[L)|L = C[P2|L, Pulr, - -, Popyylil-
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Put
0 al
—al 0 0
0 a9
A — —a9 0
0 0 a[n/g}

—appy 0

and consider an element X = A € L (nis even) or X = (493) € L (nis
odd). Then we see

det(T1, — X) = (T% +af) ... (T + af, o)) T" 21"/,

From this, we find that P|r, PiL, ..., Py, 9L are algebraically indepen-

dent. Hence C[L]“|, is isomorphic to a polynomial ring. By (2) above, we
obtain

(3) CILI%|r =C[Z)°.
(3.2) Symmetric pairs (sp(2m, C), gl(m, C))
— (g[(2m, C)? g[(m’ C) + g[(m9 C))
Let us consider a vector space V = C?>™, a matrix S = ( 16" 7?m ) and an
automorphism 6: GL(V) — GL(V), 6(g) = SgS~!. Let us take subgroups

G=teor) o =a={(§ ))|a neamo}
GL(V) = {g € GL(V) | Ad(0lg)) = Ad(g)}

~(eo{ (i, )
of GL(V) and a subspace
s={X egl(V)]0(X) = —X}

_ { <g ﬁ) ’ B,C e Matmxm((c)}

of gl(V). Apply Theorem 8, (i) to the inclusion (GL(V)', §) — (GL(V),
gl(V')). Then, for an orbit O’ € §/GL(V)’, O is closed in 5 if and only if
Ad(GL(V)) - @ is a semisimple orbit. Since {(GL(V)'/G) < oo, we obtain
the following well-known fact due to [KR].
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(0) For an orbit O € §/G, O is closed in § if and only if Ad(GL(V))O is
a semisimple orbit.

By [O3], we have the following:

(1) The eigenvalues of an element of § are of the form a;, —ay, @, —ao,

o, Qm, —y, (a € C). Moreover, for given a;j € C (1 < j < m),

there exsist an element of s with eigenvalues a1, —aq, ag, —as, ...,
Qpny — Q.-

(2) For two semisimple elements X, Y € §, X and Y are conjugate under G
if and only if the eigenvalues (with multiplicities) of X and Y coinside.

The statement (2) implies

(3) The morphism §//G — gl(V))//GL(V) defined by rest: C[gl(V)]FL(V)
— CJ[5]¢ is injective.

By Theorem 8, (iii), we have

(4) The quotient fields of C[gl(V)]“(V)|; and C[5]“ coinside and C[5]% is
the integral closure of C[gl(V)]%(V)|; in its quotient field.

Define functions Py, Py, ..., Py, € C[gl(V)] by

det(T1om — X) =T?™ + Py (X)T?™ 1 + -+ + Pop (X)),
(X € gl(V)).

For X € 5, since SXS™! = —X, P;(X) =0 for odd j and hence
Clol (V)]s = ClPals, Puls, -, Pomla].

Suppose that the eigenvalues of an element X € s are oy, —aq, as,
—Q9, ..., Oy, —Qpy,. Then we have

det(T1gm — X) = (T? — 3)(T? — ad) - - - (T? — a2).

From this, we know that Py|z, P4z, ..., Pom|s are algebraically indepen-
dent. Hence C[gl(V)]¢L(V)|; is isomorphic to a polynomial ring. By (4)
above, we obtain )
(5) Clgl(V)]9H M5 = C[5)¢.

Next we consider an anti-automorphism o: End(V) — End(V') defined
by o(X) = J X J (X € End(V)), where we put J := (_{ 'r). We also
consider the subgroup G = {g € G | o(g) = g~} of G and a subspace

5:{Xe§\a(X):—X}:{<g 13) ‘B,CeSymm(C)}
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of 5. Then by Theorem 1, the orbits correspondence s/G — 5/@ is injective.
For

b1

C1

Cm

we find det(T19,—X) = (T%2—bycy)(T?—bacy) - - - (T?—bycy). From this, we
find that Ps|s, Pals,- .., Pom|s are algebraically independent and C[ﬁ]é\ s =
C[Ps]s, Pylss - - -y Pomls] is isomorphic to a polynomial ring. Therefore by
Theorem 12, we obtain

(6) C[s] = C[5]%|s = Clgi(V)] V)]s

(G, s) is an example of classical graded Lie algebras. Generalization of these
results for general classical graded Lie algebras will be given in [O3].

4. FFT for GL,, and that for O,,, Sp,

. . K 0
Let us consider a vector space V = C"™ and a matrix J = < 0 1 >,
m

where we put
1, (e=1)

K: 0 ln/2 _ X .
(_1n/2 0 > (e = —1, n: even)

Define an anti-automorphism o: End(V) — End(V) by o(X) = J71XJ
(X € End(V)). We consider the following subgroups of GL(V):

@::{<g Cf > ‘gGGL(n, C), cE(CX}:GL(n, C) x C*,
G=1{rello@) ="}

_J(9 0 1t 7 _ 1
_{<O clm)‘J gJ =g ,ce{:lzl}}

N { O(n,C) x {£1,} (e=1)
— | Sp(n, C) x {£1,,} (e=-1)"



450 T. Ohta

We also consider the following subspaces of End(V):

I: — {(g g) ’ B e Matnxm((c)v Ce Matmxn((c)}v

L={Xell|o(X)=X}= {<tBOK ﬁ) ‘ Be Matnxm(C)}.

Then we can easily verify that the assumptions of Theorem 1 and Theo-

rem 12 hold in this situation (with a = 1). Therefore we have the following:

(1) The correspondence L/G — L/G, O — O = Ad(G) - O, is injective.

(2) O e L/G is closed in L if and only if O € L/G is closed in L.

(3) The quotient fields of (C[f/]é\ 1 and C[L]¢ coinside and C[L]¢ is the
integral closure of C[L]%|;, in its quotient field.

We easily see that

Ad; (G) = Ad; (GL(n, C) x {1,,}) and

A (O, ) x {1n}))  (e=1)
Ad (@) = {Ad§<5p<n, ) x {In}) (c=—1)°

In such way, we can consider G, G, L, L as

[ OMn,C) (¢=1) e .
= {Sp(n7 (C) (5 = —1) G GL( ) (C)a

L = Matyxn(C) x Mat,,«m(C) (B — (*BK, B)),

where the action of G on L is given by g - (C, B) = (Cg~', gB) (g € G,
(C, B) € L) and that of G on L is the left action. Notice that the inclusion
L — L is G-equivariant.

For z = (C, B) € L, we put m(z) = CB € Maty,xm(C) and obtain
a map 7: L — Maty,xm(C). Denote by m; ;(x) (1 < i, j < m) the (i, j)-
entry of 7(x). Clearly m;; € C[L]“. First fundamental theorem (FFT) for

invariant theory for GL, says that
FFT for GLn (C[E]G’ = C[Wi,j]lgi,jgm-

This implies that 7: L — W(E) is the affine quotient map under G; 7r~(I~,) ~
L//G. Then, if we can show that m(L) is normal, we obtain C[L]%|, =
C[L])® by Theorem 12, (ii).
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Suppose n > m. Then it is easy to see that
_ {Sym,(C)  (e=1)
m(L) = { Al (C) (e = —1)

i1G Clmijlrh<i<j<cm (e=1)
(C L G ey »J SUS]S )
Kl {C[Wz‘,j\L]lgqgm (e =-1)

and

Hence 7(L) = w(L) is normal and we obtain

(4) (C[ZN}]G]L = C[L)%, C[L|¢ = {C[Wi,j’L]1<i<j<m (e=1) and the

Clmijlh<icjcm (e =-1)
functions m; ;|1 1 <i<j<mincasee=1land 1l <i<j<
m in case € = —1) are algebraically independent generaters of C[L]¢.

These are FFT for O(n, C) and Sp(n, C) in case m < n. In such way, we
can prove FFT for O(n, C) and Sp(n, C) by using FFT for GL(n, C) and
Theorem 12.

5. Embedding of the action of Dokovié, Sekiguchi and Zhao

00 01,
Let us consider a vector space V = C** and a matrix J = ( 8 1071 10" 8 ) .
1, 0 0 0
Define an anti-involution o: End(V) — End(V) by o(X) = J X J (X €

End(V')). We consider the following subgroups of GL(V):

g 00 0
- Jlog oo
G:= 00 h O g, he€ GL(n,C) 3,
0 0 0 A
G={zxeG|o(x)=z"1}
g 0 0 0
0 g O
= 00 gl 0 g € GL(n, C)

We also consider the following subspaces of End(V):

00 X 0
. 00 0
L=310 0 o ollXY €Matuxn(C) ¢,
00 0 0
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L={AcL|o(A)=A}= X € Mat,, 5, (C)

0
0

o O O O
o O O O

X
0 ‘X
0
0

It is easy to see that these satisfy the assumption of Theorem 1. Hence
(1) The correspondence L/G — L/G, O +— O = Ad(G) - O is injective.
By the natural identifications, we can consider G, G, L, L as

G = GL(n, C) — G = GL(n, C) x GL(n, C), g+ (g, ‘g7,

L = Mat,x,(C) < L = Mat,;x(C) x Mat,»,(C), X — (X, 'X),
where the action of G on L is given by (g, h) - (X, Y) = (¢Xh~!, gYh™!)
((g, h) € G, (X,Y) € L) and that of G on L is given by g- X = gX'g
(g € G, X € L). Notice that the inclusion L < L is G-equivariant. The
action G x L — L is that considered in [DSZ].

For these actions, we easily see that C[L]® = C[L] = C. Let us

determine the fields of rational invariants C(L) and C(L)“, and show that

generaters of C(L)€ are obtained by restrictions of some elements of C(L)<.
Define functions Py, P, ..., P, € C[L] by

det(TX +Y) = Py(X, Y)T" + Pi(X, Y)T"
+- 4+ P(X,Y) ((X,Y)el).

Notice that Py(X, Y) = det(X) and P,(X, Y) = det(Y). Since
Pi((g, h) - (X, Y)) = det(g) det(h) ' P; (X, Y)) ((g, h) € G),

rational functions f; := P;j/Py (1 < j < n) are elements of C(f/)é. Define
dense open subset Lg of L by
Lo:={(X,Y) € L|det(X) # 0 # det(Y) and
XY has distinct eigenvalues}.
For (Xl, Yl), (XQ, Y'Q) c I:(], suppose that fj(Xla Yl) = fj(XQ, }/2) for any
1 < j <n. Then we have
det(T1, + X, 'Ys) = det(X2) ! det(T X2 + Ya)
= det(X;) "L det(TX; + Y1)
=det(T1, + X; V7).
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Since Xlel and X51Y2 have distinct eigenvalues, there exists h € GL(n, C)

such that X, 'Yy = h(X['Vi)h™'. If we put g := X2hX;', we have

gX1h™! = Xy and Yy = (Xgth_l)Ylffl = gV1h~!t. Hence (X1, Y1)

and (X9, Y2) are conjugate under G. Therefore the rational invariants

fis fos ooy fn € C(i)é separate G-orbits in Lg. By [PV, Lemma 2.1],

we have

(2) CL)Y =C(f1, far ---» fn)-
We easily see that

3) PXY) = Puy(Y, X) (0
(X, X) = Pa_y(X, 'X) (0

Thus we see fj|;, = fn_J\L (1<

fles folos -y fingal € CL)Y.
Let us show that

(4) C(L)Y=C(hle, folz, -, fiusalL)-

For this purpose we first show that Lo N L # (). Suppose that n =

2m + 1 is odd. Take a skew-symmetric matrix A with distinct eigenval-

ues ai, as, ..., m, 0, —a1, —as, ..., —a,, and a scalar ¢ € C* such that

c# +aj (1 <j<m). Put X =cl,+A. Then XX = (cl,+A) el —

A) has distinct eigenvalues

< j < n). In particular, Pj(X,'X) =
<j<n)forany (X,!X) e L.
j <n—1) and obtam rational invariants

c—aq C— G c+ap c+am
e , 1, e
c+ay c+am c—aq C— Qm

Hence (X, X)) € LoNnLand LoNL # (). Similarly we can show that Lo N
L # () for even n.

For (Xl,tXl), (XQ,tXQ) € EoﬂL, suppose that fj(Xl,tXl) = fj(XQ,tXQ)
for any 1 < j < [n/2]. Then the same equations hold for any 1 <
j < m. Since fi, fa, ..., fn € C(L)% separate G-orbits in Lo, (X1, tX1)
and (X3, 'X5) are conjugate under G. By the fact (1) above, (X1, tX))
and (Xo, 'X5) are conjugate under G. Therefor the rational invariants
Al faloy -5 fmyale € C(L)C separate G-orbits in Lo N L. Again by
[PV, Lemma 2.1], we obtain the fact (4).

Therefore, for the inclusion (G, L) — (G, L), C(L)% is generated by
the restrictions of elements of C(L).
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